2D NAVIER-STOKES EQUATION:
CONTINUITY PROPERTIES FOR CONTROLLABILITY.'

SERGIO S. RODRIGUESH

ABSTRACT. We study some continuity properties of the Navier-Stokes Equa-
tions on plane bounded C® domains. These properties are important for the
study of controllability issues as we may see in the works done in [1] for periodic
boundary conditions and, in [7] for Lions boundary conditions. Here we show
that the same continuity properties hold in the C3 connected bounded domains
having a boundary with a finite number of connected components. Navier and
no-slip boundary conditions are considered. As a corollary of the continuity
properties it follows that the existence of a finite saturating set of vector fields
implies controllability on observed component and L2-approximate controlla-
bility of the equation. These controllabilities are both obtained by means of
finite dimensional controls taking values in the space spanned by the vector
fields in the saturating set.
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1. INTRODUCTION

Following part of the work done in [1] and [7] we study continuity properties of
the 2D Navier-Stokes (N-S) equation. We deal with the system

(1.1) ur + (u-Viu+ Vp = vAu+ F(x1,22) + v(t, 21, 22);

(1.2) Vou=0 in

with either Navier boundary conditions

(1.3) u-n=0 on I

(1.4) V. u=(a—2ku-t on 099

or no-slip boundary conditions

(1.5) u=0 on 0.

Where 2 is a bounded connected plane domain, its boundary 02 is an 1-dimensional

manifold of class C® with a finite number of connected components, V+ := <_%> ,
Ox1

n is the unit (outward) normal to the boundary, t is the unit tangent to the bound-
ary vector, a is a C'' function in 0 and & is the curvature of 9€).

In the equation (1.1) w is the velocity of the fluid “particle”; p is the pressure; the
only nonlinear term of the equation — (u-V)u — is called the inertial term; vAu is
called the wviscosity term, v > 0 is the coefficient of viscosity; F' is an external force
and; the term v, in the study of controllability issues, is a control at our disposal.
We are interested in the case where v is a degenerate forcing, i.e., v takes values in
a finite-dimensional subspace J of H?(Q).

We note that the Lions boundary conditions that we considered in [7] are a
particular case of Navier boundary conditions taking o equal to 2. *

A natural way to study the N-S equation is to study its evolution on subspaces
of Sobolev spaces. We shall denote by L?(Q) the space of Lebesgue measurable
square integrable real functions defined on Q and by L?(Q) the product space
L?(Q)2. Similarly

HYQ):={f € L*(Q) | 2L € L*(), j = 1,2}, HY(Q) := H'(2)? and,
H2(Q) = {f € H\(Q) | 2L € L3(Q), 4, j = 1,2}, HX(Q) := H*(Q)*.

The goal of the present work is to study the continuity issues for the present
cases analogously as we did in [7]:

In section 2 we present the spaces where we shall consider the evolution of the
equation on. Such spaces depend on the boundary conditions.

In section 3 we deal with the existence of weak and strong solutions for (1.1)-
(1.2), as well as its uniqueness and continuous dependence in the initial data. Both
Navier and no-slip boundary conditions are considered.

In section 4 we deal with a variation of the N-S equation resulting of a change
of variables and repeat the study of section 3 for that equation. This variation is
important for the proof of continuity of the N-S equation in so-called relaxation
metric that is an important property for the study of controllability issues.

In section 5 we show that we can realize any given curve ¢ € Wh(t;, t;, J) in
a suitable finite dimensional space J using a suitable control taking values in J. We
study the continuity dependence of the control in the map ¢. From ¢ we find some
U7 taking values in the space orthogonal to J and then, we find the control.

INote that in [2] a is considered to be positive and, in that case Lions boundary conditions is a
particular case of Navier boundary conditions only if the domain §2 has a boundary with positive
curvature, i.e., if Q is convex. Here we do not impose, like in [5], any conditions on the sign of a.



2D N-S EQUATION: CONTINUITY PROPERTIES 3

In section 5.1 we deal with the L?-norm of the derivative U; of the curve U’
found in section 5. In particular we show that that norm does not depend in the
derivative g.

Finally, in section 6 we present a sufficient condition for controllability on ob-
served component and L2-approximate controllability of N-S equation.

The author is grateful to A. Agrachev and A. Sarychev for the inspiring and
helpful discussions on the subject and, for the suggestions in the improvement of
the text.

The author would like to thank FCT (Portuguese Foundation for Science and
Technology) for financial support; SISSA-ISAS (International School for Advanced
Studies) for hospitality and; as a former fellow, Marie Curie CTS for the opportunity
given to work in Control Theory.

2. LINEAR OPERATORS. THE SPACES.
We denote by N the set of natural numbers: {0, 1, 2, --- } and, Ny := N\ {0}.

Definition 2.1. An open and connected subset Q in RY, is called o domain in
RV,

Definition 2.2. Let Q be a bounded set in RN, N € Ny and k € N. We say that
Q is of class |’* if locally (up to a change of coordinates), its boundary T is the
graph of a CF function f with D f Lipschitz for all || = k and; locally Q is located
on one side of T.

We recall also the definitions of C* and Lipschitz sets in RV :

Definition 2.3. Let Q be a set in RN. We say that Q is of class C* (resp.
Lipschitz) if locally, its boundary I' is the graph of a C* function (resp. a Lipschitz
function) and; locally €2 is located on one side of T.

In particular a bounded Lipschitz set is a 8! set and; a A% set is a bounded
C* set.

2.1. Recollection of Auxiliary Material on Sobolev Spaces H". Let us fix
a plane bounded domain Q C R? and put I' := 9. We assume that

e Qis of class C® and;
(2.1) e ['has a finite number of connected components denoted
Iy, Ty -, T (E>1).
Recall that since L?(Q) is a Hilbert space for the scalar product

(2.2) (u, v) := (u, v)g := / wv dz,

R
then L2(Q) is a Hilbert space for the product topology and the scalar product is

(2.3) (u, v) ::/Ru«vdx. 2

We note that for u, v € L?(Q)
2
(u, v) = / w-vdr = Z/ uv; de = (ug, v1) + (u2, v2).
R = Jr

2We will use the same notation for the scalar products and norms in L2(Q) and L2(2). It
will be clear, in the statements, when functions are real or vector so, no ambiguity will appear.
For the same reason below we use the same notation for the usual scalar products and norms of
H™(Q) and H™(Q), m > 1.
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The norms associated with the previous scalar products shall be represented by
(2.4) lu| := (u, u)?.
We note that
ul? o= Jur[” + Juz .
Similarly, the Sobolev space H 1(Q) is a Hilbert space for the scalar product

(2.5) (u, v)1 := (u, v +Z ,98;: g;) = (u, v) + (Vu, Vv).

then H'(Q) is a Hilbert space for the product topology and the scalar product is
2

(2.6) (u, v); = Z(uj, vi)1 = (u, v) + Z(Vui, Vo;)

j=1 i=1
The norms associated with the previous scalar products shall be represented by
1
(2.7) [ulp :== (u, u)?.
We note that
Jul = Jur[§ + Jualt.
Similarly we denote the usual scalar product in H™ () by

laly glaly
(2.8) (U, V) = (Uy V)1 + Z (8(’);1;& , af)xa ).

loe|=m

where, as usual, & = (a1, az) € N2, |a| = a1 + a2 and 9z stays for 9z dx5?
Then H™(Q) is a Hilbert space for the product topology and the scalar product is
2

(2.9) (u, V) = Z(uj, Vj)m

Jj=1
The norms associated with the previous scalar products shall be represented by
1
(2.10) [ulm = (u, u)d
We note that
lulf, = Jua 7, + [uzl,.

2.2. Characterization of H™(Q).

Remark 1. Our domain, satisfying (2.1), may be simply connected or multi con-
nected; in the latter case, as referred in [[11], Appendiz I], we can make it simply
connected with a finite number of cuts:

There are 31, Xa, -+, Xn, N (N > 0) disjoint manifolds
of dimension 1 of class C? such that
(2.11) Q:=Q\% (2 =UY,) is simply connected and Lipschitzian
(i.e., the 3;’s are not tangent to T'.)
In [[11], Appendix I] (Proposition 1.4) we have the following:

Proposition 2.1. Assume that Q satisfies (2.1) [and then (2.11)] and also that
is of class O  (r>m+1). Then

H"(Q) ={uecl?Q)| V-ue H" ', V- uec H" ' u-ne H" ()}
and, there exists a constant Co = Co(m, Q) such that

[l < Co(Jul +1¥ - tlm—1 + [V - ulmos + |u- 0] oy )
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ot

for every uw € H™(Q).
In particular, for our domain satisfying (2.1) we have

Corollary 2.2. There is a constant Cy (= max{Co(1, Q), Co(2, Q)}) such that

july < Co(Jul + |V -l + 194 -l + w1y )

for every u € HY(Q) and;

fulz < CoJul + 1wl + V4 -l + fu-n ooy )

for every u € H?(Q).
We have the following trace theorem (see [6] section 2.5.4):

Lemma 2.3. Let O C RY be a R 11 open set, p > 1,k € No, u € Wk’p(fl).
Then for Il < k — 1 there holds:
0'u
ut e+ oy < CThwroiay
In particular we have that

Corollary 2.4. For our fived domain Q C R?, there exists a constant Cy such that

|u| ) < Coluly

H'=% (r
and

] < Cplv2.

Hz’%(l“)
every u € HY(Q), v e H*(Q).

Corollary 2.5. The norms

M

luly and (|u* + |V -u* 4+ |V* w4+ Ju-n]*,_,
H'™2

are equivalent norms in HY(Q) and, the norms

N=

ful> and (fuf? + |9 - ulf + 9 uff +fu-nf?, )
are equivalent norms in H?(£2).

Proof. We prove the equivalence of the first pair of norms, for the second pair the
proof is similar.
We have that all the terms |u|, |V -ul|, [V -u| and |u-n|H1,%(F)

for a suitable constant Co (that can be taken the same for all terms). Indeed by
definition of the norm |ul; all the three summands |u|, |V - u| and |V - u| are less
than 2|u|;, the remaining summand |u - n , by Corollary 2.4, is less than

are less than Co|uly

H'™5(T)
C1|ul; for some constant C;. In fact, since 2 is a C® domain, n € C*(T") and then,
w-n e H'"%(I'). Moreover

|u . n|H17%(F) = |u1n1 + u2n2|H1’%(F) < |n1||u1|H1’%(F) + |n2||u2|H1,%(F)

< lual, )+|U2|H

-3 -5 ()

because both |ni|, |na| are not bigger than 1. Hence, by Corollary 2.4 we have

< Co(jurh + fuzh) < Co(2(jwf} + luaf?) )
< Cilulr.

el
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Set, for example, Cy = C + 2.

By Corollary 2.2 the norms |u|; and |u| + |V - u| + |V - u| + |u - n|H1,%(F) are
equivalent norms in H'(Q). The Corollary follows from
(1l 419w 4195w + Juenf )
2
L
< (|u|~|—|V~u|—|—|V .u|+|u.n|H1_%(F))
< 23<|u|2 + Vw2 4+ |V w4 fu- n|21_%>.

U

Remark 2. In the simply connected case [looking at [11], Appendiz I, Equation
(1.28)] we have the inequality

[t|m < Cq <|V CUl—1 + |VJ- U1 F |uc n|H""‘%(F)>'

and then we conclude the equivalence of the norms

lu|y and (|v a2 |V n|217%)
in HY(Q) and, of the norms

[ulz and (V- ul} + [V - ulf +Ju-nl2, )
in H2(Q).
2.3. Linear Operators. The Spaces H, V and D(A).

2.3.1. Navier Boundary Conditions. We follow subsection I1.2.1 of [10], applying
to our case: Put

H = {uel?Q)|V-u=0 & u-n=00onl};
(2.12) and

Vv {fueHY Q) |V-u=0 & u-n=0onT}.

In H we consider the scalar product induced by L?(2) and respective norm.

Since T is of class C® we have that both a and & are of class C1(I'). We may
extend both « and & to a C'(Q) function in a neighborhood € of Q. We may also
extend the normal n to a C?(Q) function. We fix one extension of a, one of
and one of n that we will denote again by «, x and n. Note that in this way the

“tangent” t := _nn2 € C2(Q) is an extension of the tangent t € C?(T).
1
Put §:= a — 2k and define on V the bilinear form
((u, v)) == (V' -u, V- 0) 4+ Do(u, v) — (Bu-t, VX -v) — (Bv-t, V).

