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ABSTRACT. In this paper we address the problem for blocking fire by constructing a wall ζwhose shape is spiral-like.
This is supposed to be the best strategy when a single firefighter is constructing the wall with a finite construction
speed σ: the barriers which satisfy this bound on the construction speed are called admissible.

We prove a sharp version of Bressan’s Fire Conjecture [Bre] in this case, i.e. when admissible barriers are spiral-
like curves: namely, there exists a spiral-like barrier confining the fire in a bounded region of R2 if and only if the
speed of construction of the barrier σ is strictly larger than a critical speed σ̄= 2.614....

The existence of confining spiral barriers for σ> σ̄ is already known [Bre08, Kle19], while we concentrate on the
negative side, i.e. if σ≤ σ̄ no admissible spiral blocks the fire.

The proof of these results relies on:
(1) the precise definition of spiral barrier and its representation;
(2) the analysis of saturated spiral barriers as a Retarded Differential Equation (RDE) in the spirit of [Kle19];
(3) the equivalent reformulation of the conjecture as a minimum problem of a functional for a prescribed func-

tional;
(4) the construction of the optimal closing spiral;
(5) the analysis of a differentiable path of admissible spirals along which the functional is differentiable, and in

particular increasing when moving from the optimal spiral to any other one (homotopy argument).
Due to the complexity of the solution, the evaluation of the quantities needed to prove that the functional is increas-
ing is performed numerically.
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1. INTRODUCTION

We study a dynamic blocking problem first proposed by A. Bressan in [Bre07]. The problem is concerned
with the model of wild fire spreading in a region of the plane R2 and the possibility to block it by constructing
barriers, i.e. rectifiable curves which cannot be crossed by the fire. The local fire spreading is described by
giving a set valued function

F :R2 → {
K ⊂R2 compact, closed

}
.

such that

(1) there exists r > 0 such that Br (0) ⊂ F (x) ∀x ∈R2;
(2) x → F (x) is Lipschitz-continuous in the Hausdorff topology.

This function represents the infinitesimal fire evolution when barriers are not present, i.e. x +δtF (x) are the
points reached by the fire in the infinitesimal time δt . In other words, if barriers are not present, the reachable
set R(t ) is the solution to the differential inclusion

R(t ) =
{

x(t ), x(·) abs. cont., x(0) ∈ R0, ẋ(τ) ∈ F (x(τ)) for a.e. τ ∈ [0, t ]
}

,

where the set R0 ⊂R2 is the open region burnt by the fire at the initial time t = 0.
When the fire starts spreading, a fireman can construct some barriers, modeled by a one-dimensional rec-

tifiable set ζ ⊂ R2, in order to block the fire. More in detail, we consider a continuous function ψ : R2 → R+
together with a positive constant ψ0 > 0 such that ψ ≥ψ0. If we denote by ζ(t ) ⊂ R2 the portion of the barrier
constructed within the time t ≥ 0, we say that ζ is an admissible barrier (or admissible strategy) if

(1) (H1)ζ(t1) ⊂ ζ(t2), ∀t1 ≤ t2;
(2) (H2)

´
ζ(t )ψdH 1 ≤ t , ∀t ≥ 0,

where H 1 denotes the one-dimensional Hausdorff measure. Once we have an admissible strategy ζ, then we
define the reachable set for ζ at time t the set

Rζ(t ) =
{

x(t ) : x abs. cont., x(0) ∈ R0, ẋ(τ) ∈ F (x(τ)) for a.e. τ ∈ [0, t ], x(τ) ̸∈ ζ(τ) ∀τ ∈ [0, t ]
}

.

Definition 1.1. Let t → ζ(t ) be an admissible strategy. We say that it is a blocking strategy if

Rζ
∞

.= ⋃
t≥0

Rζ(t )

is a bounded set.
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We call isotropic the case in which the fire is assumed to propagate with unit speed in all directions, while
the barrier is constructed at a constant speed σ> 0, namely

F ≡ B1(0), R0 = B1(0), ψ≡ 1

σ
, (1.1)

where B1(0) denotes the closure of the unit ball of the plane centered at the origin. We remark that in [Bre08]
there are comparison results between more general choices of the data R0 and F and the isotropic problem for
the study of the fire problem in a more general setting.

The existence of admissible blocking (or winning) strategies for the isotropic blocking problem is a very
challenging open problem and it has been addressed mainly in [Bre07],[Bre08].1 This is one of the main mo-
tivations for which the problem has been studied in the isotropic case. In particular, the following theorems
hold:

Theorem 1.2. Assume that (1.1) hold. Then if σ> 2 there exists an admissible blocking strategy.

Theorem 1.3. Assume that (1.1) hold. Then if σ≤ 1 no admissible blocking strategy exists.

The two theorems are proved in [Bre07] and they motivate the following Fire Conjecture [Bre]:

Conjecture 1.4. Let (1.1) hold. Then if σ≤ 2 no admissible blocking strategy exists.

For a survey of results related to the previous conjecture, see [Bre13].

Equivalent formulation. Throughout the paper we will use the following equivalent formulation of the
dynamic blocking problem for the isotropic case (for a proof of the equivalence, see [Bre10]): let Z ⊂ R2 be a
rectifiable set. We denote by

R Z (t ) =
{

x(t ) : x abs. cont., ẋ(τ) ∈ B1(0) for a.e. τ ∈ [0, t ], x(τ) ̸∈ Z ∀τ ∈ [0, t ]
}

. (1.2)

We say that the strategy Z is admissible if ∀t ≥ 0

H 1(Z ∩R Z (t )) ≤σt .

Similarly to the previous formulation we denote by

R Z
∞ = ⋃

t≥0
R Z (t ) (1.3)

the burned region and we say that Z is an admissible blocking strategy if R Z∞ is bounded. The advantage of
this description is that the barrier is fixed and it does not grow while the time evolves. Here we can interpret

Z ∩R Z (t ) as the amount of barrier Z burned by the fire within the time t .

Minimum time function and Hamilton-Jacobi formulation. The propagation of fire can be described also
in terms of the minimum time function

u(x)
.= inf

{
t ≥ 0 : x ∈ R Z (t )

}
. (1.4)

The function u is the time needed for the fire to reach the point x in the burned region, without crossing the
barrier. The minimum time function can be computed by solving an Hamilton-Jacobi equation with obstacles,
namely {

|∇u(x)| ≤ 1 x ̸∈ Z ,

u(x) = 0 x ∈ R0.
(1.5)

For the properties of the solution of (1.5) we refer to [De 11]. We conjecture that |∇u(x)| = 1 for every x ̸∈ Z as in
the classic case of Eikonal equation without obstacles. Given the minimum time function u, and an admissible
barrier Z , one defines the following Admissibility Functional

A (x) = u(x)− 1

σ
H 1(Z ∩R Z (u(x))

)≥ 0, ∀x ∈ Z .

The inequality follows by the admissibility of the barrier Z . In particular, one defines the saturated set as

S = {
x ∈ Z : A (x) = 0

}
,

1One can prove that the existence of blocking strategy does not depend on the starting set R0 but only on the speed σ [Bre13], see
Proposition 2.2.
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corresponding to those points on the barrier where the firefighters are using all the barrier available in order to
block the fire.

One can easily prove that if the strategy Z consists of a simple closed curve, then it is not admissible forσ≤ 2
[Bre07] (the key idea is taking the last point P on the curve reached by the fire and observing that A (P ) < 0),
but there are only partial results in the literature if the strategy has more complicated structures, as for example
the presence of internal barriers that slow down the fire.

Optimization problem. A possible approach to attack Bressan’s Fire Conjecture (1.4) would be to look at op-
timal strategies for a given minimization problem and prove that they can not be admissible blocking strategies,
reducing the analysis to concrete cases. In this spirit, one can give an optimization problem among blocking
barriers as follows: one introduces the following cost functional

J (Z ) =
ˆ

R Z∞
κ1dL 2 +

ˆ
Z
κ2dH 1, (1.6)

among all possible admissible blocking strategies, where κ1,κ2 : R2 → R+ are two non-negative continuous
functions. In [Bre09] it is proved that, if the class of admissible blocking strategies is non-empty, then there
exists an optimal strategy. Moreover, there exists an optimal strategy Z∗ which is complete:

Definition 1.5. Let Z ⊂R2 be a rectifiable set. Z is complete if it contains all its points of positive upper density,
that is, let x ∈R2 such that

limsup
r→0+

H 1(Z ∩Br (x))

2r
> 0 =⇒ x ∈ Z .

The following corollary also holds [Bre10]:

Corollary 1.6. If there exists an admissible blocking strategy Z with H 1(Z ) <∞, then there exists an optimal
blocking strategy Z∗ such that

Z∗ =
(⋃

i
Zi

)
∪N ,

where Zi are countably many compact rectifiable connected components and H 1(N ) = 0.

We mention also the recent result in [Bre22] where it is proved that the optimal strategy is nowhere dense.
What really makes the optimization problem hard is that the class of admissible strategy could be empty (and
it is conjectured to be empty if σ≤ 2, Conjecture 1.4).

Giving necessary conditions for optimality is a hard open problem. Some necessary optimality conditions
are derived in [Bre12] assuming further regularity on the optimal strategy. In [Bia] some necessary optimality
condition are given to characterize the boundary ∂R Z∞ in the case Z is an optimal strategy (for the problem
κ1 = 0, κ2 = 1) without assuming any regularity assumption on the barrier. There, some properties of the
optimal barrier are derived, as the connectedness in the case the Z = Z 2∪Z 1 where Z 2 = ∂R Z∞ and Z 1 is a single
internal curve, and some concrete cases are analyzed. The major issue, however, remains deriving necessary
conditions for internal barriers.

1.1. Non admissibility of spiral-like strategies. In this paper we study spiral-like strategies: namely, admissi-
ble barriers that are constructed putting all the effort on a single curve. The study of spiral strategies is of key
importance in the complete solution of Bressan’s Fire conjecture, indeed it is conjectured that these strategies
are the "best" possible barriers that can be constructed when σ≤ 2. The heuristic reason is that, if σ≤ 2, then
we can not have two firefighters (constructing simultaneously two branches of the strategy) with speed strictly
greater than the speed of the fire, so that they will be engulfed by the fire: thus the best strategy should be
a single curve. The case σ > 2 is different, indeed we expect that the optimal strategies in this case are sim-
ple closed curves. In [Bre11] the authors construct the best strategy for the optimization problem 1.6 among
simple closed curves.

We start giving the definition of spiral strategies.

Definition 1.7 (Spiral strategies). Let Z = ζ([0,S]) ⊂R2 be a strategy, where ζ is a Lipschitz curve parametrized
by arc-length. We say that it is a spiral strategy if it satisfies:

(1) ζ(0) = (1,0) and ζ⌞[0,S) is simple,
(2) s 7→ u ◦ζ(s) is increasing,
(3) ζ is locally convex, i.e. locally it is the graph of a convex function,
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(4) ζ is rotating counterclockwise about 0. For a precise definition, see Section 2.3.

The spiral ζ is admissible if it is also an admissible barrier.

The assumptions that ζ is locally convex yields a direction of rotation to the curve, and then Point (4) selects
a direction of rotation (Proposition 2.11).

A deeper discussion is needed for the assumption

s → u ◦ζ(s) is increasing,

which corresponds to the fact that either a portion of the barrier lies on the level set {u = t } (so that the previous
function is constant), or the fire can not burn two portions of the barrier simultaneously. Here we just observe
that, given the barrier up to time t̄ (or equivalently length s̄), we can ask which is the optimal barrier for a
given optimization problem with the same freedom as for the initial problem. This final observation will be of
fundamental importance in our homotopy argument (Point (5) in the abstract).

The only results known on this family of barriers can be found in [Bre08] and [Kle19]. In the two papers it is
proved independently and with different techniques the following result:

Theorem 1.8. Let σ> 2.6144.. (critical speed). Then there exists a spiral-like strategy which confines the fire.

The proof of this result is obtained by the study of a particular spiral, that we will call saturated spiral. Let Z
be an admissible spiral. We say that Z = Zsat is a saturated spiral if

S (Zsat) =
{

t ∈ [0,T ] : H 1(Zsat ∩R Zsat (t )
)=σt

}= [0,T ].

In terms of the admissibility functional previously defined, every point P ∈ Z on a saturated spiral is saturated,
that is A (P ) = 0.

Saturated spirals (or compact and connected subsets of saturated spirals) are thought to be building blocks
for optimal strategies. Indeed, it has been proved in [Bre11] that, if σ> 2, the optimal strategy (that minimizes
the cost functional (1.6)) among simple closed curves is the union of an arc of circle and two branches of satu-
rated logarithmic spirals in polar coordinates. As we will see, there are intimate relations between logarithmic
spirals and saturated spirals. Also, in [Bia], it is proved that forσ< 2, if a strategy Z is optimal (κ1 = 0,κ2 = 1) and
its internal barrier is a segment, then the boundary ∂R Z∞ is the union of a segment and a branch of logarithmic
spiral.

The proof of Theorem 1.8 relies on the following fact: a saturated spiral Zsat can be represented by means of
polar like coordinates (φ,rsat(φ)) ∈ [0,+∞)×R+ (see Theorem 2.13), and moreover rsat(φ) solves the following
Retarded Differential Equation (RDE)

d

dφ
rsat(φ) = cot(α)rsat(φ)− rsat(φ− (2π+α))

sin(α)
(1.7)

with initial data

rsat(φ) =
{

ecotαφ ∀φ ∈ [0,2π),

(e2πcotα−1)ecotα(φ−2π) ∀φ ∈ [2π,2π+α].
(1.8)

The angle α ∈ [0, π2 ) is given by

α= arccos

(
1

σ

)
,

(this is precisely the approach followed by [Kle19]). The angle α is the constant angle made by the fire ray with
the spiral. Here the initial fire is the set R0 = B1(0) and the spiral starts in a point P = (1,0). Observe that for
φ< 2π the solution is an arc of the logarithmic spiral in polar coordinates rsat(φ) = ecotαφ.

A study of the eigenvalues of the operator associated to the previous RDE gives the proof of Theorem 1.8:
there is a critical value (σ̄= 2.6144..., solution of a trascendental equation) such that ifσ> σ̄ then all eigenvalues
of the associated linear operator are complex conjugate: in particular the solution oscillates, and thus there is
some first angle φ̄ such that rsat(φ̄) = 0. This corresponds exactly to the fact that Zsat blocks the fire.

However, in [Bre08] it is not proved that, instead, for σ≤ σ̄ the saturated spiral does not confine the fire, that
is rsat(φ) > 0 for every angle φ: this fact can be deduced from [Kle19], Theorem 3, which gives the estimate

minimal closing angle ∼ (imaginary part of the largest eigenvalue)−1.

Their result motivates the following conjecture for general spirals.

Conjecture 1.9. If σ≤ σ̄ then no spiral-like strategy blocks the fire.
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Figure 1. The angle-ray parametrization (φ,r (φ)) of a spiral barrier: the optimal fire ray is
red, and the red curve is the level set of the minimum time function u. In blue, the
angle-ray coordinates.

We remark here that due to the constraints on the barrier, the critical speed σ̄ is larger than the speed σ= 2
for the original conjecture 1.4.

A partial answer to this conjecture has been given in [Kle19] where the authors use a geometric argument to
prove the following result:

Theorem 1.10. If σ≤ 1+p5
2 then no spiral-like strategy is admissible.

This bound is obtained in the assumption that only some points on the spiral are admissible, while assuming
the admissibility of the whole barrier requires more effort.

The aim of this paper is to prove the previous conjecture:

Theorem 1.11. No admissible spiral-like strategy confines the fire if σ≤ σ̄.

We conclude this first part of the introduction by giving a very much simplified idea of our approach. We
will neglect some technical issue, which will be further addressed in the section below.

First, a spiral strategy admits a polar-like representation (φ,r (φ)) ∈ [0,+∞)×R+ as in Fig. 1 (we will call this
representation the angle-ray coordinates):

• r is the length of the segment starting from one point of ζ and with direction ζ̇ and ending in the next
round of ζ;

• φ is the rotation angle of r ;
• β(φ) is the angle between ζ̇ and the direction of r (φ).

We can also think of r (φ) as the last part of the optimal ray needed to compute the minimum time function u
in the point ζ(φ), where we used φ instead of s.

The parameter β(φ) is our control parameter: once it is chosen, the RDE satisfied by r (φ) is

d

dφ
r (φ) = cot(β(φ))r (φ)− r (φ−)

sin(β(φ−))
,
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Figure 2. The barrier ζ([0,φ0]) is fixed. Given any angle φ ≥ φ0, we construct a new spiral
ζ̌(φ; ζ̄([0,φ0]) (blue). The family of continuations of ζ̄ (black spiral) is represented
in blue. The base spiral (green) is ζ̌(φ; ζ̄({0})).

where the angle φ− is given by (see Fig. 1)

φ=φ−+2π+β(φ−).

Using this representation, and observing that r (φ̄) = 0 means that the spiral closes into itself and thus blocks
the fire, we replace the closure problem with the following minimum problem:

Optimization Problem: given a rotation angle φ̄, choose φ 7→β(φ) in order to minimize r (φ̄). (1.9)

Differently from the original problem (where we have to show that the set of admissible strategies is empty), we
prove that the one above has an optimal solution.

We observe that while the RDE for r is linear, the choice of the control parameter affects the RDE by changing
the coefficients at the next round and also by varying the delay interval 2π+β(φ−): hence it seems quite difficult
to find a positive lower bound for the optimization problem (1.9), or even more to prove that a choice of the
control β(φ) is optimal. Notice also that β depends on the angle φ̄, i.e. the optimal spiral is not the same for all
angles (and in particular we will prove it is not the saturated spiral).

In order to overcome these difficulties, we use a homotopy approach as follows. We will refer to Figure 2.
Let ζ̄(φ) be a given spiral strategy, parametrized by the rotation angle: for everyφ0, we construct a new spiral

ζ̌(φ; ζ̄([0,φ0])) with the following properties:

(1) ζ̌(φ; ζ̄([0,φ0])) = ζ̄(φ) for all φ ∈ [0,φ0];
(2) if ř (φ; ζ̄([0,φ0])) is the representation of the spiral in the angle-ray coordinates, the final value φ0 7→

ř (φ̄; ζ̄([0,φ0])) is differentiable and has positive derivative;
(3) the spiral ζ̌(φ) = ζ̌(φ; ζ̄({0})) is such that ř (φ̄) > 0.

Since the spiral ζ̄ is fixed during the homotopy argument, we shorten the notation to ř (·,φ0) or also ř (·; s0) when
using the length parametrization for ζ̄.

The existence of such a family for every spiral ζ̄ gives thus the expanded version of the main Theorem 1.11
(which now becomes a corollary):

Theorem 1.12. For each spiral strategy ζ̄ and rotation angle φ̄, the spiral ζ̌(·;φ0) is the optimal solution to the
minimization problem (1.9) given the initial spiral arc ζ̄([0,φ0]). In particular, ζ̌(φ;0) is optimal among all
spirals.
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Given the optimality of ζ̌(φ;0), we will refer to this spiral as Zopt = ζopt([0, φ̄];0). Point (3) and Point (2) above
implies that

ř (φ̄; s0) = ř (φ̄;0)+
ˆ φ0

0

d

dφ
ř (φ̄;φ0)dφ≥ ř (φ̄;0)

but since this holds for every s0, the previous equation is also valid for the last parameter s̄, so that r̄ (φ̄) ≥ ř (φ̄;0),
where we used (φ, r̄ (φ)) as the angle-ray coordinated of the fixed spiral Z̄ . In particular Theorem 1.11 holds.

We will also prove that the only case when the derivative d
dφ0

ř (φ̄; s0) is 0 is by following exactly the spiral
ř (·;φ0), so that the above chain of inequalities become strict as soon as we perturb the spiral Zopt. Hence we
have the following

Corollary 1.13. The optimal spiral strategy for the angle φ̄ is Zopt, parametrized by ř (φ;0) = ř (φ).

We remark that by changing the angle φ̄, the optimal spiral changes. Therefore we will often refer to the
optimal spiral at a fixed angle φ̄. We also remark that the optimal spiral is not regular, but only Lipschitz at the
last round. This can be heuristically explained by observing that the last round is not having influence on the
next evolution (being the last one!), so that the regularizing effect of the RDE is not acting.

Being able to describe the optimal spiral, it is possible to give estimates, in particular one can prove the
asymptotic divergence of the optimal spiral:

Corollary 1.14. The spiral Zopt, optimal at the angle φ̄, satisfies

ř (φ̄) ≃ φ̄e c̄φ̄,

where c̄ is the only positive eigenvalue of the RDE.

We are also able to give a precise value to the constant in front of φe c̄φ, as we will point out in the extended
introduction below.

Summarizing, we build up a new differential tool to treat spiral-like strategies. The choice of the angle-ray
coordinates for a given spiral is one of the key ideas of this paper. In particular, in these coordinates the spiral
solves a retarded differential equation (RDE) which allows to set up a new optimization problem, admitting
a differential structure. Given any spiral Z̄ , it is indeed possible to find a differential family of spirals and to
use an homotopy-type approach, in order to prove that any spiral-like strategy does not confine the fire for
σ≤ σ̄= 2.6144.... Here, the main point is to guess what is the correct expression of the family of spirals, to prove
that it is differentiable and compute the derivative, and finally to show that this derivative is positive. This will
require the detailed study of Sections 6, 7, 8, 9, 10, together with the use of the Software Mathematica for the
evaluation of trascendental functions. Each single building-block is fundamental in the proof of Bressan Fire
Conjecture for spirals in its sharp form. We point out that the importance of this work is not only the proof
of the conjecture in the setting of spiral-like strategies, but the implementation of a framework that could be
applied in order to study more general situations, hopefully leading to the full solution of the conjecture.

We remind that all the notations are contained in the Glossary at the end of the paper.

1.2. Extended introduction and collection of all principal results. In this section we present an extended
introduction to the proof of Theorem 1.12, and all the steps required to construct the family ř (·;φ0). Many of
the results obtained along the proof are interesting on their own, and we will report their statement.

1.2.1. Section 2. This section introduces the basic objects considered in this paper: the most important ones
are the set of admissible curves Γ, Equation (2.1) (recall also (1.2)), the minimum time function u, Equation 2.2
(recall (1.4)), the admissibility functional A (x), Equation 2.4, and the saturated set S , Equation (2.5). The limit
of a minimizing sequence of admissible curves in Γ are the optimal rays, Definition 2.1. These Lipschitz curves
are not admissible in general, but are the ones needed to compute the value of the minimum time function
u(x).

The first result is in Section 2.2, where the existence of a closing barrier for every initial burning set R0 is
reduced to the study when R0 = {0} and the barrier is constructed outside the unit ball B1(0), Proposition 2.2.
The equivalence is not exact as stated in the proposition, but since for σ≤ σ̄ we show that it is not possible to
block the fire even in this situation, we conclude that in our case the equivalence is complete.

Section 2.3 can be thought as a detailed description of the notion of spiral barrier of Definition 1.7: in partic-
ular Remark 2.5 explains the importance of the monotonicity of u(ζ(s)). Some notation for convex barriers are
also introduced, like the left and right tangent vectors t−(s),t+(s) , the local radius of curvature R(s) = R(ζ(s)) =
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R(ζ; s), the subdifferential ∂−ζ(s) (Definition 2.7).
The most important result of this section is that for spiral barrier one can use the angle-ray representation as
considered below Theorem 1.11. This result is obtained in two steps. First, Proposition 2.11 constructs this rep-
resentation round-by-round, starting with the initial round about the origin (0,0) ∈R2 (where it corresponds to
polar coordinates), and then recursively constructing the angle at the next round. The idea is that the direction
of r (φ) is determined by the previous round, and then the angle β(φ) is deduced by knowing the tangent t = ζ̇

at that point: a look at Fig. 14 is probably better than any explanation.
A version of Proposition 2.11 avoiding the explicit reference to rounds is Theorem 2.13. Together with the
function r (φ), we also introduce the functions s−(φ), s+(φ), which are the length parametrization of the start-
ing/ending point of the segment r (φ). Their regularity properties (s−(φ) BV, s+(φ) Lipschitz) are also proved.
We conclude this section by using the angle-ray representation to rewrite the convexity of ζ in terms of the
angle β(φ), the admissibility functional A =A (φ) and the burning rate b(t ) of the barrier ζ, Proposition 2.15.

As a warning, because of Theorem 2.13 we can use indifferently the length s or the angle φ as parameter for
a spiral barrier: in the following we will often choose the most convenient one, without underlining it, in order
to simplify notation and shorten the analysis.

1.2.2. Section 3. The first part of the section is devoted to obtain the RDE satisfied by a spiral barrier: Lemma
3.1 offers some differential relations among the various quantities introduced in the angle-ray description of a
spiral. Equation (3.3) is the distributional RDE for the spiral barrier: it is nothing else than the relation{

variation of r
} = {

increase due to β at the end point
} − {

decrease due to curvature at the base point
}
.

Proposition 3.5 is the inverse statement: assume that r (φ),β(φ) satisfies the differential relations of Lemma 3.1,
then, up to fixing the initial point, there is a unique spiral barrier such that its angle-ray coordinates are the
given ones. The proof is based on the round decomposition.

In Section 3.1 we prove that the equation of the saturated spiral is (1.7) with initial data (1.8).
The next section contains the analysis of the linear RDE

d

dφ
r (φ) = cot(α)r (φ)− r (φ−2π−α)

sin(α)
(1.10)

with α constant. This section contains many results which have already been proved in [Kle19]: we present
them for completeness. The main one is that there is a critical angle ᾱ such that for α < ᾱ the characteristic
equation of the above RDE has two distinct positive real eigenvalues, for α = ᾱ the two eigenvalues coincide
and the geometric multiplicity is 1, for α> ᾱ all eigenvalues are complex conjugate, Corollary 3.10. This gives
in particular that for α> ᾱ the saturated spiral confines the fire, Proposition 3.12.

Section 3.2.2 is concerned with the converse result for the saturated spiral. Observe that even if there are
positive real eigenvalues, if the initial data is 0 when projected on the corresponding eigenspace then the solu-
tion oscillates and thus the fire is blocked: thus the idea is to give a condition ensuring the exponential blow-up
of the solution and checking that the saturated spiral satisfies this condition.
The starting point is to rescale the variables

ρ(τ) = r ((2π+ ᾱ)τ)e−c̄(2π+ᾱ)τ,

with c̄ equal to the only real eigenvalue (see Corollary 1.14), and rewrite the RDE in the critical case as

ρ̇(τ) = ρ(τ)−ρ(τ−1). (1.11)

We remark that in this parametrization the integer part of τ represents the number of rounds of the spiral.
Lemma 3.14 gives a simple-to-check criterion to verify if the solution diverges:

Lemma 1.15 (Second part of Lemma 3.14). In the critical case σ = σ̄, if ρ(1) > ρ(τ) > 0, τ ∈ [0,1), then the
solution ρ(τ) diverges linearly.

Even if it seems trivial, it gives immediately that the saturated spiral is diverging:

Proposition 1.16 (Proposition 3.16). Let Zsat be the saturated spiral. Then it does not confine the fire for σ≤ σ̄.

The optimal solution ř (·;φ0) and its derivatives have a more complicated structure than the saturated spiral:
hence Section 3.2.3 introduces the Green kernel g (τ) for the RDE (1.11) (Lemma 3.17), and there it is studied its
asymptotic behavior (Lemma 3.18). It is essentially standard analysis for a linear functional equation, and for
completeness we write also the explicit forms of the kernel G(φ) for the RDE of the saturated spiral (1.10).
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r (φ0 +2π+β−(φ0))

ᾱ

r (φ0)

r (φ̄)

ζ(φ1) u = const

r (φ2)

ζ(φ2)

ζ(φ0)

ζ(φ̄)

Figure 3. The solution to the optimization problem at the last round. The gray region is the
region which cannot be reached by any admissible spiral.

Since it will be useful to study also the evolution of the length of a spiral barrier, this section ends with some
useful estimates for the primitives of G(φ) (Section 3.2.4).

1.2.3. Section 4. In this section we prove that the optimization problem (1.9) has a solution in the domain of
admissible spiral barriers with bounded length L̄, Theorem 4.6:

Theorem 1.17 (Theorem 4.6). Fix a rotation angle φ̄ ≥ φ0. Then either there exists an admissible spiral in
AS (Z̄ ,φ0) with L̄ ≫ 1 blocking the fire before or at φ̄ or there exists an admissible spiral ζ such that r (φ̄) is mini-
mal among all admissible spirals of length bounded by L̄.

Here AS (Z̄ ,φ0) is the set of admissible continuations (Definition 2.10), that is the set of admissible spirals
that coincide with a given spiral Z̄ up to the rotation angleφ0. Note that in the above statement we consider the
more general case where a first arc of r (φ), φ ≤ φ0, is fixed, and we are allowed to choose the remaining part.
This is perfectly in line with the statement of Theorem 1.12, where the optimality is proved given the initial arc
ζ̄([0,φ0]).

A solution means that either there is an admissible spiral blocking the fire before the angle φ̄, or there is a
minimizing one, and the length L̄ is sufficiently large to guarantee that the set of admissible spirals arriving at
φ̄ with length shorter than L̄ is not empty. The approach is the standard one: first one proves the compactness
of the set of admissible spirals, Proposition 4.4 and Corollary 4.5, and then passes to the limit to a minimizing
sequence, being the functional ζ 7→ r (φ̄) continuous. We just remark that as a corollary we have that the admis-
sibility functional is u.s.c. for the Hausdorff convergence, hence giving the closure of the family of admissible
spirals, and also observe that a key ingredient is the decomposition by rounds of Proposition 2.11.
The parameter L̄ will not play any role in the future: indeed once we show that the spiral ř is optimal, we have
an estimate for all spirals. It is introduced just to ensure that the curves ζ live in a compact set of R2.

When studying the derivative d
d s0

ř (·; s0) of ř (φ; s0) (see the discussion at the end of Section 1.2.1 for the equiv-

alence of φ and s), it is important to know the structure of the minimal time function u generated by ζ̄([0, s0]).
Lemma 4.8 and Corollary 4.9 give explicit computations of the first and second derivatives of u: roughly speak-
ing, we are solving the Eikonal equation, because of the assumptions on the fire spreading speed F (x) = B̄1(0),
and thus ∇u is BV and the level sets of u are C 1,1-curves.
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ZZ Z

ξ ξ

ξ

R

R

Figure 4. The three cases of Theorem 1.18: in the first picture all level set ξ is admissible,
and then for every angle ≥φ0 the optimal solution is an arc of the level set; in the
second case all curve R is admissible, and then the optimal solutions for point on
R is an arc of ξ and a segment; in the third case for large angles the minimal point
lies on a saturated spiral, and the optimal solution is an arc of ξ, a segment and an
arc of saturated spiral.

The first glimpse on the structure of the optimal solution ř is given in Section 4.3: if we restrict the optimality
to just one round after φ0, then ř can be explicitly constructed without further analysis.
To describe the structure of such a solution, we refer to Fig. 3. Starting from the angle φ0, the solution is
made by three components. In the following, we will mean by arc of the level set, or simply arc, a compact and
connected subset of {u−1(t )}.

(1) We follow the level set of the minimal time function u until the point ζ(φ1), which is saturated. At
this point it is not possible to proceed along this level set, because the spiral would not be admissible.
This arc (the magenta one between the points ζ(φ0) and ζ(φ1) in the picture) is the optimal solution
for angles φ̄ ∈ [φ0,φ1], since the monotonicity of s 7→ u(ζ(s)) gives that we cannot cross the level set of
u(ζ(φ0)). In the case ζ(φ̄0) is saturated, then this regions reduces to a point.

The optimal spiral barrier coincides here with the arc of the level set.
(2) If φ̄ > φ1, then we consider the spirals made by a portion of the magenta arc and a segment: the seg-

ment ends in the first point that is saturated. We show that such a construction defines a convex curve
(the blue one in Fig. 3) starting orthogonally to the level set of u and ending in a saturated point ζ(φ2)
such that the angle formed with the direction of the optimal ray is exactly ᾱ (this argument in reality
holds for any σ ≤ σ̄, but here we prove it for the critical case). Also in this case, if the initial point is
saturated, it holds φ2 =φ0.

The optimal spiral barrier is an arc of the level set and a segment ending in the blue curve.
(3) For angles φ̄>φ2 one follows the saturated spiral starting from ζ(φ2) (green spiral in the picture). The

optimal spiral barrier is an arc of the level set, the segment arriving in ζ(φ2) and an arc of a saturated
spiral.

It is important to observe that the curve formed by the magenta arc up to φ1, the blue convex curve and
the green saturated spiral is not a spiral barrier: indeed it is not convex. It gives the optimal solution for φ0 ≤
φ̄≤φ0 +2π+β−(φ0), where β−(φ0) = limφ↗φ0 t(φ), i.e. the left tangent vector: for every angle φ̄ there exists an
explicit spiral barrier ending in the corresponding point of the curve constructed above. The three situations
above are drawn in Fig. 4. The main result is then the following

Theorem 1.18. (Theorem 4.12) The curves constructed above are the unique solutions to the minimum problem
considered in Theorem 1.12 for φ̄ ∈ [φ0,φ0 +2π+β−(φ0)).

A question which arises naturally is the following: if we continue the saturated spiral also for angles larger
that φ0 +2π+β−(φ0), is this spiral barrier optimal? The short answer is no, but the proof of this fact and the
construction of the correct optimal spiral require much more analysis and it is the central part of this work. Due
to its importance, we will refer to the spiral constructed by the procedure above and obtained by prolonging
the saturated spiral after the angle φ0 +2π+β−(φ0) as the fastest saturated spiral.

1.2.4. Section 5. The construction above when φ0 = 0 is a particular spiral which is important for the next
analysis, since the optimal one will be obtained as a perturbation of this spiral: the study of its properties is
in Section 5. For the seek of generality, we consider the case where R0 = Ba(0), and show explicitly the form
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Figure 5. Plot of the first 5 rounds of the function (1.12).

of the fastest saturated spiral: depending on the radius a, it is either a an arc + segment + saturated spiral (if
a ∈ (0,sin(ᾱ))), a segment + saturated spiral (if a ∈ [sin(ᾱ),1)) or just the saturated spiral when a= 1. We will use
the denomination

Arc case: the fastest saturated spiral starts with a non-trivial arc of the level set, i.e. this arc is not just a point;
Segment case: The fastest saturated spiral starts with a segment, possibly made of just a point, i.e. the initial

point is saturated and the spiral coincides with the saturated one.

These various cases will be also encountered when considering as a starting point the spiral arc ζ([0, s0]), so
that they are worth studying in this setting where the functions are explicit.

