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Dispersive estimates for Schrodinger operators
with point interactions in R>

Felice Iandoli, Raffaele Scandone™

Abstract The study of dispersive properties of Schrodinger operators with point
interactions is a fundamental tool for understanding the behavior of many body
quantum systems interacting with very short range potential, whose dynamics can
be approximated by non linear Schrodinger equations with singular interactions. In
this work we proved that, in the case of one point interaction in R3, the perturbed
Laplacian satisfies the same L — L? estimates of the free Laplacian in the smaller
regime ¢ € [2,3). These estimates are implied by a recent result concerning the
L? boundedness of the wave operators for the perturbed Laplacian. Our approach,
however, is more direct and relatively simple, and could potentially be useful to
prove optimal weighted estimates also in the regime g > 3.

1 Introduction

In quantum mechanics, a huge variety of phenomena are described by system of
quantum particles interacting with a very short range potentials, supported near
away a discrete set of points in R¢. This leads to the study of Hamiltonians which
formally are defined as

Hyy="—A+Y W~ (1
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where —A is the free Laplacian on R, ¥ := {»1,y2,...} is a countable discrete
subset of R? and My, are real coupling constants. Thus H describes the motion of a
quantum particle interacting with a “contact potentials”, created by point sources of
strength 11, centered at y;. The first appearance of such Hamiltonians dates back to
the celebrated paper of Kronig and Penney [14], where they consider the case d = 1,
Y = Z and U, independent on y as a model of a nonrelativistic electron moving
in a fixed crystal lattice. The mathematical rigorous study of Hy, y was initiated
by Albeverio, Fenstad and Hgegh-Khron [2], and subsequently continued by other
authors (see for instance [21]], [[L1], [12], [7]). In this work we focus on the case of
finitely many point interactions on R3. The rigorous definition of H, y is based on
the theory of self adjoint extension of symmetric operators (see [3] for a complete
and detailed discussion): one starts with

Hy := —A|65(RO\{Y}), &

which is a densely defined, non-negative, symmetric operator on L?(R?), with de-
ficiency indices (N,N), and hence it admits a N>-parameter family of self adjoint
extension. Among these, we find the important subfamily of the so called local ex-
tension, characterized by the following proposition (see [3l], [8]):

Proposition 1. Fix Y := (y(,...,yv) CR? and o := (ay, 02, . .., ay) € (—o0, +oo]V.
Given z € C, define
eiz\x\ _ 7P X 7& 0
G.(x) = —— G.(x) := 47 3
Z('x) 4Tc|x|7 Z('x) {O x:O ( )
and the N x N matrix
iz ~
Loy @] = || % — 5= )61 —G(yj—x) “4)
am (i)

The meromorphic function z — [y y(z)]~" has at most N poles in the upper half
space Ct, which are all located along the positive imaginary semi-axis. We denote
by & the set of such poles. There exists a self adjoint extension Hyy of Hy with the
following properties:

e Givenz € Ct\{&}, the domain of Hy y can be written as:
u 2
Q(Ha,Y) = {V’ =¢.+ Z (Fa,Y(Z)il)j,lq&z(].Z)Gz(' _)’j) 0. €H } NG)
Jl=1

The decomposition is unique for a given z.
e With respect to the decomposition ), the action of Hy y is given by

(Hay =)y = (—A—2°)9. (6)
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Remark I. The family of self adjoint operator Hy y realizes in a rigorous way the
heuristic definition given by expression (I). It is worth noticing the different roles
played by parameters: while p1; measures the strength of the point interactions at
yj, & is related to the scattering length. Indeed, a generic function ¥ € Z(Hyy),
o # 0, satisfies the so called Bethe-Peierls contact condition

(x) ~ #4’4”(1]‘, j=1,...,N @)
S ey

which is typical for the low-energy behavior of an eigenstate of the Schrédinger
equation for a quantum particle subject to a very short range potentials, centered
at y; and with s-wave scattering length —(4wa)~! ( see the works of Bethe and
Peierls [3], [6]). When ¢t; = +o0, no actual interactions take place at y; (the s-wave
has infinity scattering length); in particular when ¢t = 40 we recover the Friedrichs
extension of Ay, namely the free Laplacian on L>(R3).