Now we show that this bilinear form is a scalar product on V' for big enough Dj:
Let Dg satisfy

1
(2.13) (Do — §)|u|2 >2|fu-t|?, forall wueH ?
The symmetry and bilinearity of ((-, -)) is clear. For ((u, u)) we find
(2.14) ((u, w)) = [V - ul* + Dolul* = 2(Bu - £, V- - )

3Note that 2|Bu-t|2 < C|u|? where C depends only in the C9(€2)-norm of the previously fixed
functions 8 and t. Then set Do = C' + %
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where the last term satisfy
2(Bu-t, V) < 2|Bu- t]|VE - ul < 2|Bu-t? + %WL w2,
Then from (2.13) and (2.14):
(0 w) 2 5 uf? + Sl + (Do — 3)lul? — 2)fu- o — 1|7+ P
> %(WL ul? + [ul?).
On the other side
(w, w)) < [Vl + Sl + (Do — 3)hul? +208u 42 + V4 uf?

3 1 2 1 2 1 2
< 2wt - 2(Dy — =
IVl 4 Sl 4 2(Do - 5)lul

< (2D + D)(IV* - uf? + Jul?).
Hence
(2.15) STl + uf?) < (0, w) < (2D0 + DT -l +[uP)

from which, using Corollary 2.5, we conclude that ((u, w)) is a scalar product on V/

and, its associated norm
1

1= (G5 )2
is equivalent to the norm induced in V' by the usual norm of H'(Q) defined in (2.7).
From now we consider V' endowed with the scalar product ((-, -)) and respective
norm. Since H and V are closed subspaces of L?(Q) and H!(Q) respectively, they
are Hilbert spaces.
We denote by A the canonical isomorphism between V and V' associated to
(-, ), e, A: V=V

((u, v)) =< Au, v >y v .

The inclusions (identifying H with its dual)
VcHcCV'

are both continuous and dense. The first one is also compact. Forv € V and u € H
we have < u, v >y yv= (u,v).
We may define the domain D(A) of the operator A in H as

D(A):={ueV | Aue H}

and consider A as an unbounded linear operator in H with domain D(A). The
operator A is strictly positive [ (Au, u) = ||ul|? > 0, for all u € D(A) \ {0} ].
We endow D(A) with the scalar product (u, v)) := (Au, Av) and respective norm
|u|2) = |Au|. A turns out to be an isomorphism of D(A) onto H.

Since the injection V' — H is compact the operator A~! may be considered as a
compact operator in H. We infer that there exists a complete orthonormal basis

W= {W; | j € No}
where Ny := N\ {0}.
AW =W j € No;
i; a decreasing sequence;

=0 as j— oo
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It is clear that for each j € Ny we have W; € D(A) and, setting k; = uj_l we obtain
AWj = kj W; je No
0<hks <ks < - <k <--
kj — o0 as j— oo.
The family W is orthogonal in H, V' and D(A):
(Wi, Wi) = 0ji;
(W, W3)) =< AW, W; >= (AW, Wi) = k;dji;
(W, Wi = (AW, AW;) = kjk; (W5, Wi) = k265
We also have
(W), Wa))vr = ((Wy, Wi))u = (A7'W5, Wi)) = k0.
We may also define the powers A® of A for s € R. For s > 0, A® is an unbounded
self adjoint operator in H with dense domain D(A®) C H. A® is strictly positive
and D(A®) is endowed with the scalar product (u, v)p(as) := (A°u, A*v) and norm
|u|p(asy := |A®u|. A® is an isomorphism of D(A®) onto H.
For s = 1 we recover D(A) and for s =  we have D(Az) =V.
For s =0 we put A =1, D(A%) = H = H'. For s > 0 we put
D(A™?) := dual of D(A?).
In this case A® can be extended as an isomorphism from H onto D(A™*). We
endow D(A™*) with the scalar product (u, v)pa-+) = (A7*u, A7*v) and norm
|u|pa-s) == |A™%ul.
For every s; > sg the inclusion
D(A®) C D(A%)
is dense continuous and compact. The map A®*~*° is an isomorphism of D(A®")
onto D(A%0).
For s > 0 we have the characterizations:
“+oc
(U, U)D(As) = Zkfs(u7 Wj)(vv WJ)

j=1
“+oc
ulDyaey = > k3 (u, W)?
j=1
and then

+oo
D(A*)={ue H | Zkfs(u, W;)? < +o0}.
j=1
For s < 0, D(A®) is the completion of H for the norm

+oo 1
(> ke w)?) .
j=1
For s € R if
“+oc
u="Y (u, W;)W; € D(A*),
j=1
then
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Characterization of D(A). In the study of continuity issues, for the norm of
the space D(A), is important to have suitable properties. Here we arrive to the
following characterization:

(2.16) D(A) =Da:={ucH*(Q) |V -u=0,(V*-u=pu-tAu-n=0onT)}

and prove that the norm |uljg in D(A), defined above by |u[fg) = |Au] is equivalent
to the norm induced by the usual norm |u|y of H?(Q).
Define the operator

L:V—-H
u— Lu:= PV[(V* - u)pt].
So (Lu, v) = (Vt-u)Bt, v) = (V1 u, Bv-t), for all v € H. Note that v — (Lu, v)

is linear and continuous as v varies in H.
For every test function

¢ € (D(Q))? D(Q) :={ue C®(Q) | supp(u) C Q}, *

we write ¢ = PVp+ V1, where PV stays for the orthogonal projection from L?((2)
onto H and, V¢ belongs to the space

(2.17) H*={Vu|ue HY(Q)} °

orthogonal to H (in L?(Q2)).
It is known [see for example in ([11], Section I.1.4, proof of Theorem 1.5)] that
¢ is the solution of the Neumann problem

Ap=V- ¢
%— - n:
611_(‘0 )

thus for PV we have:
PVpeL?(Q); V' -PVp=V!.pcL?Q);
V-PVp=V-p—A¢p=0¢c L*Q); Pv<p~n:g0~n—g—n:0€H1_%(F);

from which, using Proposition 2.1, we obtain PV € V.
Let uw € D(A) and compute

(—Au + Dou + VJ‘(Bu -t) — Lu, )

(V5 u, V@) + Do(u, ) = (Bu-t, V&) + (Lu, ¢)

(VY u, V- PYo) + Do(u, PVy) — (Bu-t, V- PVp) 4+ (Lu, PV)
(Au, PYp) = (Au, ¢);

(2.18)

where (-, -) stays for the scalar product in the duality between ((D(£2))?)" = (D’'(2))?
and (D(2))? and (-, -) stays for the scalar product in L?(Q). Note that Au =
V(V - u)+ VHVL  u) = VH(VL ) because, V- u =0 for u € V.

Therefore we conclude that —Au+ Dou+ V+(Bu-t) — Lu and Au € H C L(Q)
are the same distribution in (D’'(£2))%:

(2.19) —Au+ Dou+ V*H(Bu-t) — Lu = Au € L%(Q); u € D(A).

4Here supp(u) stays for the support of u defined by: supp(u) := closure of {z € Q | u(z) # 0}.
5See [11], Section 1.1.4.
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From —Au + Dou + V+(Bu - t) — Lu € L2(Q) and u € D(A) C V we obtain:
wel?(Q); Vi.uel?Q); V-u=0¢cHY(Q);

(u-n)[p=0€ H> 3(T); V(V*.u)= <_AA“51> eL*(Q). °

Hence from Proposition 2.1 we have u € H?(Q). In particular V* -u € H'(Q) and
so, the trace (V1 - u)t belong to (H'~2(I'))2. 7

Now, for v € H'(Q2), considering that PV v and V¢ are the orthogonal projections
of v onto H and H+' respectively; the Green formula gives

(—=Au+ Dou + V*(Bu - t) — Lu, v)
=(V+t - u, V) + Do(u, v) — (Bu-t, V1 -v) — (Lu, v)

+/ V- (=VY u+ fu-t))de
0
=(V+t u, VY- PYv) + Do(u, PVv) — (Bu-t, V- PVv) — (Lu, PVv)

+/(—VL-u+ﬂu-t)v-tdF
r

(2.20)  =(Au, va)+/(—vi.u+ﬁu-t)v-tdr.

r
Note that since ¢ is the solution of the Neumann problem
Ap=V-v
0¢ 0
= —y
On
we have:

PYveL?(Q); VH-PYo=Vt.veLl}(Q);

V-PVu=V-v—-Ap=0¢c L*NQ); P%-n:v-n—%:()em—%(r);

from which, using Proposition 2.1, we obtain PVv € V.
Since

(Au, v) = (Au, PVv)
by (2.19) and (2.20) we conclude that

/(VL-u—ﬂu-t)v-tdrzo, Yv € HY(Q),
T

in particular for v = (V4 -4 — Bu - t)t we obtain (V*-u— Bu-t)2=0onT.
Up to now we have concluded that

D(A) C Dg;
next we prove the reverse inclusion and so we have the characterization (2.16) for
D(A).
First we note that for b € D4 and for v € V we find
(=Ab+ Dob + V+(Bb-t) — Lb, v) =< Ab, v >y y
then, to prove that D(A) D Dy, is enough to prove that —Ab+ Db+ V(b -t) —
Lb € H because, in that case we have necessarily —Ab+ Dob+V=+(3b-t)— Lb = Ab.

SFrom —Au + Dou + V- (Bu - t) — Lu € L2(€2) we obtain (izl) € L2(Q).
2
"Note that t € (C2(T"))
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On Q we have
V- (=Ab+ Dob+ V*(Bb-t) — Lb) =0
and, on I" we have
n-(=Ab+ Db+ VE(Bb-t) — Lb) = (n-VH(=V! - u+Bu-t)=0

because, since —V+ -u + Bu -t is constant on I', we have that V4 (=V=+-u+ fu-t)
is tangent to I'. 8
Therefore —Ab+ Dob+ VL (8b-t) — Lb € H and, then b € D(A).

Remark 3. Since VH(VL-b) € VH(HY(Q)) and
VLHY(Q) = {u e T2(Q) | V- u =0, / wondl =0, i=1, ..., k}

i

(see ([11], Appendiz I, Prop. 1.3 and Remark 1.5)), where T'; are the connected
components of T' (see (2.1)), we may conclude immediately that fr,-[_Au"‘vl(ﬁ“'

t)] ndl =0 for alli =1, 2, ..., k but, to conclude that [-Au-+V*(Bu-t)]-n =0
on I we have needed the fact that V* - u is constant on T.

Remark 4. Defining
Di(Q):={peC®Q)| V-0o=0,(p-n=0AV - p=pu-ton)};
we have the following characterizations:
H = closure of D1(9) inL*(Q);
V = closure of D1 () inH'(Q);
D(A) = closure of D1(Q) in H?(Q).

Indeed it is known that H is the closure of V :={p € D(Q) | V-¢ =0} in L2(Q) ?
and, from V C D1(Q) C H, follows that H is the closure of D1() in L?(Q). It is
also clear that D(A) is the closure of D1() in H2(Q) and then, by the density, and
continuity of the inclusion, of D(A) into V we can conclude the density of D1(2)
n V.

Now, for u € D(A), we compute |Au| to find some useful properties of the norm
of D(A):
(Au, Au) = (—=Au + Dou + V*(Bu - t) — Lu, Au)
= (—Au, Au) + (Dou, Au) + (V*(Bu - t) — Lu, Au)
= |Aul? — (Au, Dou) — (Au, V*=(Bu - t)) 4+ (Au, Lu) 4+ Dol|ul|?
+ (VE(Bu - t), —Au) — (Lu, —Au) + Do(V*(Bu - t), u) — Do(Lu, u)
+ |V (Bu - t) — Luf?
= |Aul* + Dollu|)®* + |V (Bu - t) — Lu|® — 2(Au, V*(Bu - t) — Lu)
+ Do[(=Au, u) + (VX (Bu - t), u) — (Lu, u)]
= |Aul? + Dollul|® + |V (Bu - t) — Lul> — 2(Au, VX (Bu - t) — Lu)

+Do{|VJ‘~u|2—/(VJ‘~u)u~tdF—(VJ‘~u, Bu - t)
r

_|_/F(ﬂu-t)u-tdf—(Lu, u)};

8Indeed it is well known that Vg is normal to the curve ~ if g is constant on ~y; on the other
side V1g is orthogonal to Vg.
9See [11], Section 1.1.4.
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ie.,

|Aul® = |Aul? + Dollull® + |V*(Bu - t) — Lul* + Do|V* - uf?
(2.21) — 2(Au, VY (Bu - t) — Lu) — 2Do(Lu, u).
From

1
2(Au, V*(Bu - t) — Lu) < 2|Au||V(Bu-t) — Lu| < §|Au|2 + 2|V (Bu - t) — Lul?

we obtain
[Auf? > 2 Auf? + Dollull? + Do|V™* - uf?
(2.22) — |V (Bu - t) — Lul? — 2Do(Lu, u).
Now for Dy big enough, namely if Dy satisfies both (2.13) and
(2.23) %|u|2 > %,Bu -t|?, forall ueV
we have
Dl + D9l =52 (195 -+ Doful — 2(Lu, w) + 2T w10

D
=Do (|74 - ul? + S fuf? = (Lu, v)

> Do (I - uf? + 316u- 4 — (Lu, w)
and, since
3(Lu, u) = 3(Bu-t, V4 -u) < [V - uf? + %Bu 2
we have Dy Dy
7||u||2 + 7|VL -ul|* > 2Dg(Lu, u).
Hence from (2.22) we obtain
2.24)  |Auf > %|Au|2 + %||u||2 + %WL 2 = |V (Bu-t) — Lul.