The study of the behavior of this spiral gives the following

Theorem 1.19 (Theorem 5.1). For any value of a ∈ (0,1], the fastest saturated spiral Sa with initial burning
region Ba(0) does not confine the fire: more precisely, the spiral diverges exponentially as r (φ) ∼ φe c̄φ, being
c̄ = ln( 2π+ᾱ

sin(ᾱ) ) the only real eigenvalue for the characteristic equation of the RDE for saturated spirals.

The proof is also interesting, because it is the prototype of the line of proof of many of the subsequent
statements. The explicit form of the spiral barrier in the angle-ray coordinates can be given explicitly using
the kernel G(φ): in the segment case, where the explicit forms are simpler, the solution takes the form (see
Equation 5.3)

r (φ) = sin(θ̄a)

sin(ᾱ)
G

(
φ− φ̄0(a)

)−G(φ−2π)− sin(θ̄a− ᾱ)

sin(ᾱ)
G

(
φ− φ̄0(a)−2π− ᾱ)

,

with
φ̄0 = θ̄a− ᾱ, θ̄a = arccos(a)+ ᾱ.

By studying the derivative w.r.t. a (Step 2 of the proof of Theorem 5.1, pag. 58), one proves that r (φ) = r (φ,a) is
monotonically increasing w.r.t. a increases, and then that the worst case happens for a= sin(ᾱ), which means
θ̄a = π

2 , φ̄0 = π
2 − ᾱ. Then one plots numerically the rescaled function

ρ(τ) = r (φ̄0 + (2π+ ᾱ)τ)e−c̄(2π+ᾱ)τ

which is explicitly given by

ρ(τ) = 1

sin(ᾱ)
g (τ)−e−c̄(2π+ᾱ− π

2 )g
(
τ−

π
2

2π+ ᾱ
)
−cot(ᾱ)e−c̄(2π+ᾱ)g (τ−1). (1.12)

A numerical plot of the function above is in Fig. 5: one observes that the function is positive, and its deriv-
ative can be numerically computed to be strictly positive for τ ∈ [4,5] (which corresponds to the fifth round of
the spiral). Then one can apply Lemma 1.15 to deduce that r (φ) is positive, and actually exponentially increas-
ing as φ→ ∞. The asymptotic behavior is a consequence of the asymptotic expansion of the kernel G(τ) as
τ→∞.
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The last result in this section is an estimate on the ratio between r (φ) and the length L(φ) of the spiral:

Proposition 1.20 (Proposition 5.3). It holds for φ≥ tan(ᾱ)+ π
2 − ᾱ

r (φ)−2.08L(φ−2π− ᾱ) ≥ 0.67e c̄(φ−tan(ᾱ)− π
2 +ᾱ).

Besides having an interest on its own, this estimate is fundamental to show that the optimal spiral ř (φ;φ0)
may have an arc only for angles φ close to φ0: this means that there is a regularizing effect in the evolution of
ř , because it can be proved that one can choose the control parameter β in order to have an arbitrarily number
of arcs at arbitrarily large angles, see Remark 7.8. The constant 2.08 is almost optimal, see Remark 5.4.

1.2.5. Section 6. This section is the core of the paper: we construct a differentiable path from the fastest sat-
urated spiral of Section 5 (Section 1.2.4) to any admissible spiral. The construction is based on the results of
Theorem 1.18 which gives an explicit construction for the first round starting from ζ([0, s0]), and this construc-
tion is then extended to every angle by prolonging as a saturated spiral. We denote this barrier as r̃ (φ) = r̃ (φ; s0).

As we said the fastest saturated spiral r̃ is not the optimal spiral after the first round starting inφ0, and indeed
the derivative w.r.t. s0 will be a function with some negative regions. There re however two main advantages in
studying this one-parameter family of spirals.

(1) There are only two main cases to be considered (for the optimal case we need to work on about 20
cases): we can start with a segment or with an arc+segment. It is actually possible to reduce the analysis
of the derivative δr̃ = dr̃

d s0
to a single case (the segment is the arc when the latter reduces to a single

point, Remark 6.12, yielding as a consequence that the family is actually C 1 in a suitable topology),
but since the segment case is much easier we prefer to keep it. In Fig. 6a the geometric situation to
compute the derivative δr̃ (φ; s0) is represented.

(2) The optimal solution ř will be a perturbation of the spiral r̃ : this perturbation will be added to the
solution computed in this section, and it will be shown that the analysis is fundamentally different
only in the first round, more precisely in the regions where the derivative δr̃ is negative. In the other
region a simple adaptation of the estimates obtained in this section is sufficient to prove the positivity
of the derivative δř = dř

d s0
.

The main results of this section are:

• Propositions 6.4 and 6.11, which compute the RDE satisfied be the derivative δr̃ (φ): for example, in the
segment case this derivative satisfies

Proposition 1.21. (Proposition 6.4) For φ>φ0 + θ̄− ᾱ, the derivative

δr̃ (φ; s0) = lim
δs0↘0

r̃ (φ; s0 +δs0)− r̃ (φ; s0)

δs0

satisfies the RDE on R

d

dφ
δr̃ (φ; s0) = cot(ᾱ)δr̃ (φ; s0)− δr̃ (φ−2π− ᾱ)

sin(ᾱ)
+S(φ; s0),

with source

S(φ; s0) = cot(ᾱ)
1−cos(θ)

sin(ᾱ)
dφ0+θ̄−ᾱ−dφ0+2π+θ0

+ cos(θ)−cos(ᾱ)2

sin(ᾱ)2 dφ0+2π+θ̄+
cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
d′
φ0+2π+θ̄ ,

where d0 is the Dirac-delta measure in 0, and d′0 its distributional derivative.

The angle θ is the angle formed by the tangent to the spiral ζ and the initial segment of r̃ at the angle
φ0. Note the similarity with the fastest saturated spiral studied in the previous section.

• Corollaries 6.5 and 6.13, which gives the explicit solution in terms of the kernel G ;
• Propositions 6.7 and 6.15, where the positivity properties and asymptotic behavior of δr̃ is analyzed.

We present here the segment case, where we use the change of variable φ = φ0 + θ̄− ᾱ+ (2π+ ᾱ)τ, θ̄
being the angle of the ray r (φ0) and the initial segment starting at ζ(φ0): using the rescaled function

ρ(τ) = δr̃
(
φ0 + θ̄− ᾱ+ (2π+ ᾱ)τ

)
e−c̄(2π+ᾱ)τ
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ζ

r (φ0)

z̃(s; s0)

z̃(s; s0+δs0)

r̃ (φ; s0+δs0)

r̃ (φ; s0)

θ

ζ(s0+δs0)−ζ(s0)

θ̄

(a) Geometric structure of the spiral r̃ and its perturba-
tion. (b) Numerical plot of the function ρ(τ) for the first 3

rounds. Observe the negativity region for τ ∈ Nsegm.

Figure 6. The segment case of Section 1.2.5

Proposition 1.22. (Proposition 6.7) The function ρ(τ) = ρ(τ,θ) is strictly positive outside the region

Nsegm :=
{

1− θ

2π+ ᾱ ≤ τ≤ 1,0 ≤ θ ≤ θ̂
}
∪{

θ = 0}∪ {τ= 1,θ ∈ [2ᾱ,π]
}⊂R× [0,π],

where the angle θ̂ is determined by the unique solution to

cot(ᾱ)
1−cos(θ̂)

sin(ᾱ)
−e−cot(ᾱ)(2π+ᾱ−θ̂) = 0, θ̂ ∈ [0,π].

Moreover, as τ→∞, the function ρ(τ) diverges like

lim
τ→∞

ρ(τ)e−c̄τ

τ
= 2(S0 +S1 +S2 +S3), 2(S0 +S1 +S2 +S3) ∈ θ2(0.08,028).

The arc case is more complicated, we refer the reader to Proposition 6.15. In Fig. 6b we plot numer-
ically the solution of Proposition 1.21 with θ = .3 for the first 3 rounds. Observe that there is a negative
region τ ∈ [1− θ

2π+ᾱ ,1] in the first round, then the solution becomes positive. Note that the derivative is
not smooth, and this forces us to study numerically the first 5 rounds in order to apply Lemma 1.15.

The fact that there is a negative region at about the end of the first round for some angles θ means in partic-
ular that the fastest saturated spiral is not optimal: indeed, at the angle φ̄−2π−ᾱ by moving the barrier ζ along
the direction φ̄ instead of following the spiral one obtains that r (φ̄) is decreasing (it has negative derivative by
Proposition 1.22. However, since this negative region is for a relatively short interval of angles, the correction to
the fastest saturated spiral r̃ will be localized only at the last round. Thus we have another argument to affirm
that the fastest saturated spiral is in some sense the building block for the optimal spiral ř .

For the proof of the above propositions, the approach is similar to the one used for Theorem 1.19: the only
difference is that since the structure of the derivative is more complicate, we split the first rounds into pieces
in order to avoid discontinuities. After 3 rounds the regularizing effect of the RDE has smoothen the solution,
so that we can prove the monotonicity of the solution. Numerically, we plot the function

δr̃ (φ)

θ(θ+∆φ)
, ∆φ being the opening of the initial arc and θ as above,

and observe the uniform positivity or monotonicity. As observed before, we require the computer only compu-
tations on explicit functions (polynomials, exponential, trigonometric functions and their combinations), we
never ask to solve a differential equation. We have used the Software Mathematica for the explicit evaluation of
functions.
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The fact that the negativity region is limited to the first round gives that we can extend the length estimate
of Proposition 1.20 to a general spiral:

Proposition 1.23. (Corollary 6.18) Consider the spiral r̃ (φ;φ0): if

φ≥
{
φ0 + θ̄+2π segment case,

φ0 +∆φ+ π
2 +2π arc case,

then
r̃ (φ)−2.08L̃(φ−2π− ᾱ) ≥ r (φ)−2.08L(φ−2π− ᾱ) > 0.67e c̄(φ−tan(ᾱ)− π

2 +ᾱ),

This is a regularity result: after one round the spirals r̃ starts to be similar to the fastest saturated spiral of
the previous section. It will be used to simplify the expression of the optimal spiral ř (·; s0).

1.2.6. Section 7. In this section we construct the optimal solution candidate ř (·; s0), when the spiral ζ([0, s0]) is
fixed. We recall that we are given an angle φ̄ and we ask if, by changing the spiral at an angle φ0, corresponding
to the point ζ(s0), the ray r (φ̄) becomes smaller (see the optimization problem (1.9)). In order to avoid addi-
tional technicalities, we explain here the construction in the simple case ζ([0, s0]) is the saturated spiral, i.e.
A (ζ(φ)) = 0 and β(φ) = ᾱ for every φ ∈ [0,φ0] (see Figure 7). By the computations of the previous section, in
the case of the family of fastest saturated spirals, we proved that there is a negativity region for the derivative
δr̃ (·; s0). We also proved that this region is included in the first round (see Proposition 1.22 and Figure 6).

Observe that

• If φ0 +2π+ ᾱ < φ̄, corresponding to the parameter τ̄ > 1 of the previous parametrization, then we are
outside the negativity region Nsegm and Proposition 1.22 yields that any perturbation to ζ at φ0 has a
positive derivative, and then the ray r increases.

• If φ0 + 2π+ ᾱ = φ̄, corresponding to the case of Figure 7, then we are entering the negativity region:
indeed τ̄ = 1 is the boundary of Nsegm for θ = 0: this last condition on the angle θ means that at the
angle φ0 the perturbation is tangent to the saturated spiral. Therefore, if we continue our spiral along
the segment tangent to the saturated spiral at P0, it follows from the computations of Section 6 that θ is
increasing (θ is the angle made by the perturbation and the segment), and then it is convenient to con-
struct this segment up to the point P1 where θ = θ̂ (the angle constructed in Proposition 1.22), i.e. we
are exiting the negativity region. In order to minimize the quantity r (φ̄) according to the optimization
problem, we need to prolong the barrier precisely along the angle φ̄. The length of barrier we construct
along the direction φ̄ is prescribed by the negativity region we found from the former computations.

From this point onward we can apply Theorem 1.18 to prescribe the remaining part of the last round:
it is the fastest saturated spiral starting from the point P1 such that the segment originating in P1 form
the critical angle θ̂ with the direction φ̄.

The first main result of this section is the definition of the optimal closing spiral ř (φ; s0) given the spiral arc
ζ([0, s0]) and the final angle φ̄. This is the done in the first part of Section 7.1, which contains also the proof that
such a definition yields a unique spiral ř (·; s0) (Proposition 7.1):

Proposition 1.24. (Proposition 7.1) Given s0 = s(φ0) ≥ 0 and an angle φ̄ ≥ φ0, there exists a unique optimal
spiral candidate ř (φ; s0).

Such a statement is not elementary, indeed one has to rule out the possibility that when P1 moves along
the direction φ̄ it may enter again the negativity region. In the segment case this is easy, but in the arc case
(i.e. when in the point P1 the fastest saturated spiral starts with an arc) it is not, due to the more complicated
structure of the negativity region Narc for the arc perturbation.

The most common geometric situation for the perturbation is as in Fig. 7: the last round starts with a seg-
ment in the direction φ̄ followed by the fastest saturated spiral starting again with a segment. We say it is the
most common because the other case (i.e. the fastest saturated spiral starts with an arc in P1) requires that the
point P0 is close to the last point of the given spiral arc ζ(s0): roughly speaking, this is a regularity property of
the fastest saturated spiral r̃ (·; s0), i.e. after less than 1 round after s0 the spiral is already close to the saturated
spiral.
We call tent these two consecutive segments configuration. In Section 7.2 we study the equations describing
a spiral with a tent, obtaining the formulas which allow to compute how much the final tent in ř (·; s0) is going
to perturb the fastest saturated spiral r̃ (·; s0) in the last round. Lemma 7.4 explicitly computes these formulas,
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ζ

P0 = ζ(s0)

P1

P2

θ

θ̂

Figure 7. The construction of the optimal solution for the saturated spiral.

and being linear relations the same formulas hold for the perturbation (Corollary 7.5).
Next, with these relations, we can check which conditions are required in order not to be the admissible so-
lution: in other words, when the tent is not an admissible spiral, which in this particular case means that
s 7→ u(ζ(s)) is not monotone (and then we are forced to follow an arc of the level set of u). It turns out that,
if the the initial point P0 of the tent is saturated, a necessary condition is that the length of the spiral at the
previous round is much larger than the estimate of Proposition 1.23 (Lemma 7.6). One thus concludes that if
P0 is saturated, then the optimal spiral has a tent:

Proposition 1.25. (Proposition 7.7) The tent is admissible (and then is the optimal candidate) in the saturated
part of r̃ (·; s0).

We remark that in the non saturated part of r̃ (·; s0), i.e. when φ is close to φ0, the tent is in general not the
admissible spiral solution, see the example of Remark 7.8.

The last result of this section is a formula based on a simple observation, Lemma 7.9, which allows to prove
that the derivative δř (φ̄; s0) = d

d s0
ř (φ̄; s0) is positive if δr̃ (φ̄; s0) = d

d s0
r̃ (φ̄; s0) is. This formula can be applied only

after 2 rounds, so that in the following we have to address what happens in these initial part of ř when φ̄ is close
to φ0. One can rightly suspect that the non smoothness of δr̃ is the problem.

The last three sections address the homotopy argument starting from the optimal solution candidate and
proving that the derivative δř (φ̄; s0) is increasing.

1.2.7. Section 8. This section is devoted to the construction of the optimal solution candidate for any given
φ̄. The analysis carried out in this section corresponds to the one performed in Section 1.2.4 where it was
proposed as a solution the fastest saturated spiral Sa (Theorem 1.19), which is the base element of the family
r̃ (φ; s0) for s0 = 0, or (r (φ),φ) in angle-ray coordinates. We recall that the analysis of the positivity of δr̃ (φ; s0)
was the content of Section 6. In Figure 8 a summary of the results and the corresponding sections where the
analysis is carried out. The solution ropt(φ) will depend on the angle φ̄, therefore the analysis on the structure
of ropt(φ) will be more articulated than the fastest saturated spiral of Section 1.2.4. We refer to Fig. 9 for the
description of the solution ropt.

• The first situation is the φ̄ is the first round, more precisely φ̄ ∈ [0,2π+ π
2 −h1], where the constant h1 is

computed explicitly by the results of Section 6: it is θ coordinates of the unique point on the border of
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Figure 8. In this figure, we explain the general idea of our proof and in which section the
results are contained.

the negativity region Narc for ∆φ = tan(ᾱ). In this case the optimal solution coincides with the fastest
saturated spiral of Section 1.2.4: see Fig. 9a.

• After the angle 2π+ π
2 −h1, the derivative δr̃ (φ̄;0) is negative: hence the optimal solution has a initial

segment of length h in the direction φ̄, then it is the fastest saturated solution starting with an arc of
the level set, Fig. 9b.

• For φ̄ ∈ 2π+ π
2 + [0,h2], the optimal solution candidate starts with an arc of the level set ∂B1(0), then a

segment in the direction φ̄ and next the last round is the fastest saturated spiral, Fig. 9c. The value h2 is
computed explicitly in Section 8.3, and corresponds to the transition from the arc case to the segment
case for the fastest saturated spiral of the last round, Fig. 9d.

• Finally, for τ̄ > 2π+ tan(ᾱ)+ π
2 , the solution is the fastest saturated spiral up to the angle φ̄− 2π− ᾱ,

followed by the tent case as described in Section 1.2.6, see Fig. 10.

The main result of this section is that this construction yields a unique spiral barrier which is positive:

Proposition 1.26 (Propositions 8.3 and 8.4). The optimal solution ropt is positive for all φ̄ and for large angles
can be estimated as

ropt(φ̄) = 0.976359r (φ̄)+O (1)

where r (φ̄) is the fastest saturated spiral

A remark is natural here: the gain of optimality is about 2.25% w.r.t. the fastest saturated spiral, so one may
suspect that there are some simpler proofs of this result. Besides the fact that knowing the optimal solution is
not a trivial fact, the difficulty in obtaining estimates is due to the RDE satisfied by r (φ), which makes compar-
isons difficult. One the other hand this method can be a powerful tool, since it can be applied also for speeds
which are not the critical one, and also to other geometric situations.

1.2.8. Sections 9 and 10. At this point, having proved that for any given spiral barrier ζ then one can con-
struct the one parameter family of spirals ř (·; s0) starting from ropt and ending in ζ, we are left to prove that
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ropt(φ̄)

∆φ= tan(ᾱ)

ᾱ

ζopt

(a) The optimal solution for φ̄ ∈ [0,2π+ π
2 −h1].

ζopt

φ̄−2π

ℓ̌

∆φ̌

h
O φ̌

ropt(φ̄)

(b) The optimal solution for φ̄ ∈ 2π+ π
2 + [−h1,0].

ζopt

∆φ̌

ropt(φ̄)

O

hℓ̌

φ̄−2π− π
2

φ̌

(c) The optimal solution for φ̄ ∈ 2π+ π
2 + [0,h2].

ζopt

ropt(φ̄)

O
φ̄−2π− π

2

h

θ̂

ℓ1

ℓ̌

(d) The optimal solution for φ̄ ∈ 2π+ π
2 + [h2, tan(ᾱ)].

Figure 9. The optimal solution depending on the final angle φ̄ for the first round.

s0 7→ ř (φ̄; s0) is increasing for all φ̄, thus effectively removing the negative regions of Proposition 1.22 (and
Proposition 6.15 in the arc case) because of the additional perturbation to r̃ (·; s0). Since the structure of ř (·; s0)
is more complicated, we have to consider several geometric situations, depending on the relative distance of φ̄
from φ0 and the structure of r̃ (·; s0).

There are 4 main cases, each one with several subcases:

(1) r̃ (·; s0) starts with a segment and its perturbation ř (·; s0) has an additional tent, Fig. 11a: we call it the
segment-segment case;

(2) r̃ (·; s0) starts with a segment and its perturbation ř (·; s0) end with an arc, Fig. 11b: we call it the segment-
arc case;

(3) r̃ (·; s0) starts with an arc and its perturbation ř (·; s0) has an additional tent, Fig. 11c: we call it the arc-
segment case;

(4) r̃ (·; s0) starts with an arc and its perturbation ř (·; s0) ends with an arc, Fig. 11d: we call it the arc-arc
case.
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ζopt

O

θ̂

ropt(φ̄)

ℓ0

tan(ᾱ)

ℓ1

Figure 10. The optimal candidate ropt(φ) for φ̄≥ 2π+ tan(ᾱ)+ π
2 .

The almost 20 subscases are due to the relative position of the final segment-arc and the initial segment-
arc: referring for example to Fig. 11a, the tent may start inside the cone of opening θ, instead that afterwards
as depicted. Since this region is exactly when r̃ is discontinuous (it has also a Dirac-delta!), we did not find a
general way of reducing these cases to a general situation, and we analyzed them one by one.

It is important to notice that, because of Proposition 1.25, the segment-segment or arc-segment case are
the only possibilities after some small initial angle of rotation, and this fact greatly simplifies the analysis: for
example, we do not need to study the arc-arc case for large angles.

The main results are a series of lemmata, which state that the derivative δř (φ̄; s0) is positive: we collect their
statements into the following:

Proposition 1.27. For a.e. every choice of 0 ≤ φ0 < φ̄ it holds δř (φ̄;φ0) ≥ 0, with the equality only if ζ̇(φ0+) is
tangent to the optimal spiral ζ̌(φ0+;φ0).

This gives the proof of Theorem 1.12, and concludes the paper.

1.2.9. Appendix A. The Mathematica numerical code is collected in Appendix A.

2. NOTATION AND DEFINITION OF ADMISSIBLE SPIRALS

In this section we give the definition of admissible spiral barriers (Definition 2.10), and we construct the
angle-ray representation (Theorem 2.13). Other preliminary results are the justification of the simplified setting
Ω0 = {(0,0)} and that the barrier lies outside B1(0) (Proposition 2.2) and the round-to-round decomposition of
spirals of Proposition 2.11.

2.1. Notation. We will use the following notations:

• the field of real/complex numbers are denoted by R,C respectively, the imaginary unit is ı ;
• if R ⊂R2 and r ∈R, we write

r R = {r x, x ∈ R}.
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θ̄−θ

ζ̃

φ̌0

φ̌2

φ̄

ζ̌

(a) Segment-segment case.

∆̌φ

ℓ̌0
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ζ̃

P0 = P1
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P̌1

P̌2

ζ̌

ř (φ̄; s0)
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r (φ0)

ř (φ̌1)

(b) Segment-arc case.
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ζ̌

ℓ̌1

P̌2

ř (φ̄)

P̌0

r (φ0)
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θ

P̌1
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(c) Arc-segment case.
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ℓ̌1

P̌2
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P̌1

P̌−

ř (φ̄)

P̌0

r (φ0)

P0

θ

(d) Arc-arc case..

Figure 11. The 4 main geometric situations for the optimal solution ř .

The unit circle in R2 is denoted by S1.
• We will often make use of the identification of R2 with C for shortening notation: ℜ(z), ℑ(z) are the

real, imaginary part of the complex number z ∈ C; we will also use e ıφ ∈ C to denote the unit vector
(cos(φ),sin(φ)) ∈S1;

• Z is an admissible strategy (i.e. a rectifiable subset of the plane R2 with finite length);
• R Z (t ) is the burned region at time t by the fire constrained by the barrier Z , see Equation (1.3);
• R0 = R Z (0) is an open set such that its boundary has empty interior: during the analysis we will assume

that R0 = Br (0), r ∈ (0,1) (the starting set), and we will let r ↘ 0 to make the results independent on r ,
i.e. R(0) = {0} (see Proposition 2.2);

• σ is the construction speed of the barrier; we will indicate as σ̄ the critical speed 2.6144.. and the cor-
responding critical angle ᾱ= arccos

( 1
σ̄

)
(see Corollary 3.10);

• the set Γ of admissible curves (admissible trajectories of the fire) is given by

Γ=
{
γ ∈ Lip([0,1],R2),γ((0,1))∩Z =;

}
; (2.1)
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• the distance of two points is

d(x, y) = inf
{

L(γ),γ ∈ Γ,γ(0) = x,γ(1) = y
}

,

where we indicated by L(γ) the length of the curve;
• if v is any vector in the plane, v⊥ is its counterclockwise rotation of π2 such that {v,v⊥} is oriented as the

canonical base;
• given two vectors v,w of the plane, ∠(v,w) will indicate the angle between the two vectors and v·w their

scalar product, v∧w their vector product;
• the scalar product of real matrices is

A : B =∑
i j

ai j bi j ,

the tensor product of two vectors is v⊗v′.
• AS denotes the admissible spirals, see Definition 2.10;
• if Z is a simple rectifiable Lipschitz curve and P ∈ Z , i.e. P = ζ(s) for some s ∈ [0,∞), we will often use

the notation ζ(P ), ζ̇(P ), ζ̈(P ),t(P ),t±(P ) for the corresponding ζ(s), ζ̇(s), ζ̈(s), t(s),t±(s), where the latest
are the (left/right) tangent vectors to ζ;

• given P,Q ∈R2, we write
(P,Q) = {

(1−ℓ)P +ℓQ,ℓ ∈ (0,1)
}

to be the open segment with endpoints P,Q, while [P,Q] will denote the closed one. We will also use the
notation [P,Q) = [P,Q] \ {Q} or (P,Q] = [P,Q] \ {P } with obvious meaning.

The minimum time function u is defined as

u(x) = inf
{

L(γ) : γ ∈ Γ,γ(0) ∈ R0,γ(1) = x
}
= d(x,R0). (2.2)

It is the the time the fire needs to reach a point x ∈ R2 from the starting set R0; it is also the solution to the
Eikonal equation (1.5). In the case R0 = {0} then u(x) = d(x,0).

Definition 2.1 (Optimal ray). Let us fix a point x ∈ R2. An optimal ray γ̄x from R0 to the point x is a Lipschitz
path γ̄ : [0,1] → R2, γ ∈ Lip([0,1];R2) with the following property: there exists a sequence {γn} ⊂ Γ minimizing
(2.2), with γ(0) ∈ R0 and γ(1) = x such that γn → γ̄x uniformly.
We call Γ̄ the set of optimal rays.

We say that, given a strategy Z ⊂R2 and given the starting set R0 ⊂R2, the barrier Z is admissible if

H 1(Z ∩R Z (t )) ≤σt , ∀t ≥ 0. (2.3)

Moreover, it is an admissible blocking strategy if it is admissible and

R Z
∞ = ⋃

t≥0
R Z (t )

is bounded. We define the admissibility functional as

A (x) = u(x)− 1

σ
H 1(Z ∩R Z (u(x))

)
, ∀x ∈ Z , (2.4)

and we observe that it is positive iff Z is admissible. We will denote by

S = {
x ∈ Z : A (x) = 0

}
, (2.5)

the saturated set of Z , and x ∈S will be called saturated points.

2.2. Some preliminaries. We collect here some simple observation which allows to simplify the problem and
just consider a precise initial geometric situation: R0 = {0} and Z ∩B1(0) =;.

We first observe that, if the strategy Z is admissible for the initial set R0, then for all r > 0 the strategy Ž = r Z
is admissible for Ř0 = r R0: indeed, it holds

Řr t = r Rt ,

and then

H 1(Ž ∩ Ř Ž (r t )
)= r H 1(Z ∩R Z (t )

)≤σ(r t ).

We deduce that to prove existence of blocking strategies it is sufficient to construct a confining admissible
barriers when R0 is contained in a ball.
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Clearly if Ř ⊂ R, then Z admissible for R is also admissible for Ř: hence it is enough to consider R = B1(0).
The previous observation gives that if Z is admissible for B1(0), then Z is also admissible for R0 = {(0,0)}.

Since constructing barriers inside R0 does not change u(x) (they should have H 1-measure 0 for admissibil-
ity), we conclude that if there are no blocking admissible barriers outside B1(0) for R0 = {0}, then there are no
blocking admissible barriers for all R0 ⊂R2 open bounded.

We can thus pass to the limit and consider R0 = {(0,0)} with Z ∩B1(0) = ;: if no blocking barriers Z are
admissible in this configuration, then the same holds for all R0. Note that in this setting the problem is invariant
for scaling and rotations of the barrier, so that we can assume that (1,0) ∈ Z .

On the other hand, if a barrier is admissibile for R0 = {(0,0)} with the speed σ, then it is admissible for Bϵ(0)
with speed σ

1−ϵ : indeed, denoting by R Z (t ) the burned region for R0 = {(0,0)} and R Z
ϵ (t ) the one with R0 = Bϵ(0),

it holds
R Z
ϵ (t −ϵ) = R Z (t )

and then

H 1(Z ∩R Z
ϵ (t −ϵ)) =H 1(Z ∩R Z (t )) ≤σt ≤σ t

t −ϵ (t −ϵ) ≤ σ

1−ϵ (t −ϵ),

being t ≥ 1 because Z ∩B1(0) = ;. We thus conclude that if the fire can be blocked when R0 = {(0,0)} with
velocity σ, then it can be blocked for any R0 open bounded with any speed >σ.

Since the same scaling argument shows that the set of speeds σ for which there is a blocking barrier is an
open unbounded interval (σ̄,+∞), we have proved the following

Proposition 2.2. There exists a value σ̄ such that:

(1) if σ< σ̄ it is not possible to block the fire R0 = {(0,0)}, and then also for all open bounded initial R0;
(2) if σ> σ̄ then it is possible to block the fire for all R0 and then for R0 = {(0,0)};
(3) in the critical value it is maybe possible to block the fire with R0 = {(0,0)}, but not for any other R0 open

bounded.

Therefore we will assume the following geometric setting:

Initial configuration: the fire starts spreading in the point (0,0), the barrier contains the point (1,0) and it lies
outside B1(0).

Remark 2.3. We will show that for spiral barriers also in the critical case R0 = {(0,0)} the fire cannot be blocked
with the critical speed σ̄. We believe this is true in general.

2.3. Spiral barriers. Among admissible strategies, we will consider spiral-like strategies: namely admissible
barriers where the effort of construction is put on a single wall that rotates on one direction around R0.

We start with the definition of single wall strategy.

Definition 2.4 (Single-barrier strategy). Let Z = ζ([0,S]) ⊂ R2 be a strategy, where ζ : [0,S] → R2 is a Lipschitz
curve parametrized by length. We say that it is a single barrier strategy if it satisfies:

• ζ(0) = (1,0) and ζ⌞[0,S) is simple;
• s 7→ u(ζ(s)) is increasing.

Remark 2.5. The first condition implies that ζ does not have internal loops: we believe that these loops are not
optimal, but allowing them would alter the spiral structure of the barriers considered here (see Definition 2.6
below). Also notice that every continuum can be written as the graph of a simple connected curve, so without
this assumption we would allow all connected barriers.

The second condition has a deeper meaning: indeed, it allows some independence of the strategy ζ((s,S])
from ζ([0, s]). To explain better this fact, assume that there is an arc ζ((s1, s2)) such that

u(ζ(s1)) = u(ζ(s2)) < u(ζ(s)) ∀s ∈ (s1, s2).

Then, the strategy ζ(s), s > s2 needs to consider that the fire is burning part of the previous built barrier for
t ∈ u(ζ(s1, s2)), and it may even be not possible to continue the curve ζ(s), s ≥ s2 (for example if σ ≤ 2 and
u(ζ(s)), s ∈ (s1, s2), is saturated, then no additional barriers can be added on the level set (u ◦ζ)−1(s)). Instead
with our assumption it is always possible to continue the curve in some way, respecting the bound (2.3). These
considerations are in line with the idea that at every time t the firefighter chooses the best strategy by evaluating
the configuration at time t , where the only unmovable barriers are ζ∩u−1((0, t ]), i.e. the burned ones (if we
alter these, then R Z (t ) would change!).
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Notice also that this definition implies that if u(ζ(s1)) = u(ζ(s2)), then u(ζ(s)) is constant for s ∈ [s1, s2], ex-
cluding thus from our analysis those strategies that are touched simultaneously in more than one point by the
fire and the spiral arc ζ⌞[s1,s2] is not contained in a level set of u. We also exclude curves ζwhich are not simple:
if our strategies blocks the fire, only the last point ζ(S) belongs to ζ([0,S)).

We give a definition of (local) convexity for strategies: since this local convexity implies that the tangent
ζ̇(s) rotates either clockwise or counterclockwise, w.l.o.g. we assume the second situation (in the first one we
assume that (v,v⊥) is oriented clockwise).

Definition 2.6. We say that a single-barrier strategy Z = ζ([0,S]) is locally convex if for every x ∈ Z \ζ(S) there
exists a line H = x+λv,λ ∈R, constant ϵ> 0,δ> 0 and a function f : [−δ,δ] → [0,+∞), f (0) = 0, convex Lipschitz
such that, in the framework {v,v⊥} oriented as the canonical base and centered in x,

Z ∩Bϵ(x) = {
(z, y) : y = f (z), z ∈ [−δ,δ]

}
.

and s 7→ z(s) = v · (ζ(s)−x) is locally Lipschitz strictly increasing.

From this definition it follows immediately that the function s → ζ̇(s) defined above is BVloc: in particular
there exist the left and right limits t−(s),t+(s):

t−(s) = ζ̇(s−) = lim
s′↗s

ζ̇(s′), t+(s) = ζ̇(s+) = lim
s′↘s

ζ̇(s′).

Let
D ζ̇= Dsingζ̇+ ζ̈L 1

be its measure derivative. By Radon-Nikodym Theorem and the Lebesgue Decomposition Theorem [RH10]
and the local convexity assumption, it follows that

D ζ̇= w(s)|Dsingζ̇|+ ζ̇(s)⊥

R(s)
L 1 =∑

i
(ζ̇(si+)− ζ̇(si−))dsi (d s)+ ζ̇(s)⊥|Dcantorζ̇|+ ζ̇(s)⊥

R(ζ(s))
L 1

=∑
i

(t+(si )− t−(si ))dsi (d s)+ ζ̇(s)⊥|Dcantorζ̇|+ ζ̇(s)⊥

R(ζ(s))
L 1,

where R(s) = R(ζ(s)) = R(ζ; s) is the local radius of curvature and ds is the Dirac delta measure. Hence there
exists a unit vector v in the cone

v ∈R+ conv
{
ζ̇(s−), ζ̇(s+)

}
(2.6)

so that
v∧w(s) = 1,

i.e. the vectors (v, w
|w| ) are a possible base (v,v⊥) for representing ζ locally as a convex function as in Definition

2.6: the only case to consider is the singular part, and we only observe that the vectors

w(si ) = ζ̇(si+)− ζ̇(si−), v = ζ̇(si+)+ ζ̇(si−)

|ζ̇(si+)+ ζ̇(si−)|
do the job.

Definition 2.7. A unit vector v is called supporting direction in ζ(s) if v satisfies (2.6). The arc of the unit ball
made of vectors satisfying (2.6) will be called subdifferential of ζ̇, and denoted by ∂−ζ(s).