The spectral properties of Hy y are well known and completely characterized; we
encode them in the following proposition (see [3]], [8]):

Proposition 2.

1. The spectrum o (Hg,y) of Ha y consists of at most N negative eigenvalues and the
absolutely continuous part 64c(Hgy) = [0,+00). Moreover, there exists a one to
one correspondence between the poles il € & and the negative eigenvalues —\>
of Hy y, counted with multiplicity.

2. The resolvent of Hyy is a rank N perturbation of the free resolvent, and it is
given by:

(Tuy (2) " GY @ G¥. (8)
1

(Hay —2°) ' = (Ho -2~ =
J

™=

We conclude this introduction by observing that Hy y can be also realized as limit of
scaled short range Schrédinger operator. Indeed we have the following Proposition
(see [3]):

Proposition 3. Fix a € (—oo,400|¥ and Y = {y1,...,yn} C R3. There exists real
valued potential Vi, ...Vy of finite Rollnik norm, and real analytic functions A; :
R — R, with ;(0) = 1, such that the family of Schrédinger operators

N ) s
Hg::_AJrZA’(f)V(ny) )
oo« €

converges in strong resolvent sense to Hmy as € goes to zero. Moreover:

Q; # oo for some ] <= —A+ V; has a zero energy resonance. (10)



4 Felice Iandoli, Raffaele Scandone

Remark 2. Proposition [3|makes more convincing the idea of considering the Hamil-
tonian Hyy as an approximation of more realistic phenomena, governed by very
short range interactions.

2 Dispersive properties of Hy y

Since Hy, is a self adjoint operator, it generates a unitary group of operators e/fa.;
in particular the L norm is preserved by the evolution:
itH
€™ fll 23y = 1 2s)- (In

It is natural to investigate the dispersive properties of e?fe¥  The first work in this
direction is by D’ancona, Pierfelice and Teta [9], who proved weighted L' — L
estimates

1 3
lw™ e e P f |y S 12 [Wh [l ey (12)

where P, is the projection onto the absolutely continuous sprectrum of Hy y and

wooi(u ! > (13)

|x —yjl

under the following assumption:

Assumption 1 The matrix Iy, y(z) is invertible for z > 0, with locally bounded in-
verse.

It is worth noticing that the presence of a weight in (T2)) is unavoidable, because of
the singularities appearing in the domain of Hy y. In the case of one single point
interaction, assumption [1] is always satisfied except for o = 0, in which case the
perturbed Hamiltonian has a zero energy resonance. Nevertheless, exploiting the
explicit formula for the propagator ¢ available in the case N = 1 ( see [18] [1]]),
also the case a = 0 was settle down in [9], by showing weighted dispersive inequal-
ity with a slower decay in ¢, a typical phenomenon for Schrédinger operators with
ZEro energy resonances:

~ 1
lw=" e 0 | o 3y S 72 Wi 1 g3)- (14)

Observe now that, interpolating and with the trivial bound (TIJ), we get
weighted dispersive inequlities in the full range ¢ € [2,+o0]:

Proposition 4.

1. Under assumption|l| the following estimates holds:

_(1-2) . _3¢1_1 2_
[lw (l ‘1>e"H°"YPacf||Lq(R3)§f 20 ")HW” lfHLP(]R3) 15)
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where g € [2,+o0| and p is the dual exponent of q.
2. In the case N = 1, & = 0 we have

B 2 ) _1(1 1
(=8 s £ <26 1, (16)

where q € [2,40| and p is the dual exponent of q.