We already know, by the discussion after (2.14), that the norm || - || is equivalent to
norm induced by the usual norm |-|; of HY(Q2) in V. Then since there is a constant
C; such that, for all u € H(Q2) holds |[V*(Bu - t) — Lu| < C1|ul1, we may choose
Dy satisfying

Dy —1
(2.25) (’Tuu”2 > VY (Bu-t) — Lul?, forall weV.
From now on we consider Dy satisfying all the conditions (2.13), (2.23) and (2.25),
ie.,

(2.26) Doful2 > 9|Bu-t|* forall ueV
Pocdily[|? > |V+H(Bu-t) — Luf*> forall weV

For such a choice, from (2.24) and (2.15), we obtain

(Do — 3)|ul* >2|Bv-t|?, forall ueH }

1 1 D
25 2 2, 2, 20 oL 2
A > A + Sl + 22V
> Liauf + Sul2 > Lauf + vt up o )
-2 2 - 2 4
1
(2.27) > Z(|Au|2 VLl 4 ).

108¢e (2.14) for the definition of ((-, -)).
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On the other hand, by (2.21), we have
|Aul® < |Aul? + Dollull* + [V*(Bu - t) — Lul* + Do|V* - uf?
+ 2| Au||VE(Bu - t) — Lu| + 2Do|(Lu, u))
< |Aul® 4 Dol|ul|® + |V (Bu - t) — Lul? + Do|V* - ul?
+ |Auf? + |VE(Bu - t) — Lu|® + Do|V*E - ul® + Do|Bu - t|?
< 2|Aul?® + Dol|ul|* + 2|V (Bu - t) — Lu|* + 2Do|V* - ul? + Do|Bu - t|?

D 1
< 2|Auf* + (2Do — Dfjull® +2D0|V* - uf* + (Do — 3))|ul?
< 2|Aul® + (2Dg — 1)(2Dg + 1)(|V* - uf? + [ul?)
D 1
+2D0|V -l + (Do — 3)[uf?

and since

D 1
2+ (2Dg — 1)(2Dg + 1) + 2D + 70(1)0 — 5) < 1+44D3 +2Dg + D3 < 5(Dg +1)?

we obtain

(2.28) |[Aul? < 5(Dg + 1) (JAu)® + [V*4 - ul? + [ul?).

Hence from (2.27), (2.28) and Corollary 2.5 we have that the norm |- [y := [Aul
is equivalent to the norm induced by the usual norm |- | in D(A). Note that

|Au| = [VV - u for each solenoidal (i.e., V - u = 0) u € H2(Q).

2.3.2. No-slip boundary conditions. For the case of no-slip boundary conditions
(1.5), well studied in [11](see also [4]), the respective subspaces and operator A are

H:={ucl?*Q):V-u=0 & u-n=0onT};
Vi={ucH(Q):V-u=0 & u=00onT}={uc H}Q): V- -u=0};
AV =V < Au, v >:= (Vu, Vv), veV;
DA):={ueV ]| Auc H} =H*(Q) NV ={uecH3Q):V-u=0}
The bilinear form
((u, v)) :=< Au, v >, w,v eV,

is a scalar product on V and its associated norm |ul| := ((u, u))2 is equivalent to
the norm induced on V' by the usual norm of H*().

The operator A : D(A) — H is called the stokes operator and the norm of D(A)
defined by |ulfy := |Au| is equivalent to the norm induced in D(A) by the usual
norm of H?(Q).

3. EXISTENCE, UNIQUENESS AND CONTINUITY.

3.1. The Operator B. In this section we present some theorems whose proofs
are similar to those of similar theorems we can find in [8]. Mainly we follow the
techniques from [11] and [9].

We start by defining a trilinear form b by

(3.1) (w0, w) — 3 /R wi(Brv; w; da

ij=1
for which we have the estimates

|b(u, v, w)] < C1K
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where C] is a constant and K is one of the following products

32)  lullvllw] u, v, w € HY(Q),
(33) ¥ full[lo)lF ol ue HY(Q), ve H (Q), w e LX(Q),
(34) [l [ull3 o]l ue H(Q), v e HY(Q), w e L}(Q),
35)  lullolllwl? w) ue LA(Q), v e H'(Q), w € HX(Q),
(3.6)  ful®[lull vllfw]# |w]|* u, v, w € H(Q),

In particular, by (3.2) we have

Corollary 3.1. The form b is continuous on the product space (H*(£2))3.

The form b, being continuous in (H*(£2))3, is continuous in V* and, for each pair
(u, v) € V* we define the operator B(u, v) € V' by
B(u,v):V =R
w —< B(u, v), w >= b(u, v, w)
and we set
B(u) := B(u,u) € V', YueV.

Lemma 3.2. Fizing the first variable in V, the form b defined in (3.1) results
skew-symmetric in the last two variables, i.e.,

Yu € VVu, w € H'[b(u, v, w) = —b(u, w, v)].

Due to the trilinearity of b the previous Lemma is equivalent to the following
corollary which proof can be found in ([8], Section 2.6.2).

Corollary 3.3. Fizing the first variable in V, we have
Yu € Vv € H'[b(u, v, v) = 0].
3.2. Weak Solutions.

3.2.1. Ezistence. Classically the existence problem for (1.1)-(1.2), renaming F :=
F' + v amounts to finding a vector function

u:Qx [0, T] — R?
and a scalar function

p:Qx[0,7T] — R,

such that

(3.7) up+ (u-Vyu+Vp=vAu+F in Qx]0, T];
(3.8) V-u=0 in Qx]0, T[;
(3.9) u(z, 0) = up(x) in Q

satisfying suitable boundary conditions that in the case of Navier boundary condi-
tions are

(3.10) u-n=>0 on I'x]0, T;
(3.11) Vtu—pfu-t=0 on I'x]0, T[;
and, in the case of no-slip boundary conditions are

(3.12) u=0 on I'x]0,T].

Where F and ug are given and defined in Q x [0, T] and € respectively. wg is the
position at time 0 of the system.
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Rewriting (3.7) as
ug + (u- V)u+ Vp = v(Au — Cu) + vCu + F;
where, for u € V', in the no-slip case we have Cu = 0 and, in the Navier case
Cu = PY[Dyu+ V*(Bu - t) — Lu] = Dou + PV [V (Bu - t)] — Lu;
a weak formulation of problem (3.7)—(3.9), with either (3.10)-(3.11) or (3.12), is:
Problem 3.1. Given

(3.13) FeL*0,T, V'),
&
(3.14) ug € H,
to find
(3.15) ue L*0,T,V), u e LY0, T, V')
satisfying
(3.16) u +vAu+ Bu=vCu+F on 0,T[, !
and
(3.17) u(0) = uyp.

Lemma 3.4. The operator C' from V to H is symmetric in V. x V', when seen as
C(u, v) := (Cu, v), and satisfies

(Cu, v) < Klul||lv]; weV,veH.

Proof. In the no-slip case the statement of the Lemma is trivial. In the Navier case
the symmetry follows from

(Cu, v) = (PV[Dou + V*(Bu - t) — Lu], v) = (Dou 4+ V*(Bu - t) — Lu, v)
= Do(u, v) — (Bu - t, V*+-v) — (V- u, ﬁv~t)+/ﬁu~tv~tdf
r

and, the estimate is easy because
|Dou + V*(Bu - t) — Lu| < Dolu| + Ki|u|y + KoV - u| < K||ul|.
O

In the proof of existence of weak solutions we use mainly Gronwall and Young
inequalities:

Lemma 3.5 (Gronwall Inequality). Let g, h, y, % be locally integrable functions
satisfying

d
(3.18) d—zt’ <gy+h fort>t.

Then

y(t) < y(to) exp (/t:g(f) dT) +/tf h(s) exp <— /:g(f) dT) ds, 1>t

[The proof can be found in [10]].
Lemma 3.6 (Young Inequality). Given a, b, e >0, 1 < p < 400, we have
ab < ea? + C’gjpbp/

where + + L =1 and 0¥ = —2=t |
vy )

HTo be seen as an equality in V.
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Theorem 3.7. Given F and g satisfying (3.13) and (3.14). There is at least one
function u satisfying (3.15)-(3.17).

Proof. The proof is similar to that of Theorem 2.6.4 of [8], it differs only in the
expressions of the “a priori” estimates. Following that proof:
We start by defining, for each m € Ny, an approximate solution «™ of (3.16):

(3.19) u™ = uM ()W,

i<m

(3.20)  ((u™)'(t), Wy) +v((w™(t), W;)) + b(u™(t), u™(t), W)
= V(Cum(t)7 W7)+ < F(t)7 Wi >, tle [07 T]7 Jj<m,

S

with
(3.21) u™(0) = ug".

Where u{’ is the orthogonal projection of ug onto span{W; | i < m}.
From (3.20) we obtain the nonlinear system of differential equations in the functions

wt, 1< me
D@ @ Wi, Wy) +v Y u (Wi, W) + Y u"u"o(Wi, Wi, W)
<m
=v Z ul (CW;, W])—F < F(t), W; >,
i<m

that reduces to the ODE’s system

(3.22)  (uf)(t) + vul'k; + Y wl'u"b(W;, Wi, W)

i<m
<m

=v Z " (CW;, Wi+ < E(t), W; >, j<m.
i<m
Note that (3.21) is the same as the m scalar conditions

(3.23) u7'(0) = the projection of ug onto span{W;} = u;.

The rest of the proof is similar to that of Theorem 2.6.4 of [8] relative to the case
the rectangle with Lions boundary conditions. The only difference is the term Cu
(or Cu™ for approximate solutions) but it does not carry any problem because it
can be “absorbed” by the Gronwall and Young inequalities when we compute the
estimates we need. Following the proof presented in [8] we will find the inequality

%Ium(lﬁ)l2 +20[u™(6)|* < 20|(Cu™(t), w™ ()| +2 < F(t), u™(t) > .

Working a little the new term 2v|(Cu™(t), u™(t))|? we obtain

d -
Z W OF + 2/l O] < K[ @[ ()] +2 < F(t), u™ () >

1 By
< vlju™(t)))* + ;K2y2|um(t)|2 +2 < F(t), u™(t) > .
Hence

d -
ZOF +vum @ < K™ (0] +2 < F(8), w™(8) >

m 2, v m
<K @F + S [F@IT + 5 lu™ @)

12Here K is the constant appearing in Lemma 3.4.
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S0,

d m Vim m 2, =
(3.24) ™ @) + Sl @)1 < K2vfu™ 0 + S [IFO]

dt
and then, by the Gronwall inequality, for s € [0, T

, , s 52 ~ i
(3.25) |u’”(s)|2§|u6”|2exp(/ K21/d7-)+/ —||F(t)||2v,exp(—/ K2 dr ) di
0 0oV s

2 (T -
< e)<p(K2T1/)<|u0|2 + ;/ | E(t)|3 dt).
0
Therefore
|u7”(s)|2 < Kl
with K independent of m, i.e.,
(3.26) the sequence (u"™) remains in a bounded set of L*(0, T, H).

As we have seen, first we have used Young inequality to “absorb” the term v||u™(t)]|?
coming from the new term 2v|(Cu™(t), u™(t))|?. Then the remaining term KZ2v|u™ (t)]
has been “absorbed” by the Gronwall inequality.

From (3.24) and (3.26) we also have

(3.27) the sequence (u™) remains in a bounded set of L*(0, T, V).

2

The rest of the proof is completely analogous to that of Theorem 2.6.4 of [8]. [
3.2.2. Uniqueness.

Theorem 3.8. The solution of Problem 3.1 given by Theorem 3.7 is unique. More-
over it is a.e. equal to a continuous function from [0, T| into H and,

(3.28) u(t) — u(ty), inH ast—1t1 1 €10, 7).
In particular

u(t) — ug, nH ast—0;

u(t) — uw(T), inH ast—T.