Remark 2.8. The considerations above show that an equivalent definition is that s 7→ ζ̇(s) is locally BV, and that
(assuming that ζ̇(s) is right continuous)

D ζ̇(s)∧ ζ̇(s) ≥ 0.

If the above product is negative, then the rotation is clockwise.

We introduce now the rotation angle of the vector ζ̇(s) as the monotone increasing right continuous function
s 7→ϕ(s) such that

t+(s) = e ıϕ(s).

This function is uniquely defined once we fix the initial angle, and in this paper we set

ϕ(0) = 2π+∠(t+(0),e1).

The interval [0,2π) will be used as the initial parametrization for the first rotation, see Proposition 2.11.
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We make the following additional assumption:

0 ≤∠(t+(0),e1) ≤ π

2
, (2.7)

where e1 is the horizontal vector of the canonical base. This assumption is used to parametrize the spiral in
polar coordinate for a first interval. By convention we assume that

t−(0) = e1 = (1,0).

Remark 2.9. It is fairly easy to see that another equivalent definition to Definition 2.6 is that there exists such
a monotone increasing function s 7→ϕ(s) such that ϕ(s+)−ϕ(s−) <π and ζ̇(s) = e iϕ(s): in this case

∂−ζ= {
e ıφ,φ ∈ [ϕ(s−),ϕ(s+)]

}
.

We can now give the definition of the class of barriers which we consider in this paper.

Definition 2.10. A single-barrier (not necessarily blocking) convex strategy satisfying Assumption (2.7) will
be called a spiral. The set of admissible spirals (i.e. is the set of admissible single-barriers (not necessarily
blocking) convex strategies satisfying assumption (2.7)) is denoted by AS .

2.3.1. Angle-ray parametrization of spirals. From now on we will fix an admissible spiral Z ∈AS . We will extend
the alternative parametrization introduced first in [Kle19] for the self-similar saturated spiral (see Section 3.1
for definitions) to a general spiral strategy Z . We will call such a parametrization angle-ray parametrization or
angle-ray representation.

The next proposition contains the core results of this section. In the statement the choice of the sequence of
rounds is fixed (see Equation 2.9): a simple adaptation of the proof allows some flexibility in the choice of the
sequence of angles φ̄ℓ, see Remark 2.12.

Proposition 2.11. Let ζ be a spiral strategy. Then there exist two sequences of real positive numbers

0 ≤ s̄1 < s̄2 < ·· · < s̄k < s̄k+1 ≤ S, 0 < φ̄1 = 2π< φ̄2 < ·· · < φ̄k ≤ φ̄,

for some angle φ̄, with the following properties.

(1) For 0 ≤ s < s̄1 the spiral ζ coincides with the oriented segment

ζ(s) = (1,0)+ se1,

and the value s̄1 is given by

s̄1 = inf
{
ζ−1(R2 \Re1)

}= max
{

s : ζ([0, s]) ⊂Re1
}
.

(2) For 0 ≤φ< φ̄1 = 2π the spiral can be represented in polar coordinates as

ζ(s+0 (φ)) = r0(φ)e ıφ, (2.8)

with r0(φ) a Lipschitz function in [0,2π]. Defining the value

s̄2 = lim
φ↗2π

s+0 (φ) = min
{

s > s̄1 : ζ(s) ∈R+e1
}

as the value s of the next intersection with the line ζ(s̄1)+e1R
+ = ζ(s̄1)+t−(s̄1)R+, the map (2.8) defines a

continuous bijection

[0,2π] ∋φ 7→ s+0 (φ) ∈ [s̄1, s̄2],

Lipschitz in (ϵ,2π] for every ϵ > 0 and with Lipschitz inverse, where the final value is s̄2 = s+0 (2π). The
optimal rays are the segments [(0,0),ζ(φ)] = r0(φ)e ıφ, where ζ(φ) = ζ(s+0 (φ)) and the region S1 bounded
by the Jordan curve ζ([s̄1, s̄2))∪ [ζ(s̄2),ζ(s̄1)) has convex boundary apart from the point ζ(s̄1) and it is
star-shaped w.r.t. the point ζ(s̄1).

(3) For ℓ= 1, . . . ,k −1 the angles φ̄ℓ, φ̄ℓ+1 satisfy

φ̄ℓ+1 = 2π+ φ̄ℓ+δφℓ, δφℓ =∠(t−(s̄ℓ+1),e ıφ̄ℓ ) ∈
(
0,
π

2

)
, (2.9)

and there exist three functions

[φ̄ℓ, φ̄ℓ+1] ∋φ 7→ (rℓ(φ), s−ℓ (φ), s+ℓ (φ)) ∈ (0,∞)× [s̄ℓ, s̄ℓ+1]× [s̄ℓ+1, s̄ℓ+2],
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with s−
ℓ

increasing right continuous, rℓ(φ) right continuous one-sided Lipschitz with negative singular

part of the derivative (i.e. Dsingr ≤ 0), and s+
ℓ

Lipschitz increasing, bijective with Lipschitz inverse, such
that

ζ(s+ℓ (φ)) = ζ(s−ℓ (φ))+ rℓ(φ)e ıφ.

The final point s̄ℓ+2 is given by

s̄ℓ+2 = lim
φ↗φ̄ℓ+1

s+ℓ (φ) = min
{

s > s̄ℓ+1 : ζ(s) ∈ ζ(s̄ℓ+1)+ t−(s̄ℓ+1)R+}
, (2.10)

Moreover the optimal ray ending in the point ζ(s+
ℓ

(φ)) is the union of the initial segment [(0,0), (1,0)), the

spiral arc ζ([0, s−
ℓ

(φ))) and the final segment [ζ(s−
ℓ

(φ)),ζ(s+
ℓ

(φ))] = rℓ(φ)e ıφ. Finally the boundary of the
open bounded region Sℓ+1 is the Jordan curve

ζ([s̄ℓ+1, s̄ℓ+2))∪ [ζ(s̄ℓ+2),ζ(s̄ℓ+1))

which is convex outside the point ζ(s̄ℓ+1) and it is star shaped w.r.t. the point ζ(s̄ℓ+1).
(4) For φ≥ φ̄k there are three functions

[φ̄k , φ̄] ∋φ 7→ (rk (φ), s−k (φ), s+k (φ)) ∈ [0,∞)× [s̄k , s̄k+1]× [s̄k+1,S],

with s−k increasing right continuous, rk (φ) right continuous one-sided Lipschitz with negative singular
part of the derivative and s+k Lipschitz increasing, bijective and with Lipschitz inverse, such that

ζ(s+k (φ)) = ζ(s−k (φ))+ rk (φ)e ıφ.

Moreover rk (φ) = 0 only if φ= φ̄ (and in this case ζ(S) ∈ ζ([0,S)), and the optimal ray ending in the point
ζ(s+k (φ)) is the union of the initial segment [(0,0), (1,0)), the spiral arc ζ([0, s−k (φ))) and the final segment

[ζ(s−k (φ)),ζ(s+k (φ))] = rk (φ)e ıφ.

We will refer to the decomposition of [0,S] =∪ℓ[s̄ℓ, s̄ℓ+1), [0, φ̄] =∪ℓ[φ̄ℓ, p̄hiℓ+1) of the above proposition as
the decomposition in rounds: indeed, Point (2) describes the first round about (0,0), which in polar coordinates
corresponds to a rotation of 2π, Point (3) describes the next rotations of angles > 2π about ζ(s̄ℓ), and the final
Point (4) is the last part of the curve, which may close or remain open. For a picture of this representation, see
Figure 12.

Proof. The first two and the last cases can be seen as a particular case of Point (3) in the statement, hence we
will only address it.

The iterative assumptions are that

(1) the open region Sℓ, bounded by the Jordan curve ζ([s̄ℓ, s̄ℓ+1))∪ [ζ(s̄ℓ+1),ζ(s̄ℓ)), is a star shaped region
about ζ(s̄ℓ), with convex boundary outside the point ζ(s̄ℓ);

(2) ζ(s̄ℓ+1) ∈ ζ(s̄ℓ)+ t−(s̄ℓ)R+.

These assumptions are clearly satisfied for ℓ= 0.

Step 1. We first consider the barrier

ζ̂ℓ(s) =
{
ζ(s) s ∈ [s̄ℓ, s̄ℓ+1),

ζ(s̄ℓ+1)+ t−(s̄ℓ+1)(s − s̄ℓ+1) s ≥ s̄ℓ+1,

obtained prolonging the tangent t−(s̄ℓ+1) indefinitely. A consequence of the analysis below is that if the half-
line intersects the curve ζ([s̄ℓ, s̄ℓ+1)), then we are in the situation of Point (4) of the statement, so it is not the
case considered here: it is nevertheless easy to adapt the next steps to this last case.

We consider next the minimum time function for the new barrier Ẑℓ = ζ̂([s̄ℓ,+∞)) (see Fig. 13a):

R2 \ Sℓ ∋ x 7→ u(x) = u(ζ(s̄ℓ))+ inf
{

L(γ),γ(0) = ζ(s̄ℓ),γ(1) = x and γ((0,1))∩ Ẑℓ =;
}

. (2.11)

In the above representation we have observed that every optimal ray has to cross the segment [ζ(s̄ℓ),ζ(s̄ℓ+1)],
(2.11) gives the correct time function on the segment [ζ(s̄ℓ),ζ(s̄ℓ+1)], and an optimal ray is a segment when not
touching the barrier (because it must be of minimal length): hence it must pass through ζ(s̄ℓ).

Elementary geometric considerations show that for every point x ∈R2 \clos Sℓ there are at most 2 points ζ(s)
with s ∈ [s̄ℓ, s̄ℓ+1) such that

x −ζ(s)

|x −ζ(s)| ∈ ∂
−ζ(s), ζ(s)+ x −ζ(s)

|x −ζ(s)|ϵ ∉ ζ([s̄ℓ, s̄ℓ+1)) for ϵ≪ 1,
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Figure 12. Decomposition in rounds of any admissible spiral Z . The notation is the one of
Proposition 2.11. Observe that in the points of non-differentiability the angle is
computed following the direction t−(s̄ℓ)

ζ(s)

ζ̂ℓ(s)

Sℓ

x

ζ(s̄ℓ) ζ(s̄ℓ+1)

γx

x

γx

(a) The barrier for constructing u(x), Equation 2.11.

ζ(s)

ζ̂ℓ(s)

Sℓ

ζ(s̄ℓ) ζ(s̄ℓ+1)

γx

ζ(s̄)

ζ(s′)

γζ(s̄)

(b) Step 2 of the proof of Proposition 2.11.

Figure 13. Proof of Proposition 2.11.

and in case there are effectively two points, the only one for which the segment (ζ(s), x) is not crossing the half
line ζ(s̄ℓ+1)+ t−(s̄ℓ+1)R+ is the larger one: we denote this value by the function

R2 \
(
Sℓ∪

{
ζ(s̄ℓ+1)+ t−(s̄ℓ+1)R+}) ∋ x 7→ υ(x).

Since the optimal ray must be in the supporting direction when touching the barrier, we deduce that the struc-
ture of the optimal ray is given by

γx = ζ([s̄ℓ,υ(x)))∪ [ζ(υ(x)), x], (2.12)
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where we used the convexity of ζ([s̄ℓ, s̄ℓ+1)) to deduce that if the optimal ray touches Z in two different points
ζ(s1),ζ(s2), it coincides with ζ((s1, s2)) in between.

Step 2. In this step we prove that the structure of the optimal rays (2.12) remains unchanged for the points ζ(s),
s̄ℓ+1 ≤ s ≤ s̄ℓ+2, where the last point will be defined later. Let s̄ > s̄ℓ+1 be the first value such that

there is ζ(s′) ∈ (
ζ(υ(ζ(s̄))),ζ(s̄)

)
, i.e. the barrier touches the optimal ray.

This cannot happen before s̄ℓ+1 by the iterative assumption, see Fig: 13b. In particular, the point

ζ(s′) = arg-min
{∣∣ζ(s)−ζ(υ(ζ(s̄)))

∣∣,ζ(s) ∈ (
ζ(υ(ζ(s̄))),ζ(s̄)

)}
satisfies s′ > s̄ (the latter being the first point), and hence by the structure of the optimal ray one has

u(ζ(s′))−u(ζ(s̄)) =−|ζ(s̄)−ζ(s′)| < 0,

contradicting the monotonicity of the function u ◦ ζ. Hence u(x) defined in (2.11) is the time function on
ζ([s̄ℓ+1, s̄ℓ+2]) because for s ∈ (s̄ℓ+1, s̄ℓ+2) the optimal rays are touching ζ(s) only in the last point In particular
the optimal rays are given by the construction of the previous point.

Using the iterative assumption on the structure of optimal rays (i.e. the optimal ray arriving in ζ(s̄ℓ+1) is
the initial segment plus the spiral arc), we have proved the statement on the structure of the optimal rays: the
initial segment, the spiral arc ζ([0,υ(s)]) and the final segment [ζ(υ(s)),ζ(s)].

Step 3. We then obtain that (2.12) is valid for all points ζ(s), and elementary geometric considerations give that

∠
(
ζ(s)−ζ(υ(ζ(s))), p

) ∈ (
0,
π

2

]
, p ∈ ∂−ζ(s). (2.13)

The upper bound is the monotonicity, while the lower bound is because

• the angle is > 0 at ζ(s̄ℓ+1) by convexity and the iterative assumption on Sℓ,
• the derivative of the angle φ (with t(υ) = e ıφ(υ)) w.r.t. s satisfies the distributional bound

d 2φ

d s2 +2
dφ

d s
≥ 0, (2.14)

obtained by comparing ζ with a supporting line in the point ζ(s).

Using the local convexity about υ(x), again by elementary geometry one can show that

s 7→φ(s) such that e ıφ(s) = ζ(s)−ζ(υ(ζ(s)))

|ζ(s)−ζ(υ(ζ(s)))|
is locally Lipschitz, with right derivative

dφ

d s
= (ζ(s)−ζ(υ(ζ(s))))∧ t+(s)

|ζ(s)−ζ(υ(ζ(s)))|2 . (2.15)

Hence, if (2.13) holds, φ(s) is locally invertible and monotone strictly increasing.
Therefore the next angle φ̄ℓ+2 is given by (2.9) and the last point s̄ℓ+2 is given by (2.10).

Step 4. The function s+
ℓ

(φ) is defined as the inverse of the function s 7→ φ(s) above, and the previous point
shows that it is Lipschitz and strictly increasing, bijective with Lipschitz inverse. Here we notice that because of
(2.13), we have that it has Lipschitz inverse in the whole interval [φ̄ℓ+1, φ̄ℓ+2], which would correspond to Point
(2) of the statement.

The function s−
ℓ

(φ) is given by

s−ℓ (φ) = υ(ζ(s+(φ))) = max
{

s : e ıφ ∈ ∂−ζ(s)
}
. (2.16)

The latter representation shows that s−
ℓ

(φ) is monotone increasing, right continuous, coinciding locally with

the right inverse of s 7→ {φ,e ıφ ∈ ∂−ζ(s)}, and then BV.
Finally

rℓ(φ) = ∣∣ζ(s+ℓ (φ))−ζ(s−ℓ (φ))
∣∣

is clearly BV, right continuous and

Dsingrℓ(φ) =− ζ(s+
ℓ

(φ))−ζ(s−
ℓ

(φ))

|ζ(s+
ℓ

(φ))−ζ(s−
ℓ

(φ))| ·Dcantorζ(s−(φ))

+ ∑
s−
ℓ

(φ) jumps

(∣∣ζ(s+ℓ (φ))−ζ(s−ℓ (φ+))
∣∣− ∣∣ζ(s+ℓ (φ))−ζ(s−ℓ (φ−))

∣∣)dφ.
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Figure 14. Parametrization of a spiral-like strategy. Here the parametrization is given by
the geometry of the fire rays. The angle φ′ is obtained by the angle φ through
Equation (3.1), while r (φ′) represents the length of the last segment of the fire
ray.

Formula (2.16) gives that the singular parts of ζ(s−
ℓ

(φ)) have direction e ıφ and are positive, so that Dsingrℓ ≤ 0.

Step 5. It remains to prove the structure of the set Sℓ+1. The previous points shows that the convex curve
ζ⌞[s̄ℓ+1,s̄ℓ+2] rotates about ζ(s̄ℓ+1) until it crosses the half-line ζ(s̄ℓ+1)+ t−(s̄ℓ+1)R+ in the point ζ(s̄ℓ+2): its star
shaped structure follows by elementary considerations. □

Remark 2.12. We observe that the choice of the intervals φ̄ℓ+1 = φ̄ℓ+2π+∠(t−(s̄ℓ),e ıφ̄ℓ ) can be changed into

φ̄ℓ+1 ∈ φ̄ℓ+2π+ (
∠(t−(s̄ℓ),e ıφ̄ℓ ),∠(t+(s̄ℓ),e ıφ̄ℓ )

)
(2.17)

without any variation in the proof, the idea being that in any case we know the evolution of the spiral for

φ ∈ φ̄ℓ+2π+ (
∠(t−(s̄ℓ),e ıφℓ ,∠(t+(s̄ℓ),e ıφℓ )

)
.

More precisely, one has used in Step 1 of the previous proof the barrier

ζ̂ℓ(s) =
{
ζ(s) s ∈ [s̄ℓ, s̄ℓ+1),

ζ(s̄ℓ+1)+v(s − s̄ℓ+1) s ≥ s̄ℓ+1,
v ∈ ∂−ζ(s̄ℓ+1).

This observation is useful when taking limits of sequences of spirals, in which cases every round converges to
a round satisfying (2.17).

By piecing together the function s−
ℓ

, s+
ℓ

,rℓ of the previous proposition we obtain the following

Theorem 2.13. There exist 0 ≤ s̄1 < s̄2, s̄ < S, φ̄≥ 2π and 3 functions

[2π, φ̄] ∋φ 7→ (
r (φ), s−(φ), s+(φ)

) ∈ [0,+∞)× [s̄1, s̄]× [s̄2,S]

such that the following hold:

(1) r (φ) is one-sided Lipschitz and right continuous, positive for all φ< φ̄ and the spiral ζ is closed iff r (φ̄) =
0;

(2) s−(φ) is monotone increasing, right continuous, and s−(2π) = s̄1, s−(φ̄) = s̄;
(3) s+(φ) is uniformly Lipschitz, bijective with Lipschitz inverse and increasing, and s+(2π) = s2, s+(φ̄) = S;
(4) it holds

e ıφ ∈ ∂−ζ(s−(φ)), ζ(s+(φ)) = ζ(s−(φ))+ r (φ)e ıφ;

(5) if s+(φ) = s−(φ′), then

φ′−φ−2π ∈
(
0,
π

2

]
.
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The structure of optimal rays given in the previous theorem motivates the following

Definition 2.14. The point ζ(s−(φ)) will be called base point of the optimal ray arriving in ζ(s+(φ)).

We define the two following functions:

β−(φ) =∠
(
t−(s+(φ)),e ıφ)

, β+(φ) =∠
(
t+(s+(φ)),e ıφ)

. (2.18)

Being s+(φ) Lipschitz and t(s) a BV function, it follows that β±(φ) are the right/left representative of the BV
function

β(φ) =∠
(
ζ̇(s+(φ)),e ıφ)

. (2.19)

The range of these functions is (0, π2 ] in the interval φ > 0 by (2.13), and clearly Dsingβ ≥ 0, using the same
estimate as (2.14): more precisely we have the one-sided Lipschitz estimate

Dβ+L 1 ≥ 0, (2.20)

obtained again by comparison with a supporting line at ζ(s+(φ)). We will equivalently use the notation

β±(s) =β±(φ) where s = s+(φ).

Define the instantaneous burning rate as

b(t ) = D t H
1(Z ∩R Z (t )) = D t (u ◦ζ)−1([0, t ]). (2.21)

The following proposition provides a formula for the admissibility functional (2.4) in the case of spiral strate-
gies, due to the previous geometric properties of these barriers. Since it is a fairly easy consequence of the
previous results, we will not provide a proof.

Proposition 2.15. The admissibility functional (see Equation (2.4)) A as a function of φ can be written as

A (φ) = 1+ s−(φ)+ r (φ)− 1

σ
s+(φ),

and the right continuous representative of the a.c. part of the burning rate function b(s) is

b+(t ) = 1

cos(β+(s))
, u(ζ(s)) = t . (2.22)

As a simple application, we have:

Corollary 2.16. If ζ(s) is saturated, then β+(s) ≤ arccos( 1
σ ).

Proof. By (2.22) we must have for saturated points b+ ≤σ, which is the statement. □

3. RDE DESCRIPTION OF A SPIRAL

In this section we will give a representation of a spiral strategy Z by means of a Retarded Differential Equa-
tion (RDE), based on the angle-ray representation of Theorem 2.13. This is a generalization of the RDE obtained
in [Kle19], where the angle β(φ) is equal to α= arccos( 1

σ ). If one considers β(φ) as a control parameter, the spi-
ral is described by the linear RDE (3.3) with control β, which in the case β(φ) is continuous becomes

d

dφ
r (φ′) = cot(β(φ′)r (φ′)− r (φ)

sin(β(φ))
, φ′ =φ+2π+β(φ).

The term r (φ)
sin(β(φ)) is exactly the curvature of the spiral at the base point of r (φ′) (see Definition 2.14). Observe

moreover that the delay interval
φ′−φ= 2π+β(φ)

depends on the control parameter at the previous round, unless β is constant.
The main result of this section is the equivalence between the solution to the RDE above and convex spiral

barriers (Proposition 3.5) and the analysis of the solution for β(φ) =α constant: in particular the key criterion
(Lemma 3.14) to check if the solution r (φ) is diverging and its application to the saturated spiral (Proposition
3.16). In addition, we compute some Green kernels for the linear RDE and study some of their properties: they
will be useful in the next chapters.

We start now by writing the RDE for spiral barriers.

Lemma 3.1. Let Z be a spiral (Definition 2.10) and let φ→ β(φ) (alternatively s → β(s)) as in (2.19). Then the
following formulas hold:
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(1) The relation s−(φ′) = s+(φ) has solutions (see Figures 14)

φ′ ∈φ+2π+ [β−(φ),β+(φ)]. (3.1)

(2) It holds
d

dφ
s+(φ) = r (φ)

sin(β(φ))
. (3.2)

(3) If ζ(s−(φ)) is a differentiability points of Z with ζ̈(s−(φ)) ̸= 0, the curvature κ is given by

κ= 1

R
= dφ

d s−(φ)
,

and, for φ> 2π, the spiral satisfies the equation

d

dφ
r (φ) = cot(β(φ))r (φ)− d

dφ
s−(φ) (3.3)

in the sense of distributions.

Since the functions involved are BV by Theorem 2.13, we will use also the notation

Dr = cot(β)rL 1 +Ds−

in the sense of measures.
The next definition corresponds to a generalization of the linkage introduced in [Kle19].

Definition 3.2 (Subsequent angles). Given the rotation angle φ, we will refer to the angles φ′ given by (3.1) as
subsequent angles.

Remark 3.3. In the case of the first round the equation for spirals reads as follows

dr

d s
= cos(β(s)), (3.4)

or, in the variable φ,
d

dφ
r (φ) = cot(β(φ))r (φ).

Note that (3.3) holds for all φ by extending s−([0,2π)) = 0.

Proof of Lemma 3.1. The first point is a consequence of Points (4),(5) of Theorem 2.13 and the definition of β±
in (2.18) (see Figure 14).

Point (2) is the inverse of (2.15).
Finally Point (3) follows by projecting the derivative of

ζ(s+(φ)) = ζ(s−(φ))+e ıφr (φ)

on the direction e ıφ and using Point (2). □

Remark 3.4. In the case of d s−
dφ = R(φ)L 1, R(φ) being the curvature of ζ(s−(φ)), we obtain the RDE

d

dφ
r (φ) = cotβ(φ)r (φ)−R(φ). (3.5)

When s− jumps (or it has a singular part), then r (φ) has the same singular part with opposite sign, in partic-
ular it jumps down, as observed in the proof of Proposition 2.11.

If instead s− is constant, i.e. there is a corner point in ζ(s−(φ)), then the ODE becomes

dr (φ)

dφ
= cotβ(φ)r (φ).

See Figure 15.

In the next proposition we show that the one-sided Lipschitz bound on β(φ) given by (2.20) suffices to con-
struct the spiral ζ.
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Figure 15. In a point of non-differentiability P the variation of the radius is computed as
d

dφ r (φ) = cotβ(φ)r (φ). The opposite situation occurs at the poin R, where the r
has a downward jump of size equal to the length of the segment [Q,R].

Proposition 3.5. Assume that the function β : (0,∞) → (0, π2 ] satisfies

Dβ+L 1 ≥ 0, and β((0,ϵ)) > 0,

ˆ ϵ

0

dφ

β(φ)
<∞ for some ϵ≪ 1. (3.6)

Then, there exists an angle φ̄ ∈ (0,+∞] depending only on β with the following properties: for every given r (0),
there is a unique spiral ζ such that the functions r (φ), s−(φ), s+(φ), φ ∈ [0, φ̄) constructed in Theorem 2.11 satisfy
the equations

ζ(s+(φ)) = ζ(s−(φ))+ r (φ)e ıφ,
dr

dφ
= cot(β)r + d s−

dφ
, r (0) = lim

φ↘0
r (φ). (3.7)

If φ̄<+∞, then as φ↗ φ̄ either r (φ) ↘ 0 or r (φ) ↗∞ with asymptotic direction e ıφ̄.

The integrability of β−1 near φ = 0 is needed to construct an initial arc of the spiral, since the one-sided
Lipschitz assumptions on β will take care of the integrability at the next angles. The positivity assumption is
just the requirement that we are rotating counterclockwise. We remark that every β which is locally 1-sided
Lipschitz in (0,ϵ) can be extended to a 1-sided Lipschitz function on (0,∞), so that β defined on (0,+∞) is not
a requirement.

Proof. We start with the first round, where the angle-ray parametrization corresponds to the polar coordinates:
the ODE is then (3.4), whose solution is

r (φ) = r (0)e
´ φ

0 cot(β)L 1
. (3.8)

Due to the assumption that
´ ϵ

0
dφ
β(φ) <∞, the above formula is locally meaningful.

The curve is given by
ζ(φ) = r (φ)e ıφ,

and it is a fairly easy computation to show that (3.6) implies the convexity of ζ. Note that if β converges to 0 for
φ↗ φ̄, then by the 1-sided Lipschitz condition (3.6) we get β(φ) ≤ (φ̄−φ), so that r (φ) given by (3.8) diverges as

φ→ φ̄ with asymptotic direction e ıφ̄, and in this case the construction procedure stops. Note that for this case
r (φ) ≥ r (0), so that if r is not blowing up the polar representation stops when φ = 2π. For coherence with the
notation of Proposition 2.11, we will set

s̄1 = 0, φ̄1 = 2π, s̄2 =
ˆ 2π

0

r (φ)

sin(β(φ))
dφ,

the latter being the length of the spiral in the first round.

Assume that the spiral has been constructed up to the rotation angle φ̄ℓ, with length s̄ℓ+1: more precisely,

• the curve ζ(φ), φ ∈ [φ̄ℓ−1, φ̄ℓ], is locally convex, and it can be represented as in Proposition 2.11: we will
write ζ(s), s ∈ [s̄ℓ, s̄ℓ+1], for its length parametrization, and we will use the notation of convex spirals;

• ζ(φ̄ℓ) ∈ ζ(φ̄ℓ−1)+ t−(φℓ−1)R+.
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In particular, by defining the next angle

e ıφ̄ℓ+1 = t−(φℓ), φ̄ℓ+1 ∈ φ̄ℓ+2π+
(
0,
π

2

]
,

the function
[φ̄ℓ, φ̄ℓ+1) ∋φ 7→ s−(φ) ∈ [s̄ℓ, s̄ℓ+1]

is defined as in (2.16): it is the right continuous inverse of the monotone function [s̄ℓ, s̄ℓ+1] ∋ s 7→ t(s) = e ıφ,
φ ∈ [φ̄ℓ, φ̄ℓ+1]. We can also apply Step 1 of the proof of Proposition 2.11 to construct the time function u for the
next round, see (2.11).

Given the function β(φ), φ ∈ [φ̄ℓ, φ̄ℓ+1], we now solve the ODE (3.3), namely

Dr = cot(β)rL 1 −Ds−,

yielding a unique right continuous BV function r (φ), φ ∈ [φ̄ℓ, φ̄ℓ+1]. The domain of r (φ) will be the set [φ̄ℓ, φ̄) ={
r (φ) ∈ (0,∞)

}
.

We can prolong the spiral ζ for φ ∈ [φ̄ℓ, φ̄) by defining the curve

ζ(φ) = ζ(s−(φ))+ r (φ)e ıφ.

We need to show that this is actually a curve and it is Lipschitz, locally convex, and φ 7→ u(ζ(φ)) is monotone,
where u is well defined as in the proof of Proposition 2.11, see Formula (2.12) for the explicit computation of
the time function at every round.

Taking the derivative and observing that Dζ(s−(φ)) = e ıφ|Dζ(s−(φ))| by definition, we have

Dζ= e ıφ(
Ds−+Dr

)+ ır e ıφ = (cot(β)+ ı)r e ıφ,

where we recall that ı is the imaginary unit. This shows that ζ is Lipschitz whenever r <∞, and moreover that

d

dφ
u ◦ζ= cot(β)r (φ) > 0,

giving the monotonicity.
Being φ 7→β(φ) a BV function by (3.6), we can further differentiate Dζ obtaining

D
Dζ

|Dζ| = D[(cos(β)+ ı sin(β))e ıφ] = (D cos(β)+ ıD sin(β))e ıφ+ (ı cos(β)− sin(β))e ıφ.

Taking the scalar product with

Dζ⊥

|Dζ| =
(
− sin

(β+(φ)+β−(φ)

2

)
+ ı cos

(β+(φ)+β−(φ)

2

))
e ıφ,

we get

Dζ⊥

|Dζ| ·D
Dζ

|Dζ| = 1+cos
(β++β−

2

)
D sin(β)− sin

(β++β−

2

)
D cos(β)

= sin(β
+−β−

2 )
β+−β−

2

D jumpβ+L 1 +Dcontβ.

Hence (3.6) implies ζ is convex. We thus conclude that it is a spiral according to Definition 2.10, once we
reparametrized it by length.

If β(φ) ↘ 0 as φ↗ φ̄, the same conclusion as for the first round applies, i.e. the spirals blow up with asymp-

totic direction e ıφ̌. If r (φ) ↘ 0, then the curve ζ(φ) closes at the angle φ̄. Otherwise, we can prolong the spiral
to the next round φ ∈ [φ̄ℓ, φ̄ℓ+1].

It is clear that such a construction gives a unique solution r (φ) and curve ζ(φ), and by construction at each
round the angle-ray representation coincides with the one of Proposition 2.11.

The last steps in the proof is to prove that φ̄ does not depend on r (0): for this, we just observe that the
equations (3.7) are linear w.r.t. r,ζ, so that r (φ) = r (0)rr (0)=1(φ) and similarly ζ(φ) = r (0)ζr (0)=1(φ). □

We conclude this section by observing that in case of constant angle β(φ) ≡β, the radius of curvature is

R(φ′) = r (φ)

sin(β)
,
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and then the equation (3.5) reads as

dr

dφ′ (φ′) = cot(β)r (φ′)− r (φ)

sin(β)
, φ′ = 2π+φ+β.

This is a linear RDE with constant coefficients introduced first by [Kle19], written as

d

dφ
r (φ) = cot(β)r (φ)− r (φ− (2π+β))

sin(β)
, (3.9)

which we are going to study in the next section.

3.1. Analysis of the Saturated Spiral. We start with the definition of saturated spiral, with the initial set of the
fire R0 = B1(0): even if it is not the initial fire set we consider, it will serve as a simpler situation where we
develop one of the building blocks of our analysis. The analysis for the "saturated spiral" when R0 = Br (0), r ∈
(0,1), or R0 = {(0,0)} will be done in Section 5. In particular, it is a simple observation that given an admissible
spiral ζ̄ up to the angle φ0 where ζ(φ0) is saturated, continuing ζ̄ as a saturated spiral (i.e. solving (3.3) with
β = arccos( 1

σ ) constant for r (φ) is the angle-ray coordinates) gives an admissible spiral up to the angle where
r (φ) may become 0: indeed by definition the rate of construction is equal to σ.

Definition 3.6. We define the saturated spiral as the admissible spiral Zsat with the following property:

S (Zsat) =
{

t ∈ [0,T ] : H 1(Zsat ∩R Zsat (t )) =σt
}= [0,T ].

Clearly the above definition implies thatΩ0 = B1(0), otherwise (1,0) ∈ Zsat is not saturated.
Saturated spirals are strategies built assuming the instantaneous speed of construction is constant and takes

the maximum value σ, that is the burning rate function b(t ) is constantly equal to σ.
The formula for burning rates (2.22) tells us that, in case of saturated spirals, the angle between the fire ray

and the spiral is constantly equal to

β+(φ) =β−(φ) = arccos
( 1

σ

)
,

which will be denoted by α= arccos( 1
σ ).

The first lemma addresses the first round: it is just the integration of the linear ODE (3.4), which is now with
constant coefficient cot(β(φ)) = cot(α), and it has been obtained already in [Kle19].

Lemma 3.7. Let Zsat be a saturated spiral. Then, in the angle-ray representation ζ(φ) = ζ(φ−2π−ᾱ)+rsat(φ)e ıφ,
the ray rsat(φ) satisfies the RDE

d

dφ
rsat(φ) = rsat(φ)cot(α)− rsat(φ− (2π+α))

sin(α)
, (3.10)

with initial data

rsat,0(φ) =
{

ecot(α)φ ∀φ ∈ [0,2π),

(e2πcot(α) −1)ecot(α)(φ−2π) ∀φ ∈ [2π,2π+α].

Proof. Forφ ∈ [0,2π] it is a consequence of the RDE which reduces to the ODE ṙ = cot(α)r . Assumeφ ∈ [2π,2π+
α], one easily computes that, calling P = (1,0), the saturated spiral is a logarithmic spiral centered at P with
initial radius r (2π)− 1. Finally, (3.10) follows by (3.9) for which the angle of the spiral is constantly equal to
α. □

In the next section we study the RDE of the saturated spiral.

3.2. Formulation as a retarded ODE. In this subsection we study in detail the RDE (3.10), and we find for which
angleα (or equivalently for which burning rate) the associated spiral confines the fire. Part of these results have
been already obtained in [Kle19] (we repeat them for completeness using a different approach based on RDE
analysis), with also a new direct proof that the saturated spiral constructed with speed σ ≤ σ̄ = 2.6144.. does
not confine the fire (Proposition 3.16): the speed σ̄ is called critical speed, and it is computed as the solution to
an eigen-equation.