However, since the singularities G;(x — ;) belong to LI(R?) for g € [2,3), one may
hope, at least in principle, to prove an unweighted version of (I3)) and (T6). This is
true indeed, and it is a consequence of a recent result [8]]:

Theorem 1. For any Y and a, the wave operators

W;Y —5— IETFOQC’UH“‘Y eltA (17)

for the pair (Hyy,—A) exists and are complete on L*(R?), and they are bounded
on L1(R3) for 1 < q < 3.

Remark 3. The restriction 1 < g < 3 already emerges at level of approximating
Schrodinger operators. Indeed, if H = —A 4V has a zero energy resonance (which
by Proposition [3|is a necessary condition for He to converges to H), then the wave
operators

W‘jt g tETmeit(_A+V)eitA (18)

are bounded on L7 if and only if 1 < g < 3 (see Yajima [20])

Owing to Theorem [I] and the intertwining property of wave operators, viz.
f(Hoy)PacHay = Woy f(—8) Wary)* (19)

for any Borel function f on R3, one can lift the classical dispersive estimates for
the free Laplacian into analogous estimates for Hy y, albeit for the restriction on the
exponent g. Thus we find:

Proposition 5. For any o and Y, we have the estimate

1

; 311
||€"H°“YPacf||Lq(R3) <2 q)Hf||IJ(R3) forq€[2,3). (20)
Interpolating (20) respectively with (I2)) and (14), we deduce also the following:
Corollary 1. 1. Under assumption[l| we have

_(1-3=¢) . 5 -
||W (1 7 >eltHa'YPacf||Lq(]R3) Sl‘i%(%iémw(l q )fHU,(R%) (21)

in the regime q € [3,+o0].
2. When N = 1 and a = 0, we have

—(1-22) um. _lye -3¢
I 05Dt p e < H ) @)
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in the regime q € [3,+oo].
We can see that the results in [8] improves the one in [9]] in various ways:

1. In the regime g € [2,3), with an arbitrary number of centers, both the weights
and the hypothesis|IJon I" are removed.

2. In the regime g € [3, 00|, with an arbitrary number of centers and under the
hypothesis |1} the weights are strengthened to be almost optimal (indeed we can
not remove € in estimate 2I))).

3. In the case N =1, oo = 0 and in the regime g € [2,3), weights are removed and
the time decay is strengthened.

4. Inthe case N = 1, o = 0 and in the regime g € [3,+o0], both the weights and the
time decay are strengthened, and again the weights are almost optimal.

In this work we want to provide a new and simpler proof of Proposition [3] in the
particular case N = 1, without using any information about the wave operators.

3 Proof of Proposition[5], case N = 1

The operators Hy, y, and Hg y, are conjugated by translations, hence we can assume
y = 0 and we will simply write Hy instead of Hy o. We recall an useful factoriza-
tion for the operator Hy, (see [3]]). Introducing spherical coordinates on R3, we can
decompose L*(R?) with respect to angular momenta:

L*(R®) = LX(RT,r?dr) @ L*(§%) (23)
where S? is the unit sphere in R*. Moreover, using the unitary transformation
U : L*((0,+0),r2dr) — L*(RT,rdr), (Uf)(r) =rf(r) (24)

and decomposing L*(S?) into spherical harmonics

{Yiwl €ENym=0,%£1,..., %}, (25)
we obtain N
LR = QU LR, rdr)@ (Y 1, Y1) (26)
=0

With respect to this decomposition, the symmetric operator H := I:I{O} writes as
~ g
A=Pu 'nuvel 27
1=0

where i, | > 0 are symmetric operators on L?(R*), with common domain %, (R ™)
and actions given by
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a> 1(1+1)
TP
It is well known [17] that h; are essentially self adjoint for / > 1, while / admits a
one parameter family of selfadjoint extension /g ¢ such that

~+oo
Hy=hooa ®PU'HU1 (29)
=1

where /; is the unique self adjoint extension of /;, for [ > 1. Identity tells
us that H, completely diagonalizes with respect to decomposition (26)), and that it
coincides with —A after projecting out the subspace of radial functions. Hence it
immediately follows

Lemma 1. Suppose f € L>(R3) is orthogonal to the subspace of radial functions.
Then . .
ellHaf _ 67”Af (30)

Lemma I]has an important Corollary, which considerably simplifyes our proof:

Corollary 2. In the proof of Proposition 5| (in the special case N = 1) we can sup-
pose f to be radial.