The proof follows is analogous to that of Theorem 3.6 of [8] we need only to
absorb the new term by Young and Gronwall inequalities.

3.2.3. Continuity on the Initial Data.
Theorem 3.9. The map
S: H x L*0, T, V')x]0, +oo[ — C([0, T], H)
(uo, F, v) — u

is continuous. Here u € C([0, T, H) is the unique solution of Problem 3.1 (see
Theorem 3.8).

Theorem 3.10. The map
Se @ H x L*(0, T, V')x]0, +o00[ — L*(0, T, V)
(uo, F, v) — u

is continuous. Here u € L?(0, T, V) is the unique solution of Problem 3.1 (see
Theorem 3.8).

The proofs are analogous to those of Theorems 3.8 and 3.9 of [8]. Again we need
only to absorb the new terms by Young and Gronwall inequalities.
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3.3. Strong Solutions. Asking for some regularity in the initial condition and
external force we consider the following strong formulation of problem (3.7)-(3.9):

Problem 3.2. Given

(3.29) FeL*0,T, H),

&
(3.30) ug €V,

to find
(3.31) u € L*(0, T, D(A)NL>0,T, V), ' € L*0, T, H)
satisfying

(3.32) v +vAu+ Bu=vCu+F on 0, T[, **

and
(3.33) u(0) = wuo.

3.3.1. FExistence.

Theorem 3.11. Given F and ug satisfying (3.29) and (3.30). There is at least
one function u satisfying (3.31)-(3.33).

For the proof we define an approximate solution u™ for each m € Ny, like in
(3.19)—(3.21), and arrive to the estimate (3.24) and conclusions (3.26) and (3.27)
exactly in the same way. For the present Theorem we need only some more estimates
that we obtain from the equation

(W™ (), Au™(t)) + v((u™(t), Au™(t))) + Bu™ (t)(Au™(t))
= p(Cu™(t), Au™ (1)) + (E(t), Au™(t)).

First of all, comparing with the study done in [8] the only new term is the term
v(Cu™(t), Au™(t)). Like we have done in the weak case we absorb this term putting

1
2w(Cu™, Au™) < 20K ||u™|||Au™| < v|Au™* + =2 K2 |lu™||?
v

The term v|Au™[* = v|u™[%; will be absorbed by the term 2v((u™(t), Au™)) =
21/|u7”|[22] that will appear in the first member and the term vK?2|u™|* will be
absorbed by the Gronwall inequality when this inequality is applied to obtain an
estimate in L>°([0, T'], V). Since we can absorb the new term the proof becomes
analogous to that of Theorem 3.10 of [8].

3.3.2. Uniqueness.

Theorem 3.12. The solution of Problem 3.2 is unique. Moreover it is a.e. equal
to a continuous function from [0, T| into V.

The proof is analogous to that of Theorem 3.11 of [8].
3.3.3. Continuity on Initial Data.
Theorem 3.13. The map
Ss: V x L*(0, T, H)x]0, +oo[ — C([0, T], V)
(uo, F, v) — u

is continuous. Where w € C([0, T'], V') is the unique solution of Problem 3.2 (see
Theorem 3.12).

13Like in (3.16), to be seen as an equality in V.
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Theorem 3.14. The map
Sas : V x L*(0, T, H)x]0, +-00[ — L*(0, T, D(A))
(ug, F, v) — u

is continuous. Where u € L*(0, T, D(A)) is the unique solution of Problem 3.2
(see Theorem 3.12).

The proofs are analogous to those of Theorems 3.12 and 3.13 of [8].

4. CHANGE OF VARIABLES. RELAXATION.

In the previous section we have presented the classical, weak and strong formu-
lations of (3.7)-(3.9), with either Navier or no-slip boundary conditions. For the
controlled version with F + v in the place of F' we have existence, uniqueness and
continuity in the data (ug, F' + v, v), because our control will be an essentially
bounded function taking values on D(A) and so, F + v will belong where F did:
(L*(0, T, V') or L?(0, T, H)). If we consider the initial data as (ug, F, v, v), by
Theorems 3.7, 3.9 and 3.10 we easily conclude that (considering again the external
force depending on time):

Corollary 4.1. Given
(uo, F, v, v) € H x L*(0, T, V') x L>=(0, T, V') x]0, 400,

there is at least one weak solution u € C([0, T'], H) for Problem 3.1 with F+vin
the place of F;
Corollary 4.2. The maps
S: Hx L*0, T, V') x L>(0, T, V')x]0, +oo[ — C([0, T], H)
(up, F, v, V) —u

and
Se: H x L*(0, T, V') x L>=(0, T, V')x]0, +oo[ — L*(0, T, V)
(up, F, v, V) —u
are conlinuous.
Similarly, by Theorems 3.11, 3.13 and 3.14 we can easily see that
Corollary 4.3. Given
(uo, F, v, v) € V x L*(0, T, H) x L>(0, T, H)x]0, 400,

there is at least one weak solution u € C([0, T, V') for Problem 3.2 with F+uvin
the place of F';
Corollary 4.4. The maps

Ss: V x L*0, T, V') x L>(0, T, H)x]0, +-00] — C([0, T}, V)

(ug, F, v, V) —u
and

Ses : V x L*(0, T, V') x L>=(0, T, H)x]0, +oo[ — L*(0, T, D(A))

(up, F, v, v) — u

are continuous.
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4.1. Change of Variables. If we make the change of variables
u=y+1Iv
where I is the primitive operator — [Iv](t) = f(f v(T)dr, from
u' = —vAu — Bu+vCu+ F 4+ v
we arrive to the equation
Y = —vA(y +Tv) — B(y + v) + vO(y + w) + F.

Note that the function v appears only implicitly in the last equation. Now we forget
that Tv is a primitive of an essentially bounded function and replace it by P in the
equation. Since v is a low modes forcing it takes value in a finite-dimensional space
and, Iv being a primitive we have Iv € C([0, T], D(A)). But we take P in the
larger space L*(0, T, D(A)).

4.2. Weak Case. Similarly as we have done in [8] we consider the weak problem:

Problem 4.1. Given

(4.1) FeL*0,T,V"),, PelL*0,T, D(A))
&
(4.2) Yo € H,
to find
(4.3) yeL?0,T,V), y e LY0, T, V")
satisfying
(4.4) v +vA(y+P)+ By+P)=vC(y+P)+F on 10,T],
and
(4.5) y(0) = yo.

4.2.1. Existence. We have the theorem:

Theorem 4.5. Given ', P and yo satisfying (4.1) and (4.2). There is at least
one function y satisfying (4.3)-(4.5).

The proof is analogous to that of Theorem 4.4.1 in [8]. Defining an approximate
solution

y" = Z yi (Wi

i<m

for each m € Ny and arrive to the equation

(46) < (™), 4" > v < A"+ P,y > 4+ < BT+ P,y >
—v<Cly"+P™),y" >+ <F,ym>. "
From which we derive
A\ 2 my2 m ,m
ST 2wy = =2u((P y™)

—2b(y™, P™, y™) 4+ 2b(P™, y™, P™) 4+ 20(C(y™ + P™), y™) + 2 < F, y™ >

MyWhere P™ is the projection of P onto span{W; | i < m}.
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that differs from the respective equation appearing in Theorem 4.4.1 in [8] only in
the new term 2v(C(y™ + P™), y™). From the estimate

(Cly™ + P™), y™) <2vK|ly™|lly™ |+ 2v K[| P™[ly™|
SVHy"LHZ 4 VK2|y'rn|2 4 1/||P77L||2 4 I/K2|y7n|2
=v|y™|* + 20 K3|y™ * + v P77,
we see that the term v|y™||? will be absorbed by the term 2v|y™|? in the first
member and, after applying the Gronwall inequality the term 2vK?2|y™|? will be
also absorbed while the term v|| P | bring no problem because by hypothesis || P/,

and then also || P™||, is square integrable in ]0, 7.
The rest of the proof is completely analogous to that of Theorem 4.4.1 in [8].

4.2.2. Uniqueness.

Theorem 4.6. The solution of Problem 4.1 given by Theorem 4.5 is unique. More-
over it is a.e. equal to a continuous function from [0, T| into H.

Proof analogous to that of Theorem 4.5.1 in [8].

4.2.3. Continuity.
Theorem 4.7. The map
Y: H x L*0, T, V') x L*(0, T, D(A))x]0, +oo[ — C([0, T], H)
(yo, F', P, v) —y

is continuous. Where y is the unique solution of Problem (4.1) corresponding to
the data (yo, F, P, v).

The proof is analogous to that of Theorem 4.6.1 in [8]. In that proof at some
point we arrive to the equation °

d
<w,w>=—qllw|*+f, lor —fwl® = -2nwl* + 2f]

where w is the difference of two solutions and f is an expression depending on the
initial data. If we follow that proof in the present case we arrive to the equation

d
S0l = =2n]wl* +2f + 20(Cw, w) +20(C(Q = P), w) = 2(v =n)(Cy + P), w).
For the new term we find
277(0’(1}, w) + 277(0(Q - P)a w) - 2(V - U)(C(y + P)7 w)

<nllw|? + 0k w* +9)|Q — PI* + nK?|wl* + v — n*[ly + P||* + K?|w|?

=nlwl® + 20K |w* +7)|Q — PI* + v — nf*|ly + PII* + K?Jw|*.
The term n|lw||? is absorbed by —2n|w||? and, after Gronwall inequality, if we
choose 7 not far from 7 (for example [ — v| < % like in [8]), the terms 2nK?|w|?
and K?|w|? is absorbed while the other terms will appear under an integral and
then bringing no problem: If the initial data is close those integrals are small.

Therefore the proof is analogous.
We also have

5Equation 4.6.1 in [8].
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Theorem 4.8. The map
Yo : H x L*(0, T, V') x L*(0, T, D(A))x]0, +oc[ — L*(0, T, V)
(y()?F?P?V)'_)y

is continuous. Where y is the unique solution of Problem (4.1) corresponding to

the data (yo, F, P, v).

Proof analogous to that of Theorem 4.6.2 in [8].
4.3. Strong Case. Consider the strong problem:
Problem 4.2. Given

(4.7) FeL*0,T, H),, PeL*0,T, D(A))
&

(4.8) Yo €V,
to find

(4.9) y e L*0, T, D(A)) N L>(0,T, V), y € L*(0, T, H)
satisfying

(4.10) v +vA(y+P)+ By+P)=vC(y+P)+F on 10,T],
and

(4.11) y(0) = yo.

4.3.1. Ewzistence.

Theorem 4.9. Given F, P and ug satisfying (4.7) and (4.8). There is at least
one function y satisfying (4.9)-(4.11).

The proof is analogous to that of Theorem 4.7.1 in [8]. We will find a new term:
2v(Cy™, Ay™)
that satisfies
20(Cy™, Ay™) < vE3|ly™ | + vly™ |y
and then, will be absorbed by Young and Gronwall inequalities.

4.3.2. Uniqueness.

Theorem 4.10. The solution of Problem 4.2 given by Theorem 4.9 is unique.
Moreover it is a.e. equal to a continuous function from [0, T into V.

The proof is analogous to that of Theorem 4.7.2 in [8].
4.3.3. Continuity.
Theorem 4.11. The map
Y,: V x L*0, T, H) x L*(0, T, D(A))x]0, +oo[ — C([0, T], V)
(o, F, Pv) >y

is continuous. Where y is the unique solution of Problem (4.2) corresponding to
the data (yo, F, P, v).

Theorem 4.12. The map
Yoo : V x L*(0, T, H) x L*(0, T, D(A))x]0, +oco[ — L*([0, T], D(A))
(y07F7P7V)'_)y

is continuous. Where y is the unique solution of Problem (4.2) corresponding to
the data (yo, F, P, v).
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The proofs are analogous to those of Theorems 4.7.3 and 4.7.4 in [8]. The new
expression appearing in the estimates is

n(Cw, Aw) +n(C(Q — P), Aw) — (v —n)(C(y + P), Aw)
that satisfies
n(Cw, Aw) +n(C(Q — P), Aw) — (v —n)(C(y + P), Aw)

n Ui n 3
< §|w|[22] + 30K w|? + §|w|[22] +3nK?||Q — P|* + §|w|[22] + 5'1/ —n*K?||y + P|?

3
= nlwlfy + 30k |lwll* + 3nK*|Q — P|* + ;lv —n*K?|ly + P|*

and then, will be absorbed by Young and Gronwall inequalities. Note that the last
two terms will be small if the initial data is close.