The proof of this result exploits a change of variable in the equation (3.10), which will be of key importance
also in the next sections (Lemma 3.14). we refer mainly to [Hal93] for the theory of RDEs.
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3.2.1. Change of variables. Define the constant

c =
ln( 2π+α

sin(α) )

2π+α , (3.11)

and rescale the solution r (φ) to (3.10) as

ρ(τ) = r ((2π+α)τ)e−c(2π+α)τ. (3.12)

By direct computations

ρ̇ = (2π+α)e−c(2π+α)τ
( d

dφ
r ((2π+α)τ)− cr (2π+α)

)
= (2π+α)(cot(α)− c)ρ(τ)− (2π+α)e−c(2π+α)

sin(α)
ρ(τ−1)

= a(α)ρ(τ)−ρ(τ−1),

with

a(α) = (2π+α)(cot(α)− c(α)) = (2π+α)cot(α)− ln
(2π+α

sin(α)

)
. (3.13)

We will now study the spectrum of the RDE

ρ̇(τ) = aρ(τ)−ρ(τ−1). (3.14)

The characteristic equation for the eigenvalues λ is

λ+e−λ−a = 0. (3.15)

We start by studying the real eigenvalues: the following result has been obtained also by [Bre08, Kle19].

Lemma 3.8 (Real Eigenvalues). The following hold.

(1) If a > 1, there are two real eigenvalues λ−
0 ,λ+

0 with λ−
0 < 0 <λ+

0 with algebraic multiplicity 1.
(2) If a = 1, there exists a unique real eigenvalue λ0 = 0 with algebraic multiplicity 2.
(3) If a < 1 there are no real eigenvalues.

Proof. It is elementary to see that the function λ 7→λ+e−λ has a global minimum at λ= 0 with value 1 and it is
strictly convex. □

From the point of view of solutions we thus have [Hal93, Theorem 4.1] the following

Corollary 3.9. The following holds:

(1) If a > 1, there are two solutions to (3.14) of the form

ρ−(τ) = eλ
−
0 τ, ρ+(τ) = eλ

+
0 τ,

the first exponentially decreasing while the second exponentially increasing. The two real eigenvalues
λ−

0 ,λ+
0 with λ−

0 < 0 <λ+
0 have algebraic multiplicity 1.

(2) If a = 1, there exists two solutions of the form

ρ(τ) = 1, ρ(τ) = τ.

Since the function equation

α 7→ a(α) = (2π+α)
(

cot(α)+
ln( 2π+α

sin(α) )

2π+α
)

has derivative

− 2π+α
sin2(α)

+ (2π+α)cot(α) = 2π+α
sin2(α)

(1

2
sin(2α)−1

)
< 0,

by inverting it we obtain the following (see [Kle19, Lemma 6]):

Corollary 3.10. Let ᾱ be such that

(2π+α)
(

cot(α)+
ln( 2π+α

sin(α) )

2π+α
)
= 1, ᾱ= 1.1783..,

and

σ̄= 1

cos(ᾱ)
= 2.61443....

Then the following hold.
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Figure 16. Plot of the function f (y), Equation (3.17).

• If α< ᾱ (σ> σ̄), there are two exponential solutions to (3.10)

r−(φ) = e(c(α)+ λ−0
2π+α )φ, r−(φ) = e(c(α)+ λ+0

2π+α )φ

with

c(α)+ λ−
0

2π+α < c̄ = cot(ᾱ)− 1

2π+ ᾱ < c(α)+ λ+
0

2π+α .

• If α= ᾱ (σ= σ̄), there exist two solutions to (3.10)

r (φ) = e c̄φ, r (φ) =φe c̄φ,

with

c̄ = cot(ᾱ)− 1

2π+ ᾱ = 0.27995...

• If α> ᾱ (σ> σ̄), there are no purely exponential solutions to (3.10), i.e. every solution oscillates.

We now turn the attention to the complex eigenvalues λ= x + ı y :

x + ı y +e−x(
cos(y)− ı sin(y)

)= a,

which gives

x = ln
(sin(y)

y

)
, |y | ∈ (−π,π)+2kπ, (3.16)

and

f (y) = e y cot y sin y

y
= ea > 0. (3.17)

The function y 7→ f (y) = e y cot y sin y
y has the properties:

• it is symmetric, so we need to study only the case y > 0 (positive real part), and f (0) = e (which is the
critical case for the real eigenvalues);

• it is positive when sin(y) > 0, i.e. for

y ∈ (0,π)+2kπ, k = 0,1, . . . ,

negative in
y ∈ (π,2π)+2kπ, k = 0,1, . . . ,

and

lim
y→kπ−

f (y) = 0, lim
y→kπ+

f (y) =
{
−∞ k odd,

+∞ k even;

moreover it is strictly monotone in each interval.
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• For each k = 1,2, . . . , let yk be the unique solution to

e y cot y sin y

y
= ea , y ∈ (2kπ, (2k +1)π].

Writing yk = 2kπ+ π
2 −δk , we obtain the estimate

ea = e(2k+ 1
2 )πδk cos(δk )

(2k + π
2 )−δk

∼ e(2k+ 1
2 )πδk

(2k + π
2 )

,

which shows that δk ∼ ln(k)
2πk as k →∞.

• The corresponding eigenvalues are

λk = ln
(sin(yk )

yk

)
+ ı yk = a − yk

sin(yk )

(
cos(yk )− ı sin(yk )

)
, |λk −a| = yk

sin(yk )
.

By means of the asymptotic estimate of yk we get

λk −a =− (2k + 1
2 )π

cos(δk )
(sin(δk )− ı cos(δk )) ≃− ln(k)+ ık.

Hence they asymptotically lie on the curve

x ≃− ln(y).

• Since every 0 of (3.17) is simple, the complex eigenvalues are simple.

Reconstructing the eigenexponent for the original RDE (1.7), we have proved the following lemma (see
[Kle19, Lemma 6]).

Lemma 3.11 (Complex eigenvalues). The following hold.

(1) There is a sequence of complex conjugate exponents indexed by k = 1,2, . . .

ωk = c(α)+ λk

2π+α = cot(α)− yk

2π+α (cot(yk )± ı), yk = 2kπ+ π

2
−δk , δk ≃ ln(k)

2kπ
, (3.18)

such that the corresponding eigensolution to (3.10) is

rk (φ) = eω
±
k φ;

(2) if α > ᾱ, there is a couple of complex conjugate exponents ω0 computed according to (3.18) with y0 ∈
(0,π);

(3) for α= ᾱ the couple at |y | <π of the previous point merges to the exponent

c̄ = cot(ᾱ)− 1

2π+ ᾱ .

3.2.2. Application to saturated spiral strategies. Aim of this section is to prove that the saturated spiral confines
the fire forσ> σ̄ and does not confine the fire forσ≤ σ̄. The first statement is quite easy and it has been already
proved in [Bre08] and [Kle19, Theorem 1], while the second is a consequence of the estimate on the number
n of rounds needed to close the saturated spiral, i.e. n ∼ ℑ(ω0)−1 given in [Kle19, Theorem 4]. In this section
we present a different approach for this second result which can be adapted to general spirals, and obtain the
asymptotic behavior.

We assume first that σ > σ̄ and consider as initial data for the RDE (1.7) any admissible spiral. This is the
case where a firefighter constructs any admissible spiral with construction speed σ up to some point Q, with
the property that in the point Q it holdsβ−(Q) ≤ ᾱ, and then it starts constructing a spiral with constant angle ᾱ.
We will call saturated branches the arcwise connected subsets of spiral-like strategies constructed with constant
angle ᾱ.

The new spiraling strategy obtained in this way is still convex and it is admissible, being the point Q admis-
sible: indeed, if Z is this particular spiral strategy, then

H 1(S ∩R Z (t )) =H 1(Z ∩R Z (sQ ))+σ(t − sQ ) ≤σt , ∀t ≥ sQ ,

with sQ = u(Q) (u is the minimum time function), where we have used that the burning rate (2.21) is constantly
equal to σ and the fact that Q is admissible.

The previous discussion on the complex spectrum of the operator justifies the following statement.

Proposition 3.12 ([Bre08, Kle19]). If σ> σ̄, then for any initial data the saturated spiral confines the fire.
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Proof. We consider the change of variables

ρ(τ) = r ((2π+α)τ)e−(2π+α)cot(α)τ,

then the function ρ satisfies the following RDE:

ρ̇(τ)+ (2π+α)

sin(α)
e−(2π+α)cot(α)ρ(τ−1) = 0.

It is a well known fact that every solution of a RDE of the form ḟ (τ)+c f (τ−r ) = 0 with c > 0 is oscillating iff the
characteristic equation λ+ ce−λr = 0 has only complex eigenvalues (see for example [Mys51]). □

Remark 3.13. Observing that by (3.18)

ℜ(ωk ) ≤ℜ(ω1) < cot(α)− 2π

2π+α ≤ cot(ᾱ)− 2π

2π+ ᾱ =−0.428111,

so that for α↘ ᾱ the only surviving eigenvectors are the ones corresponding to ω0, which takes about π
y0

to
close. A more precise argument using the projection of the initial data gives the estimate of [Kle19, Theorem 4].

For the analysis of the second case, we consider (3.14) and use the following simple lemma.

Lemma 3.14. The following holds:

(1) If a > 1 and ρ(1) ≥ ρ(τ) > 0 for every τ ∈ [0,1], then ρ(τ) diverges exponentially.
(2) If a = 1 and ρ(1) > ρ(τ) > 0, τ ∈ [0,1), then the solution ρ(τ) diverges linearly.
(3) If a < 1, the solution ρ(τ) oscillates.

In particular, the solution r (φ) is diverging when ρ(τ) satisfies the first two conditions.

Proof. It is immediate to see that in the case a > 1 the solution ρ(τ) is non decreasing for τ≥ 2. Similarly when
a = 1 the solution ρ(τ) is strictly increasing for τ > 2 under the assumptions of the statement. Moreover it is
fairly easy to see from (3.16) that all complex eigenvalues have negative real part.

Thus if a > 1 the unique non decreasing eigensolution is eλ
+
0 τ, which is the asymptotic limit of ρ(τ). The

same for a = 1, where the unique increasing solution is τ.
The third point is due to the fact that there are only complex eigenvalues. □

Remark 3.15. Observe that the first two cases clearly hold also if

ρ̇(τ) ≥ aρ(τ)−ρ(τ−1), a ≥ 1.

We now show how this lemma can be applied to a concrete case, namely the saturated spiral rsat(φ) of
Lemma 3.7, to prove that the strategy cannot confine the fire.

Proposition 3.16. Let Z be the saturated spiral. Then it does not confine the fire for σ≤ σ̄.

Proof. Recall the initial data for the saturated spiral is given in Lemma 3.7: it is precisely

rsat(φ) =
{

ecot(α)φ φ ∈ [0,2π),

(e2πcot(α) −1)ecot(α)(φ−2π) φ ∈ [2π,2π+α].

According to Lemma 3.14, we have to prove that for all φ ∈ [0,2π)

rsat(2π+α)e−c(2π+α) > rsat(φ)e−cφ =
{

ea(α) φ
2π+α φ ∈ [0,2π),

(e2πcot(α) −1)e−2πcot(α)+a(α) φ
2π+α φ ∈ [2π,2π+α);

it is clear that the assumption of the lemma is verified for φ ∈ [2π,2π+ ᾱ), being rsat(φ)ea(α) φ
2π+α increasing in

that interval since a(α) ≥ 1. It is also clear from the formula that we need only to check that

(e2πcot(α) −1)e−2πcot(α)+a(α) −ea(α) 2π
2π+α > 0.

Using (3.13) one can numerically verify that the function (see Fig. 17)

α 7→ (e2πcot(α) −1)e−2πcot(α)+a(α) −ea(α) 2π
2π+α (3.19)

is decreasing w.r.t. α, and it is positive for α < 1.2. Being the critical angle ᾱ = 1.17.. < 1.2, then we can apply
Lemma 3.14 and deduce that the saturated spirals does not confine the fire. □
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Figure 17. Plot of the function (3.19).

3.2.3. Green kernels of the RDE. We write now explicitly the kernel for the RDE (3.14), i.e. a functions g :R→R

satisfying

ġ (τ) = ag (τ)− g (τ−1)+d0

in the sense of distributions, where d0 is the Dirac’s delta measure.

Lemma 3.17. The kernel for the RDE (3.14) is the function

g (τ) =
∞∑

k=0
(−1)k ea(τ−k) (τ−k)k

k !
1I[k,∞)(τ).

Proof. Indeed

lim
τ↗0

g (τ) = 0, lim
τ↘0

g (τ) = 1

and by differentiation for τ> 0 we obtain

ġ (τ) =
∞∑

k=0
(−1)k aea(τ−k) (τ−k)k

k !
1I[k,∞)(τ)+

∞∑
k=1

(−1)k ea(τ−k) (τ−k)k−1

(k −1)!
1I[k,∞)(τ)

= ag (τ)− g (τ−1). □

Next we give the asymptotic behavior of g .

Lemma 3.18. It holds:

(1) if a > 1, then the kernel g (τ) grows exponentially as

eλ
+
0 τ

1−e−λ
+
0

,

where λ̃−
0 is the unique positive real eigenvalue of (3.15), and moreover τ 7→ g (τ)e−λ0+τ− 1

1−e−λ
+
0

is expo-

nentially decaying for τ→∞;
(2) if a = 1, then

τ 7→ g (τ)−2τ+ 2

3
is exponentially decaying as τ→∞;

(3) if a < 1, defining the quantity

U+
0 = 1

1− λ̃+
0

= |U+
0 |e i ln(ℑ(U+

0 )),
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Figure 18. Plot of g (τ) with α= ᾱ−0.01 (green), α= ᾱ (orange), α= ᾱ+0.1 (blue), and the
asymptotic behavior of Point (2) of Lemma 3.18.

where λ̃+
0 is the eigenvalue of (3.15) with minimal real part and positive imaginary part, we obtain that

τ 7→ [
g (τ)e−ℜ(λ+0 )τ−2|U+

0 |cos(ℑ(s+0 )τ+ ln(ℑ(U+
0 ))

)]
is exponentially decaying as τ→∞.

Proof. Take the Laplace transform ĝ (s) of g (τ): by using (3.14) we obtain

−g (0)+ sĝ (s) = aĝ (s)−e−s ĝ (s) =⇒ ĝ (s) = 1

s +e−s −a
.

If a ̸= 1, then ĝ has a simple pole when

s +e−s = a =⇒ s =λk ,

where λk are the eigenvalues computed in the previous section.
For a < 1, there is a couple of complex conjugate poles which have the least negative real partλ±

0 =−x0±i y0,
x0, y0 > 0: the residue about them is

U±
0 = 1

d
d s

(
s +e−s −a

)
⌞λ±0

= 1

1−e−λ
±
0

.

Defining

V0(τ) =U−
0 eλ

−
0 τ+U+

0 eλ
+
0 τ

= 2|U+
0 |eℜ(λ+0 )τ cos(ℑ(λ+

0 )τ+ℑ(ln(U+
0 ))),

where
U+

0 = |U+
0 |e iℑ(ln(U+

0 )),

we conclude that
τ 7→ (g (τ)−V0(τ))e−ℜ(λ+0 )τ

is exponentially decaying as τ→+∞.
Same reasoning for a > 1: in this case there is only one pole λ+

0 with positive real part, and then the residue
is

U+
0 = 1

1−e−λ
+
0

.

We thus conclude as before that
τ 7→ g (τ)e−λ

+
0 τ−U+

0

is exponentially decaying as τ→∞.
In the critical case, the Laplace transform has a pole in 0 of order 2 and can be expanded as

ĝ (s) = 2

s2

(
1+ s

3
+O (s2)

)
= 2

s2 + 2

3s
+O (1).

Hence

g (τ)−2τ− 2

3
decays exponentially as the first eigenvalue with negative real part for τ→∞. □
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In the following we need also to compute the solution m(τ,τ1,τ2) for a Cauchy problem with a diffuse source:
it will be useful when studying the fastest saturated spiral and its perturbations.

Lemma 3.19. The unique solution to the problem

ρ̇(τ) = aρ(τ)−ρ(τ−1)+ (2π+α)1I[τ1,τ2)e
−c(2π+α)τ, ρ(τ) = 0 for τ< τ1, (3.20)

where c = c(α) is given by (3.11), is

m(τ,τ1,τ2) =
∞∑

k=0

[
e−c(2π+α)τ1

cot(α)

k∑
ℓ=1

(−1)ℓea(τ−τ1−k) (τ−τ1 −k)ℓ

ℓ!((2π+α)cot(α))k−ℓ 1I[0,∞)(τ−τ1 −k)

− e−c(2π+α)τ2

cot(α)

k∑
ℓ=1

(−1)ℓea(τ−τ2−k) (τ−τ2 −k)ℓ

ℓ!(cot(α)(2π+α))k−ℓ 1I[0,∞)(τ−τ2 −k)

+
e−c(2π+α)τ1

cot(α) [ea(τ−τ1−k) −1]+− e−c(2π+α)τ2

cot(α) [ea(τ−τ2−k) −1]+

(cot(α)(2π+α))k

]
.

Proof. Using Duhamel’s formula we get that the solution is

m(τ,τ1,τ2) = g ∗ρ0(τ), ρ0(τ) = (2π+α)e−c(2π+α)τ1I[τ1,τ2)(τ),

that is

m(τ,τ1,τ2) = (2π+α)

ˆ τ2

τ1

g (τ−τ′)e−c(2π+α)τ′dτ′

= (2π+α)

ˆ τ2

τ1

∞∑
k=0

(−1)k ea(τ−τ′−k)−(cot(α)(2π+α)−a)τ′ (τ−τ′−k)k

k !
1I[k,∞)(τ−τ′)dτ′

= (2π+α)
∞∑

k=0
e−c(2π+α)(τ−k)

ˆ τ2

τ1

(−1)k ecot(α)(2π+α)(τ−τ′−k) (τ−τ′−k)k

k !
1I[k,∞)(τ−τ′)dτ′

=
∞∑

k=0

(2π+α)e−c(2π+α)(τ−k)

(cot(α)(2π+α))1+k

ˆ cot(α)(2π+α)(τ−τ1−k)

cot(α)(2π+α)(τ−τ2−k)
(−1)k eσ

σk

k !
1I[0,∞)(σ)dσ

=
∞∑

k=0

(2π+α)e−c(2π+α)(τ−k)

(cot(α)(2π+α))1+k

[ k∑
ℓ=1

(−1)ℓecot(α)(2π+α)(τ−τ1−k) (cot(α)(2π+α)(τ−τ1 −k))ℓ

ℓ!
1I[0,∞)(τ−τ1 −k)

+ [
ecot(α)(2π+α)(τ−τ1−k) −1

]+
−

k∑
ℓ=1

(−1)ℓecot(α)(2π+α)(τ−τ2−k) (cot(α)(2π+α)(τ−τ2 −k))ℓ

ℓ!
1I[0,∞)(τ−τ2 −k)

− [
ecot(α)(2π+α)(τ−τ2−k) −1

]+]
=

∞∑
k=0

[e−c(2π+α)τ1

cot(α)

k∑
ℓ=1

(−1)ℓea(τ−τ1−k) (τ−τ1 −k)ℓ

ℓ!((2π+α)cot(α))k−ℓ 1I[0,∞)(τ−τ1 −k)

− e−c(2π+α)τ2

cot(α)

k∑
ℓ=1

(−1)ℓea(τ−τ2−k) (τ−τ2 −k)ℓ

ℓ!(cot(α)(2π+α))k−ℓ 1I[0,∞)(τ−τ2 −k)

+
e−c(2π+α)τ1

cot(α) [ea(τ−τ1−k) −1]+− e−c(2π+α)τ2

cot(α) [ea(τ−τ2−k) −1]+

(cot(α)(2π+α))k

]
,

which is the formula in the statement. □

We compute the asymptotic behavior of m, which is the integral of the convolution of the asymptotic for-
mula of g with the source ρ0.

Lemma 3.20. Denoting with g asympt(τ) the asymptotic expansions of g (τ) in Lemma 3.18, it holds

masympt(τ,τ1,τ2) =
ˆ τ2

τ1

ρ0(τ′)∗ g asympt(τ−τ′)dτ′.
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Figure 19. The kernel m(τ, 1
2 ,1) with α = ᾱ−0.1 (green), α = ᾱ (orange), α = ᾱ+0.1 (blue),

and its oscillations about the asymptotic expansion of m(τ,τ1,1) for τ1 ∈ [ 1
2 ,1].

In particular, it is blowing up exponentially for a > 1, decaying exponentially and oscillating for a < 1 and in the
critical case a = 1 we have the asymptotic linear growth

masympt(τ,τ1,τ2) ∼
(
2τ+ 2

3

)e−c̄(2π+ᾱ)τ1 −e−c̄(2π+ᾱ)τ2

c̄

−2
[c̄(2π+α)τ1 +1]e−s̄(2π+ᾱ)τ1 − [c̄(2π+α)τ2 +1]e−c̄(2π+ᾱ)τ2

c̄2 +O (e−ℜ(s±1 )τ),

with s±1 the first non 0 eigenvalues.

Proof. Integrating

m(τ,τ1,τ2) ∼
ˆ τ2

τ1

(2π+ ᾱ)e−c̄(2π+ᾱ)τ′
(
2(τ−τ′)+ 2

3
+O (e−ℜ(s±1 )(τ−τ′))

)
dτ′

=
(
2τ+ 2

3

)ˆ (2π+ᾱ)τ2

(2π+ᾱ)τ1

e−c̄σdσ−2

ˆ (2π+ᾱ)τ2

(2π+ᾱ)τ1

σe−c̄σdσ+O (e−ℜ(s±1 )τ)

=
(
2τ+ 2

3

)e−s̄(2π+ᾱ)τ1 −e−c̄(2π+ᾱ)τ2

c̄

−2
[c̄(2π+α)τ1 +1]e−s̄(2π+ᾱ)τ1 − [c̄(2π+α)τ2 +1]e−c̄(2π+ᾱ)τ2

c̄2 +O (e−ℜ(s±1 )τ),

which is the statement. □

Remark 3.21. In the original variables r,φ, by (3.12) the kernel G(φ) is computed as

G(φ) = g
( φ

2π+α
)
ecφ

=
∞∑

k=0
(−1)k ecot(α)φ−ak ( φ

2π+α −k)k

k !
1I(0,∞]

( φ

2π+α −k
)

=
∞∑

k=0
(−1)k ecot(α)(φ−(2π+α)k) (φ− (2π+α)k)k

k ! sin(α)k
1I[0,∞)(φ− (2π+α)k),

where we used (3.11). We recall that this means in distributions

Ġ(φ) = cot(α)G(φ)− G(φ− (2π+α))

sin(α)
+d0.

In the original variables r,φ the Cauchy problem with source (3.20) corresponds to

ṙ (φ) = cot(α)r (φ)− r (φ−2π−α)

sin(α)
+1I[φ1,φ2), (3.21)
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and the solution is

M(φ,φ1,φ2) = ecφm
( φ

2π+α ,
φ1

2π+α ,
φ2

2π+α
)

=
∞∑

k=0

[ k∑
ℓ=1

(−1)ℓecot(α)(φ−φ1−(2π+α)k) (φ−φ1 − (2π+α)k)ℓ

ℓ! sin(α)k cot(α)k+1−ℓ 1I[0,∞)(φ−φ1 − (2π+α)k)

−
k∑
ℓ=1

(−1)ℓecot(α)(φ−φ2−(2π+α)k) (φ−φ2 − (2π+α)k)ℓ

ℓ! sin(α)k cot(α)k+1−ℓ 1I[0,∞)(φ−φ2 − (2π+α)k)

+ [ecos(α)(φ−φ1−(2π+α)k) −1]+− [ecot(α)(φ−φ2−(2π+α)k) −1]+

cot(α)

]
.

Remark 3.22. The following differential relations are elementary, but used very often in the next sections: we
will thus collect them here as reference.

Derivative of g ,G: it holds

d

dτ

[
∂φ0 g (τ−τ0)

]= a
[
∂τ0 g (τ−τ0)

]− [
∂τ0 g (τ−τ0 −1)

]− d

dτ0
dτ0 ,

∂τ0 g (τ−τ0) =−dτ0 −ag (τ−τ0)+ g (τ−τ0 −1).

Similarly for G

d

dφ

[
∂φ0G(φ−φ0)

]= cot(α)
[
∂φ0G(φ−φ0)

]− [
∂G(φ−φ0 −2π−α)

]
sin(α)

+ d

dφ0
dφ0 ,

∂φ0G(φ−φ0) =−dφ0 −cot(α)G(φ−φ0)+ G(φ−φ0 −2π−α)

sin(α)
. (3.22)

Derivative of m, M : it holds

d

dτ

[
∂τ1 m(τ,τ1,τ2)

]= a
[
∂τ1 m(τ,τ1,τ2)

]− [
∂τ1 m(τ,τ1,τ2)

]− (2π+α)e−c(2π+α)τ1dτ1 ,

∂τ1 m(τ,τ1,τ2) =−(2π+α)e−c(2π+α)τ1 g (τ−τ1),

d

dτ

[
∂τ2 m(τ,τ1,τ2)

]= a
[
∂τ2 m(τ,τ1,τ2)

]− [
∂τ2 m(τ,τ1,τ2)

]+ (2π+α)e−c(2π+α)τ2dτ2 ,

∂τ2 m(τ,τ1,τ2) = (2π+α)e−c(2π+α)τ2 g (τ−τ2).

Similarly for M

d

dφ

[
∂φ1 M(φ,φ1,φ2)

]= cot(α)
[
∂φ1 M(φ,φ1,φ2)

]− [
∂φ1 M(φ,φ1,φ2)

]
sin(α)

−dφ1 ,

[
∂φ1 M(φ,φ1,φ2)

]=−G(φ−φ1), (3.23)

d

dφ

[
∂φ2 M(φ,φ1,φ2)

]= cot(α)
[
∂φ2 M(φ,φ1,φ2)

]− [
∂φ2 M(φ,φ1,φ2)

]
sin(α)

+dφ2 ,[
∂φ2 M(φ,φ1,φ2)

]=G(φ−φ2).

For the sake of completeness, in the critical case α= ᾱ we give the asymptotic expansions of G(φ−φ0) and
M(φ,φ1,φ2).

Corollary 3.23. When α= ᾱ the following expansions hold

G(φ−φ0) = (φ− φ̄0)e c̄(φ−φ̄0)
(
1+O

( 1

φ− φ̄0

))
,

M(φ,φ1,φ2) = 2
1−e c̄(φ2=φ1)

c̄
(φ−φ1)e c̄(φ−φ1)

(
1+O

( 1

φ−φ1

))
.

Proof. It is an application of the asymptotic expansions for g (τ) and m(τ,τ1,τ2). □
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3.2.4. Length of saturated spirals. For later use, we now compute the length of a saturated spiral, namely the
quantity

G (φ) =
ˆ φ

−∞
G(φ′)
sin(ᾱ)

dφ′ =
ˆ τ

0
g (τ′)e c̄(2π+ᾱ)(τ′+1)dτ′, φ= (2π+ ᾱ)τ,

satisfying the RDE
d

dφ
G (φ) = cot(ᾱ)G (φ)− G (φ−2π− ᾱ)

sin(ᾱ)
+ H(φ)

sin(ᾱ)
, (3.24)

obtained by computing the expression d 2

dφ2 G (φ), where H(φ) is the Heaviside function

H(φ) =
{

0 x < 0,

1 x ≥ 0.

In terms of τ we will write also

g(τ) =
ˆ τ

−∞
g (τ′)e c̄(2π+ᾱ)(τ′+1)dτ′.

Using the formula ˆ x

0
(−1)k ex′

(x ′)k

k !
d x ′ =

k∑
ℓ=0

(−1)ℓ
ex xℓ

ℓ!
−1,

we obtain the explicit formulas

G (φ) =
∞∑

k=0

1

cos(ᾱ)k+1

[
−1+

k∑
j=0

(−1) j ecot(ᾱ)(φ−(2π+ᾱ)k) (cot(ᾱ)(φ− (2π+ ᾱ)k)) j

j !

]
1I[0,∞)(φ− (2π+ ᾱ)k).

For the kernel M(φ,φ1,φ2),

M
(
φ,φ0 +2π+ π

2
,φ0 +2π+ π

2
+∆φ

)
=
ˆ φ0+2π+ π

2 +∆φ

φ0+2π+ π
2

G(φ−φ′)dφ′.

we have with simple calculus
ˆ φ

0

M(φ′,φ1,φ2)

sin(ᾱ)
dφ′ =

ˆ φ

0

[ˆ φ′

φ1

−
ˆ φ′

φ2

]G(φ′−φ′′)
sin(ᾱ)

dφ′′dφ′

=
[ˆ φ−φ1

0
−
ˆ φ−φ2

0

]ˆ φ′

0

G(φ′−φ′′)
sin(ᾱ)

dφ′′dφ′

= (2π+ ᾱ)2

sin(ᾱ)

[ˆ (2π+ᾱ)(τ−τ1)

0
−
ˆ (2π+ᾱ)(τ−τ2)

0

]ˆ τ′

0
g (τ′−τ′′)e c̄(2π+ᾱ)(τ′−τ′′)dτ′dτ′′,

where we have used the change of variable φ= (2π+ ᾱ)τ. Recalling the definition of G (φ) and defining

G(τ) =
ˆ φ

0
G (φ′)dφ′ = (2π+α)

ˆ τ

0
G (τ′)dτ′ = (2π+α)

ˆ τ

0

ˆ τ′

0
g (τ′−τ′′)e c̄(2π+ᾱ)(τ′−τ′′+1)dτ′dτ′′,

G(φ) =
∞∑

k=0

1

cos(ᾱ)k+1

{
− (φ− (2π+ ᾱ)k)

+
k∑

j=0

1

cot(ᾱ)

[
−1+

j∑
ℓ=0

(−1)ℓecot(ᾱ)(φ−(2π+ᾱ)k) (cot(ᾱ)(φ− (2π+ ᾱ)k))ℓ

ℓ!

]}
1Iφ≥(2π+ᾱ)k (φ).

we obtain thus ˆ φ

0

M(φ′,φ1,φ2)

sin(ᾱ)
dφ′ = (

G(τ−τ1)−G(τ−τ2)
)
, τ1 = φ1

2π+ ᾱ , τ2 = φ2

2π+ ᾱ .

Finally by (3.24) we obtain

d

dφ
G(φ) = cot(ᾱ)G(φ)− G(φ−2π− ᾱ)

sin(ᾱ)
+ max{0,φ}

sin(ᾱ)
. (3.25)
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4. EXISTENCE OF OPTIMAL CLOSING BARRIERS AT A GIVEN ANGLE

One of the difficulties we face when studying this problem is that the optimization problem (1.6) may be
empty (which is actually what we want to prove forσ≤ σ̄). Aim of this section is to give a different minimization
problem (Definition 4.3) on the set of admissible spirals with the following property: if the minimum is 0 or
negative then there is a spiral which is blocking the fire spreading.

Let Z be a given admissible spiral strategy, let L̄ be a large constant and let φ0, φ̄ be some rotation angles
with 0 ≤φ0 ≤ φ̄.

Definition 4.1. The set of admissible continuations AS (Z ,φ0) is the set of admissible spirals that coincide with
Z up to the rotation angle φ0, can be prolonged to the rotation angle φ̄ and have length uniformly bounded by
L̄.

Remark 4.2. In the previous definition the parameters L̄, φ̄ do not appear in the notation AS (Z ,φ0) because, if
there is a blocking spiral, then L̄ and φ̄ can be chosen so that it belongs to AS (Z ,φ0).

The parameter L̄ is needed because we need some compactness when using the angle variable φ in the rep-
resentation of the spiral: clearly L̄ →∞ suggests that we are not blocking the fire. An estimate of the parameter
L can be done by using the saturated spiral of Section 3.1, which is always admissible, but not optimal: in
particular there is at least on L such that the set AS (Z ,φ0) is not empty.

In Section 8 we will construct explicitly the optimal solution, thus obtaining also an estimate on L̄: we remark
that it will have a longer length than the saturated spiral. This spiral is optimal among all other admissible
spirals, and then the parameter L will not play any role in the minimization problem below.

Definition 4.3 (Minimization problem). We consider the following minimization problem:

min
{
r Z̃ (φ̄), Z̃ ∈AS (Z ,φ0)

}
, (4.1)

where (r Z̃ (φ),φ) is the angle-ray parametrization of the spiral Z̃ .

Aim of this section is to prove that there is an optimal spiral for the problem (4.1) (for some L ≫ 1 fixed), and
to construct the optimal solution in the case φ̄< 2π+φ0 +β−(φ0).

One of the main ingredient is a compactness result in AS (Z ,φ0). This compactness is independent of φ0, in
the sense that AS (Z ,φ0) is a closed subset of AS . Hence we state it for the latter: this is slightly more technical
because of the presence of the initial segment, where the angle-ray parametrization degenerates. It can be
clearly adapted to become an independent proof of the existence of an optimal admissible spiral.

4.1. Study of the minimization problem. Given the control parameter β : [φ0, φ̄) → (0, π2 ] with the convexity
condition (3.6), the corresponding spiral is obtained by solving

Dr = cot(β)rL 1 −Ds−, r (0) = r0 ≥ 1, (4.2)

where s−(φ) is constructed according to Proposition 3.5, i.e. at the previous round. The initial segment is
[(1,0), (r0,0)], which we assume to belong to the initial given spiral arc: we will see that it is not the optimal
solution.

The set where the functions β(φ) can be chosen is the intersection of the two sets{
β : ∀φ ∈ [0, φ̄]

(
A (φ) = 1+ s−(φ)+ r (φ)− s+(φ)

σ
≥ 0

)}
∩

{
β ∈

(
0,
π

2

]
: r (φ) > 0,Dβ+1 ≥ 0,r0 −1+ s+(φ) ≤ L̄

}
.

The first set is the set of admissible spirals, while the second means that the solution to (4.2) is a spiral, that the
spiral is convex, and that its total length is less than L̄. The conditionˆ ϵ

0

1

β(φ)
dφ<∞

is hidden in the requirement that the total length is bounded and the curve arrives at angle φ̄> 0, see Proposi-
tion 3.5.

Proposition 4.4. Consider a sequence of βn(φ) and initial segments [(0,0), (r n
0 ,0)] such that

βn ∈
(
0,
π

2

]
, Dβn +1 ≥ 0,

ˆ ϵ

0

1

βn(φ)
dφ<∞, (4.3)
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and let ζn be the spiral constructed by Proposition 3.5 by solving (3.3). Assume that L(ζn) ≤ L̄ and for all ϵ > 0
there exists δ> 0 such that

r n(φ) ≥ δ ∀φ ∈ (ϵ, φ̄−ϵ). (4.4)

Then there is a subsequence (not relabeled) such that βn → β, r n → r in L1(0, φ̄) and ζn → ζ in W 1,1(0, φ̄), with
ζ(0)−1+L(ζ) ≤ L̄.