Proof. Suppose (20) to be true for radial functions. Given a generic f € L?(R3), we
can decompose it as fi + f>, where

4r

fii=7%
ly[*

/S f(r,0)d#* (o) 31

is the orthogonal projection onto Lfa d (R3). By Lemma we get
eitHaf _ ei[Hafl + e*itAfz. (32)

By hypothesis and using the dispersive estimates for the free Laplacian, we deduce

et fla < 2 8 (£l + 1o lr)- (33)

Now, using Holder inequality, we get
T2 2 !
Il < [ ([ oar@) ar
g oy 2
<[ ifr)ran @)=
0 s,

Yoo
2 — p
/0 /Sr||f(r7w)|d%” (@)7 = ||£IIF,

and consequently
1£2ller < 1A llze + 1A ller S 112 34)
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which concludes the proof.

Now we are in turn to prove our main result. As mentioned before, in the case N = 1,
the propagator associated to Hy, is explicitly known. In particular, Scarlatti and Teta
[[L8] have proved the following characterization:

eiitAf—l—limR_moMRf ifa=0
o f— L oitHo f 4 limg oMy gf if >0 (35)
eitH0f+ limg_eMgrf ifa<O

where the limit is taken in the L? sense and

i 1 f(lyl) i (bl

o 1/2

Mgf(x) := (4mir) a7 Joe Dl A dy, (36)
Mg rf(x) := —(4mit)” e x| Jrs fl(yy|) /+°° ot S e dsdy, (37)

Ma,Rf(x) = ( / II/OC zt 477:06) dy

(38)
0 [ SO) [ e (= = D])?
] (itm) -/BR D] /0 e exp 15 dsdy |,

4
and Wy (x) =20 ﬁ‘ | is the normalized eigenfunction associated to the negative

eigenvalue —(47roz)2 for o < 0. We are going to show that the following estimates
hold uniformly in R > 0:

Mg fllLe S <1 3G70) I1fllzr, (39)
,3 l,,
Mo flle St 2% ||f||LP (40)
_i 1_1
Mo gPacf]lzs St 2 |l (41)

The latter inequalities are clearly sufficient to prove Proposition[5in the special case
= 1. Let us start by proving inequality (39). Thanks to Corollary P|we can suppose
f (y) £(y]) for some f: R — R. Using spherical coordinates in both variables x

and y we get
R
_Pr P~
[ e (<55 )pﬂ)

_ [ pfp) 0<p<R
h””‘{ 0 peR\[O.K @

Foo q ql/q
|Mgfe St7'2 [/0 r*4 dr} . (42)

Setting

the latter expression becomes
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1/q

=12 [/()+m P24 ‘ﬁ(z—’;) ’qdr} , (44)

+oo N 1/q
r3g) [/ rquh(r)qdr} : (45)
0

At this point we are ready to use a classical weighted Fourier transform norm in-
equality, also known in literature as Pitt’s inequality. We state here the original the-
orem proved by Pitt in 1937 [[16]:

Theorem 2. [Pitt’s theorem] Let 1 <y <1 < oo, choose 0 <b < % with %,—I— 1=,

set p=1-— %, - % — b < 0 and define v(x) = |x|’Y for all x € R. There is a constant
C > 0 such that

which is equal to

N 1/n , 1/y
(firimermas) " <c( [irwmma) " o)

forall f € L!(R).
Since ¢ < 3 we may use this Theorem inthe case 1 =¢q, y=p, B = 2%‘1 and b= 2771’

obtaining

Aoy [t e Va s [t .
t 2'p 4 / r ‘1|h(r)|‘1dr 51« 2\p 7 g / |h(r)|l’r Pdr , (47)
0 0

which essentially is the desired estimate, indeed

fo0 1/p
[ more e =i a®

This concludes the proof of (39), which, together with the standard dispersive es-
timates for the free Laplacian, implies the dispersive estimates for the semigroup
{e itHo }t>0~