4.4. Continuity in Relaxation Metric. We begin with a definition:

Definition 4.1. Given a finite dimensional normed space ¥ C H and a basis
{e;| i=1,..., p} for F; the relaxation metric in L'([0, T, F) is defined by the

norm
to
/ g(r)dr
ty

Consider, also, the w-relaxation metric on L!([0, T, F) defined by the norm

/Ot g(r)dr

Remark 5. It is easy to see that the identity map
(2200, TL B, 11l ) = (L2001 B, 11l

4.12) ||g]|;+ := max
(4.12) [|g| e

P
s og=(g1, s 00) =Y gier.
h i=1

413 T
(4.13) 9|l wre R

I

and the map
I: L. ([0, T], F) — C([0, T, F)

wrr

vi— v

are continuous. Where the subscript “wrx” means that we are considering w-
relazation metric on the set L°°([0,T], F). Since all the norms in F are equivalent,
in the last space C([0, T, F) we may consider in F any norm.

Recall that by definition, the map S of Corollary 4.2 gives us the weak solution,
belonging to C([0, T'], H), of the N-S equation for an initial data in II := H x
L2(0, T, V') x L>([0, T],F) x R*. Changing the topology on the third factor of
the previous product to the w-relaxation one, we arrive to the space L. ([0, T, F)
and we define the function S, as the function defined in the product IL,,, =
H x L*0,T, V') x L2._.([0, T],F) x Rt and taking the same values as S.

wrr

o The case F C D(A):
Proposition 4.13. The map Syo @S continuous.
Proof. Put I, (ug, F, v, v) := Iv. By Remark 5 and Theorem 4.7 the map
Yors : Hwre — C([0, T, H)
(uo, F, v, v) — Y(uo, F, Tv, v) = Y o I°(ug, F, v, v)
is continuous; where I°(ug, F, v, v) := (ug, F, v, v).

By the equality Syre = Yy + Lo we conclude the continuity of Sy,.z- O

6Recall that for @ = (z1, ..., zp) € RP, ||z, = 3P, |ail.
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Analogously, by Remark 5 and theorems 4.8, 4.11 and 4.12, we can prove the
continuity on relaxation metric of the maps So, S; and So4 arriving to the Propo-
sition

Proposition 4.14. The maps Swrz, Sowre, Sswre Soswre are all continuous.

By Remark 5 we obtain

Corollary 4.15. The maps S;z, Sorz, Ssraz Sosre are all continuous. 17

o The case F C H:

Corollary 4.16. Let F C H be a finite-dimensional subspace and let {e; | i =
1, ..., p} be abasis for F. Let V := {v, € L>([0, T, F) | b € B} be a uniformly ;-
bounded family of controls, say |vy|pe(jo, 1), (re,1,)) < M where M > 0 is a constant
independent of the parameter b. Then the map

(uo, F, v, v) — S(ug, F, v, v)

is (X, Y)-continuous. Here S(ug, F, v, v) is the solution of the N-S equation for
the given data and the pair (X, Y') is one of the following

(H x L*(0, T, V') x Vyu x RT, Y7);

(V x L*(0, T, H) x V,u x RY, Y2);
where

Vi € {12(0, T, V), C(0, T), H)}:

Yo € {L*(0, T, D(A)), C([0, T], V)}.

Proof. Let € > 0 be a real number. Set f; € D(A) such that |e; — fi| < e for any
P

vp =0  vie; €V define w, = Y7 v} f;. Note that |v, — wp| and |vy — wy |y are
small if so is e.
For a target space Y, corresponding to the data, we have:
|S<u0? F? U, V) - S(”Ov F, Va,s 1/)|Y
§|S(U0, F? Vb, V) - S(”O? F? Wy, 1/)|Y
+ |S(U0, F; Wp, V) - S(’(Lo, Fa Waq,, V)|Y
+ |S(U0, F; Wq, V) - S(UO; F; Va, V)'Y

and, since |wp — Wq|re = |Up — Vg |re We have that, for small £ and small |vp, — Vg |pa,
the norm

|S(U0, F? Ub, V) - S(”O? F? Va, 1/)|Y
is small. O

5. REALIZATION ONTO THE PROJECTION.

In this section we show that every curve in W1>°([t;, ts], J), with J finite-
dimensional, is the projection of a strong solution of the Navier-Stokes system.

For u € D(A) C H*(Q) we have u;, d;u; € L*(Q) for all i, j € {1, 2} and, then
u;0;u; € L*(Q) and (u- V)u € L?(Q). Denoting by PV the orthogonal projection
from L2(Q2) onto H and writing (u - V)u = PV[(u-V)u] + Vp, p € H(Q) (see
(2.17)), we have, for every v € V, that

b(u, u, v) = ((u - V)u, v) = (PV[(u- V)u], v) + (Vp, v)
= (PY|[(u-V)u], v) =< PV[(u-V)u], v >y v;

G ??

" These “rx”-maps are defined similarly as the “wrx” ones, just considering the “rx”-topology
in the factor of essentially bounded functions.
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Since by definition Bu is the element of V' such that, for every v € V, Bu(v) =
b(u, u, v) we have that

Bu = PV |[(u-V)ul.

Lemma 5.1. Given:

o A finite subspace J C D(A);
o A function ¢ € WhH([t;, ty], J) with q(t;) = qi:

o An element Q; € Ji := JJ}} NV ; where JJ}} denotes the orthogonal space to
Jin H. 18

Suppose F € L%(t;, ty, H) 0 L>®([t, t7], D(A®)) for some s < —2.9Then there
exists a control v’ (q,Q;) € L*([ti, ty], J) depending on q and Q; such that the
projection onto J of the solution of the N-S equation

w = —vAu— Bu+vCu+F+v7(q, Q:),  u(t)=q + Qs

equals q on [t;, ty].
Moreover the map v’ : (g, Qi) — v'(q, Qi) can be set (W12 x Ji&, L2(t;, ty, J)-
continuous.

Before the proof we remark that, due to the continuity of the inclusions D(A?) C
D(A®) for t > s, the condition “F € L>([t;, t;], D(A®)) for some s < —17 is
equivalent to “F € L>([t;, t¢], D(A®)) for some s € R”.

The above Lemma generalizes Lemma 4.10.4 in [8] where J is considered as the
linear spanning of a finite number of eigenfunctions of the operator A : D(A) — H.
Now J is any finite dimensional space and, in such a case we have an important
difference: The operator A is not commuting with the orthogonal projection onto
J. This carries some additional difficulties and then, we have to repeat all the
proof.

If nothing is said in the contrary J is considered endowed with the norm induced
by D(A).

Proof. We proceed as in the proof of Lemma 4.10.4 in [8]: Let ¢, ¢;, Q; and J be
like in the statement of the Lemma. Consider the (non controlled) N-S equation:
uy = —vAu — Bu + vCu + F with initial condition u(t;) = ¢; + Q; =: u; and split
it into
P’ (uy) = P’ (—vAu — Bu + vCu + F)
P~ (u;) = P~/ (—vAu — Bu+vCu + F)
u(ti) = U;

with the same initial condition, where P (resp. P~7) is the orthogonal projection
H — J (resp. H — J#). If we put u’/ := P/u and U’ := P~7u we arrive to the

18Note that J é does not coincide necessarily with the orthogonal space to J in V', because the
scalar products in H and V are different.

9We need the condition F € L2(t;, ty, H) because we are interested in strong solutions.
The condition F € L>([t;, ty], D(A®)) will be used to guarantee that our control is an essentially
bounded function. Actually as we will see it would be enough to have P’ F' € L>([t;, t7], D(A®)),
but since in the following we shall apply this Lemma to an increasing and “dense” sequence of
subspaces (the sequence of Definition 6.1) we will need F' € L ([t;, t7], D(A®)).
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systems
{utJ = P/(u;) = —vP’ Au — P’ Bu + vP/Cu+ P’F 20
w(ti) =aq
51) {Ug = P~ () = —vP~) Au— P~/ Bu+vP~/Cu+ P~/ F
U’t;) =Q;.

In the system (5.1), since we want to realize ¢ in J we replace u by U’ + ¢ arriving,
in this way, to the (closed) system

(5.2)
U/ = —vP VAU’ +q)— P /B(U’ +q)+vP'CU’ +q)+ P'F

This system leads us to a formulation of a “weak” problem similar to Problem 3.1.
Now the problem is that of finding a (weak) solution

UJ € Lw([tiv tf]7 JJP_I) N LQ(t% tfv Jé)v UtJ € Ll(tiv tfv (Jﬁ)l)

for

Ul = |—vAU’ +q) = B(U + ) +vCU’ +q)+ F
Vl
=: IL(UJ, q), on |t;, ty[;

U’ (t) = Q.

where the first identity must be satisfied in (Ji)’. More precisely L(U”, q) is the
element of (Ji+)’ defined by

<L{U’, q), v >y v
=< VAU +q) = BU' +q) +vC(U’ + q) + F, v >y v;

v € .

Remark 6. Note that V. = J @ J. The inclusion V. 2 J & Ji: follows from
V D JUJ{. On the other hand, if v € V. C H we may write v = P’v+P~'v from
which, we obtain P~'v =v — P'v € V and then, V C J & J¢.

Since J € D(A) C V', we may write

Vi=Jely) =VoJ) =lodv).

¢ EXISTENCE.

We can prove existence and uniqueness of a strong solution, defined in [t;, tf],
for this system as we prove existence and uniqueness for the “full” equation. We
give a sketch of the proof:

We start by choosing an orthonormal basis {e; | i € No} in the space J7;. Since
D(A) is dense in H, P~/ D(A) is dense in P~7H = J#. So we can suppose that
{e; | i € N} is contained in P~/ D(A). Then for each element e; there is F; € D(A)
such that E; = e; + P’ E;, in particular e; € D(A).

Defining approximate solutions

2ONote that % commutes with PE/ because PE/ is linear and the elements of a basis {e;}

for H do not depend on t. In fact we can not conclude the same with A in the place of %
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JvL Pp— ']7L L.
U-~ .= E Ui "ej;
J<L

< UtJ7L7 € >=< L(UJ’Lv Q)7 €j >
=—v< AU 4+q),e; > - <BUM 1), ¢; >
(5.3) +v<CUM +q),ej>+<F,e;> V<L
U”E(t;) = QF, = projection of Q; onto span{e; | i < L},
from which we obtain the ODE
UM = —o(U +q,¢) = D upFuiPblem, ens ¢)
mn<L
+v(CUTE +q), )+ < F, ej >;
J,L .
that has a maximal solution defined on [t;, tnq.[- Now we compute some estimates
that, in particular, imply t,,40 = t:
Multiplying, for each j, the equation (5.3) by U ]f]’L and summing up we obtain

1d
5 HUPHE < AU + gl U
+(BUE +q), UMD+ vE (U + [lg)|U7F] + [F|U7F].
Hence
(5.4)

d ~
Z U2+ v U2 < Collall® + ColU " PPllall* + Collal|* + Col U2 + Col FI”

from which we obtain
U E(s)|?

<ep(Co [l +1at) (107 + o [ @ + a1 + P07 o)

t;
SCQ(HQlHQ + 1)7 s € [tiv tf]
or
55) [0 o) < D

for some constant Dy depending only in [|q|[zag,,¢,,5 and [|Q4]]. *'

From (5.4) we can also obtain

ty ty
[ WL bt < Gl 1y gy (1 [ e )
t t

ty N
+C?’/t la@)I* + la@®)* + [F@) dt.
Hence for a constant Dy depending only in ||lq||za((s,,¢,],5) and [|Q;| we have

(5.6) ||UJ’L||L2(ti,tf,JI$) < De.

2INote that ;, ty and F are fixed, otherwise D1 would depend also on ”ﬁ”L?(tiA,tf, yry and
on the length [t; —¢;|. We will need to apply this Lemma to cases where the force F is fixed and
the lengths [ty — t;| are upper-bounded by some T' > 0 (in fact in the applications we will have
ti, ty € [0, T]), so the constant can be taken independent of F, t; and ty. Note that in J all norms
are equivalent.
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From (5.5) and (5.6) we have that

{(UJ’L)L remains in a bounded subset of L*([t;, t¢], H)

5.7
(5.7) (U”L) [, remains in a bounded subset of L2(t;, tf, V).