The uniform positivity of r n implies the curves ζn are not converging to a curve which closes before the
angle φ̄, thus making the angle-ray description meaningless. For the fire blocking problem this φ̄ could be
every angle before the minimal angle for which there is a blocking spiral.

Proof. We start with a series of compactness estimates. At each step we will extract the corresponding converg-
ing subsequence: we will often avoid relabeling the subsequences.

Step 1. The total variation of βn is uniformly controlled by

Tot.Var.(βn , [0, φ̄]) ≤ π

2
+2φ̄.

This follows from the one-sided Lipschitz condition Dβn + 1 ≥ 0 and β ∈ [0,π/2]. Hence, being βn ∈ [0, π2 ]
bounded, we can assume that βn → β in L1(0, φ̄): moreover the points where it is not convergent are the dis-
continuity points of β, which form a countable family.

Step 2. Having finite length, it follows that the final points (r n
0 ,0) of the initial segment are compact, and then

r n
0 → r0. This is not in general the final point of the initial segment, because ζn may add additional intervals to

this segment.

Step 3. The unit vectors ζ̇n rotate monotonically about 0 for a total angle ≤ φ̄+ π
2 , so that the measure second

derivative of ζn satisfies

|D2ζn | ≤ φ̄+ π

2
.

Hence we can assume that ζn → ζ in W 1,1(0, φ̄), and also D2ζn *D2ζ weakly on (0, φ̄).

Step 4. Since ζ̇n → ζ̇ in L1(0, φ̄), the monotone function φ 7→ s−,n(φ) converges in L1(0, φ̄) to the corresponding
function φ 7→ s−(φ): indeed s−,n(φ) → s−(φ) in every point φ where the latter is continuous. In particular
Ds−,n *Ds− weakly in the interval (0, φ̄). Observe also that Tot.Var.(s−,n , [0, φ̄]) ≤ L̄.
Step 5. By the length formula (3.2), using the one-sided Lipschitz condition (4.3) for βn and the fact that r n(φ)
is uniformly positive for φ ∈ (ϵ, φ̄− ϵ) by (4.4) and bounded above by the L̄ + 1, we conclude that there exists
ϵ′ > 0 such that βn(φ) ≥ ϵ′ for all φ ∈ (ϵ, φ̄−ϵ). Hence

1

sin(βn(φ))
→ 1

sin(β(φ))
in L1(ϵ, φ̄−ϵ), ∀ϵ> 0.

Since for φ ∈ [0,2π] it holds r n(φ) ≥ 1, we also conclude that

L 1

sin(βn)
* cd0 + L 1

sin(β)
weakly in [0, φ̄−δ], ∀δ> 0.

Observe also that
cot(βn)L 1 * cd0 +cot(β)L 1 weakly in [0, φ̄−δ], ∀δ> 0,

because cot(β) ∼ 1
sin(β) when β↘ 0.

Step 6. Consider now the ODE (3.3): since

D(r n + s−,n) = cot(βn)r n ≥ 0, 1 ≤ r n ≤ L̄,

it follows that
Tot.Var.(r n , [0, φ̄]) ≤ 2L̄.

Hence also r n → r in L1(0, φ̄).

Step 7. The ODE (3.3) passes to the limit as

Dr = cot(β)rL 1 −Ds−, φ ∈ (0, φ̄),

where we observed that s−,n(φ) = 0 for φ ∈ [0,2π). It remains to analyze the initial data, where a Dirac’s delta
can accumulate.
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Using the estimates of Step 5 for φ→ 0 and that s−,n = 0 in the first round, we can compute

r n(φ) = r n
0 e
´ φ

0 cot(βn )L 1
.

Passing to the limit we obtain

r (φ) = (r0ec )e
´ φ

0 cot(β)L 1
,

so that the initial segment for the spiral is [(1,0), (r0ec ,0)].

Step 8. Finally, we show that the limit curve ζ is represented by the limit r (φ). First one observes that from

d s+,n

dφ
= r n(φ)

sin(βn(φ))

and the convergence of L 1

sin(βn ) of Step 5 and of r n , it follows that s+,n converges uniformly in (δ, φ̄−δ).
One then passes to the limit

ζn(s+,n(φ)) = ζn(s−,n(φ))+ r n(φ)e ıφ,

obtaining that for L 1-a.e. φ
ζ(s+(φ)) = ζ(s−(φ))+ r (φ)e ıφ.

The remaining φ are obtained by taking the limit from the right (we want r (φ) to be right continuous) and the
angle φ̄ is obtained by taking the limitφ↗ φ̄: we are using Dζ= e ıφD(s−+r )+ ıe iφr , which gives that the limits
exist because D(r + s−) ∈ L∞ (and the curve is Lipschitz).

Step 9. In this last step we just verify the length estimate: again using the convergence estimates of Steps 5, 7
and 8 we obtain

r n
0 −1+ s+,n(φ) → (r0ec )−1+ s+(φ),

so that the length bound depends continuously. □

We single out the convergences we obtained in the proof.

Corollary 4.5. Under the assumptions of the previous proposition, we can extract a subsequence βn such that:

(1) the functions βn , r n , s−,n are uniformly BV and converge in L1(0, φ̄) to β,r, s−;
(2) the functions s+,n ,r n + s−,n converges locally uniformly in (0, φ̄) to s+,r + s−;
(3) the spirals ζn converges in W 1,1(0, φ̄) to a spiral ζ, corresponding to the angle-ray representation r with

control angle β;
(4) the time function u is converging locally uniformly in the set R2 \ζ([0, φ̄]) if r (φ̄) > 0, otherwise converges

locally uniformly in the open set ∪φζ(s−(φ))+e ıφ(0,r (φ)).

Hence the admissibility functional A (φ) for ζn converges to the admissibility functional for ζ for all φ> 0.

In particular, if ζn are admissible, so it is ζ.

Proof. The convergence of the admissibility functional follows from the uniform convergence of s+,n ,r n +s−,n .
We now study the convergence of the time function u. By the uniform convergence of ζn , it is enough to

study the behavior of u in each round, i.e. the convergence of the time function (2.11) when the region Sn
ℓ

is bounded by a simple curve converging in W 1,1 (the case after the last round (where u has to be computed
outside Sn

ℓ
) can be easily be handled in a similar way). The weak convergence of D2ζn implies that the map

x 7→ sn(x) such that
x −ζn(sn(x))

|x −ζn(sn(x))| ∈ ∂
−ζn(sn(x)) and (ζn)−1((ζn(sn(x)), x)) =;

converges pointwise, and then locally uniformly. By repeating this reasoning for the finite number of rounds
we obtain the statement on u. □

We can now state the main theorem of this section.

Theorem 4.6. Fix a rotation angle φ̄≥φ0 and a length L̄ sufficiently large. Then either there exists an admissible
spiral in AS (Z ,φ0) blocking the fire before or at φ̄ or there exists an admissible spiral ζ such that r (φ̄) is minimal
among all admissible spirals of length bounded by L̄.

Remark 4.7. In the main theorem of the paper we will give an explicit form for the optimal spiral, which is
independent on the parameter L̄, so that in particular the length L̄ where to search for the minimum can be
explicitly estimated.
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Proof. If there is an admissible spiral blocking the fire before or at φ̄ there is nothing to prove. Otherwise
consider the number

inf
{

r (φ̄) = ∣∣ζ(s+(φ̄))−ζ(s−(φ̄))
∣∣,ζ ∈AS (Z ,φ0)

}
.

Notice that the set is not empty if L̄ ≫ 1, since it contains the saturated spiral of the previous section, whose

length is bounded by ecot(α)φ̄.
If this number if 0, then there are a sequence of admissible spirals ζn such that

ζn(s+,n(φ̄))−ζn(s−,n(φ̄)) → 0.

Hence by the convergence of Corollary 4.5 it follows that up to subsequences ζn converges to a spiral such that

lim
φ↗φ0

ζ(s+(φ̄))−ζ(s−(φ̄)) = 0,

so that it blocks the fire at φ̄.
The same reasoning proves that there exists a minimizer ζ if the minimum is strictly positive. □

In the next sections we will address this optimization problem, and construct explicitly the optimal solution
for spiral arcs corresponding to the first round after φ̄0.

4.2. Study of the distance function u. In this subsection we study more carefully the time function u: we recall
that the time function u is given by

u(x) = min
{
L(γ),γ admissible

}
.

In this subsection we will prove that u is locally convex in R2 \ Z . This follows from the structure of Z , which
is a connected curve. The normal to the level set is ∇u(x) = e ıφ(x), where φ(x) is the angle of the optimal ray
passing through x. Moreover, the radius of curvature of the level set is x−ζ(s−(φ)), i.e. the distance of the point
x from the last point where the optimal ray touches the spiral.

We will prove these properties in Lemma 4.8 and Lemma 4.9.

Lemma 4.8. The function u is of class C 1,1 and locally convex in R2 \ Z . If

x ∈ ζ(s−(φ))+e ıφr (φ),

then

∇u(x) = x −ζ(s−(φ))

|x −ζ(s−(φ))| = t(x), ∇2u(x) = 1

|x −ζ(s−(φ))|n(x)⊗n(x), a.e. x,

with n(x) = t(x)⊥, t(x) ∈ ∂−ζ(s−(x)).
Moreover ∇2u is locally BV with jumps on the directions where Z is flat, corresponding to the points where the

radius of curvature |x −ζ(s(x))| has a jump: more precisely

D∇2u(x)t(x) =
[

t(x) ·D
( 1

|x −ζ(s−(φ))|
)]

n(x)⊗n(x) =− n(x)⊗n(x)

|x −ζ(s−(φ))|2 L 2,

D∇2u(x)n(x) =−
[

n(x) ·D
( 1

|x −ζ(s−(φ))|
)]

n(x)⊗n(x)− 1

|x −ζ(s−(φ)|
(
t(x)⊗n(x)+n(x)⊗ t(x)

)
L 2.

Proof. All statements follow from the computation of the formulas for ∇u and ∇2u. Moreover, we can assume
that ζ is smooth with s 7→ e ıθ smooth with Lipschitz inverse, and then pass to the limit, because of the conver-
gence of s−(φ) as in Corollary 4.5.

In this case the function u is computed by the formula

u(ζ(s)+ ζ̇(s)r ) = 1+ s + r.

Differentiating one has

∇u · (ζ̇(s)+ ζ̈(s)r, ζ̇(s)) = (1,1) ⇒ ∇u(ζ(s)+ ζ̇(s)r ) = ζ̇(s),

which gives the first formula, and

∇2u : ζ̇(s)⊗ (ζ̇(s)+ ζ̈(s)r )+∇uζ̈(s) = 0,

∇2u : (ζ̇(s)+ ζ̈(s)r )⊗ (ζ̇(s)+ ζ̈(s)r )+∇u(ζ̈(s)+ ...
ζ (s)r ) = 0,

which, together with

∇2u : ζ̇(s)⊗ ζ̇(s) = 0, ζ̇(s) · ...
ζ (s) =− 1

R2 ,
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gives the second formula, with R local radius of curvature of ζ.
Taking one further derivative one obtains

∂r∇2u =−n⊗n

r 2 .

∂s∇2u = ∂s
n⊗n

r
=−1

r

(
ζ̈⊥⊗n+n⊗ ζ̈⊥)

,

We thus obtain

∇3u · t =−n⊗n

r 2 ,

∇3u ·n = R

r 3 n⊗n− 1

r 2 (t⊗n+n⊗ t).

Using that t = e ıθ and
dφ

d s
= 1

R
, R = d s

dφ
,

∇
( 1

|x −ζ(s−(φ))|
)
=− t(x)

|x −ζ(s−(φ))|2 − R

|x −ζ(s−(φ))|3 n(x),

we get the formula in the statement, because when d s
dθ is singular then θ(s) is continuous and thus also both

t,n are continuous there. □

Corollary 4.9. The level sets of the minimum time function u are C 1,1 curves, with second derivative BV.

Proof. Let x(υ) be a parametrization by arc length of the level set u = const. Then differentiating u◦x(υ) = const,
under the assumption that υ 7→ e ıθ is Lipschitz with Lipschitz inverse we obtain

∇u · ẋ(υ) = 0 =⇒ ẋ(υ) = n,

∇2u : ẋ × ẋ +∇uẍ = 0 =⇒ ẍ =− t

|x −ζ(s−(φ))| ,

...
x =∇

(
− t

|x −ζ(s−(φ))|
)
n = R

r 3 t− n

r 2 ,

which gives the statement as in the previous proof because ∇2u is locally BV. □

4.3. Construction of the curve of minimal reachable points for the first round. In this section we will con-
struct the optimal solution to Theorem 4.6 in the following situation: the spiral Z = ζ([0,S]) ∈AS is fixed up to
a rotation angle φ0, and we will assume that the angle φ̄ in Theorem 4.6 belongs to the first round after φ0, i.e.
it satisfies

0 ≤ φ̄−φ0 ≤ 2π+β−(φ0).

This constraint is easily explained: we optimize r (φ) whenever the choice of β(φ), φ ∈ (φ0, φ̄), is not having
influence on the behavior of Z afterwards. In other words, we do not need to care about the delay behavior of
the ODE, since s−(φ) is assigned by the fixed part of the spiral.

In this situation, the only constraints we have to abide are the monotonicity of u ◦ ζ, the admissibility and
the convexity of the curve: these two constraints are sufficient to determine uniquely the solution. Indeed, the
optimal solution will be made of at most these three parts, in sequence:

• an arc of the level set of u passing through ζ(φ0),
• a segment,
• an arc of a saturated spiral.

These components are connected by requiring to be tangent at the junction points, and determine a family
of convex curves. The curve of the end points φ̄ 7→ ζ̂ = ζ(φ̄) is the optimality curve, i.e. for each angle φ̄ the
value r (φ̄) (i.e. the length of the last segment of the optimal ray) is the minimal value of r in Theorem 4.6, and
the corresponding sequence of (level-set arc)-(segment)-(arc of saturated spiral) is the unique optimal barrier
achieving the minimal r (φ̄). The optimality curve determines a non-admissibility region, where no admissible
barrier can be constructed, namely the region{

ζ(s−(φ))+ (0,r (φ̄))e ıφ̄, φ̄ ∈φ0 + (0,2π+β−(φ0))
}

.
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r (φ0 +2π+β−(φ0))

ᾱ

r (φ0)

u = const

r (φ2)

ζ(φ2)

ζ(φ0)

r (φ̄)

ζ(φ̄)

ξ(a(x))
ξ(a)

R

Figure 20. The magenta line is the level set of the time function u passing through ζ(φ0),
the green line is the set R where all the points are saturated. It divides the region
into the admissible and the non admissible part (gray). The yellow curve is the
optimal solution for the angle φ̄>φ2: it is made by an arc of level set, a segment
and an arc of the saturated spiral.

Definition 4.10. The set R(φ̄) of minimal reachable points (Figure 20) is the set of end points of curves made
of a piece of fire level set {u = u(ζ(φ0))} plus a tangent segment to the level set: all the points on these curves
should be admissible, should not cross Z and the last point of these curves must be saturated (meaning that
A (R) = 0).

It is possible that none of the points on the fire level set ξ = u−1(u(ζ(φ0))) is saturated, which means that
an admissible strategy is to construct a wall on the whole level set u−1(u(ζ(φ0)): in this case there is no starting
point of the curve R(ζ̄). We thus assume that there is a point ξ(a), a ≥ 0 is the arc length parametrization, such
that

u(ξ(a)) = u(ζ(φ0)) = L(ζ([0,φ0]))+L(ξ([0, ā]))

σ
= L(ζ([0,φ0]))+a

σ
,

which is the saturation condition. Clearly such a point is unique, see Figure 20, and will be the starting point of
the curve R.

To construct this curve R, we will write the tangent in each point. Let x be a point in R, let [ζ(s−(x)), x] be
the last part (a segment) of the optimal ray (with x 7→ s−(x) being the map to the initial point of the last segment
in the optimal ray), and [ξ(a(x)), x] be the segment part of the admissible curve (again a(x) is the point on ξ

whose tangent passes through x), with respective length r,b: more precisely, using the same notation for the
subdifferential for the convex curve ξ,

x = ζ(s)+ rζ′(s) = ξ(a)+bξ′(a), ζ′(s) ∈ ∂−ζ(s), ξ′(a) ∈ ∂−ξ(a).

The first equalities express that x belongs to the optimal ray and the half-line tangent to ξ, and the second
equality is the tangency properties of the rays.

We will also denote with uξ the solution to the Eikonal equation with barrier ξ and value u(ζ(φ0)) = 0, which
is explicitly given by

uξ(ξ(a)+bξ′(a)) = a +b.
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t

tξ

ξ= {u = const}

r

R

ζ(φ̄)

α

r

nξ

n

Z

Figure 21. Construction of the curve R: the curve is made of saturated points when the spiral
is prolonged by an arc of the level set and the blue segment. The last admissibility
point is when R is tangent to the saturated spiral, and after that point it is not
admissible.

We recall also that the function u is computed similarly as

u(ζ(s)+ rζ′(s)) = s + r.

Define also the vectors

t(x) =∇u(x) = x −ζ(s)

|x −ζ(s)| , n(x) = t⊥, tξ(x) = ξ̇(a) = x −ξ(a)

|x −ξ(a)| , nξ(x) = t⊥ξ .

We first consider the curve

R=
{

x : u(x)− uξ(x)

σ
= L(ζ(0,φ0))

σ

}
.

This curve coincides with R if all the points in the segment ξ(a)+ (0,b)ξ′(a) are all admissible. By definition
the points in R are saturated, in the sense that the admissibility functional A is 0.

Proposition 4.11. The tangent curve R in x ∈ R is given by

r(x) = n(x)− nξ(x)
σ

|n(x)− nξ(x)
σ |

,

oriented according to u ◦R,uξ ◦R increasing.
With this orientation, the angle ∠(t,r) is decreasing in the admissible region, and the last admissible point xsl

of R corresponds to the slope of the saturated spiral starting from that point (i.e. it forms an angle α with the
optimal ray of ζ). After this point the curve R is not admissible, in the sense that the segment ξ(a)+ (0,b)ξ′(a) has
points outside the admissibility region (i.e. A < 0 on some point of the segment ξ(a)+bξ′(a)).

Finally, the curve is convex in the direction of r⊥ in the admissible part.
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Proof. Using the explicit formula for the two solutions of the Eikonal equation with barrier ζ,ξ,

u(ζ(s)+ rζ′(s)) = s + r, uξ(ξ(a)+bξ′(a)) = a +b,

the admissibility functional takes the form

A (x) = s + r − a +b +L(ζ(0,φ0))

σ
= const+u(x)−cos(α)uξ(x) = 0.

Differentiating and using Lemma 4.8 we obtain

∇A = t−cos(α)tξ,

and then, being the points of R saturated,(∇u −cos(α)∇uξ
) · r = (

t−cos(α)tξ
) · r = 0,

with r = r(x) the vector of the statement (the tangent to the curve R), and this gives precisely the first formula
in the statement up to the orientation.

We compute the derivative of u ◦R:

(u ◦R)′ =−cos(α)
(t ·nξ)

|n− nξ
σ |

which is positive because of the orientation of the vectors (see Figure 21). The case when t ⊥ nξ means that the
lines are parallel, and then R→∞, which is impossible for σ> 1. Similarly,

(uξ ◦R)′ = (tξ ·n)

|n−nξ/σ| = − (t ·nξ)

|n−nξ/σ| > 0,

as the saturation condition requires. This concludes the first part of the proposition.
In the starting point on the level set u−1(ζ(φ0)) we obtain nξ = −t, so that the vector of the statement be-

comes

r = n+cos(α)t

|n+cos(α)t| .

In particular the initial angle ∠(r,t) is greater than α. In general, in the fire frame (t,n) the position of n −
cos(α)nξ is contained in the circle (0,1)+ {|x| = cos(α)}, and the minimal slope is when r = e ıα. Writing the
derivative of (∇u ·∇uξ)◦R explicitly one gets by Lemma 4.8

((∇u ·∇uξ)◦R)′ = rT n⊗n

r
tξ+ rT nξ⊗nξ

b
t

= tξ ·n

|n−cos(α)nξ|
(1−cos(α)n ·nξ

r
− n ·nξ−cos(α)

b

)
= tξ ·n

|n−cos(α)nξ|
[(1

r
+ cos(α)

b

)
− ((∇u ·∇uξ)◦R)

(cos(α)

r
+ 1

b

)]
.

The quantity
1−cos(α)n ·nξ

r
− n ·nξ−cos(α)

b
is positive for b ≪ 1, because n·nξ↘ 0 as we approach the starting point, and whenever this quantity is positive
the vectors t,tξ are approaching, which means that r · t decreases. Note that at the minimal angle

((∇u ·∇uξ)◦R)′ = 1−cos2(α)

r
> 0,

so this behavior is valid up to the last admissible point xsl. This proves the first part of the second statement of
the proposition. In the point xsl we have that r ∥ tξ.

After the critical angle, the vector tξ moves counterclockwise having derivative ∝ nξ(nξ ·n−cos(α)), which
means that we are going to take values of the parameter a (the starting point of the segment from the barrier
u−1(u(ζ(φ0)))) already used. However the gradient of the admissibility functional satisfies

∇A = t−cos(α)tξ,

and thus for directions with angle >α
∇A · tξ = t · tξ−cos(α) < 0,

because ∇u ·∇uξ is still increasing. Hence in this part of the curve the functional is not admissible. This con-
cludes the second part of the proposition.
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ZZ Z

ξ ξ

ξ

R

R

Figure 22. The three cases of Theorem 4.12: in the first picture all level set ξ is admissible,
and then for every angle ≥φ0 the optimal solution is an arc of the level set; in the
second case all curve R is admissible, and then the optimal solutions for points
on R is an arc of ξ and a segment; in the third case for large angles the minimal
point lies on a saturated spiral, and the optimal solution is an arc of ξ, a segment
and an arc of saturated spiral.

We are left to prove that R is convex. The second derivative of A along v gives

rT ∇2A r = (n · r)2

r
−cos(α)

(nξ · r)2

b

= 1

|n−cos(α)nξ|2
( (1−cos(α)n ·nξ)2

r
− (n ·nξ−cos(α))2

b

)
≥ 1

|n−cos(α)nξ|2
n ·nξ−cos(α)

b

(
1−cos(α)n ·nξ−n ·nξ+cos(α)

)> 0,

where in the last line we have used the estimate on ((∇u · ∇uξ)◦R)′ > 0 in the admissibility region. Hence the
curve is convex in the direction of r⊥. □

Using the above proposition, we construct the optimal closing curve as follows, see Fig. 22.

Case 1: the level set u−1(u(ζ(φ0)) of the time function is always admissible, ending on a point of the spiral Z .
In this case for all angle φ̄≥φ0 the optimal closing curve will be the level set, and the optimality curve
R is the level set itself.

Case 2: there are non admissible points on the level set: thus we can construct the curve R, and this curve
remains admissible until it touches again Z .
In this case, define the optimality curve as

R = {
x : u(x) = u(ζ(φ0)),A (x) > 0

}∪R.

For each angle φ̄≥φ0 there is only one intersection of ζ(s−(φ̄))+ r e ıφ̄ with the above optimality curve
R (being R transversal to t by the above proposition). If the intersection occurs along the level set, then
the optimal closing curve is the arc of the level set; if it occurs along the curve R in the point ξ(a)+bξ′(a),
then the optimal closing curve is the arc [ζ(φ0),ξ(a)] of level set plus the segment [ξ(a),ξ(a)+bξ′(a)].

Case 3: in this case the admissible part of the curve R ends in the final admissibile point xsl, where its tangent
makes an angle α with the fire direction t.
Define the optimality curve by

R = {
x : u(x) = u(ζ(φ0)),A (x) > 0

}∪{
x ∈ R,A (x) ≥ 0

}∪{
saturated spiral starting from xsl

}
.

For each angle φ̄ ≥ φ0, if the intersection of ζ(s−(φ̄))+ r e ıφ̄ with R occurs on the arc of the saturated
spiral starting from xsl, then the solution is the optimal solution as in Case 2 above up to xsl (i.e. an arc
of the level set plus a segment ending in xsl), and then the arc of saturated spiral ending in the angle φ̄.
The other cases (i.e. when the intersection occurs before x̄) are treated as in the previous point.

Theorem 4.12. The curves constructed in the three cases above are the unique solution to the minimum problem
considered in Theorem 4.6 for φ̄ ∈ [φ0,φ0 +2π+β−(φ0)).

Proof. The proof is based on a contradiction: if an admissible spiral crosses the optimal solution given in the
above Cases 1,2,3, then it is not admissible or not convex (Figure 22).
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Fix an angle φ̄, and let ζ̂(φ) = ζ(s−(φ))+ r̂ (φ)e ıφ, φ ∈ [φ0, φ̄] be the optimal solution candidate constructed as
in Cases 1,2,3 above. Let ζ̌(φ) = ζ(s−(φ))+ ř (φ)e ıφ be another admissible spiral solution, and φ̌ be the last angle
for which r̂ (φ) ≤ ř (φ) for φ ∈ [φ0, φ̌].

The convexity assumption of ζ̂ yields immediately that

L(ζ̂([φ̄, φ̌])) ≤ L(ζ̌([φ̄, φ̌])),

and then this crossing cannot occur in the saturated part of ζ̂: indeed in this part β(φ) ≤ α is forced. By the
monotonicity assumption on u ◦ζ, the only part where ζ̌ can cross ζ̂ is along the segment part of ζ̂.

The second observation is that ζ̌ cannot cross R in the admissible region: indeed, it is fairly easy to see that
the shortest path from ζ(φ0) to a point in R outside {u ≤ u(ζ(φ0))} is the solution constructed in Case 2 above.
Hence after the crossing the spiral ζ̌ would not be admissible by Proposition 4.11.

Hence, the only situation to be studied is the following: the spiral ζ̌ crosses the segment (ξ(a), xsl = ξ(a)+
bξ′(a)) in some point x̌. Considering the region delimited by {u = u(ζ(φ0))}∪R∪ [ξ(a), xsl = ξ(a)+bξ′(a)], by
convexity of ζ̂ and the above observation the curve ζ̌ can only exit along the segment (ξ(a), xsl). This contradicts
the convexity of ζ̌. □

Remark 4.13. The argument of the above proof is that the shortest admissible convex curve for φ ∈ [φ0,φ0 +
2π+β−(φ0)) is the one constructed in Cases 1,2,3. Since it is possible to prove that, in the range of angles
considered here, the optimal closing barrier is convex, then the above statement is valid for generic simple
curves such that u is monotone along the curve.

Remark 4.14. It is important to notice that the time function u used to compute the barrier is fixed, i.e. it does
not depend on the barrier we are constructing afterφ0: indeed the choice ofφ ∈ [φ0,φ0+2π+β−(φ0)) gives that
we are only using the optimal rays leaving the spiral ζ([0,φ0]) to construct the next arc of the spiral, and thus
the rays are assigned. When we go above this angle, i.e. after one single round, then the choice of ζ at the first
round impacts the behavior of u in the next. We will indeed see that it is better to make ζ longer at the previous
round in order to have more time at the next. This is easily explained by observing that if we increase the length
of ζ by L we gain a time L, i.e. we can construct a barrier with length σL > L at the next round.

5. A CASE STUDY: THE FASTEST SATURATED SPIRAL

In this section we consider as initial data for the saturated spiral the solution considered in Theorem 4.12,
namely an arc of the level set of u, a segment and the saturated spiral, where the initial fire set is the ball Ba(0),
a ∈ (0,1). The case a= 1 is the previous case of Section 3.1.

The aim of this analysis is twofold: on the one hand it is not clear if with this "optimized" initial data the
spiral will close after some time, on the other hand the solution constructed here will be the fundamental block
for the analysis of the general case. Since the spiral we construct is the spiral which becomes saturated before
any other spiral, we call it the fastest saturated spiral. We are not asking the question of its optimality here.

The construction speed we consider in this situation is the critical speed σ̄ = 1
cos(ᾱ) = 2.6144.. (Corollary

3.10). The results proved here will be valid also for any other σ ≤ σ̄: more precisely, in the critical case the
spirals diverges exponentially like φeλφ, being λ = ln( 2π+ᾱ

sin(ᾱ) ) = 0.27995... the only real eigenvalue of the RDE,

and above the critical case it diverges like eλ1φ, being λ1 the greater real eigenvalue.
According to Cases 1,2,3 above Theorem 4.12 with φ̂ = 0, the firefighter constructs a spiral Za (a being the

radius of the initial burning region Ba(0)) starting from a point P0 = (1,0) with the following structure: it is the
union of

(1) a circle (the arc of the level set of u, in some cases consisting of a single point),
(2) a segment of endpoints P1(a),P2(a) tangent to the circle in P1(a) such that the point P2(a) is saturated,

A (P2(a)) = u(P2(a))− 1

σ̄
L(P2(a)) = 0,

where L(P2(a)) is the length of the spiral Z̃a up to the point P2(a),
(3) a saturated spiral starting in P2(a).

The relevant quantities determining the exact structure of the spiral barrier are the following:

• the length of the arc of circle ÜP0P1(a) =∆φa,

where ∆φa is the angle opening (remember that the level set u passing by (1,0) is ∂B1(0));
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Figure 23. The two cases with a ∈ (0,sin(ᾱ)) and a ∈ [sin(ᾱ),1].
.

• the length of the segment in the arc case (see below)

|P2(a)−P1(a)| = cot(ᾱ), |P2(a)| = 1

sin(ᾱ)| ,

where we have used that by convexity and admissibility the segment is tangent to the saturated spiral
in P2(a), i.e. ∠(P2(a),P2(a)−P1(a)) = ᾱ;

• the saturation condition at P2(a), which can be written now as

u(P2(a))− 1

σ̄
L(P2(a)) =

(
1

sin(ᾱ)
−a

)
− 1

σ̄

(
∆φa+ cos(ᾱ)

sin(ᾱ)

)
= 0.

Using σ̄= 1
cos(ᾱ) , the last equation becomes

∆φa = σ̄
(

1

sin(ᾱ)
−a

)
− cos(ᾱ)

sin(ᾱ)
= tan(ᾱ)− a

cos(ᾱ)
. (5.1)

Depending on the value of the initial radius a of the fire initial position, we have the following situations (see
Fig. 23).

Arc case, a< sin(ᾱ), i.e. ∆φa > 0: then the angle at the origin corresponding to the segment [P1,P2] is θa = π
2 −

ᾱ.
Segment case, a≥ sin(ᾱ), i.e. ∆φa ≤ 0: then P1(a) = P0 = (1,0), and the tangency and saturation conditions for

P2(a) give

(|P2(a)|−a)− 1

σ̄
|P1(a)−P2(a)| = sin(θa+ ᾱ)

sin(ᾱ)
−a− 1

σ̄

sin(θa)

sin(ᾱ)
= 0.

Using again 1
σ̄ = cos(ᾱ) we obtain

cos(θa) = a, θa ∈
[

0,
π

2
− ᾱ

]
,

because a ∈ [sin(ᾱ),1].

The main result of this section is the following

Theorem 5.1. For any value of a ∈ (0,1], the spiral Z̃a does not confine the fire: more precisely, the spiral diverges
exponentially as

r̃a(φ) ∼ 2φe c̄φ

 e−c̄(∆φa+ π
2 −ᾱ)

sin(ᾱ) −e−c̄(2π) − e−c̄(2π+ π
2 )−e−c̄(2π+ π

2 +∆φa)

c̄ −cot(ᾱ)e−c̄(2π+ π
2 +∆φa) 0 ≤ a< sin(ᾱ),

sin(θa+ᾱ)e−c̄θa

sin(ᾱ) −e−c̄(2π) − sin(θa)e−c̄(2π+θa+ᾱ)

sin(ᾱ) sin(ᾱ) ≤ a≤ 1,

being c̄ = ln( 2π+ᾱ
sin(ᾱ) ) given by Corollary 3.10.

The proof of this theorem relies on a careful application of Lemma 3.14.

Remark 5.2. We will call the spiral Z̃a as the fastest saturated spiral: indeed it is the spiral which becomes
saturated as fast as possible (i.e. at the smallest angle) and remains saturated from that angle onward. In the
next section we consider the same problem when the initial configuration is an arc of a fixed barrier ζ̄⌞φ∈[0,φ0].
In both cases we will use the math accent tilde will denote the fastest saturated spiral.
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Figure 24. Here f0 is made by an arc, a segment and a saturated spiral.

Proof of Theorem 5.1. We analyze separately the two cases ∆φa > 0 and ∆φa ≤ 0.

Case ∆φa > 0. This case is described in Figure 24. We remark that from (5.1) we find that ∆φa ∈ (0, tan(ᾱ)], the
largest possible arc-length being

∆φ0 = tan(ᾱ)

corresponding to a= 0. We will denote by r̃a the radius of the spiral Z̃a in the fire coordinates of Theorem 2.11,
when we need to underline the dependence w.r.t. a, otherwise we will use just r̃ to lighten the notation.

Step 1. We compute the first rounds:

• for φ ∈ [0,∆φa) we have

r̃a(φ) = 1;

• for φ ∈ [∆φa,∆φa+ π
2 − ᾱ) we have that

r̃a(φ) = 1

cos(φ−∆φa)
,

in particular we call

κ1(a) = r̃a
(
∆φa+ π

2
− ᾱ

)
= 1

sin(ᾱ)

the final distance for 0;
• for φ ∈ [∆φa+ π

2 − ᾱ,2π) it holds

d

dφ
r̃a(φ) = cot(ᾱ)r̃a(φ),

since the spiral is saturated, giving

r̃a(φ) = κ1(a)ecot(ᾱ)(φ− π
2 +ᾱ−∆φa);

• the radius r̃a has a jump at φ= 2π,

r̃a(2π)− r̃a(2π−) =−1,

in particular we denote by

κ2(a) = r̃a(2π) = κ1(a)ecot(ᾱ)(2π− π
2 +ᾱ−∆φa) −1;
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• for φ ∈ [2π,2π+ π
2 ) it holds

d

dφ
r̃a(φ) = cot(ᾱ)r̃a(φ),

therefore

r̃a(φ) = κ2(a)ecot(ᾱ)(φ−2π) =
[
κ1(a)ecot(ᾱ)(2π− π

2 +ᾱ−∆φa) −1
]

ecot(ᾱ)(φ−2π);

• define

κ3(a) = r̃a
(
2π+ π

2

)
= κ2(a)e

π
2 cot(ᾱ);

• for φ ∈ [
2π+ π

2 ,2π+ π
2 +∆φa

]
the radius r̃a(φ) satisfies

d

dφ
r̃a(φ) = cot(ᾱ)r̃a(φ)−1,

whose solution is

r̃a(φ) = k3(a)ecot(ᾱ)(φ−2π− π
2 ) + tan(ᾱ)

(
1−ecot(ᾱ)(φ−2π− π

2 ));

• the radius r̃a has a jump in φ= 2π+ π
2 +∆φa:

r̃a
(
2π+ π

2
+∆φa

)
− r̃a

(
2π+ π

2
+∆φa−

)
=−cot(ᾱ),

and also here we will introduce the quantity

κ4(a) = r̃a
(
2π+ π

2
+∆φa

)
= ecot(ᾱ)∆φaκ3(a)+ tan(ᾱ)

(
1−ecot(ᾱ)∆φa

)−cot(ᾱ);

• finally, for φ≥ 2π+ π
2 +∆φ the function solves

d

dφ
r̃a(φ) = cot(ᾱ)r̃a(φ)− r̃a(φ−2π− ᾱ)

sin(ᾱ)
.