Let us turn in to proving (@0). Since g < 3 the function 1/|y| belongs to L?(Bg),
hence we can exchange the order of integration and use Minkowski inequality

[MrfllLe S
+o0 1 2\ £
S - <4m RCENED ) 0l 4
0 ||/ Ix] 41 L (49)
+oo 1 2
:tfl/Q/ 67471'065 / 7exp (_l|y|_l|x||y _lsy> f(y)dy ds7
0 B 1X| 4¢ 2t 2t [y] 14
which, as before, in spherical coordinates is bounded, up to constants, by
+oo Foo R q
12 / g—4mas ( / 2 / e F hy(p)(p)dp dr) ds, (50)
0 0 0
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where s B
hy(p) == e"p<_i%_i%>pf(p) Ospsk (51)
0 p € R\[0,R]
The quantity (50) is nothing but
oo foo N 1/q
t—1/2/ o—dmas </ e (L) ‘qdr) ds, (52)
0 0 2t
which, arguing as before, is bounded by 3G9 || fllz». This concludes the proof

of (#0).

The proof of is very similar, indeed after projecting f onto the the absolutely
continuous spectrum of Hy, the first summand in the right hand side of disap-
pears and hence the remaining part can be treated exactly in the same way as done

in the proof of (@0).

4 Conclusions

The proof given in section [3]is quite direct and does not use any deep results from
scattering theory for the perturbed Hamiltonian Hy y. Nevertheless, it is worth notic-
ing that the proof of Pitt’s inequality, the main tool of our argument, requires some
technical results from harmonic analysis such as Muckenhaupt estimates ([[LO] [[15]),
which play an essential role also in the proof of the L” boundedness of the wave op-
erators W given in [8]]. The main advantage of our approach is that, owing to more
general weighted Fourier inequalities (see for instance [4]], [[13]]) rather than Pitt’s
inequality (in which the weights are forced to be pure powers), it can potentially be
adapted to prove optimal L” — L7 estimates also in the regime g > 3. In particular,
we conjecture the following result:

Conjecture 1. Fix g € [3,+0o|, and let w,(x) a weight such that w(x) = 1 outside a
ball centered at the origin and w;lGi € L4(R?). Then for every o # 0 and y € R?,
the following estimates holds:

. _3(1_1
[[wg (- *y)_leltH“‘VPucfHLq(M) St 2(,; q) [[wg (- *)’)f”LP(R%- (53)

When o = 0, a similar estimates holds but with a slower time decay:

—1 itHy y _1
lwg (- =)~ ™ f| sy S 12 Iwg (- = 9) fllo s)- (54)

Remark 4. Conjecture [1| is motivated by the natural principle for which removing
the local singularity is enough to get dispersive estimates, and it would improve the
result in Corollary [I] For example when g = 3 we expect that a logarithmic weight
would suffice, while in estimates (2T)) and (22)) there appear polynomial weights.
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An alternative conjecture can be expressed in term of weighted Lorentz space, in
which context there are other generalizations of Pitt’s inequality (see for instance

(19]):
Conjecture 2. Given q € [3, o], define the weight

3
wy i= 1+ |x]¢

Then for every o # 0 and y € R, the following estimates holds:

. _3(1_1
qu('—y)fle”HO“’PacfHLq‘w(Rs) <t 2(;: q) HW‘I('_Y)fHLPJ(M)' (55)

When a =0, a similar estimates holds but with a slower time decay:

1

o307 ) S o~y GO

Remark 5. The function w,'G; belongs to L%(R?), hence the plausibility of the
conjecture. Observe moreover that it would be enough to prove (33) and (56) when
q = 3, the general case following by interpolation with g = oo, in which case we
recover the weighted L' — L™ estimates and proved in [9].
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