Similarly as we have done in ([8], proof of Theorem 2.6.4) we extend U”" to the
entire real line putting

caL . JUPE() ift e [t ty]
U = {0 ift ¢ [ti, ty]

and the Fourier transform of U7~ will be denoted by U7,
Now we estimate the integral

+oo . 1
(5.8) / PO dr, 0<y < 7

— 00

From equation (5.3) with U”* replaced by U”" we derive

d - i
(5.9) E(UJ’L(t)a ej) =< [, ej > +(UM (1), €5)01, — (U (tg), €)0,

J<L
where dy,, 0, are the Dirac distributions at ¢; and ¢y and,
o= P [—VA(U“ +4q) = BUM +q) +vCUM +q) + F|,
pag L (PO e )
0 outside [t;, ty]

Using the Fourier Transform, (5.9) becomes
(5.10) 2mit(U7E (1), ¢5) =< f (1), ¢; >

+ (uhE(t;), ;) exp(—2mit;T) — (UL (ty), e;) exp(—2mit ¢ 7).
Multiplying (5.10) by U 7‘] L(7) and adding the obtained L equations we arrive to

(5.11) 2mir|U7E(r)2 =< fPE(7), UPE(r) >
+ (UPE(t:), UM (7)) exp(=2mitiT) = (UPE(tg), UM (7)) exp(—2mit ;7).
From

LF#EOllve < IEOv + (IO + @)+ 107 + @) + |72 ))

<IE®lv: +Ca(1+ 1O @2 + la®)?)
we have that the integral

ty
[ 1t de

t;

is uniformly bounded and so, for some constant Cy

sup || f75(7)|lv: < Co.
TER

Now by (5.11) we have
(5.12) TP ()P < CL(ITHH ()l + [0 (m)| < DT (7))

then, analogously as we have done in ([8], proof of Theorem 2.6.4), we can conclude
the uniform boundedness of (5.8) and then,

(5.13) the sequence (U”Y) remains in a bounded set of HY (R, Ji, J3).
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The existence of a weak solution
(5'14) UJ € Lm([tiv t.f]v JJﬁ) n LQ(tiv Ly, Jé)
follows from standard compactness results.
We extend L(U” + q) to L(U” + q) € V’, as usually, by < L(U7 + q), v >:=<
LU +q), P~7v > for every v € V, ie., L{U? +q) = L(U' +q) o P~/
Computing (U’ + ¢); we obtain the following equalities in V'

U7+ =LU" + ) +a
= VAU’ +q) - BU’ +q) +vCU’ +¢) + F
- <—Z/A(UJ +q) - BU’ +¢q) +vCU’ +q) + F) o P’ 4 ¢.
Put G := —(—Z/A(UJ +4q) = B(U' +q) +vC(U’ +q) + F) o P74+ ¢;. Then for

|G| we obtain the estimate

|G < i +

<—I/A(UJ+(]) B(U’ +¢q) +vCU’ +q) + )

:|qt|+‘<—VA(UJ+q) BU” +q)+vC (U7 + q) + )oPJ

<putting G:=—vA(U’ +q)— BU’ +q) +vCU’ +q) + )

GoP/(z G(P’ (z
<|q|+ sup M = |q|+ sup M;
z€H\{0} || z€H\{0} ||

since the orthogonal projection P/ : H — J is continuous, we have
1
—|P/(2)| < |
F 1P (@) < Ja

for some constant Cy > 0 and, since all norms are equivalent in J:

_ G(P’(z
Gl <lal+ swp GoEL N _ 01 g o[G0
cH\{0} |P7 ()| yel\{0} |y
P (2)#0
G G
<lal+ sup C1| ()l <ol + C1| (y)|’
yeI\{0} ||y|| yeV\{0} ||y||

i.e., |G| < |g| + C1||G|lv:. Hence

G < Dy (1 N 4 gl + U+ U7 gl 107+l + |F|V/)

< Dy (|13“| +14 U7 + qll).
Hence
G < D(|F|2 I q||2),

ie,GelL? (ti, ty, H). Therefore U’ + g is the unique solution given by Theorem
3.8 for the external force G and initial condition u; = ¢(t;) + Q;. 2* By Theorem
3.12 U’ + q is strong, i.e., U’ + q € L>([t;, ty], V) N L*(t;, ty, D(A)) and then

(5.15) U” € L=([ts, tg], Jv) N L2(ti, tg, Ip(a))
where JJ[-)(A) :=J5 N D(A).

22Note that in Theorem 3.8 t; = 0 but, if we change the initial time to ¢; # 0 that Theorem
follows analogously.
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¢ UNIQUENESS.
For the uniqueness we consider the difference w of two solutions V7 = V7 (¢, Q;)
and U7 =U’(q, Q;) — w:= V7 —U”’. From the equations

U/ = —vP™7 AU’ +q) = PT/B(U? + ¢) +vP/C(U7 + q) + P77 F;
V) = —wvP AWV +¢q) = P'B(V’ +q)+vP~/C(V’ 4+ q) + P~ F;
we derive
wy = —vP Aw -~ P7'B(V' +q) + P~/B(U’ + ¢q) + vP~/ Cw;
multiplying by w:
(wy, w) = —v(Aw, w) — (B(V? +q), w) + (B(U” + q), w) + v(Cw, w):

SO
1d
§E|w|2 +vflwl* <= (B(V' +4q), w) + (BU +q), w)| + vK |[wl|w]
and,
Ld, 2 J
3zl +rlwl” < Col(B(w, w, U” + g)| + vEK |Jw]][w]

< Cilwlllwll|U7 + gll + v Jwl]wl;

d

E|w|2 +v|w|?* < Colw|U7 + q||* + Ca|wl?;
ty

lw(s)[? < |w(0)? exp(Cz/ U7 (t) 4+ q()||* + 1dt> =0.

ti

Hence the weak solution is unique, and then so is the strong one.

o CONTINUITY.

We have just proved that the map (g, Q;) — U”’(q, Q;) is well defined. We claim
that it is (L*(t;, ty, J) x (Ji), X)-continuous, where X is either L>([t;, t¢], J&)
or L%(t;, tg, Jg( A)). To prove these continuities we proceed as usually: Fix a pair

(q, Qi) € (W x J) and consider another one (p, P;) in the same product space.
Define w := U”(q, Q;) — U’ (p, P;). To simplify the writing we put Q := U’ (q, Q;)
and P := U’(p, P;). Then w satisfies the following equation:

w; = —vP T A(Q + q) + vP~7 A(P + p)
—~P'B(Q+q) + P /B(P+p)+vP/C(Q+q) —vP /C(P+p)
= —vP 7 Aw—vP 7 A(g - p)
(5.16) —P'B(Q+q) +P 'B(P+p)+vP/Cw+vP 'C(q—p)
and, multiplying by w:

5= [wl? < = vlwl® +vilg = pllw] + [b(P, P, w) —b(Q, Q, w)]
+ |b(P7 p, ’LU) - b(Qv q, ’LU)| + |b(p, Pv U)) - b<q7 Q? U))|
+ [b(p, p, w) = blq, ¢, w)| + vK|wllw] + vK|q— plllwl
< —vljw|* +vlg = plllw] + b(w, w, Q)]
+ {|b(_w7 P, w) + b(Qv pP—4q, ’(U)|} + |b(p —q, Qa ’(U)|

+{bo—a, p, w) + (g, p— g, w)|} + v Juwlljw + vK]lg — pllleo];
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from which we obtain
d
%|W|2 +vllwl” < Collp = ql|* + Colw QI + CollQI(lp — ¢ll* + Colw|*[Ip]?

(5.17) + Co(llpll* + lal*)Ip — all* + Colwl*.

Then by Gronwall Inequality
ty
[0l 1530 < e [Co [ 1QUI + L) + 1] (|w<m|2

0o [l = alPa+ QI+ 01 + o) at).

ti
For ||p — q||z+ < 1 we obtain?
(5.18) llE e, o)1, 55 < CollQi = Bill* + Cillp — g7

with C; independent of (p, P;).
We conclude that the map U7 is (L* x (Ji), C([t;, ts], J3))-continuous.
From (5.17) we can also obtain

IRECIRE

i

ty
< Collp = all3 + Collwlid gy, o153, (1 + / IR + Ip()]1>dt)

+ Collo— alls (1213 + lIpl3s + lal13:)
< C2||w||é([07T],JJg) + Callp— Q||2L4a

for ||p — ¢l|z« < 1. Hence by (5.18) we arrive to

(519)  [lp—allze <1] = [[wla,.1,. 50 < CsllQi = Bl + Collp = all34

with C3 independent of (p, P;).
We conclude that the map U” is (L* x (J&), L%(t;, ts, J&))-continuous.

Multiplying (5.16) by P~/ Aw we obtain
(wi, Aw) = —v(Aw, Aw — P’ Aw) — v(A(q — p), P~ Aw)
— (B(Q+4q), P~ Aw) + (B(P +p), P~ Aw)
+ v(Cw, P~ Aw) + v(C(q — p), P~ Aw).

Thus

1d
5o lwll? + vwl?,

<v|wll||P? Aw] + v]q ~ pl| P? Aw| + vE [wl||P~ Aw| + vE g — pl|| P~ Aul
+|(B(P +p), P~ Aw) - (B(Q + q), P~ Aw)|

<Col|w|||P” Aw| +vlg = plig|wlg + vK||wll|wl|ig) + vK||g — p|[|w]2)

D(A™3)
+|(B(P +p), P~7Aw) — (B(Q + q), P~ Aw)|

230f course we could ask for llp—qllp+ < D for any D > 0. What we need is a first bound for
Pl
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From which, using the equalities

b(Pa Pa .ZII) - b(Qa Q; .ZII) = b(w7 w, ZE) - b(w7 Q; ZE) - b(Q; w, .ZII),

b(Pa b, .ZII) - b(Q; q, ZE) = _b(w7 D, ZE) + b(Q7 p—4q, ZE),
b(p, P, .I') - b(Qv Q, "E) = —b(p, w, :E) + b(p —q, Q, x);
(520) b(pv b, ‘T) - b(Q? q, :E) = b(p -4, P, ‘T) + b(Q? p—aq, 'T)v

we derive, by appropriate Young inequalities,
d
S llwl? + vl
(5.21)  <D|w[* + D|p — gl + D|jw[* + D]lq - p*
+ D(jwllwl* + [wl21QN*) + D(Ilwl2lpy + QI — alfy)

(5:22)  +D(plyllwl + Ip - allIQI) + D(Ip - alyIpl® + lal*lp - alfy)-
Thus

2
||w||c([ti, ty]:I%)

<exp[Do [ 1+ ORI + QI + o)y at] (e P

i

+Da / Ip(t) — g3 (1 + 1R + [p(®)II? + lla()]1?) dt>,

i

Then using (5.18) and (5.19), we have
lp=qlls <1
(5.23) { 1P O <1 1012 1, 1,1, 56) < DillQi = Bl + Dillp = alf]
K2 2 v =

with D; independent of (p, P;).
We conclude that the map U7 is (L* x (Ji5), C([ts, ty], Ji))-continuous.
From (5.22) we can also obtain

ty
/t fw(t) 3 dt

i

ty
< Dl o) (1 | FoOF I + 1RO+ o)1 )

i

+ Dallp = alle (1+ I3 + gl + Q1R 1, 52 )-
Hence by (5.18) and (5.19), we have

lp—qllrs <1
1P = Qilly <1

= [l0lla 0y 55, ) < Dslwlle, . 0) + Dsllp = ali3]

D(A)

and, using (5.23),

Ip—qlls <1
(524> { ||P o Q‘HH]]J- < 1 = |:||w||i2(ti7tf7J$(A)) S D4||Q7_P7/||2+D4||p_q||%4:|
i s =

with Dy independent of (p, P;).
We conclude that the map U” is (L* x (J&), L2(t;, ty, JJ[‘)(A)))—Continuous.

o THE MAP T.
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Now we define another map in the product W1 ([t;, t;], J) x Ji+, taking values
on H for a.e. t €]t;, t¢[:

FJ : (Q7 Ql) = _VA(UJ(Q7 Ql) + Q) - B(UJ(q7 QZ) + q) + VC(UJ(qa QZ) + q) + F

Fix (¢, Q:) € WY([t;, t¢], J) x J> and, consider another pair (p, P;) in the same
space. Again, as we have done before, put Q = U”(q, Q;) and P = U’ (p, P;). For
the norm of the difference we can obtain the estimate

(g, Qi) =T (p, P)]
:‘Z/A(P +p)+ B(P+p) —vC(P +p)

—vAQ+4q) - BQ+q) +1/C(Q+q)‘
<v|P = Qlpz +vlp — dlzy + DIP = Qi (1P + Q1)
+D(I1P = Qlyllall + 1Pl = gl ) + D(IPlllp — gl + 1P = Qlizlal)
+Dlp — qlz(lpll + llql) + vKQ — Pl + vK|lp — ql|.
Therefore
IT7(g, Qi) = T7 (p, P)|
<ColP = QI (1+ 1P+ 11Qll + llall) + Colp = aliay (1 + 121l + Ilpl + )
For |[p—q||z+ < 1, and || P,— Q|| < 1, using (5.23) we obtain || P(t)—Q(¢)||* < 2D
and then || P(t)|| < v/2D; + ||Q(t)]|. So we can arrive to

(5.25) IT7(q, Qi) =T (p, P;)| < Co|P — Q|2 + Calp — gy (1 + ||P||)

from which we obtain

ty
/ |FJ(Q7 QZ) - FJ(p» Pz)|2 dt
t

i

2 b 2 2 b 2 2
<2t [P Qiyde+203 [ o= alty (14 1ol

[

ty
<3NP = Qlida(u, oy, pay + 263 / Ip - aly2(1+ o)) dt

i

<Cyl|lP = QlZ2(s,.1,, pay) + Callp — all 74 (L+ [Pl 7).
Therefore, using (5.24):

— <1
(526) ”p q||L4 >~
1P = Qillye <1

= I07(q, Qi) = T7 (0, P72, 4, 1) At < Cs[|Pi = Qil* + Cslp — gl 74

with C5 independent of (p, P;).
We conclude the (L* x (J&), L%(t;, ty, H))-continuity of I'.

o THE CONTROL v”.
Now we can indicate which is the control v/ appearing in the statement of the
proposition: In fact

v’(g, Qi) =4 — P'T7(q, Qi)
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satisfies the statement. Indeed its (W2([t;, tf], J) x (Ji), L2(t;, tf, J)-continuity
follows from the (L* x (J3), L?(t;, t7, H)-continuity of I'/ and from the
(W2([ts, ts], J), L*(ti, ts, J)-continuity of g — g.