Using the kernel G(φ), M(φ,φ1,φ2) of Remark 3.21, the solution can be written for φ≥∆φa+ π
2 − ᾱ as

r̃a(φ) = 1

sin(ᾱ)
G(φ− φ̄0(a))−G(φ−2π)−M(φ, φ̄1(a), φ̄2(a))−cot(ᾱ)G(φ−φ0(a)−2π− ᾱ), (5.2)

where the angles are given by

φ̄0(a) =∆φa+ π

2
− ᾱ, φ̄1(a) = 2π+ π

2
, φ̄2(a) = φ̄0(a)+2π+ ᾱ=∆φa +2π+ π

2
.

We can translate the solution by ϕ=φ− φ̄0(a) obtaining

r̃a(ϕ) = 1

sin(ᾱ)
G(ϕ)−G

(
ϕ+ π

2
− ϕ̄1(a)

)
−M(ϕ,ϕ̄1(a),2π+ ᾱ)−cot(ᾱ)G(ϕ−2π− ᾱ), (5.3)

with

ϕ̄1(a) = 2π+ π

2
− ϕ̄0 = 2π+ ᾱ−∆φa.

Step 2. The next step is to optimize the solution w.r.t. a: this is done by taking the derivative w.r.t. a of the
solution and using the linearity of the Delay ODE. We use the relations (3.22), (3.23) and

d

da
ϕ̄1 = 1

cos(ᾱ)
because of (5.1),

we obtain that

∂ar̃a(ϕ) = 1

cos(ᾱ)

[
−d− π

2 +ϕ̄1
−cot(ᾱ)G

(
ϕ+ π

2
− ϕ̄1

)
+ G

(
ϕ+ π

2 − ϕ̄1 −2π− ᾱ)
)

sin(ᾱ)
+G(ϕ− ϕ̄1)

]
.

We have thus to study the function

ř (ψ) = cot(ᾱ)G(ψ)− G(ψ−2π− ᾱ)

sin(ᾱ)
−G

(
ψ− π

2

)
, ψ=ϕ+ π

2
− ϕ̄1,

which is the solution to the RDE for the saturated spiral

d

dψ
ř (ψ) = cot(ᾱ)ř (ψ)− ř (ψ−2π− ᾱ)

sin(ᾱ)
+cot(ᾱ)d0 −d π

2
− d2π+ᾱ

sin(ᾱ)
.
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Figure 25. Plot of the function (5.4) for τ ∈ [1,2] on the left and of the first two rounds of the
function r̃a=0(φ) (Equation (5.2)) multiplied by e−c̄φ.

In terms the function ρ̌(τ) = ř ((2π+ ᾱ)τ)e−c̄(2π+ᾱ)τ the RDE becomes

ρ̌(τ) = cot(ᾱ)g (τ)− e−c̄(2π+ᾱ)g (τ−1)

sin(ᾱ)
−e−c̄ π

2 g
(
τ−

π
2

2π+ ᾱ
)
, (5.4)

which is the solution to the RDE for the saturated spiral

d

dψ
ρ̌(τ) = ρ̌(τ)− ρ̌(τ−1)+cot(ᾱ)d0 −e−c̄ π

2 d π
2(2π+ᾱ)

− e−c̄(2π+ᾱ)d1

sin(ᾱ)
.

A numerical plot of the solution for τ ∈ [1,2] is in Fig. 25: we notice that it is strictly negative together with
its derivative, and from Lemma 3.14 we deduce that ρ̌ < 0 for all τ≥ 1, corresponding to the angle

φ= 4π+ ᾱ, because of the map τ 7→φ= (2π+ ᾱ)τ+2π.

For the first two rounds, a numerical plot of r̃a(φ) as function for (φ,∆φ) ∈ [∆φ+ π
2 − ᾱ]× [0, tan(ᾱ)] shows that

the solution is strictly positive (and actually decreasing w.r.t. ∆φa, i.e. increasing w.r.t. a), see Fig. 25.

Step 3. From now on we will assume a= 0, therefore∆φ0 = tan(ᾱ): a numerical plot of the function r̃a=0(φ)e−c̄φ

is in Fig. 25. We observe that the function is strictly positive and increasing in an interval larger than 2π+ ᾱ,
and then by Lemma 3.14 we deduce that the solution is positive for all φ.

Case ∆φa ≤ 0. This case is described in Figure 26. We will prove that the worst case is for a = sin(ᾱ), which
corresponds to ∆φa = 0 in the previous analysis: hence again the worst case is for a = 0, as shown above, and
the spiral does not close.

The approach is completely similar, the only variation being the missing initial arc.
Step 1. We compute r̃a(φ) explicitly for the first rounds. We call θ̄a = θa+ᾱ ∈ [0, π2 ] as the slope of the segment

[P1(a),P2(a)]:

• for φ ∈ [0, θ̄a− ᾱ] we have that

r̃a(φ) = sin(θ̄a)

sin(θ̄a−φ)
,

and we call

κ′1(a) = r̃a(θ̄a− ᾱ) = sin(θ̄a)

sin(ᾱ)
;

• for φ ∈ [θ̄a− ᾱ,2π) it holds
d

dφ
r̃a(φ) = cot(ᾱ)r̃a(φ),

which gives

r̃a(φ) = κ′1(a)ecot(ᾱ)(φ−θ̄a+ᾱ);

• the function r̃a(φ) has a jump at φ= 2π,

r̃a(2π)− r̃a(2π−) =−1,

and we set

κ′2(a) = r̃a(2π) = sin(θ̄a)

sin(ᾱ)
ecot(ᾱ)(2π−θ̄a+ᾱ) −1;
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Figure 26. Segment case for the fastest saturated spiral.

• for φ ∈ [2π,2π+ θ̄a) it holds
d

dφ
r̃a(φ) = cot(ᾱ)r̃a(φ),

so that

r̃a(φ) = κ′2(a)ecot(ᾱ)(φ−2π);

• in φ= 2π+ θ̄a the function r̃a has a jump, computed as

r̃a(2π+ θ̄a)− r̃a(2π+ θ̄a−) =−sin(θ̄a− ᾱ)

sin(ᾱ)
,

and we call

κ′3(a) = r̃a(2π+ θ̄a) = κ′2(a)ecot(ᾱ)θ̄a − sin(θ̄a− ᾱ)

sin(ᾱ)
;

• finally, for φ≥ 2π+ θ̄a the function solves

d

dφ
r̃a(φ) = cot(ᾱ)r̃a(φ)− r̃a(φ−2π− ᾱ)

sin(ᾱ)
.

As before, by using the kernel G(φ) of Remark 3.21, the solution can be written for φ≥ θ̄a− ᾱ as

r̃a(φ) = sin(θ̄a)

sin(ᾱ)
G(φ− φ̄0(a))−G(φ−2π)− sin(θ̄a− ᾱ)

sin(ᾱ)
G(φ− φ̄0(a)−2π− ᾱ),

where the angle φ̄0(a) given by

φ̄0(a) = θ̄a− ᾱ.

Step 2. Taking the derivative w.r.t. θ̄a and using (3.22) we get

řa(φ) = d

d θ̄a
r̃a(φ)

=
(cos(θa)

sin(ᾱ)
− sin(θa)

sin(ᾱ)
cot(ᾱ)

)
G(φ−φ0)

+
( sin(θa)

sin(ᾱ)2 − cos(θa− ᾱ)

sin(ᾱ)
+ sin(θa− ᾱ)

sin(ᾱ)
cot(ᾱ)

)
G(φ−φ0 − (2π+ ᾱ))

− sin(θa− ᾱ)

sin(ᾱ)2 G(φ−φ0 −2(2π+ ᾱ))

=−sin(θa− ᾱ)

sin(ᾱ)2

(
G(φ−φ0)−2cos(ᾱ)G(φ−φ0 − (2π+ ᾱ))+G(φ−φ0 −2(2π+ ᾱ))

)
.
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Figure 27. Plot of the function (5.5).

The latter function, when rescaled by ρ(τ) = řa(φ0 + (2π+ ᾱ)τ)e−c̄(2π+ᾱ)τ is proportional to

g (τ)−2cos(ᾱ)e−c̄(2π+ᾱ)g (τ−1)+e−2c̄(2π+ᾱ)g (τ−2), (5.5)

The numerical plot (Fig. 27) shows that it is positive and strictly increasing, hence by Lemma 3.14 we conclude
that dr̃a

d θ̄a
< 0, so the worst case is θ̄a = π

2 , which corresponds to the arc case when ∆φa = 0.

Asymptotic behavior. For a ∈ [0,sin(ᾱ)] the solution is given by (5.2):

r̃a(φ) = 1

sin(ᾱ)
G(φ− φ̄0(a))−G(φ−2π)−M(φ, φ̄1(a), φ̄2(a))−cot(ᾱ)G(φ−φ0(a)−2π− ᾱ).

Using the asymptotic expansions of Corollary 3.23, we obtain that the coefficient in front of the principal term
φe c̄φ is

2e−c̄φ̄0

sin(ᾱ)
−2e−c̄(2π) −

ˆ φ̄2

φ̄1

2e−c̄φ0 dφ0 −2cot(ᾱ)e−c̄φ̄2 ,

which is the first case of the asymptotic expansion. The other case is completely similar. □

5.1. An estimate on the length of the fastest saturated spiral. We conclude this section with an estimate on
the length L of the fastest saturated spiral when a = 0. Writing the solution (5.3) with ∆φa = tan(ᾱ) in the
variable

ρ(τ) = r̃a=0(φ0 + (2π+ ᾱ)τ)e−c̄(2π+ᾱ)τ, φ0(0) = tan(ᾱ)+ π

2
− ᾱ,

we obtain

ρ(τ) = 1

sin(ᾱ)
g (τ)−e−c̄(2π+ᾱ− π

2 −tan(ᾱ))g (τ−τ1)−m(τ,τ2,1)−cot(ᾱ)e−c̄(2π+ᾱ)g (τ−1), (5.6)

where

τ1 = 1−
π
2 + tan(ᾱ)

2π+ ᾱ , τ2 = 1− tan(ᾱ)

2π+ ᾱ .

Using the definitions of g(τ) and G(τ) and that

L̃a=0 = tan(ᾱ)+cot(ᾱ)+
ˆ φ

φ0

r̃a=0(φ′)
sin(ᾱ)

dφ′, φ≥φ0,
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Figure 28. Numerical computations of the function (5.8), with a blow-up about the mini-
mum.

we thus have that the length of the spiral is

L̃a=0(τ) =



0 τ<−
π
2 −ᾱ+tan(ᾱ)

2π+ᾱ ,

(2π+ ᾱ)τ+ π
2 − ᾱ+ tan(ᾱ) −

π
2 −ᾱ+tan(ᾱ)

2π+ᾱ ≤ τ<−
π
2 −ᾱ

2π+ᾱ ,

tan(ᾱ)+cot(ᾱ− (2π+ ᾱ)τ) −
π
2 −ᾱ

2π+ᾱ ≤ τ< 0,

tan(ᾱ)+cot(ᾱ)+ g(τ)

sin(ᾱ)
−g(τ−τ1)

− (G(τ−τ2)−G(τ−1))−cot(ᾱ)g(τ−1)
τ≥ 0.

(5.7)

The first terms take into account the initial arc and the initial segment.

Proposition 5.3. It holds for φ≥ tan(ᾱ)+ π
2 − ᾱ

r̃a=0(φ)−2.08L̃a=0(φ−2π− ᾱ) ≥ 0.67e c̄(φ−tan(ᾱ)− π
2 +ᾱ).

Proof. We numerically compute the function

τ 7→ ρ(τ)−2.08e−c̄(2π+ᾱ)τL̃a=0(τ−1), (5.8)

which is the rescaling of the function in the statement: Fig. 28 shows that the function has a minimum > 0.67
for τ ∈ [3,4] and it is increasing for τ ∈ [4,5].

In order to apply Lemma 3.14, we write the equation for r −2.08L. By using the equations for G ,G, Equations
(3.24) and (3.25), we have that the φ-derivative of L(φ) for φ≥φ0 is

d

dφ
L̃a=0(φ) = cot(ᾱ)L̃a=0(φ)− L̃a=0(φ−2π− ᾱ)

sin(ᾱ)

+ (
tan(ᾱ)+cot(ᾱ)

)
δ π

2 −ᾱ+tan(ᾱ) +
H(φ− tan(ᾱ)− π

2 + ᾱ)

sin(ᾱ)
−H(φ−2π)

− max{0,φ− 5π
2 }−max{0,φ− 5π

2 − tan(ᾱ)}

sin(ᾱ)
−cot(ᾱ)H

(
φ− 5π

2
− tan(ᾱ)

)
.

Recall that H(φ) is the Heaviside function. Hence for φ≥ 5π
2 + tan(ᾱ) we have

d

dφ
L̃a=0(φ) = cot(ᾱ)L̃a=0(φ)− L̃a=0(φ−2π− ᾱ)

sin(ᾱ)
+SL ,

where

SL = 1

sin(ᾱ)
−1− tan(ᾱ)−cot(ᾱ) =−2.7473 < 0. (5.9)
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Hence for φ≥ tan(ᾱ)+ π
2 − ᾱ+2(2π+ ᾱ) we have

d

dφ
(r̃a=0(φ)−2.08L̃a=0(φ−2π− ᾱ)) = cot(ᾱ)(r̃a=0(φ)−2.08L̃a=0(φ−2π− ᾱ))

− r̃a=0(φ−2π− ᾱ)−2.08L̃a=0(φ−2(2π+ ᾱ))

sin(ᾱ)
−SL

≥ cot(ᾱ)(r̃a=0(φ)−2.08L̃a=0(φ−2π− ᾱ))

− r̃a=0(φ−2π− ᾱ)−2.08L̃a=0(φ−2(2π+ ᾱ))

sin(ᾱ)
.

Hence in terms of τ we obtain
d

dτ
(ρ(τ)−2.08e−c̄(2π+ᾱ)τL̃a=0(τ−1)) ≥ (ρ(τ)−2.08e−c̄(2π+ᾱ)τL̃a=0(τ−1))

− (ρ(τ−1)−2.08e−c̄(2π+ᾱ)(τ−1)L̃a=0(τ−2)),

so that Lemma 3.14 and Remark 3.15 can be applied. □

Remark 5.4. The asymptotic constant for the length should be

r̃a=0(φ)

L̃a=0(φ−2π− ᾱ)
∼ e c̄ c̄ sin(ᾱ) = 2.08884, (5.10)

obtained by using r̃a=0(φ) ∼φe c̄φ. However for this exact value we cannot use Lemma 3.14, obviously.

6. A DIFFERENTIABLE PATH OF SPIRALS

Let ζ̄(s), s ∈ [0,L] with L ≫ 1, be a given admissible spiral. In this section we construct a family of admissible
spirals ζ̃(s; s0), s ∈ [0,L], with the following properties:

(1) for s ∈ [0, s0] it holds ζ̃(s; s0) = ζ̄(s);
(2) in the first round starting from ζ̄(s0), the spiral ζ̃(s; s0) is the spiral given by Theorem 4.12;
(3) after the first round, the spiral ζ̃(s; s0) is the saturated spiral.

We call each spiral Z̃ (s0) = ζ̃([0,L]; s0) the fastest saturated spiral starting from s0. The map s0 7→ Z̃ (s0) de-
fines a path in the space of admissible spirals, connecting the fastest saturated spiral of the previous section
(corresponding to ζ̃(s;0) = ζ̃a=0(s)) with the given spiral Z̄ = ζ̄([0, s]).

If we denote by φ0 = (s+)−1(s0) the starting angle of the above construction, then the first round is deter-
mined by

φ0 ≤φ≤φ0 +β−(φ0),

In the following we will write both ζ̃(·; s0), r̃ (·; s0) and ζ̃(·;φ0), r̃ (·;φ0) to denote this admissible family of spirals,
and the argument · can be either the arc length s or the rotation angle φ.

It is immediate to deduce the following lemma.

Lemma 6.1. The family of spirals ζ̃(s; s0) satisfies the following properties:

(1) ζ̃(·;L) = ζ̄(·);
(2) ζ̃(s;0) is the fastest saturated spiral constructed in Section 5;
(3) if s belongs to the first round starting from ζ̄(s0), then the solution is given by Theorem 4.12;
(4) after the first round, denoting with r̃ (φ; s0) the angle-ray representation, we have

d

dφ
r̃ (φ; s0) = cot(ᾱ)r̃ (φ; s0)− r̃ (φ−2π+ ᾱ; s0)

sin(ᾱ)
.

Since the construction of Theorem 4.12 is explicit, the last point above yields that the family is completely
determined, up to computing the solution in the first round after s0 and solving the saturated RDE.

The main result of this section is to prove that this family is C 1-w.r.t. the parameter s0: more precisely, we
will show that the limit of the incremental ratio

δr̃ (φ; s0) := lim
δs0↘0

r̃ (φ; s0 +δs0)− r̃ (φ; s0)

δs0

exists outside a finite set of angles φ, and it satisfies a precise RDE, which allows the explicit computation of
the δr̃ . The dependence on the base spiral ζ̄ appears only in two real parameters describing the initial data
of δr̃ , allowing to write its explicit form with computations similar to Section 5: more precisely, the form of
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Figure 29. Analysis of perturbations for the segment case.

the RDE satisfied by the perturbation is very similar to the RDE satisfied by the solution r (φ) or its derivative
d

da r (φ) considered in Section 5, and will be studied with similar techniques. In particular, depending whether
the non-saturated part of the fastest closing spiral at the first round is a segment or is an arc+segment, the
derivative takes different form, and we will study them separately in two different subsections, Subsections 6.1
and 6.2: these derivatives coincide at the transition point between segment and arc.

Remark 6.2. We remark that the segment case can be recovered from the arc case when the initial level set
is just one point, see Remark 6.12: however we believe that it is simpler and very instructive to perform the
analysis in the segment case, so that we present it in the next subsection.

We anticipate also that out that δr̃ (φ; s0) is not positive in an initial interval of the second round, and thus
it cannot be optimal for some angles. Hence to prove Theorem 1.12 we will need an additional perturbation of
the last round: we address this fact in Section 8.

Since in the last round we have already the explicit form of the optimal closing solution (Theorem 4.12), we
can assume that ζ makes at least one round after φ0, so that there will always be a saturated part.

6.1. Analysis of ζ̃(s; s0) - Segment Case. The assumption on ζ̃(φ; s0) is that forφ ∈φ0+[0,2π+β−(φ0)) it is made
of

• a segment [P1,P2] where P1 = ζ̄(s0) = ζ̄(s+0 (φ0)), followed by
• a saturated spiral with β(φ) = ᾱ.

The spiral r̃ (φ, s0) will then proceed for all angles φ ≥ φ0 + 2π+β−(φ0) as a saturated spiral, i.e. β(φ) = ᾱ

constant. Following the notation of Step 1 in Case ∆φa = 0 of the proof of Theorem 5.1, we will denote by θ̄ the
angle

θ̄ =∠(e iφ0 , [P1,P2]) ∈
[

0,
π

2

]
.

The case θ̄ = π
2 corresponds to the transition between the segment-case and the arc-case.

Due to uniqueness of the construction, the same structure (i.e. an initial segment followed by a saturated
spiral) holds for the spiral r̃ (φ; s0+δs0), starting from the point ζ̄(s0+δs0) if δs0 ≪ 1 and θ̄ < π

2 , i.e. there will be
an initial segment

[P ′
1,P ′

2] = [P1 +δP1,P2 +δP2],

with the angles

s+(φ′
0) = s+0 (φ0 +δφ0) = s0 +δs0, θ̄′ = θ̄+δθ̄ =∠(e iφ0 , [P ′

1,P ′
2]),

followed by a saturated spiral. The analysis of this section refers to Figure 29.
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Since the spirals are convex and there are no smaller admissible convex spirals for the first round (φ ∈
[φ0,φ0 +2π+β−(φ0))), by the convexity of the level sets of u one deduces that

0 < θ0 =β+(s0) ≤ θ̄, ᾱ≤ θ̄,

where the second is due to the fact that the point ζ̄(s0) is not saturated if P1 ̸= P2. We will denote by θ the angle

θ = θ̄−θ0.

We compute now the variations up to second order terms w.r.t. δs0:

δP1 = δs0e ı(φ0+θ0), δφ0 = δs0 sin(θ0)

r (φ0)
,

δP2 = δP1 +δ|P2 −P1|e ı(φ0+θ̄) +|P2 −P1|δθ̄e ı(φ0+θ̄+ π
2 )

= δs0e ı(φ0+θ0) +δ|P2 −P1|e ı(φ0+θ̄) +|P2 −P1|δθ̄e ı(φ0+θ̄+ π
2 ).

Since the point P ′
2 is saturated, we obtain

0 = u(P ′
2)−cos(ᾱ)(δs0 +|P ′

2 −P ′
1|+L(P0)),

where L(P0) is the length of the spiral up to the angle φ0. In particular, observing that ∇u(P2) = e ı(φ0+θ̄−ᾱ),

0 = e ı(φ0+θ̄−ᾱ) ·δP2 −cos(ᾱ)(δs0 +δ|P2 −P1|)
= δs0 cos(θ̄−θ0 − ᾱ)+δ|P2 −P1|cos(ᾱ)−|P2 −P1|δθ sin(ᾱ)−cos(ᾱ)(δs0 +δ|P2 −P1|)
= δs0 cos(ᾱ−θ)+δ|P2 −P1|cos(ᾱ)−|P2 −P1|δθ sin(ᾱ)−cos(ᾱ)(δs0 +δ|P2 −P1|),

where we recall that v ·w denotes the scalar product of v,w ∈R2. We thus deduce that

|P2 −P1|δθ
δs0

= cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
. (6.1)

Imposing that the angle at P ′
2 with the optimal ray is equal to the critical angle ᾱ, we deduce that P ′

2 corresponds
to the angle φ2 +δθ, where φ2 =φ0 + θ̄− ᾱ is the angle corresponding to P2 in the angle-ray representation for
r̃ (φ; s0). Hence, imposing this relation we obtain

r (φ2)δθ = e ı(φ0+θ̄−ᾱ+ π
2 ) ·δP2

= δs0 sin(ᾱ−θ)+δ|P2 −P1|sin(ᾱ)+|P2 −P1|δθcos(ᾱ),

so that using (6.1) we conclude that

δ|P2 −P1|
δs0

− r (φ2)

sin(ᾱ)

δθ

δs0
= cot(ᾱ)

cos(ᾱ)−cos(ᾱ−θ)

sin(ᾱ)
+ sin(θ− ᾱ)

sin(ᾱ)

= cos(ᾱ)2 −cos(θ)

sin(ᾱ)2

=−1+ 1−cos(θ)

sin(ᾱ)2 .

(6.2)

To compute the perturbation δr̃ (φ; s0) for φ≥φ2, we observe that β(φ) = ᾱ in this region, so that, denoting
with R(φ) the radius of curvature of the base spiral r (φ), one obtains

Lemma 6.3. The RDE satisfied by r̃ for φ≥φ0 + θ̄− ᾱ is

d

dφ
r̃ (φ; s0) = cot(ᾱ)r̃ (φ; s0)−


R(φ) φ0 + θ̄− ᾱ≤φ<φ0 +2π+β−(φ0),

0 φ0 +2π+β−(φ0) ≤φ<φ0 +2π+ θ̄,

|P2 −P1|dφ0+2π+θ̄+ r̃ (φ−2π−ᾱ)
sin(ᾱ) φ≥φ0 +2π+ θ̄.

(6.3)

Proof. We have just to compute the radius of curvature, since β= ᾱ fixed. Formula (6.3) follows easily, observ-
ing that if β−(s0) < θ̄ then there is corner in the spiral r̃ (φ; s0) whose subdifferential is

∂−r̃ (φ0; s0) = {
e iφ,φ ∈φ0 + [β−(φ0), θ̄]

}
.

The jump at φ0 +2π+ θ̄ is due to the segment [P1,P2], corresponding in a jump in s−(φ) at that angle. □

In the next proposition we compute the RDE satisfied by the derivative δr̃ (φ; s0) w.r.t. s0, for angles φ >
φ0 + θ̄− ᾱ.
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Proposition 6.4. For φ>φ2 =φ0 + θ̄− ᾱ, the derivative

δr̃ (φ; s0) = lim
δs0↘0

r̃ (φ; s0 +δs0)− r̃ (φ; s0)

δs0

satisfies the RDE on R

d

dφ
δr̃ (φ; s0) = cot(ᾱ)δr̃ (φ; s0)− δr̃ (φ−2π− ᾱ)

sin(ᾱ)
+S(φ; s0),

with source

S(φ; s0) = cot(ᾱ)
1−cos(θ)

sin(ᾱ)
dφ0+θ̄−ᾱ−dφ0+2π+θ0

+ cos(θ)−cos(ᾱ)2

sin(ᾱ)2 dφ0+2π+θ̄+
cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
d′
φ0+2π+θ̄ ,

where d′ is the distributional derivative of the Dirac’s delta d.

Proof. We compute first the variation of the initial data of (6.3): observing that the spiral r̃ (φ; s0) is saturated at

φ2 and hence its tangent vector is e ı(φ0+θ̄), one has up to second order terms for φ close to φ2

r̃ (φ; s0 +δs0)− r̃ (φ; s0) = e ı(φ0+θ̄− π
2 ) ·δP2

sin(ᾱ)

= δs0
sin(θ)

sin(ᾱ)
− |P2 −P1|δθ

sin(ᾱ)

= δs0 cot(ᾱ)
1−cos(θ)

sin(ᾱ)
,

which gives the first jump at φ0 + θ̄− ᾱ.
Being R(φ) the same up to φ0 +2π+θ0, the RDE for δr̃ is actually the ODE

d

dφ
δr̃ (φ) = cot(ᾱ)δr̃ (φ)

for φ0 + θ̄− ᾱ≤φ<φ0 +2π+θ0.
Using R = Ds−, the variation at φ0 +2π+θ0 is

r̃ (φ; s0 +δs0)− r̃ (φ; s0) = cot(ᾱ)
(
r̃ (φ; s0 +δs0)− r̃ (φ; s0)

)− (
s−(φ)− s−(φ0 +2π+θ0)

)
= cot(ᾱ)

(
r̃ (φ; s0 +δs0)− r̃ (φ; s0)

)−δs0.

Hence δr̃ (φ; s0) has a jump of size −1 at the angle φ0 +2π+θ0. From (6.3) it follows that

d

dφ
δr̃ (φ) = cot(ᾱ)δr̃ (φ)

for φ0 +2π+θ0 <φ<φ0 +2π+ θ̄.



SPIRAL STRATEGIES FOR BLOCKING FIRE 65

At the angle φ0 +2π+ θ̄, computing the first order approximations for 0 ≤φ−φ0 +2π+ θ̄≪ 1 one gets up to
second order terms

r̃ (φ; s0 +δs0)− r̃ (φ; s0) =
[

r̃ (φ0 +2π+ θ̄; s0 +δs0)+cot(ᾱ)r̃ (φ0 +2π+ θ̄; s0 +δs0)(φ−φ0 −2π− θ̄)

−|P ′
2 −P ′

1|
(
1+cot(ᾱ)(φ−φ0 −2π− θ̄−δθ̄)

)
1Iφ≥φ0+2π+θ̄+δθ̄

− r̃ (φ0 + θ̄− ᾱ; s0 +δs0)

sin(ᾱ)
(φ−φ0 −2π− θ̄−δθ̄)

]
−

[
r̃ (φ0 +2π+θ−; s0)+cot(ᾱ)r̃ (φ0 +2π+θ; s0)(φ−φ0 −2π− θ̄)

−|P2 −P1|
(
1+cot(ᾱ)(φ−φ0 −2π− θ̄)

)
1Iφ≥φ0+2π+θ̄

− r̃ (φ0 + θ̄− ᾱ; s0)

sin(ᾱ)
(φ−φ0 −2π− θ̄)

]
= (

r̃ (φ0 +2π+ θ̄; s0 +δs0)− r̃ (φ0 +2π+ θ̄; s0)
)(

1+cot(ᾱ)(φ−φ0 −2π− θ̄)
)

− r̃ (φ0 + θ̄− ᾱ; s0 +δs0)− r̃ (φ0 + θ̄− ᾱ; s0)

sin(ᾱ)
(φ−φ0 −2π− θ̄)

+
(
−δ|P2 −P1|+ r̃ (φ0 + θ̄− ᾱ; s0)

sin(ᾱ)

)
1Iφ≥φ0+2π+θ̄+|P2 −P1|1I[φ0+2π+θ̄,φ0+2π+θ̄+δθ).

For the above formula, we have used that the jumps |P2−P1| are in different angles and that the curvature term

− r̃ (φ0+θ̄−ᾱ;s0)
sin(ᾱ) is applied starting from different angles.

Passing to the limit δs0 ↘ 0 we obtain

δr̃ (φ; s0) = δr̃ (φ0 +2π+ θ̄; s0)
(
1+cot(ᾱ)(φ−φ0 −2π− θ̄)

)− δr̃ (φ0 + θ̄− ᾱ; s0)

sin(ᾱ)
(φ−φ0 −2π− θ̄)

+
(
− δ|P2 −P1|

δs0
+ r̃ (φ0 + θ̄− ᾱ; s0)

sin(ᾱ)

δθ

δs0

)
1Iφ≥φ0+2π+θ̄+|P2 −P1| δθ

δs0
dφ0+2π+θ̄ .

Hence its derivative w.r.t. φ satisfies

d

dφ
δr̃ (φ; s0) = cot(ᾱ)δr̃ (φ; s0)− δr̃ (φ−2π− ᾱ; s0)

sin(ᾱ)

+
(
− δ|P2 −P1|

δs0
+ r̃ (φ0 + θ̄− ᾱ; s0)

sin(ᾱ)

δθ

δs0

)
dφ0+2π+θ̄+|P2 −P1| δθ

δs0
d′
φ0+2π+θ̄,

where d′ is the derivative of the Dirac’s delta:

〈d′x , f 〉 =−d f (x)

d x
.

Using (6.1) and (6.2) we obtain

−δ|P2 −P1|
δs0

+ r̄ (φ0 + θ̄− ᾱ; s0)

sin(ᾱ)

δθ

δs0
= cot(ᾱ)

cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
− sin(θ− ᾱ)

sin(ᾱ)

= cos(θ)−cos(ᾱ)2

sin(ᾱ)2 ,

|P2 −P1| δθ
δs0

= cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
.

It is now easy to verify that the derivative δr̃ (φ; s0)⌞φ0+θ̄−ᾱ satisfies the RDE in the statement, since in the re-
maining part of R it solves the linear RDE of the saturated spiral. □

Since

sin(θ)− cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
= cot(ᾱ)(1−cos(θ)) ≥ 0,

it follows that the perturbation is positive for φ ∈ [φ0,φ0 + θ̄− ᾱ], and it is given explicitly by

δr̃ (φ; s0) = 1

sin(φ0 + θ̄−φ)

(
sin(θ)− |P (φ)−P1|

|P2 −P1|
cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)

)
,

where P (φ) is the position of the point on [P1,P2] corresponding to the angle φ ∈ [θ0,θ0 + θ̄− ᾱ].
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Corollary 6.5. The solution δr̃ (φ) for φ≥φ2 =φ0 + θ̄− ᾱ is explicitly given by

δr̃ (φ) = cot(ᾱ)
1−cos(θ)

sin(ᾱ)
G(φ−φ0 − θ̄+ ᾱ)−G(φ−φ0 −2π−θ0)

+
(
1− 1−cos(θ)

sin(ᾱ)2 +cot(ᾱ)
cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)

)
G(φ−2π−φ0 − θ̄)

+ cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
dφ−2π−φ0−θ̄−

cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)2 G(φ−4π− θ̄− ᾱ),

where G(φ) is the Green kernel for the RDE.

Proof. The formula follows from Remark 3.21. □

To proceed further, we rewrite the RDE translating φ0 + θ̄− ᾱ to 0 and then use the new variable

δρ(τ) = δr̃ (φ0 + θ̄− ᾱ+ (2π+ ᾱ)τ; s0)e−c̄(2π+ᾱ)τ. (6.4)

Corollary 6.6. The values of the perturbation δr (s; s0) depend uniquely on the angle θ = θ̄−θ0 ∈ [0, π2 ], and the
function δρ(τ) of Equation (6.4) is given explicitly by the formula

δρ(τ) = S0g (τ)+S1g (τ−τ1)+S2g (τ−1)+Dd1 +S3g (τ−2), τ1 = 1− θ

2π+ ᾱ , (6.5)

with

S0(θ) = cot(ᾱ)
1−cos(θ)

sin(ᾱ)
,

S1(θ) =−e−c̄(2π+ᾱ−θ) =− sin(ᾱ)

2π+ ᾱe c̄θ,

S2(θ) =
(
1− 1−cos(θ)

sin(ᾱ)2 +cot(ᾱ)
cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)

)
e−c̄(2π+ᾱ)

= sin(ᾱ)

2π+ ᾱ − 1−cos(θ)

(2π+ ᾱ)sin(ᾱ)
+ cot(ᾱ)

2π+ ᾱ
(

cos(ᾱ−θ)−cos(ᾱ)
)
,

D(θ) = cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
e−c̄(2π+ᾱ) = cos(ᾱ−θ)−cos(ᾱ)

2π+ ᾱ ,

S3(θ) =−cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)2 e−c̄(4π+2ᾱ) =−cos(ᾱ−θ)−cos(ᾱ)

(2π+ ᾱ)2 .

We remark that we have used Equation (3.11) to replace e−c̄(2π+ᾱ) with sin(ᾱ)
2π+ᾱ .

The study of the sign of δρ given by (6.5) is done in the next proposition, which is the main statement of this
section concerning the segment case. For completeness, we let θ to vary in [0,π].

Proposition 6.7. The solution δρ(τ) = δρ(τ,θ) is strictly positive outside the region

Nsegm :=
{

1− θ

2π+ ᾱ ≤ τ≤ 1,0 ≤ θ ≤ θ̂
}
∪{

θ = 0}∪ {τ= 1,θ ∈ [2ᾱ,π]
}⊂R× [0,π],

where the angle θ̂ is determined by the unique solution to

cot(ᾱ)
1−cos(θ̂)

sin(ᾱ)
−e−cot(ᾱ)(2π+ᾱ−θ̂) = 0, θ̂ ∈ [0,π]. (6.7)

Moreover, as τ→∞, the function δρ(τ) diverges like

lim
τ→∞

δρ(τ)e−c̄τ

τ
= 2(S0 +S1 +S2 +S3), 2(S0 +S1 +S2 +S3) ∈ θ2(0.08,028).

A numerical computation gives the value (see Fig. 30)

θ̂ = 0.506134. (6.8)
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Figure 30. Plot of the function (6.7) on the left side, and of the solution (6.9) on the right
side.

Proof. We start by observing that for θ = 0 the coefficients (6.6) are all 0, so that the solution (6.5) is 0. Hence
{θ = 0} ⊂ Nsegm.

Step 1: computation of the first round.
For τ ∈ [0,1) the solution is explicitly computed as

δρ(τ) = S0eτ+S1eτ−τ1 1Iτ≥τ1 = eτ(S0 +S1e−τ1 1Iτ≥τ1 ). (6.9)

The solution δρ is thus negative only when τ1 ≤ τ< 1 and iff

S0 +S1e−τ1 = cot(ᾱ)
1−cos(θ)

sin(ᾱ)
− sin(ᾱ)

2π+ ᾱe(c̄+ 1
2π+ᾱ )θ−1 ≤ 0,

which is (6.7). This gives the angle θ̂: indeed the function

θ 7→ f (θ) = (1−cos(θ))e−(c̄+ 1
2π+ᾱ )θ = (1−cos(θ))e−cot(ᾱ)θ

has first derivative

f ′(θ) = (
sin(θ)−cos(ᾱ)(1−cos(θ))

)
e−cot(ᾱ)θ = cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
e−cot(ᾱ)θ > 0 if θ > 0,

because ᾱ> π
4 , and

f (0) =−1, f
(π

2

)
= e−cot(ᾱ) π2 > 0.

Hence there is only one zero for f , and numerically one obtains the value θ̂ = 0.506134, see Figure 30.

Step 2: the function δρ(τ,θ)
θ2 is strictly positive for τ ∈ [1,1+τ1) and increasing w.r.t. τ.

For τ= [1,1+τ1) it holds

δρ(τ) = Dd1 +S0
(
eτ−eτ−1(τ−1)

)+S1eτ−τ1 +S2eτ−1.

Elementary computations show as before that since ᾱ> π
4

D = cos(ᾱ−θ)−cos(ᾱ)

2π+ ᾱ ≤ 0 ⇐⇒ θ ∈ {0}∪ [2ᾱ,π],

and in the interval θ ∈ [0,π] the only 0 is for θ = 0 which corresponds to D = 0.
When 1 < τ< 1+τ1 the positivity of δρ depends on

f (θ) = S0(e −τ+1)+S1e1−τ1 +S2,

whose worst case is for τ= 1+τ1:
f (θ) = S0(e −τ1)+S1e1−τ1 +S2.

Near θ̄ = θ0 we have the expansion

f (θ) =
(cot(ᾱ)

sin(ᾱ)
(e −1)− 1

(2π+ ᾱ)sin(ᾱ)
−2

cot(ᾱ)cos(ᾱ)

2π+ ᾱ
) (θ̄−θ0)2

2
+O (θ3)

∼ 0.582367
θ2

2
+O (θ3),

(6.10)



68 STEFANO BIANCHINI AND MARTINA ZIZZA

Figure 31. Plot of the solution δρ(τ;θ) and of δρ(τ;θ)
θ2 in the segment case for τ ∈ [1,2). Notice

that the discontinuity for τ= τ1 becomes here a discontinuity in the derivative in
1+τ1, and this is the reason why δρ ∼ θ as θ ∈ [1+τ1,2). In the next step we will
have δρ ∼ θ2 in [2+τ1,3).

so that we consider the function

f ′(θ) = δρ(τ,θ)

θ2 , 0 ≤ θ ≤π,1 ≤ τ≤ 1+τ1.

A numerical plot shows that this function is increasing w.r.t. τ for all fixed θ, and its minimal value is

f ′(1,π) = 0.17959.

Step 3: the function δρ(τ,θ)
θ2 is strictly positive and increasing for τ ∈ [1+τ1(θ),2), and diverging near θ = 0.

For τ ∈ [1+τ1,2) the solution is

δρ(τ) = S0
(
eτ−eτ−1(τ−1)

)+S1
(
eτ−τ1 −eτ−1−τ1 (τ−1−τ1)

)+S2eτ−1.

Again numerically the function

f (τ,θ) = δρ(τ,θ)

θ2

has a strictly positive derivative w.r.t. τ, and it is strictly positive, with minimal value at

f (1+τ1,π) = 0.226635.

We compute the expansion at θ = 0 finding

δρ(τ,θ) = sin(ᾱ)

2π+ ᾱ
(
τ−2+ θ

2π+ ᾱ
)
,

so that f is diverging as sin(ᾱ)(1−ξ)
(2π+ᾱ)2θ

as θ→ 0 and τ= 2−ξ θ
2π+ᾱ , ξ ∈ [0,1].

Step 4: for τ ∈ [2,3] the function δρ(τ,θ)/θ2 is bounded and strictly positive.
The solution in this interval is written as

δρ(τ,θ) = S0

(
eτ−eτ−1(τ−1)+eτ−2 (τ−2)2

2

)
+S1

(
eτ−τ1 −eτ−1−τ1 (τ−1−τ1)+eτ−2−τ1

(τ−2−τ1)2

2
1Iτ≥2+τ1

)
+S2

(
eτ−1 −eτ−2(τ−2)

)+S3eτ−2.

(6.11)
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Figure 32. Plot of the function δρ(τ;θ) (Equation (6.11)) on the left side and of δρ(τ;θ)
θ2 on the

right side for τ ∈ [2,3).

Figure 33. Plot of the function δρ(τ;θ)
θ2 for τ ≥ 3 (Equation (6.12)) on the left side and of the

r.h.s. of Equation (6.13).

Its expansion at θ = 0 is quadratic in θ,

δρ(τ,θ) =
[

cot(ᾱ)

sin(ᾱ)

(
eτ−eτ−1(τ−1)+eτ−2 (τ−2)2

2

)
− 2cos(ᾱ)2 +1

(2π+ ᾱ)sin(ᾱ)

(
eτ−1 −eτ−2(τ−2)

)
+ 3cos(ᾱ)

(2π+ ᾱ)2 eτ−2 + sin(ᾱ)

2π+ ᾱeτ−3 ( τ−3
θ − 1

2π+ᾱ )2

2
1I0≥τ−3≥− θ

2π+ᾱ

)]θ2

2
+o(θ2).

We can thus study numerically the function

f (τ,θ) = δρ(τ,θ)

θ2 ,

which shows that the minimal value is

f (2,π) = 0.262163.

Step 5: the function δρ(τ,θ)
θ2 is strictly increasing for τ≥ 3.
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It is enough to study the interval τ ∈ [3,4] for the function

f (τ,θ) = δρ(τ,θ)

θ2 (6.12)

and apply Lemma 3.14. The previous point, plus the fact that g satisfies

ḟ (τ) = f (τ)− f (τ−1),

implies that it is bounded, so we do not need to study the expansion about θ = 0.
The solution δρ is written as

δρ(τ,θ) = S0

(
eτ−eτ−1(τ−1)+eτ−2 (τ−2)2

2
−eτ−3 (τ−3)3

3!

)
+S1

(
eτ−τ1 −eτ−1−τ1 (τ−1−τ1)+eτ−2−τ1

(τ−2−τ1)2

2
−eτ−3−τ1

(τ−3−τ1)3

3!
1Iτ≥3+τ1

)
+S2

(
eτ−1 −eτ−2(τ−2)+eτ−3 (τ−3)2

2

)
+S3

(
eτ−2 −eτ−3(τ−3)

)
.

Numerical computations show that

∂τδρ(τ,θ)

θ2 ≥ ∂τδρ(3,π)

π2 = 0.142304,

and since the solution is continuous in the closed interval and positive at τ = 3 from the previous point, we

conclude that δρ(τ,θ)
θ2 is strictly increasing in τ, see Fig. 33.

Step 6: the asymptotic behavior. By using Lemma 3.18, the solution behaves as

lim
τ→∞

δρ(τ,θ)e−c̄(2π+ᾱ)τ

τθ2 = 2
S0(θ)+S1(θ)+S2(θ)+S3(θ)

θ2 , (6.13)

and numerical plots gives that the function is decreasing w.r.t. θ values with (Fig. 33)

0.0816077 ≤ 2
S0 +S1 +S2 +S3

θ2 ≤ 0.278936. □

6.1.1. Estimate on the length for the fastest saturated spiral δr (φ; s0), segment case. In this section we study the
functional

δr̃ (φ; s0)−2.08δL̃(φ−2π+ ᾱ; s0) when φ≥ 2π+ ᾱ, (6.14)

where we denote with δL̃ the variation of length: more precisely, for angles larger than φ0+ θ̄− ᾱ the spirals are
saturated so that

δL̃(φ; s0) = 1−cos(θ)

sin(ᾱ)2 +
ˆ φ

φ0+θ̄−ᾱ
δr̃ (φ′; s0)

sin(ᾱ)
dφ′.

The first term is the due to the computation

1+δ|P2 −P1|− r2

sin(ᾱ)
δθ̄ = 1−cos(θ)

sin(ᾱ)2

by (6.2).
Using the explicit expression of δr̃ of Corollary 6.5, the length δL̃ can be written by

δL̃(φ; s0) = 1−cos(θ)

sin(ᾱ)2 +cot(ᾱ)
1−cos(θ)

sin(ᾱ)
G (φ−φ0 − θ̄+ ᾱ)−G (φ−φ0 −2π−θ0)

+
(
1− 1−cos(θ)

sin(ᾱ)2 +cot(ᾱ)
cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)

)
G (φ−2π−φ0 − θ̄)

+ cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)
H(φ−2π−φ0 − θ̄)− cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)2 G (φ−4π−φ0 − θ̄− ᾱ),

(6.15)
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Figure 34. Numerical plot of the function (6.14) rescaled by e−c̄φ, divided by θ2 and using
the variable τ: from left to right, the first 4 rounds, the derivative for the round
τ ∈ [4,5] and the minimal value.

where we have used the definition of G (φ). The equation it satisfies is

d

d t
δL̃(φ) = cot(ᾱ)δL̃(φ)− δL̃(φ−2π− ᾱ)

sin(ᾱ)
+cot(ᾱ)

1−cos(θ)

sin(ᾱ)

H(φ−φ0 − θ̄+ ᾱ)

sin(ᾱ)
− H(φ−φ0 −2π−θ0)

sin(ᾱ)

+
(
1− 1−cos(θ)

sin(ᾱ)2 +cot(ᾱ)
cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)

) H(φ−2π−φ0 − θ̄)

sin(ᾱ)

+ cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)

d(φ−2π−φ0 − θ̄)

sin(ᾱ)
− cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)2

H(φ−4π−φ0 − θ̄− ᾱ)

sin(ᾱ)
,

which becomes for φ≥φ0 + θ̄+4π+ ᾱ
d

d t
δL̃(φ) = cot(ᾱ)δL̃(φ)− δL̃(φ−2π− ᾱ)

sin(ᾱ)
+SL ,

SL = 1

sin(ᾱ)

[
cot(ᾱ)

1−cos(θ)

sin(ᾱ)
−1+

(
1− 1−cos(θ)

sin(ᾱ)2 +cot(ᾱ)
cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)

)
− cos(ᾱ−θ)−cos(ᾱ)

sin(ᾱ)2

]
=−1−cos(ᾱ)

sin(ᾱ)3

(
(1−cos(ᾱ))(1−cos(θ)+ sin(ᾱ)sin(θ)

)< 0.

In particular we have for the same range of angles

d

dφ

(
δr̃ (φ)−2.08δL̃(φ)

)= cot(ᾱ)
(
δr̃ (φ)−2.08δL̃(φ)

)− δr̃ (φ−2π− ᾱ)−2.08δL̃(φ−2π− ᾱ)

sin(ᾱ)
−SL

≥ cot(ᾱ)
(
δr̃ (φ)−2.08δL̃(φ)

)− δr̃ (φ−2π− ᾱ)−2.08δL̃(φ−2π− ᾱ)

sin(ᾱ)
.

In Fig. 34 the numerical plot of the function (6.14) shows that it is positive, increasing after τ= 4 and thus by
Lemma 3.14 and Remark 3.15 it holds

Proposition 6.8. It holds for the perturbation in the segment case

δρ(τ)−2.08e−c̄(2π+ᾱ)τδL̃(τ) ≥ 0.117θ2, τ≥ 1.

6.2. Analysis of Perturbations - Arc Case. In this section we repeat the computations in the case that the
fastest saturated solution ξ̃ for φ ∈φ0 + [0,2π+β−(φ0)) has the following structure:

• it is an arc of the level set {u = u(ζ̄(s0))}, starting in P0 = ζ̄(φ0) and ending in P1 = ζ̃(φ1) = ζ̃(φ0 +∆φ);
• a segment [P1,P2] tangent to the level set {u = u(ζ̄(s0))} in P1 and such that P2 = ζ̃(φ2) = ζ̄(φ1+ π

2 − ᾱ) is
saturated;

• a saturated spiral with β(φ) = ᾱ for φ≥φ2.

Due to the presence of the initial arc, we call it the arc case. The analysis of this section refers to the geometric
situation of Figure 35.

We observe that for angles φ ≥ φ1 the spiral has the same structure of the segment case (Subsection 6.1),
with θ̄ = π

2 , though we will show that the analysis of the derivative is different due to the presence of the initial
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Figure 35. Analysis of perturbations of the arc case, Subsection 6.2.

arc: the formulas will coincide when θ̄ = π
2 and∆φ= 0, yielding as corollary that the derivative δr is continuous

across θ̄ = π
2 (Remark 6.12).

Let us denote as before

θ = π

2
−θ0

We compute now the variations up to second order terms w.r.t. δs0:

δP0 = δs0e ı(φ0+ π
2 −θ), δφ0 = δs0

cos(θ)

r (φ0)
,

δP1 = r̃ (φ1)δφ1e ı(φ0+∆φ+ π
2 ) +δs0 sin(θ)e ı(φ0+∆φ), (6.16)

δP2 = δP1 +δ|P2 −P1|e ı(φ0+∆φ+ π
2 ) −|P2 −P1|e iφ1δφ1. (6.17)

By the saturation condition on P2 and P ′
2 we find that

0 = u(P ′
2)−cos(ᾱ)(δs0 +L(P ′

0P ′
1)+|P ′

2 −P ′
1|+L(P0)),

where L(P0) is the length of the spiral up to the angle φ0 and L(P ′
0P ′

1) is the length of the arc P ′
0P ′

1, in particular

0 = e ı(φ0+∆φ+ π
2 −ᾱ) ·δP2 −cos(ᾱ)(δs0 +δL(P0P1)+δ|P2 −P1|).
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We now notice that
δL(P0P1) = δs0 sin(θ)∆φ+ r̃ (φ1)δφ1 −δs0 cos(θ),

so that the saturation condition becomes

0 = r̃ (φ1)cos(ᾱ)δφ1 +δs0 sin(θ)sin(ᾱ)+δ|P2 −P1|cos(ᾱ)−|P2 −P1|δφ1 sin(ᾱ)

−cos(ᾱ)
(
δs0 +δs0 sin(θ)∆φ+ r̃ (φ1)δφ1 −δs0 cos(θ)+δ|P2 −P1|

)
= δs0

(
cos(ᾱ−θ)−cos(ᾱ)−cos(ᾱ)sin(θ)∆φ

)−|P2 −P1|δφ1 sin(ᾱ),

in particular

|P2 −P1|δφ1

δs0
= sin(θ)−cot(ᾱ)

(
1−cos(θ)+∆φsin(θ)

)
. (6.18)

Moreover, from the relations

r (φ2)δφ2 = δP2 ·e ı(φ0+∆φ+π−ᾱ) and φ2 =φ1 + π

2
− ᾱ,

we obtain δφ2 = δφ1 and

r (φ2)δφ1

sin(ᾱ)
−δ|P2 −P1|− r (φ1)δφ1 = cot(ᾱ)|P2 −P1|δφ1 −cot(ᾱ)sin(θ)δs0

=−cot(ᾱ)2(1−cos(θ)+∆φsin(θ)
)
.

(6.19)

The variation of the angle ∆φ along the arc of the level set is then

δ∆φ= δφ1 −δφ0

= δs0

|P2 −P1|
(
sin(θ)(1−cot(ᾱ)∆φ)−cot(ᾱ)(1−cos(θ))

)− δs0

r (φ0)
cos(θ).

(6.20)

The variation δP (φ) along the segment [P1,P2] can be computed as

δP (φ) = δP1 ·e ıφ1 −|P (φ)−P1|δφ1

cos(φ−φ1)

= 1

cos(φ−φ1)

(
sin(θ)

(
1− |P (φ)−P1|

|P2 −P1|
)
+ |P (φ)−P1|

|P2 −P1|
cot(ᾱ)

(
1−cos(θ)+∆φsin(θ)

))
,

with φ ∈ (φ1,φ2).

Remark 6.9. We remark that ∆φ ≤ tan ᾱ, where the equality corresponds to the situation of the case study of
Section 5 with a= 0. Indeed for such a choice

|P2 −P1|δ∆φ
δs0

=−cot(ᾱ)(1−cos(θ))− |P2 −P1|
r̃ (φ0)

cos(θ) < 0

unless θ = 0 and |P2 −P1| = 0. Notice that for or r̃a we do not have the initial segment [(0,0), (1,0)], and this is
the reason why the limit value ∆φ= tan(ᾱ) is allowed.

To compute δr̃ (φ; s0) for φ ≥ φ2, we observe that the angle β(φ) is equal to ᾱ in this region, so that one
obtains

Lemma 6.10. The RDE satisfied by r̃ for φ≥φ0 +∆φ+ π
2 − ᾱ is

˙̃r (φ; s0) = cot(ᾱ)r̃ (φ; s0)−


R(φ) φ0 +∆φ+ π

2 − ᾱ≤φ<φ0 +2π+β−(φ0),

0 φ0 +2π+β−(φ0) ≤φ<φ0 +2π+ π
2 ,

r̃ (φ−2π− π
2 ) φ0 +2π+ π

2 ≤φ≤φ0 +2π+ π
2 +∆φ,

|P2 −P1|dφ0+2π+ π
2 +∆φ+

r̃ (φ−2π−ᾱ)
sin(ᾱ) φ≥φ0 +2π+ π

2 +∆φ.

(6.21)

where R(φ) is the radius of curvature of r (φ) (the original spiral).

Proof. We have just to compute the radius of curvature, since β(φ) = ᾱ fixed for φ≥φ2. Formula (6.21) follows
easily, observing that if β−(s0) < π

2 then there is corner in the spiral r̃ (φ; s0) whose subdifferential is

∂−r̃ (φ; s0) =
{

e iφ,φ ∈φ0 +2π+
[
β−(φ0),

π

2

]}
.

For the angles φ0 +2π+ π
2 ≤ φ ≤ φ0 +2π+ π

2 +∆φ the radius of curvature is precisely the radius of the spiral,
computed at the previous angle (Formula (3.1)). The jump at φ0 +2π+ π

2 +∆φ is due to the segment [P1,P2],
corresponding in a jump in s−(φ) at that angle. □
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Computing the derivative w.r.t. s0 for φ>φ0 +∆φ+ π
2 − ᾱ we can prove the following

Proposition 6.11. For φ>φ0 +∆φ+ π
2 − ᾱ, the derivative

δr̃ (φ; s0) = lim
δs0↘0

r̃ (φ; s0 +δs0)− r̃ (φ; s0)

δs0

satisfies the RDE on R
d

dφ
δr̃ (φ; s0) = cot(ᾱ)δr̃ (φ; s0)− δr̃ (φ−2π− ᾱ)

sin(ᾱ)
+S(φ; s0),

with source

S(φ; s0) = cot(ᾱ)

sin(ᾱ)

(
1−cos(θ)+∆φsin(θ)

)
dφ0+∆φ+ π

2 −ᾱ−dφ0+2π+ π
2 −θ+cos(θ)dφ0+2π+ π

2

− sin(θ)1Iφ0+2π+ π
2 +[0,∆φ] −cot(ᾱ)2(1−cos(θ)+∆φsin(θ)

)
dφ0+2π+∆φ+ π

2

+ (
sin(θ)−cot(ᾱ)(1−cos(θ)+∆φsin(θ))

)
d′
φ0+2π+ π

2 +∆φ
.

We recall the notation

φ1 =φ0 +∆φ, φ2 =φ1 + π

2
− ᾱ.

which we will use in the following.

Proof. We compute first the variation of the initial data of (6.21): observing that the spiral r̃ (φ; s0) is saturated
at φ2 and hence its tangent vector is e ı(φ0+∆φ+ π

2 ), one has up to second order terms for φ close to φ2

δr̃ (φ2) = δP2 ·e iφ1

sin(ᾱ)

= δs0 sin(θ)−|P2 −P1|δφ1

sin(ᾱ)

= δs0
cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+∆φsin(θ)),

which gives the first jump at φ2.
Being R(φ) the same up to φ0 +2π+θ0, the RDE for δr̃ is actually the ODE

d

dφ
δr̃ (φ) = cot(ᾱ)δr̃ (φ)

for φ0 +∆φ+ π
2 − ᾱ≤φ<φ0 +2π+θ0.

Using R = Ds− and taking δφ≪ 1, the variation at φ0 +2π+θ0 is up to second order terms w.r.t. δφ

r̃ (φ0 +2π+θ0 +δφ; s0 +δs0)− r̃ (φ0 +2π+θ0 +δφ; s0)

= (1+cot(ᾱ)δφ)
(
r̃ (φ0 +2π+θ0; s0 +δs0)− r̃ (φ0 +2π+θ0; s0)

)− (
s−(φ0 +2π+θ0 +δφ)− s−(φ0 +2π+θ0)

)
= (1+cot(ᾱ)δφ)

(
r̃ (φ0 +2π+θ0; s0 +δs0)− r̃ (φ0 +2π+θ0; s0)

)−δs0.

Dividing by δs0, letting δs0 ↘ 0 first and then φ↘ 0, we conclude that δr̃ (φ; s0) has a jump of size −1 at the
angle φ0 +2π+θ0.

From (6.21) it follows that
d

dφ
δr̃ (φ) = cot(ᾱ)δr̃ (φ)

for φ ∈φ0 +2π+ [θ0, π2 ].
At about the angle φ = φ0 +2π+ π

2 , we can repeat the analysis for a small angle as we did at the angle φ0 +
2π+θ0 above, obtaining that there is an upward jump of value cos(θ), giving the source cos(θ)dφ0+2π+ π

2
.

Again, from (6.21) it follows that

d

dφ
δr̃ (φ) = cot(ᾱ)δr̃ (φ)− sin(θ),

for φ0 +2π+ π
2 <φ<φ0 +2π+ π

2 +∆φ, because δr̃ (φ0 + π
2 + [0,∆φ)) = sin(θ).
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At the angle φ0 + 2π+ π
2 +∆φ the solution has a discontinuity due to the variation of δφ1 and |P2 −P1|:

computing the first order approximations for 0 ≤ δφ≪ 1 one gets

r̃
(
φ0 +2π+ π

2
+∆φ+δφ, s0 +δs0

)
− r̃

(
φ0 +2π+ π

2
+∆φ+δφ, s0

)
=

[
r̃
(
φ0 +2π+ π

2
+∆φ−δφ, s0 +δs0

)
− r̃

(
φ0 +2π+ π

2
+∆φ−δφ, s0

)]
(1+2cot(ᾱ)δφ)

−|P ′
2 −P ′

1|H(φ−φ2 +δφ1)− (δφ+δφ1)r̃ (φ1, s0 +δs0)− (δφ−δφ1)
r̃ (φ2, s0 +δs0)

sin(ᾱ)

+|P2 −P1|H(φ−φ2)+δφr̃ (φ1, s0)+δφ r̃ (φ2, s0)

sin(ᾱ)
,

with H(φ) being the Heaviside function. Dividing by δs0, using that δ(̃φ1) = sin(θ) and passing to the limit
δs0 ↘ 0 we obtain

δr̃
(
φ0 +2π+ π

2
+∆φ+δφ; s0

)
= δr̃

(
φ0 +2π+ π

2
+∆φ−δφ; s0

)(
1+2cot(ᾱ)δφ

)− δr̃ (φ2; s0)

sin(ᾱ)
δφ− sin(θ)δφ

+|P2 −P1|δφ1

δs0
dφ0+2π+ π

2 +∆φ+
[
− δ|P2 −P1|

δs0
− δφ1

δs0
r̃ (φ1)+ δφ1

δs0

r̃ (φ2)

sin(ᾱ)

]
.

Hence its derivative w.r.t. φ satisfies

d

dφ
δr̃ (φ; s0) = cot(ᾱ)δr̃ (φ; s0)− δr̃ (φ−2π− ᾱ; s0)

sin(ᾱ)

+
(
− δ|P2 −P1|

δs0
+ r̃ (φ2; s0)

sin(ᾱ)

δφ1

δs0
− r̃ (φ1)

δφ1

δs0

)
dφ0+2π+ π

2 +∆φ+|P2 −P1|δφ1

δs0
d′
φ0+2π+ π

2 +∆φ
,

where d′ is the derivative of the Dirac’s delta:

〈d′x , f 〉 =−d f (x)

d x
.

Using (6.18) and (6.19) we obtain source in the statement.
For φ≥φ2 +2π+ ᾱ the equation is linear, and then the conclusion follows. □

We remark that, since

cot(ᾱ)

sin(ᾱ)

(
1−cos(θ)+∆φsin(θ)

)≥ 0,

being∆φ≥ 0, it follows that the perturbation is positive forφ ∈ [0,φ0+ π
2 +∆φ−ᾱ], as the optimality of Theorem

4.12 implies.

Remark 6.12. Observe that when ∆φ= 0 the source becomes

S(φ; s0) = cos(ᾱ)

sin(ᾱ)
(1−cos(θ))dφ0+ π

2 −ᾱ−dφ0+2π+θ0

+ (
cos(θ)−cot(ᾱ)2(1−cos(θ))

)
dφ0+2π+ π

2
+ (

sin(θ)−cos(ᾱ)(1−cos(θ))
)
d′
φ0+2π+ π

2
,

which is the same as the source of the segment case. Hence the derivative δr is continuous when passing from
the segment case to the arc case, i.e. when θ̄ = π

2 .

Using the kernel G(φ) of Remark 3.21 we obtain the following explicit representation of the solution δr̃ .
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Corollary 6.13. The solution δr̃ (φ) for φ≥φ2 =φ0 + π
2 − ᾱ+∆φ is explicitly given by

δr̃ (φ; s0) = cot(ᾱ)

sin(ᾱ)

(
1−cos(θ)+∆φsin(θ)

)
G

(
φ−φ0 −∆φ− π

2
+ ᾱ

)
−G(φ−φ0 −2π−θ0)

+cos(θ)G
(
φ−φ0 −2π− π

2

)
− sin(θ)M

(
φ;φ0 +2π+ π

2
;φ0 +2π+ π

2
+∆φ

)
+

(
−cot(ᾱ)2(1−cos(θ)+∆φsin(θ)

)
+cot(ᾱ)

(
sin(θ)−cot(ᾱ)(1−cos(θ)+∆φsin(θ))

))
G

(
φ−φ0 −2π−∆φ− π

2

)
+ (

sin(θ)−cot(ᾱ)(1−cos(θ)+∆φsin(θ))
)
dφ0+2π+ π

2 +∆φ

− 1

sin(ᾱ)

(
sin(θ)−cot(ᾱ)(1−cos(θ)+∆φsin(θ))

)
G

(
φ−φ0 −2π−∆φ− π

2
−2π− ᾱ

)
.

We next make the change of variables

δr̃ (φ2 + (2π+ ᾱ)τ; s0) = δρ(τ)e c̄(2π+ᾱ)τ, φ2 =φ0 +∆φ+ π

2
− ᾱ,

obtaining the following corollary.

Corollary 6.14. The values of the perturbation depend only on the angles θ = π
2 −θ0 and ∆φ, and the function

δρ(τ) is given by

δρ(τ) = S0g (τ)+S1g (τ−τ1)+S2g (τ−τ2)+S3m(τ,τ2,1)+S4g (τ−1)+Dd1 +S5g (τ−2),

where

τ1 = 1− ∆φ+θ
2π+ ᾱ , τ2 = 1− ∆φ

2π+ ᾱ ,

and

S0(θ,∆φ) = cot(ᾱ)

sin(ᾱ)

(
1−cos(θ)+∆φsin(θ)

)
,

S1(θ,∆φ) =−e−c̄(2π+ᾱ)τ1 =− sin(ᾱ)

2π+ ᾱe c̄(∆φ+θ),

S2(θ,∆φ) = cos(θ)e−c̄(2π+ᾱ)τ2 = sin(ᾱ)cos(θ)

2π+ ᾱ e c̄∆φ,

S3(θ) =−sin(θ), m(τ,τ2,1) =
ˆ 1

τ2

g (τ−τ′)e−c̄(2π+ᾱ)τ′ (2π+ ᾱ)dτ′,

S4(θ,∆φ) = cos(ᾱ)

2π+ ᾱ
(
−2cot(ᾱ)(1−cos(θ)+∆φsin(θ))+ sin(θ)

)
D(θ,∆φ) = sin(ᾱ)

2π+ ᾱ
(

sin(θ)−cot(ᾱ)(1−cos(θ)+∆φsin(θ))
)
,

S5(θ,∆φ) =− sin(ᾱ)

(2π+ ᾱ)2

(
sin(θ)−cot(ᾱ)(1−cos(θ)+∆φsin(θ))

)
.

The next result is essential for the analysis in the following sections: as in the previous case we let θ to vary
in [0,π], even if for spiral strategies θ ≤ π

2 .

Proposition 6.15. The function δρ = δρ(τ;θ,∆φ) is strictly positive outside the region

Narc = {θ = 0}∪{
τ1(θ,∆φ) ≤ τ< τ2(∆φ),0 ≤ θ ≤ h1(∆φ)

}
∪{

τ2(∆φ) ≤ τ< 1,0 ≤ θ ≤ h2(∆φ)
}

∪{
τ3(θ,∆φ) ≤ τ< 1,h2(∆φ) ≤ θ < h3(∆φ)

}∪Nres,

where the functions h1(∆φ),h2(∆φ),h3(∆φ),τ3(θ,∆φ) are determined by solving the equations

• for τ1 ≤ τ≤ τ2, the function h1(∆φ) is determined implicitly by

cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−∆φ−θ) −1 = 0, (6.22)

• for τ2 ≤ τ≤ 1, the function h2(∆φ) is determined by

cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−∆φ) −ecot(ᾱ)θ+cos(θ) = 0,
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τ= 1− ∆φ
2π+ᾱ

∆φ

τ= 1

τ= 1− θ+∆φ
2π+ᾱ

τ

θ = 0
θ

Figure 36. The region where δr̃ ≤ 0 in the arc case for τ ∈ [0,1], neglecting Nres for clarity: in
addition to the plane {θ = 0}, it contains the cyan region {0 ≤ θ ≤ h1(∆φ),τ1 ≤ τ≤
τ2} and the trapezoidal blue region for {τ2 ≤ τ≤ 1}.

• for τ3 ≤ τ≤ 1, the function h3(∆φ) is determined by

cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−∆φ) −ecot(ᾱ)θ+cos(θ)− sin(θ)

ecot(ᾱ)∆φ−1

cot(ᾱ)
= 0,

• the function τ3(θ,∆φ) = 1− θ3
2π+ᾱ is given by solving in the region {h2(∆φ) ≤ θ ≤ h3(∆φ)}

cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−θ3)−ecot(ᾱ)(∆φ+θ−θ3)+cos(θ)ecot(ᾱ)(∆φ−θ3 −sin(θ)M(∆φ−θ3;0,∆φ) = 0.

Finally, the region Nres is contained in the set

Nres ⊂
{
τ≥ 3,θ ∈ (3.12,π],∆φ ∈ (2.37,tan(ᾱ)]

}∪{
τ= 1,∆φ≥ tan(ᾱ)− 1−cos(θ)

sin(θ)

}
.

The asymptotic behavior is given by

lim
τ→∞

δρ(τ)e−c̄τ

τθ(θ+∆φ)
= 2

θ(θ+∆φ)

(
S0 +S1 +S2 +S3

e−c̄(2π+ᾱ)τ2 −e−c̄(2π+ᾱ)

c̄
+S4 +S5

)
. (6.23)

The region of negativity for the arc case is depicted in Fig. 36 in the first 3 rounds: the last region is due to
the fact that the sum of the sources in (6.23) is negative in some region, see Fig. 47 below. We will not use this
region in our perturbations.

Proof. The proof will be given in several steps.

Case 0: θ = 0.
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(a) Plot of the function h1(∆φ) of Lemma 6.16. (b) Plot of the function h1(∆φ)+∆φ of Lemma 6.16.

Figure 37. Numerical plots of the function h1(∆φ) of Lemma 6.16.

It is easy to see that in this case δρ(τ) = 0, so that {θ = 0} ⊂ Narc.

Case 1: τ ∈ [0,τ1).
Being S0 > 0 for θ > 0, it follows that δρ(τ) > 0 in this region.

Case 2: τ ∈ [τ1,τ2).
The solution δr (φ; s0) is written explicitly as

δr (φ; s0) = cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(φ−φ2) −ecot(ᾱ)(φ−φ2−2π−ᾱ+∆φ+θ

= ecot(ᾱ)(φ−φ2−2π−ᾱ+∆φ+θ
(cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−∆φ−θ) −1

)
.

The study of the above equation is done in the following lemma.

Lemma 6.16. The equation

cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−∆φ−θ) −1 = 0

determines implicitly a convex function h1(∆φ) such that

h1(∆φ) < θ̂ unless ∆φ= 0,

and moreover

∆φ 7→ θ̂(∆φ) :=∆φ+h1(∆φ)

is strictly increasing unless ∆φ= 0 and has derivative < 1.

A numerical plot of h1(∆φ) is in Fig. 37a, while in Fig. 37b it is plotted the function h1(∆φ)+∆φ.