To prove that the projection of the solution of the system
(5.27) us = —vAu — Bu +vu+ F +v7 (q, Q;), wi = q(t;) + Qi

coincides with ¢ we differentiate ¢ + U7 (q, Q;):

[g+ U7 (g, Qi)l:
=¢—vPTA(U(q, Qi) = P~'B(U (¢, Qi) + q)
+vP~'C(U”(q, Qi) +q) + P~'F
= —vA(g+U”(q, Q) = Blg+ U”(q, Qi) +vu+ F
+q— |-vP Alg+ U’ (g, Qi) = P'Blg+U”(q, Q)
+vP C(U7 (g, Qi)+ q) + P‘]ﬂ
= —vA(g+U”(q, Q) — Blg+ U’ (q, Qi) + F + v’ (g, Q);
showing that ¢ + U’ (¢, Q;) is the (unique) solution of (5.27). )

To finish the prove remains to verify that v/ € L>([t;, tf], J). Let s < —3

be like in the statement of the Lemma. Since ¢ € W1>°([t;, ts], J) we have ¢ €
L>([t;, tf], J) and, by
IT7(q, @)l pasy < IIT7 (g, Qi) = Fllpcas) + IIFllpasy
< DT (q, Qi) = Fllv: + | Fllpeas
< D|Q+qll + DIIQ + ql* + DIQ + al + | Fl pas)
(5.28) <Go(lQ+al*+1) <y,
we have that T/ (q, Q;) € L>®([t;, t7], D(A®)) and then, P'T'/(g, Q;) belongs to
L>([ts, ty], Ipcas)), where Jp(as) denotes the space J endowed with the norm of
D(A®); so, P'TY(q, Q;) € L>=([ti, tf], J), for any norm we consider in J. Hence
||’UJ(q’ Qi)HLOO([ti,tf],J) < ||q||L°°([ti,,t_f],J) + ||PJFJ(q’ Qi)HLOO([ti,t_f],J) < DQ’ 2

where Dy depends only on [¢l| Lo ((t;, /], 1), el Lo ((ti, ,1,5) @nd [|Ql ooie, 1, 52)-
Using (5.23) the constant D can be chosen depending only on the norm ||g|y 1.0 ([t,, /], 1)
and |Ql|
(I

Remark 7 (Uniform estimates). From the computations of the previous Lemma,
we can see that, given a uniformly bounded family

{(Q)\a QA) € O([tiv tf]» J) X Jé | A€ A}a

1.6,

, <C
30y > 0va € A 4 1P llete .9 < Co
||Q)\||.]I\L,) < C();

24We can see that, for fixed J as in the present case, if we repeat the computations in (5.28)
for P/T7(q, Q;) = P'TY(q, Q;) — P/ I+ P’ F, we need only to have F' € L ([t;, t;], D(A®))
to obtain [P/ (q, Qi)|p(as) < C1.
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then all the following families are uniformly bounded (in the respective spaces):
{U(qr, @r) € C(ti, tr, Iy) | A€ A}
{Ulgr, Qx) € L?(ti, ty, Ipeay) | A€ A}
{T(ax, @x) € L=(L, ty, D(A%)) | A€ A}

and, the uniform bound can be taken depending only on Cy.
If we have

301 > 0va € A DW= (o tn.p < G
1@xll5g) < Chs
then also the family
{v7(ax, @x) € L=([ti, t7], J) | A € A},
is uniformly bounded and, the bound can be taken depending only on C1.
5.1. The L%(t;, t;, H)-norm of U/ . From equation (5.2) we have
U/ | <vIP™7 AU + q)| + [P/ BU + q)| + v|P~/C(U7 + )| + [P~ F|
< Co(1U7 + gl + 107 + gl [U7 + gl + v U7 + qll + )
hence
U712 < O (U7 + gy + 1+ |FP)
from which we obtain that
||U£]||L2(ti,tf,H) < Cs.

Moreover if we have a family of curves and points such that

laxllet:, e1,0 < D

3C > 0vA e A
1@QAll5z) < Ds

then also the family
{{U(ax, Q)¢ | A € A}

is uniformly bounded and, the bound can be taken depending only on D. In
particular we can take a bound independent of the derivative ¢;; this fact was
important in [8, 7] when we imitated the action of a given low modes control
by another one, taking values in a smaller space, and compared projections of
trajectories in the infinite dimensional component J IJ;

6. SATURATING SETS
In [7] a finite saturating set for system
u, = —vAu — Bu+vCu+ F;  u(0) = uo,

was defined as a finite subset g C D(A) such that the sequence (G7),,en of subspaces
of D(A) defined recursively by
(1) G := span(g);
@)Gﬂﬂ::@ﬁ+cmquY|y’ecq)n@ﬁ—cmquY|yfecq)nppm

satisfies
e =mn
ieN

Now we present a more flexible definition of w-saturating set. Put L*(Q) :=
(L*(2))? and Hy := H NL*(Q).
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Definition 6.1. A finite set of vectors g C Hy is said w-saturating for system
(6.1) uy = —vAu — Bu+vCu+ F;  u(0) = uo,
if the sequence (G7)nen of finite dimensional subspaces of H defined recursively by
(1) G°:= span(g);
(2) GI* = (G +Cono[BY [ Y € G7} 1 Hy ) NG/ —~Conv{BY [ Y € GT} N Hy)

satisfies
JGi==r.
ieN

Here {BY | Y € Gi} N Hy stays for the closure of {BY | Y € G’} N Hy in H.?®

Remark 8. In the previous definition, the condition
4 UG =H
ieN
is equivalent to
(B) Vo € H[j — oo only if |v — 12| — 0]

Remark 9. The linear space GI1 is contained in Gj11 := span{Bvn, B(Yn, Ym)+
B(Ym, Yn) | mym =1, ..., 7} where {7, | n =1, ..., 7} is any basis for G: for
write X € GV as X =Y_,_, Xiy; then

® B(X171) = X{By € Gjy1 and;

° ifB(Zle Xfyi) € Gjp1 and 1 <p<r—1, then

p+1 P
B (Z Xz'%') =B (Z Xz'%‘) + X1 Byp
i=1 i=1

P
+ ZXp-i-lXi (B('Y;D—i-la i) + B(vi, 'Yp-l—l))

i=1
1
so, B(Efil Xi'Yi) S Gj+1'
Hence {BX | X € G} C Gjt1 and, consequently Gitl C Gjt1.

In the case of Lions boundary conditions for Y € D(A) we have V1 - BY =
VL (Y - V)Y + V] for some ¢ € HY(Q2) so, V+ - BY =Y - V[VL . Y] and, since
V+L.Y =0onT, we have that V+ - BY vanishes on . Let g € D(A)NC>(Q) be a
finite set. Then, for a C*° domain, in the definition of saturating set presented in [8]
the sequence stops (i.e., for some order j € N G/+! = G7) if, and only if, Conv{ BY |
Y € G7} C G7. Unfortunately we do not know if for other boundary conditions,
like no-slip or Navier, we also have BY € D(A) whenever Y € D(A). If that is
not so, the sequence may even not “start”: if Conv{BY | Y € G°} N D(A4) =0
we have G! = GY. At each step we loose all the (possibly new) directions on
(Conv{BY | Y € G’} \ D(A)) N H.

The Definition 6.1 does not depend on D(A), i.e., does not depend on the bound-
ary conditions.

The theory developed in [1] and used in [8] to achieve the controllability results
for the N-S equation works well for saturating sets with G/ C D(A) as in the
case of Lions boundary conditions and a C* domain. If the spaces G7 are not
contained in D(A) we have some difficulties, with that theory, related with the

25Note that {BY | Y € G4} N Hy and its closure are cones so, Conv{BY | Y € GI} N Hy is a
convex cone and then G9! is a linear space.
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application of Lemma 5.1: we would need a similar lemma with the finite subspace
J € D(A) replaced by a finite subspace J C H. Unfortunately we do not know if
that replacement is possible. Later, in order to apply Lemma 5.1 we will take a
“good” approximation J € D(A) for a given J C H.

7. DENSITY, TRACES AND GRADIENTS

To continue the studying of controllability we will need some auxiliary material
on function spaces.

7.1. Density theorems. We start by, proceeding analogously as in ([11], section
1.1.2), defining the following auxiliary space

EP(Q) = {u e LX(Q) | V-u e LYQ)}
where L?(Q) := LP(Q)N, N € Ny. This space is a Banach space for the norm
[ulpra = ulps @) + IV - uloq)-

Lemma 7.1. Let Q be a Lipschitz open set of R™. Then the set D(Q) of smooth
vector functions with compact support contained in Q is dense in EP4 (Q)

The proof is analogous to that of Theorem 1.1 in ([11], subsection 1.1.2) where
is considered the case p = ¢ = 2.

By Lemma 2.3 the set Wg"?(Q) := {u € W*?(Q) | u = 0 on T'} is closed in
WHP(Q). Another classical density theorem we will need, and can be found in ([6],
section 2.4.3) is:

Lemma 7.2. Let Q be a bounded Lipschitz domain in RYN. Then the set of test

functions D(Q) is dense in WP ().

7.2. About traces. In [[6], Section 2.5.7] we can find the following Lemma that

says that the “restriction to the boundary” trace from Lemma 2.3, has a continuous

right inverse (some more regularity is asked for ) when k > 2):

Lemma 7.3. Let Q C RY be of class R¥! with boundary T, p > 1 and h; €
1

Wk_l_F(l") forl=0,1,..., k—1. Then there exists a continuous linear map

k—1
Z: [[wh' (@) — whe(Q)
=0

(hos b, ...y hi—1) € [TFZd WH1=5 (D)
Z(ho, hl, ey hk—l) =Uu

If k =1, is enough to take Q of class RO, i.e., bounded Lipschitz, instead of
KL

Put EP(Q) := EPP(Q), p > 1.
Proposition 7.4. Let Q C RY be a bounded Lipschitz domain and let q satisfy

% + % = 1. Then there exists a linear continuous trace operator ~, from EP(Q) to

the dual W_H'%(F) of Wl_%(F) that coincides with u-n for every u € D(S2). Here
n is the unit outward vector normal to the boundary I' of €.

such that { implies % =honl.

Proof. For every u € EP(Q) and ¢ € Wl_%(F), define v, (u)(¢) := [qu- Vodr +
Jo(V - u)pdz, where ¢ € W4(T') satisfies ¢ [p= ¢. Using the previous lemmas the
proof is analogous to that of Theorem 1.2 of ([11], section 1.1.3). From now we will
use the following notations:

woni= () & /ﬁdm-n::%(uw)
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O

7.3. The gradient of a distribution. Here we present the characterization of a
gradient of a distribution and some of its properties. Let V = {¢ € D(Q) | V-¢ = 0}
be the set of solenoidal test functions.

In ([11], section 1.1.4) we may find the following:

Lemma 7.5. Let Q be an open set in RN and £ = (f1, fo, ..., fn) € D'(Q)N. 4
necessary and sufficient condition that

f = V¢, for some ¢ € D'(Q)

is that
(£, v), for ally € V.
In ([3], Corollary 2.1) we can find:

Lemma 7.6. Let Q be a domain in RN and 1 < q. If T is a distribution such that
VT € L} (), then T is a.e. equal to a function in L]

loc
7.4. More density. For 1 < p < +00, define the following space
H, := closure of V in LP(1).
We have already seen (see (2.12) and Remark 4) that for p = 2 we have
Hy=H={uecl?*Q)| V-¢=0,u-n=00nT}.

Let Q be a bounded Lipschitz domain in RY. By Theorem 7.4 the EP(Q)-closure
H, of the set V is contained in H NL?(Q), i.e.,

(7.1) H,C{uecLl(Q)| V-¢=0,u-n=00nT}.

In H N LP(Q) the norm induced by EP Q) is equivalent to that 1nduced by L?(Q)
so, both H, and H NLP(Q) are closed in LP(Q). Let ¢ Satlsfy —|— = =1 and let

f € LY(Q) = LP(Q)’ vanish in H,, i.c.,

(7.2) /_f~vdx=0, Yv € HP.
a

Then by Lemmas 7.5 and 7.6 we have that

f=Vo, ¢ecWhi(Q),

By Proposition 7.4, for every v € H N LP( Q) we may write

/f vdx—/VqS vdr = — /qSVvdx—i—/(bv ndl' =0.

Then, by (7.1) and (7.2) we have necessarily the equality H, = H NLP(). Hence:

Proposition 7.7. IfQ C RY is a bounded Lipschitz domain, then for any 1 < p <
400 there holds

H,=HNL(Q)={uel”(Q)| V-u=0,u-n=00nT}.

8. CONTROLLABILITY: A SUFFICIENT CONDITION

In this section we continue the study of the N-S equation on bounded domain
Q C R? satisfying (2.1).
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8.1. Controllability in observed component.

Definition 8.1. Let ¢ : M! — M? be a continuous map between two finite

dimensional C°-manifolds, B C M' be an open subset with compact closure and,
S C M? be any subset. We say that ¢°(B) covers S solidly, if for some C°-
neighborhood N of ¢° |5 there holds: S C ¢(B).

Let © C H be the finite set of directions we want to observe and, PY be the
orthogonal projection map from H onto Oy := span{z | x € O} = R#®. Define,
for each T' > 0 and each finite subset F C H, the “end point” map

Er: V x L>([0, T], R#*F) — O,
(ug, v) — P9 0 Sy(ug, F, Muv, v)(T),
where S;(ug, F, Mv, v) is the strong solution of the N-S system
(8.1) u, = —vAu — Bu+vCu+ F + Mv;  u(0) = ug; v € R#F,
and M is a matrix whose columns are the elements of F.

Definition 8.2. We say that system (8.1) is time-T solidly controllable in
observed component if for any ug € V and R > 0 there exists a family

Vuo.r = {vp € L=([0, T],R*F) | b € By r}

such that Er(uo, Bug.r) = Er (1o, Vug.r) covers Or(P%uq) solidly. Bu, r is an
open relatively compact subset of a C°-manifold and; Or(y) is the closed ball
{ze O, |z —ylln <R} :={z eR*| |z -yl <R}

The respective open balls will be denoted by Or(y).

Again let us put Hy := L*(Q2). As we did in [8] we can prove (we give an idea
below) that

Proposition 8.1. Let g C Hy be a w-saturating set for the N-S system (6.1). Then
the system

(8.2) uy = —vAu — Bu+vCu+ F 4 gv;  u(0) = up; v e R?I,

where g is a matriz whose columns are the elements of the set g C H and, v is our
control, is time-T solidly controllable in observed component.

For any N € Ny define the system
(8.3) [N]: uy = —vAu — Bu+vCu+ F + gyv;  u(0) = up; v e R#IN,
where gx is a matrix whose columns are vectors spanning G .

Proposition 8.2.

(1) For some T° > 0, every 0 < T < T° and every N € Ny the system [(8.3).N]
is time-T solid controllable in observed component;

(2) For each pair (ug, R) € V x [0, +o0] the family
Vuo,r = {vp | b € By r}
can be chosen satisfying:

e The map b vy, is (B, L*(0, T, R#9IN))-continuous and;

e The controls vy(t) are uniformly (w.r.t. b and t) ly-bounded:
v (t)]l:, < A= A(T, R, uy).
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Proposition 8.1 foloows from Proposition 8.2: fix T} > 0. If T} < T° Proposition
8.1 is contained in Proposition 8.2 (N=1); if 77 > T° we apply any admissible
control in G for time 77 — T and then apply Proposition 8.2 (N=1).

Following the proof of Proposition 4.10.2 of [8] we prove Proposition 8.2 in two
steps:

First step: The Proposition holds for big enough N.

Analogously as we did in [8] we may prove that, for a fixed v > 1, the family of
constant controls

Vi={v, :=pT 7| p€ O r(P%up)}
satisfy the second point of the Proposition 8.2 and; defining the map ¢(p) :=
PO o S4(ug, F, vy, v)(T), ¢(Oyr(PC°uq)) covers Or(Puq) solidly.

Let {e; | i =1, ..., r} beabasis for O and let ¢ be a small positive real number.
Set N € N such that for each element e; of this basis we have |e; — PVe;| < § and;
for each p =37, pie; put p=>.;_, p;PNe; and v; := pT 1. Here PNV : H — GV
denotes the orthogonal projection from H onto G™V.

For small § we have that the controls vz and v, are closed in H so, at final time
T, also Ss(ug, F, vs, v)(T) and Ss(uo, F, vy, v)(T') are closed in H. Then for any
p € Oyr(P%ug) we have that E(ug, p) is close to ¢(p). Hence, for small 6, E(ug, p)
covers Or(P%ug) solidly, i.e., system [(8.3).N] is solidly controllable in observed
component.

Moreover we have the following:

Corollary 8.3. Fort € [0, T] there holds
ISs(uo, F, vp, v)(t) — (ug +tp)] < [Texp T)2K,
with K a constant (independent of T').

Second step: If the Proposition holds for N, then it holds N — 1.

Suppose that Proposition 8.2 holds for a given N. We are given a family of
controls v(t, b) taking values on G and satisfying the Proposition. By definition
and, by the fact that GN~! is a linear space we have that

GN CcGN '+ Conv{BY | Y € GN-1} N Hy = Conv (GN—1+{BY | Y e GN-1}n H4)

so, for a give basis {6; | i =1, ..., M} of GV we have that

P P
_ (ot 4 ). _ — (o -
0; = Z Ay (e, + fih); —0; = Z Aipleip + £iy)
p=1 p=1
- Pt
where efp e GN-1L; ffp e {BY | Y e GN-1} N Hy; /\fp > 0 and; >0, /\:p =
Py -
Zp:l )"11,7) =1
- + + — — N o — +. -
Put R:={e] ,+fl e;,+figli=1,...,M;p=1,..., P ;q=1,..., P}

and for simplicity write

M
R:= {er+fr,r:1,...,s:=ZPi++Pf}-
=1

Note that some of the e, € GV~ or f, € {BY | Y € GN~1} N Hy may vanish.
Since the family of controls is uniformly bounded we have that for some constant
>0
v(t, b) € ZConv{£d; | i=1,..., M} C EConvR.
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Relaxation. Due to the continuity of the N-S equation on relaxation metric we
may approximate the family v(¢, b) by a family of piecewise constant controls z(¢, b)
taking values in Z{e, + f, | r =1, ..., s}. The solutions of the N-S equations

up = —vAu — Bu4+vCu+ F +ou(t, b); w(0)=up €V
and

uy = —vAu — Bu+vCu+ F + z(t, b); u(0) =ug €V
are close in C([0, T], H)-norm. )

Leaving the boundary. Let f; be an element of GN~1 such that |Bf; — fi] is

small. Put 2(¢, b) :== Z(e; + Bf;) if 2(t, b) := E(e; + f;). Then the solutions of the
N-S equations

uy = —vAu — Bu+vCu+ F + z(t, b); u(0) =ug €V
and

uy = —vAu — Bu+vCu+ F + Z(t, b); u(0) =ug €V

are close in C([0, T, H)-norm.
Going from H to D(A). Let {y; | i =1,..., M} be a basis of GN~1. By
Proposition 7.7 we may choose 4; in V C D(A) such that ||9; —vi||Ls () is small. Put

fi=M aiiif fi = oM aiyi and, 2(t, b) = E(e; + Bf;) if 2(t, b) = Z(e; + Bf).
Then the solutions of the N-S equations

uy = —vAu— Bu+vCu+ F + Z(t, b); u(0)=up €V

and
uy = —vAu— Bu+vCu+ F + 2(t, b); u(0)=up €V

are close in C'([0, T, H)-norm: note that for some constant C,
|Bf; — Bfilv: < O|fi — filua (|fi|L4(Q)|fi|L4(Q)>-
Imitation. We may proceed as in [8] and prove that the solutions of the N-S
equations
uy = —vAu — Bu+vCu+ F + 2(t, b); u(0) =ug €V

and
u, = —vAu— Bu+vCu+F +2Y(t, b); u(0)=up eV

are close in C([0, T'], H)-norm, where w is a big enough positive real number and

the control 2" (¢, b) is defined as follows: let aq, ..., a,;,—1 be the switching points
of 2(t, b), i.e., putting ap := 0 and a,, = T, 2(¢, b) is constant in [ap, api1],
p=0,....,m—1.

e In the first interval of constancy [, a1]:
2(, b) = e, + 07 (g7 (, 0) + V226" (-, b)(fr), Vo)

if 2(-, b) = Z(e, + Bf,). Here v’ is the control given by Lemma 5.1, for
J = span{f} | r=1,..., s}; Uy is the projection of uy onto Ji; ¢*°(-, b)
is the orthogonal projection P!S,(ug, F, 2(-, b), v) of the solution of N-
S equation controlled by Z(-, b) onto J and; ¢°(-, b) is the restriction of
q>°(+, b) to [, au];

e If the control z"(-, b) is already defined in the first p — 1 intervals of con-
stancy (up to a,_1), we define it in the p!”* interval [a,_1, o) by:

Zw('? b) = Ze, + U(](Qfo('a b) + \/E(bw(" b)(f?")? Uw(ap—l))
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if 2(-,b) = (e, + Bf,). Here U" is the projection onto (R*¥)% of the
solution of the equation
uy'(+, b) = —vAu" — Bu" + F + z"(-, b), u(0) = ug, t € [0, ap_1]
and, ¢;°(-, b) is the restriction of ¢*°(-, b) to [a;—1, ).
Here ¢* (-, b) € WH>([0, T, R) if a function satisfying the following points:

e ¢, (-, b) vanishes at the points a;, @ =0, m;
0
10wt Dllcor e <1 ule Dl z < 52
e ¢y (t, b) differs from sin(wt) on a set of measure not bigger than 2L and;
[}

For fixed w, the map A(b) — ¢u(-, b) is (Ag, W12(0, T, R))-continuous
(where Ay is endowed with the topology induced by R™*1).

Coming back to H. Of course the solutions of the N-S equations
u, = —vAu— Bu+vCu+F +2Y(t, b); u(0)=up eV

and
up = —vAu — Bu+vCu+ F +y(t, b); w(0) =up €V

are close in C([0, T], H)-norm if y(t, b) := S2°_, ar(t)e, + 32°_, b,(t)f» whenever
Wt b) =50 ar(t)e, + > o, be(t) fr and; y(t, b) takes its values on GV 1,

8.2. L?(Q)-approximate controllability. We have that for any 7 > 0, system
(8.2) is time-T approximately controllable in L2-norm, i.e.,

Proposition 8.4. Let g C Hy be a w-saturating set for the N-S system (6.1). Then
for any ugp € V and T > 0, the attainable set at time T, from ug, of system (8.2)
is dense in H.

the proof is completely analogous to that of Proposition 5.0.6 of [8]: we want to
drive the system from ug to some neighborhood of u;. First we set N big enough
such that both |ug — PN ug| and |ug — PNuy| are small. Then from Corollary 8.3 if
T is small, the control (PNu; — PNug)T~" drives the system in time 7" to a point
close to ug + (PN u; — PNuyg), i.e., close to u.

We may imitate the dynamics given by a control taking values in G* by the
dynamics of a control taking values in G*~! (as we did before in the proof of
Proposition 8.1) in such a way that at final time T the two dynamics are close.

Hence we can arrive to a control taking values in G° = span{g} driving the
system to the neighborhood of u;.
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