Proof. Let

f1(θ,∆φ) = cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−∆φ−θ) −1. (6.24)

Taking the derivative w.r.t. θ we obtain

∂θ f1 = cot(ᾱ)

sin(ᾱ)

(
sin(θ)+cos(θ)∆φ−cot(ᾱ)(1−cos(θ)+ sin(θ)∆φ)

)
ecot(ᾱ)(2π+ᾱ−∆φ−θ)

= cot(ᾱ)

sin(ᾱ)2

(
cos(ᾱ−θ)−cos(ᾱ)+ sin(ᾱ−θ)∆φ

)
ecot(ᾱ)(2π+ᾱ−∆φ−θ).

(6.25)
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(a) Plot of the function f1(θ,∆φ), Equation (6.24), in the
region [π4 ,π]× [0, tan(ᾱ)].

(b) Plot of the function ∂θ f1(θ,∆φ), Equation (6.25), in the
region [0, π4 ]× [0, tan(ᾱ)].

(c) Plot of the function (6.26). (d) Plot of the function (6.27).

Figure 38. Numerical plots for the proof of Lemma 6.16.

Since numerically one observe that (see Fig. 38b)

f1

([π
4

,π
]
× [0, tan(ᾱ)]

)
≥ f1(π, tan(ᾱ)) = 0.971097,

∂θ f1

([
0,
π

4

]
,∆φ

)
≥ ∂θ f1

(π
4

,0
)
≥ 1.29579(θ+∆φ),

then ∂θ f1 > 0 in the region (0, π4 ) × [0, tan(ᾱ)] (observe that f 1(0,∆φ) = −1). We deduce that the equation
f1(θ,∆φ) = 0 defines an implicit function h1(∆φ), such that

h1(∆φ) < θ̂ unless ∆φ= 0.

By the Implicit Function Theorem we obtain

dh1

d∆φ
=−cos(ᾱ−θ)−cos(ᾱ)−cos(ᾱ)sin(θ)∆φ

cos(ᾱ−θ)−cos(ᾱ)+ sin(ᾱ−θ)∆φ

=−1+ sin(ᾱ)cos(θ)∆φ

cos(ᾱ−θ)−cos(ᾱ)+ sin(ᾱ−θ)∆φ
.

(6.26)
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so that in the region of interest one can check numerically that (see Fig. 38c)

−1 ≤ dh1(∆φ)

d∆φ
<−1+ sin(ᾱ)cos(θ̂) tan(ᾱ)

cos(ᾱ− θ̂)−cos(ᾱ)+ sin(ᾱ− θ̂) tan(ᾱ)
= 0.0251844.

Differentiating w.r.t ∆φ one obtains

d 2h1

d∆φ2 = ∂∆φ dh1

d∆φ
+∂θ

dh1

d∆φ

dh1

d∆φ

= sin(ᾱ)cos(θ)(cos(ᾱ−θ)−cos(ᾱ))

(cos(ᾱ−θ)−cos(ᾱ)+ sin(ᾱ−θ)∆φ)2

+ sin(ᾱ)∆φ(−sin(ᾱ)−cos(ᾱ)sin(θ)+cos(ᾱ)∆φ)

(cos(ᾱ−θ)−cos(ᾱ)+ sin(ᾱ−θ)∆φ)2

(
−1+ sin(ᾱ)cos(θ)∆φ

cos(ᾱ−θ)−cos(ᾱ)+ sin(ᾱ−θ)∆φ

)
,

(6.27)

and numerically one sees that (see Fig. 38d)

d 2h1

d∆φ2 > 0.0168525,

so that the function is convex, with a minimum near ∆φ= 2.35681.
Finally, the only case for which dh1

d∆φ =−1 is for ∆φ= 0, g3(∆φ) = θ̂. This means that the function

δφ 7→ θ̂(∆φ) =∆φ+h1(∆φ)

is strictly increasing, convex and has derivative 0 for ∆φ= 0, see Fig. 37b. □

Case 3: τ ∈ [τ2,1).
The solution to be studied is

δr̃ (φ; s0) = cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(φ−φ2) −ecot(ᾱ)(φ−φ2−2π−ᾱ+∆φ+θ)

+cos(θ)ecot(ᾱ)(φ−φ2−2π−ᾱ+∆φ) − sin(θ)

ˆ φ

φ2+2π+ᾱ+∆φ
ecot(ᾱ)(φ−φ′)dφ′

= ecot(ᾱ)(φ−φ2−2π−ᾱ+θ)
[cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−θ) −ecot(ᾱ)θ+cos(θ)

]
− sin(θ) tan(ᾱ)

(
ecot(ᾱ)(φ−φ2−2π−ᾱ+θ) −1

)
.

At the initial angle φ=φ2 +2π+ ᾱ−∆φ we have

f2(θ,∆φ) = cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−∆φ) −ecot(ᾱ)θ+cos(θ)

= f1(θ,∆φ)ecot(ᾱ)θ+cos(θ).
(6.28)

Numerical plots (see Fig. 39a) show that f2 < 0 is a triangular shaped region N2 with corners

(0,0), (0.0956622,0), (0,0.0428438).

Next, we take the derivative of δr̃ (φ; s0) w.r.t. φ, obtaining

∂φδr̃ (φ; s0) = ecot(ᾱ)(φ−φ2−2π−ᾱ+∆φ) cot(ᾱ)
[cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ−∆φ)

−ecot(ᾱ)θ+cos(θ)− sin(θ) tan(ᾱ)
]

= ecot(ᾱ)(φ−φ2−2π−ᾱ+∆φ) cot(ᾱ) f3(θ,∆φ).

(6.29)

Numerically (see Fig. 39b), the negativity region is a triangular shaped region N3 with corners

(0,0), (0.639078,0), (0,0.329784).

Being this region larger than the negativity region for f2, it follows that{
τ ∈ [τ2,1], (θ,∆φ) ∈ N2

}⊂ Narc,

and {
τ ∈ [τ2,1], (θ,∆φ) ∉ N3

}∩Narc =;.



SPIRAL STRATEGIES FOR BLOCKING FIRE 81

(a) Plot of the function f2(θ,∆φ) (6.28). (b) Plot of the function f3(θ,∆φ) (6.29).

(c) Plot of the function (6.30).

(d) Plot of f2(·/3) = 0 (blue), f3 = 0 (orange), f4(·/3) = 0
(green). We have rescaled the first and the third for
clarity.

Figure 39. Numerical plots for the analysis of the negative region with τ ∈ [τ2,1].

In particular the derivative of δr̃ (φ; s0) is strictly negative in the region of interest, and thus this determines a
function τ2(θ,∆φ) whose graph is the boundary of the region of negativity.

The maximal region is computed by considering

δr̃ (φ2 +2π+ ᾱ−; s0) = cot(ᾱ)

sin(ᾱ)
(1−cos(θ)+ sin(θ)∆φ)ecot(ᾱ)(2π+ᾱ) −ecot(ᾱ)(θ+∆φ)

+cos(θ)ecot(ᾱ)∆φ− sin(θ) tan(ᾱ)
(
ecot(ᾱ)∆φ−1

)
= f4(θ,∆φ).

(6.30)

Numerically (see Fig. 39c) the negativity region is triangular shaped with corners

(0,0), (0,0.0478458), (0.0956622,0).

The contours of the three regions of negativity are in Fig. 39d.

Case 4: τ ∈ [1,1+τ1)
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(a) Plot of the function
δρ(1+sτ1,θ,∆φ)

θ(θ+∆φ) for s assuming the

values {0, .2, .4, .6, .8,1} (monotonically bottom to top
graph). (b) Plot of the worst case

δρ(τ,π,tan(ᾱ))
π(π+tan(ᾱ)) , τ ∈ [1,1+τ1).

Figure 40. Study of δρ for τ ∈ [1,1+τ1).

The solution δρ is

δρ(τ) = S0(eτ−eτ−1(τ−1))+S1eτ−τ1 +S2eτ−τ2 +S3e−c̄(2π+ᾱ) ecot(ᾱ)∆φ−1

cot(ᾱ)
eτ−1 +S4eτ−1

= eτ−1
[

S0(e − (τ−1))+S1e1−τ1 +S2e1−τ2 +S3e−c̄(2π+ᾱ) ecot(ᾱ)∆φ−1

cot(ᾱ)
+S4

]
.

The worst case is for τ= 1+τ1, so that we have to study the function

f (θ,∆φ) = S0(e −τ1)+S1e1−τ1 +S2e1−τ2 +S3
sin(ᾱ)

2π+ ᾱ
ecot(ᾱ)∆φ−1

cot(ᾱ)
+S4.

One observes numerically that the quantity inside the bracket is strictly positive (> 0.44), and also numerically
one obtains that

f (θ,∆φ)

θ(θ+∆φ)
≥ f (π, tan(ᾱ))

π(π+ tan(ᾱ)
= 0.031,

and that (see Fig. 40)
δρ([1,1+τ1),θ,∆φ)

θ(θ+∆φ)
≥ δρ(1+τ1,π, tan(ᾱ))

π(π+ tan(ᾱ)
> 0.04.

Case 5: τ ∈ 1+ [τ1,τ2).
The solution is given by

δρ(τ) = S0(eτ−eτ−1(τ−1))+S1
(
eτ−τ1 −eτ−τ1−1(τ−τ1 −1)

)+S2eτ−τ2 +S3e−c̄(2π+ᾱ) ecot(ᾱ)∆φ−1

cot(ᾱ)
eτ−1 +S4eτ−1

= eτ−1
[

S0(e − (τ−1))+S1(e1−τ1 −e−τ1 (τ−τ1 −1))+S2e1−τ2 +S3e−c̄(2π+ᾱ) ecot(ᾱ)∆φ−1

cot(ᾱ)
+S4

]
.

A numerical evaluation shows that (see Fig. 41)

δρ([1+τ1,1+τ2),θ,∆φ)

θ(θ+∆φ)
≥ δρ(τ1,π, tan(ᾱ))

π(π+ tan(ᾱ))
> 0.04.

Case 6: τ ∈ [1+τ2,2].
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(a) Plot of the function
δρ(1+(1−s)τ1+sτ2,θ,∆φ)

θ(θ+∆φ) for s assum-

ing the values {0, .2, .4, .6, .8,1} (monotonically bottom
to top graph). (b) Plot of the worst case

δρ(τ, π2 ,tan(ᾱ))
π
2 ( π2 +tan(ᾱ))

, τ ∈ [1+τ1,1+τ2).

Figure 41. Study of δρ for τ ∈ [1+τ1,1+τ2).

The solution is given by

δρ(τ) = S0(eτ−eτ−1(τ−1))+S1
(
eτ−τ1 −eτ−τ1−1(τ−τ1 −1)

)+S2
(
eτ−τ2 −eτ−τ2−1(τ−τ2 −1)

)
+S3e−c̄(2π+ᾱ)

(ecot(ᾱ)∆φ−1

cot(ᾱ)
eτ−1

− ecot(ᾱ)∆φ cot(ᾱ)(2π+ ᾱ)(τ−2+ ∆φ
2π+ᾱ )−ecot(ᾱ)∆φ+e−cot(ᾱ)(2π+ᾱ)(τ−2)

(2π+ ᾱ)cot(ᾱ)2 eτ−2
)

+S4eτ−1.

Numerically one observes that (see Fig. 42)

δρ([1+τ2,2),θ,∆φ)

θ(θ+∆φ)
≥ δρ(1+τ2,π, tan(ᾱ))

π(π+ tan(ᾱ))
> 0.04.

Case 7: τ ∈ [2,2+τ1].
The explicit form of the solution is

δρ(τ) = S0

(
eτ−eτ−1(τ−1)+eτ−2 (τ−2)2

2

)
+S1

(
eτ−τ1 −eτ−τ1−1(τ−τ1 −1)

)+S2
(
eτ−τ2 −eτ−τ2−1(τ−τ2 −1)

)
+S3

[ e−c̄τ

cot(ᾱ)

(
ecot(ᾱ)(2π+ᾱ)(τ−τ2) −ecot(ᾱ)(2π+ᾱ)(τ−1))

+ e c̄(2π+ᾱ)(τ−1)

cot(ᾱ)2(2π+ ᾱ)

(
−e−cot(ᾱ)(τ−τ2−1) cot(ᾱ)(2π+ ᾱ)(τ−τ2 −1)

+e−cot(ᾱ)(τ−2) cot(ᾱ)(2π+ ᾱ)(τ−2)+ecot(ᾱ)(2π+ᾱ)(τ−τ2−1 −ecot(ᾱ)(2π+ᾱ)(τ−2)
)]

+S4
(
eτ−1 −eτ−2(τ−2)

)+S5eτ−2.

Numerical evaluations show that (see Fig. 43)

δρ([2,2+τ1),θ,∆φ)

θ(θ+∆φ)
≥ δρ(2,π, tan(ᾱ))

π(π+ tan(ᾱ))
> 0.04,

so that the function is positive.
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(a) Plot of the function
δρ(1+(1−s)τ2+s,θ,∆φ)

θ(θ+∆φ) for s assum-

ing the values {0, .2, .4, .6, .8,1} (monotonically bottom
to top graph). (b) Plot of the worst case

δρ(τ,π,tan(ᾱ))
π(π+tan(ᾱ)) , τ ∈ [1+τ2,2).

Figure 42. Study of δρ for τ ∈ [1+τ2,2).

(a) Plot of the function
δρ(2+sτ1,θ,∆φ)

θ(θ+∆φ) for s assuming the

values {0, .2, .4, .6, .8,1} (monotonically bottom to top
graph). (b) Plot of the worst case

δρ(τ,π,0)
π(π+tan(ᾱ)) , τ ∈ [2,2+τ1).

Figure 43. Study of δρ for τ ∈ [2,2+τ1).

Case 8: τ ∈ [2+τ1,2+τ2].
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(a) Plot of the function
δρ(2+(1−s)τ1+sτ2,θ,∆φ)

θ(θ+∆φ) for s assum-

ing the values {0, .2, .4, .6, .8,1} (monotonically bottom
to top graph). (b) Plot of the worst case

δρ(τ, π2 ,tan(ᾱ))
π
2 ( π2 +tan(ᾱ))

, τ ∈ [2+τ1,2+τ2).

Figure 44. Study of δρ for τ ∈ [2+τ1,2+τ2).

The explicit form of the solution is

δρ(τ) = S0

(
eτ−eτ−1(τ−1)+eτ−2 (τ−2)2

2

)
+S1

(
eτ−τ1 −eτ−τ1−1(τ−τ1 −1)+eτ−τ1−2 (τ−2−τ1)2

2

)
+S2

(
eτ−τ2 −eτ−τ2−1(τ−τ2 −1)

)
+S3

[ e−c̄τ

cot(ᾱ)

(
ecot(ᾱ)(2π+ᾱ)(τ−τ2) −ecot(ᾱ)(2π+ᾱ)(τ−1))

+ e c̄(2π+ᾱ)(τ−1)

cot(ᾱ)2(2π+ ᾱ)

(
−e−cot(ᾱ)(τ−τ2−1) cot(ᾱ)(2π+ ᾱ)(τ−τ2 −1)

+e−cot(ᾱ)(τ−2) cot(ᾱ)(2π+ ᾱ)(τ−2)+ecot(ᾱ)(2π+ᾱ)(τ−τ2−1 −ecot(ᾱ)(2π+ᾱ)(τ−2)
)]

+S4
(
eτ−1 −eτ−2(τ−2)

)+S5eτ−2.

Numerical evaluations show that (see Fig. 44)

δρ([2+τ1,2+τ2),θ,∆φ)

θ(θ+∆φ)
≥ δρ(2+τ1,π, tan(ᾱ))

π(π+ tan(ᾱ))
> 0.04,

so that the function is positive.

Case 9: τ ∈ [2+τ2,3).
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(a) Plot of the function
δρ(2+(1−s)τ2+s,θ,∆φ)

θ(θ+∆φ) for s assum-

ing the values {0, .2, .4, .6, .8,1} (monotonically bottom
to top graph). (b) Plot of the worst case

δρ(τ, π2 ,tan(ᾱ))
π
2 ( π2 +tan(ᾱ))

, τ ∈ [2+τ2,3).

Figure 45. Study of δρ for τ ∈ [2+τ2,3).

The explicit form of the solution is

δρ(τ) = S0

(
eτ−eτ−1(τ−1)+eτ−2 (τ−2)2

2

)
+S1

(
eτ−τ1 −eτ−τ1−1(τ−τ1 −1)+eτ−τ1−2 (τ−2−τ1)2

2

)
+S2

(
eτ−τ2 −eτ−τ2−1(τ−τ2 −1)+eτ−τ2−2 (τ−τ2 −2)2

2

)
+S3

[ e−c̄τ

cot(ᾱ)

(
ecot(ᾱ)(2π+ᾱ)(τ−τ2) −ecot(ᾱ)(2π+ᾱ)(τ−1))

+ e c̄(2π+ᾱ)(τ−1)

cot(ᾱ)2(2π+ ᾱ)

(
−e−cot(ᾱ)(τ−τ2−1) cot(ᾱ)(2π+ ᾱ)(τ−τ2 −1)

+e−cot(ᾱ)(τ−2) cot(ᾱ)(2π+ ᾱ)(τ−2)+ecot(ᾱ)(2π+ᾱ)(τ−τ2−1 −ecot(ᾱ)(2π+ᾱ)(τ−2)
)

+ e c̄(2π+ᾱ)(τ−2)

cot(ᾱ)3(2π+ ᾱ)2

(
e−cot(ᾱ)(τ−τ2−2) (cot(ᾱ)(2π+ ᾱ)(τ−τ2 −2))2

2

−e−cot(ᾱ)(τ−τ2−2) cot(ᾱ)(2π+ ᾱ)(τ−τ2 −2)+ecot(ᾱ)(2π+ᾱ)(τ−τ2−2) −1
)]

+S4
(
eτ−1 −eτ−2(τ−2)

)+S5eτ−2.

Numerical evaluations show that (see Fig. 45)

δρ([2+τ2,3),θ,∆φ)

θ(θ+∆φ)
≥ δρ(3,π, tan(ᾱ))

π(π+ tan(ᾱ))
> 0.04,

so that the function is positive.

Case 10: τ≥ 3.
It is enough to find the region where that

δ̇ρ(τ) = δρ(τ)−δρ(τ−1) ≥ 0

and apply Lemma 3.14. Numerically it can be shown that (see Fig. 46)

δρ(τ,θ,∆φ)−δρ(τ,θ,∆φ)

θ(θ+∆φ)
≥ 10−4
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(a) Numerical plot of the function
δρ(τ,θ,∆φ)−δρ(τ−1,θ,∆φ)

θ(θ+∆φ) , τ assum-

ing the values {3,3.2,3.4,3.6,3.8,4}.

(b) Close-in plot of the previous graph
near the negativity region (θ,∆φ) ∈
(π, tan(ᾱ))+ (−.4,0)× (−4,0).

(c) Numerical plot of the worst case
δρ(3,θ,∆φ)−δρ(2,θ,∆φ)

θ(θ+∆φ) near the neg-

ativity region.

Figure 46. Study of δρ for τ ∈ [3,4).

Figure 47. Plot of the function 6.31, and a blowup about the negativity region.

for

(θ,∆φ) ∈ (0,π]× [0, tan(ᾱ)] \ (3.12,π)× (2.37,tan(ᾱ)).

The application of Lemma 3.14 concludes the proof.

Asymptotic behavior.
Using Lemmata 3.18 and 3.20 we obtain

lim
τ→∞

δρ(τ)e−c̄τ

τθ(θ+∆φ)
= 2

θ(θ+∆φ)

(
S0 +S1 +S2 +S3

e−c̄(2π+ᾱ)τ2 −e−c̄(2π+ᾱ)

c̄
+S4 +S5

)
. (6.31)

A plot fo this function is in Fig. 47. □

6.2.1. Estimate on the length for the fastest saturated spiral δr (φ; s0), arc case. We will repeat some of the esti-
mates for the functional

δr̃ (φ; s0)−2.08δL̃(φ; s0), φ≥φ0 +∆φ+ π

2
+2π.
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Figure 48. Numerical plots of the function δρ(τ)−e−c̄(2π+ᾱ)τδL̃(τ)
θ(θ+∆φ) : the fist 5 rounds, the minimal

values for θ = π
2 ,∆φ= 0, and its derivative for τ ∈ [4,5].

Using computations similar to Section 6.1.1 we obtain

δL̃(φ; s0) = 1−cos(θ)+ sin(θ)∆φ

sin(ᾱ)2

+ cot(ᾱ)

sin(ᾱ)

(
1−cos(θ)+∆φsin(θ)

)
G

(
φ−φ0 −∆φ− π

2
+ ᾱ

)
−G (φ−φ0 −2π−θ0)

+cos(θ)G
(
φ−φ0 −2π− π

2

)
− sin(θ)

(
G

(
φ−φ0 −2π− π

2

)
−G

(
φ−φ0 −2π− π

2
−∆φ

))
+

(
−cot(ᾱ)2(1−cos(θ)+∆φsin(θ)

)
+cot(ᾱ)

(
sin(θ)−cot(ᾱ)

(
1−cos(θ)+∆φsin(θ)

)))
G

(
φ−φ0 −2π−∆φ− π

2

)
+

(
sin(θ)−cot(ᾱ)

(
1−cos(θ)+∆φsin(θ)

))
H

(
φ−φ0 +2π+ π

2
+∆φ

)
− 1

sin(ᾱ)

(
sin(θ)−cot(ᾱ)

(
1−cos(θ)+∆φsin(θ)

))
G

(
φ−φ0 −2π−∆φ− π

2
−2π− ᾱ

)
.

(6.32)

where we have used the definition of G(τ) and for the first term we compute by (6.19)

1−cos(θ)+ sin(θ)∆φ+ r (φ1)δφ1 +δ|P2 −P1|− r (φ2)δφ2

sin(ᾱ)
= 1−cos(θ)+ sin(θ)∆φ

sin(ᾱ)2 .

For φ≥φ0 +2π+∆φ+ π
2 +2π+ ᾱ, the RDE satisfied by δL̃ is

d

dφ
δL̃(φ) = cot(ᾱ)δL̃(φ)− δL̃(φ−2π− ᾱ)

sin(ᾱ)
+SL ,

with

SL = cot(ᾱ)

sin(ᾱ)2

(
1−cos(θ)+∆φsin(θ)

)− 1

sin(ᾱ)
+ cos(θ)

sin(ᾱ)
− sin(θ)∆φ

sin(ᾱ)

+ 1

sin(ᾱ)

(
−cot(ᾱ)2(1−cos(θ)+∆φsin(θ)

)+cot(ᾱ)
(

sin(θ)−cot(ᾱ)
(
1−cos(θ)+∆φsin(θ)

)))
− 1

sin(ᾱ)2

(
sin(θ)−cot(ᾱ)

(
1−cos(θ)+∆φsin(θ)

))
=−(

1−cos(θ)+ sin(θ)∆φ
) (1−cos(ᾱ))2

sin(ᾱ)3 + sin(θ)
cos(ᾱ)−1

sin(ᾱ)2 < 0.

Hence the RDE for δr̃ −2.08δL̃ is

d

dφ
(δr̃ (φ)−2.08δL̃(φ)) > cot(ᾱ)(δr̃ (φ)−2.08δL̃(φ))− δr̃ (φ−2π− ᾱ)−2.08δL̃(φ−2π− ᾱ)

sin(ᾱ)

for φ≥φ0 +2π+∆φ+ π
2 +2π+ ᾱ. We can thus apply Lemma 3.14 and Remark 3.15 if we can show numerically

that the function is positive and strictly increasing for τ ∈ [4,5].
A numerical plot of the function δρ(τ) − 2.08e−c̄(2π+ᾱ)τδL(τ), φ = φ0 +∆φ+ π

2 − ᾱ and (θ,∆φ) ∈ [0, π2 ] ×
[0, tan(ᾱ)], is in Fig. 48: it is shown that the function is positive, increasing for τ ∈ [4,5] and its minimal value:
by Lemma 3.14 we conclude that
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Proposition 6.17. It holds for the perturbation in the arc case

δρ(τ)−2.08e−c̄(2π+ᾱ)τδL̃(τ) ≥ 0.27e c̄(2π+ᾱ)τθ(θ+∆φ), τ≥ 1.

6.3. An bound for the length of a spiral. We can put Propositions 6.8 and 6.17 together, obtaining the following

Corollary 6.18. Consider the spiral r̃ (φ;φ0): if

φ≥φ2 =
{
φ0 + θ̄+2π segment case,

φ0 +∆φ+ π
2 +2π arc case,

then

r̃ (φ)−2.08L̃(φ−2π− ᾱ) ≥ r̃a=0(φ)−2.08L̃a=0(φ−2π− ᾱ) > 0.67e c̄(φ−tan(ᾱ)− π
2 +ᾱ),

Proof. We can write

r̃ (φ)−2.08L̃(φ−2π− ᾱ) = r̃a=0(φ)−2.08L̃a=0(φ−2π− ᾱ)+
ˆ φ0

0
δr̃ (φ; s0)−2.08δL̃(φ−2π− ᾱ; s0)d s0

≥ r̃a=0(φ)−2.08L̃a=0(φ−2π− ᾱ). □

7. THE OPTIMAL SOLUTION

In this section we construct the optimal candidate spiral for the minimization problem (1.9), (4.1). The
previous section showed that the fastest saturated spiral ζ̃(φ; s0) is optimal outside a small interval of rotation
angle in the first round afterφ0 (for θ ∈ [0, π2 ]): we thus construct a new family of spirals ř whose structure takes
into account that for some angles φ it is better not to follow the fastest saturated spiral r̃ .

7.1. Definition and construction of the optimal solution candidate. To describe the possible situations which
can occur, depending on the relative position of φ0, φ̄ and the quantities θ̄, ∆φ (recall the definitions of the two
quantities from Section 6), we define the quantity

ω=
{
θ̄ segment case,
π
2 +∆φ arc case,

so that θ̄ = min
{
ω,
π

2

}
, (7.1)

and consider the following cases (see Figure 49 as a reference):

Point (1) φ̄−φ0 ∈ [0,2π+β−(φ0)): in this case we define

r̂ (φ; s0) = r̃ (φ; s0), φ ∈ [φ0, φ̄],

i.e. we follow the fastest saturated spiral, which we already know it is the optimal solution for the first
round by Theorem 4.12.

Point (2) φ̄−φ0 −2π ∈ [β−(φ0), θ̄): the solution r̂ (φ; s0) will be a segment [P̌0, P̌−] in the direction φ̄− 2π. We
stop at a length ℓ0 = |P̌−−P̌0| such that the fastest saturated spiral starting at the end point P̌− forms an
initial angle whose value is on the boundary of the negativity region (it may happen that ℓ0 = 0). From
this point onward, the solution is the fastest saturated spiral, which can start either with a segment or
with a level set arc.

Point (2′) φ̄−φ0 −2π ∈ [π2 ,ω): here we are in the arc case, and we follow the fastest saturated solution r̃ (φ; s0)
in the interval

φ ∈
[
φ0, φ̄−2π− π

2

)
,

then we repeat the construction of the previous point: follow the direction φ̄−2π until we remain in
the negativity region. Also in this case, after reaching the boundary of the negativity region, we close
the last round starting either with a segment or with a level set arc.

Point (3) φ̄−φ0 −2π−ω≥ 0: we follow the fastest saturated solution ζ̃ up to the angle φ̄−2π−ᾱ, then we repeat
Point (2) and Point (2′) above starting from a saturated point φ̄−2π−ᾱ. Note that when φ̄=φ0+ω+2π,
then

P2 = ζ̃
(
φ0 +∆φ+ π

2
− ᾱ

)
, P1 = ζ̃(φ0 +∆φ),

and then φ̄−2π ∈ ∂−ζ̃(φ1)∩∂−ζ̃(φ2), so that the two constructions above are the same. Here, we have
indicated by φ1 =φ0 +∆φ and by φ2 =φ0 +∆φ+ π

2 − ᾱ as in Section 6.2.
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Figure 49. The three possible situations occurring in the construction of an element of the
family, in the segment case (ω < π

2 ). The blue curve represents the strategy

r̃ (φ; s0) constructed in the previous section. In red the angle θ̂, representing the
opening of the tent

We can summarize the construction as follows, Fig. 50: we follow the fastest saturated solution r̃ up to the
angle φ̌0 such that

φ̄ ∈ φ̌0 +2π+ [β−(φ̌0),β+(φ̌0)], (7.2)

then a segment of length ℓ0 = |P̌−− P̌0| determined by requiring that it is the last point such that the derivative
of the fastest saturated spiral r̃ ′ starting from that point satisfies δr̃ ′ ≤ 0, and then the fastest saturated solution
for the last round.

Apriori, the perturbation of r̃ in the last case (i.e. on the saturated part of r̃ ) can be either a segment of an
arc, i.e. we are exiting the negativity region in the arc or segment case. This may only happen in the first round,
because afterwards the last round corresponds to the segment case (Proposition 7.7): due to the particular
form of the solution in this case (two consecutive segments followed by a saturated spiral), we will call this
construction a tent. In particular, Fig. 50 is correct when P̌1 = P̌−, but its purpose was just for notation.

We next fix the notation for the optimal candidate solution, see Fig. 50.
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P0

P2

ζ

ζ̌

P̌1

P̌2

r̃ (φ̌0; s0)ζ̃

ᾱ P1

r (φ0)

ℓ1

P̌0

θ̌

ℓ0
P̌− ř (φ̄; s0)

Figure 50. The construction of the optimal closing solution: the starting spiral is ζ (black)
up to the angle φ0. Then we follow the fastest saturated spiral ζ̃ (blue) up to the
angle φ̌0, determined by (7.2). At this point we follow the segment with direction
φ̄ until the angle between φ̄ and the new fastest saturated spiral ζ̌ (red) is on the
boundary of the negativity region. Note that while the blue spiral is inside the red
one, the ray ř (φ̄; s0) is smaller than r̃ (φ̄; s0).

• φ̄ is the final angle, where we want to minimize r (φ̄);
• φ0 is the starting angle, with φ0 ≤ φ̄, from which the arc/segment of the fastest saturated spiral r̃ (φ; s0)

starts;
• the point P̌0 is the point of the spiral r̃ (φ; s0) where a segment of length ℓ0 starts with direction φ̄; the

corresponding angle is φ̌0;
• the segment of length ℓ0 has endpoints P̌0, P̌−, and its direction belongs to the subdifferential to the

fastest saturated spiral r̃ (φ; s0),φ) in the point P̌0;
• in the point P̌− we compute the fastest saturated spiral: two cases again can occur (arc and segment,

see however Proposition 7.7);
• if the segment case occurs in the point P̌− we will denote it by P̌1 = P̌−;
• if the arc case occurs in the point P̌− we will denote by P̌1 the second endpoint of the arc of the level

set of u, with opening ∆φ̌;
• from the point P̌1 the spiral is a segment of length ℓ1 and endpoints P̌1, P̌2;
• the point P̌2 is saturated;
• the exterior angle between the segments [P̌0, P̌1] and [P̌1, P̌2] is the critical angle θ̂ in the segment case,

while in the arc case the angle between [P̌0, P̌−] and the level set arc is h1(∆φ) ≤ θ̂.

The first result of this section is that the above construction defines a unique spiral ř (φ; s0).

Proposition 7.1. Given s0 = s(φ0) ≥ 0 and an angle φ̄≥φ0, there exists a unique spiral ř (φ; s0) with the properties
above.

Proof. The spiral ř (φ; s0) is defined once we know at what length ℓ0 of the segment starting in P̌0 and point-
ing in the direction φ̄ has to stop, and the spiral becomes the fastest saturated afterward. This point is when
the derivative δr̃ (φ;ℓ0) of the fastest saturated spiral r̃ (φ;ℓ0) starting from P̌−, |P̌−− P̌0| = ℓ0, is 0. Recall the
definition of ω, θ̄ in (7.1).

If we define ω(ℓ0),θ(ℓ0) as the values of the angles ω, θ formed by the fastest saturated spiral along the

segment ℓ0e ıφ̄ (recall that θ is the angle θ̄−θ0, where θ0 =β−(P̌0) is the direction of the perturbation), we have
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θ

θ̂

ω

h1(ω− π
2 )

ν(ℓ0)

{δr > 0}

π
2

π
2 + tan(ᾱ)

{δr < 0}

Figure 51. The curves ν(ℓ0) of Proposition 7.1 in blue, and the boundary of the negativity
region in red.

defined a curve

R+ ∋ ℓ0 7→ ν(ℓ0) = (θ(ℓ0),ω(ℓ0)) ∈R2.

The statement is proved if we show that this curve crosses the boundary of the negativity region N = Nsegm ∪
Narc (Propositions 6.15 and 6.7) only in one point: if this happens, the crossing point is a minimum for the
quantity r̃ (φ̄;ℓ0), see Fig. 51.

In the case the initial value is already outside the negativity region (i.e. θ > h1(∆φ)), then we deduce that
ℓ0 = 0. This could happen for example in the case θ > θ̂, as for instance in the second picture of Figure 49,
where the angle θ is sufficiently big. In this case ℓ0 = 0 and the optimal solution coincides with the fastest
saturated spiral.

We observe that after the point P0, the segment [P̌0, P̌−] starts tangent to the spiral ζ̃, i.e. θ = 0: thus we
always start in the negativity region of δr̃ (φ̄) (i.e. ℓ0 > 0) apart from the case where P̌0 = P0. Summarizing, we
encounter two different situations, P0 = P̌0 and P0 ̸= P̌0. In the first case we compute θ, and if θ > θ̂ then ℓ0 = 0
and the optimal solution is the fastest saturated spiral (if it is not, we find ℓ0 such that the angle formed with the
solution is exactly θ̂). In the second situation, since we start tangent to the fastest saturated spiral in the point
P̌0, then θ = 0 and we are in the negativity region. Again, ℓ0 is such that the fastest saturated spiral computed
at the endpoint P̌1 forms exactly an angle θ̂ in the segment case and h1(∆φ) in the arc case.

We can compute the derivative of the curve ν(ℓ0) by using the formulas of the previous section.

Segment case: we have from (6.1)

d θ̄

dℓ0
= 1

|P̌2 − P̌1|
(

sin(θ)−cot(ᾱ)(1−cos(θ))
)− sin(θ̌1)

ř (φ̌1)
,

dθ

dℓ0
= 1

|P̌2 − P̌1|
(

sin(θ)−cot(ᾱ)
(
1−cos(θ)

))
,

where we have used Equation (6.1) and where ř (φ̌1) is the length of the segment part of the optimal
ray ending in the initial point P̌1 and θ̌1 = β−(φ̌1) = β+(φ̌1)−θ. See Figure 52 as a reference. We point
out that the derivative is computed in the point P̌1. Hence, since dθ

dℓ0
> 0 unless θ = 0, the curve ν(ℓ0)

which in the segment case is (θ(ℓ0), θ̄(ℓ0)) can be represented as the graph of a differentiable function
θ̄(θ), parameterized with θ increasing. Since in the segment case the boundary of the negativity region
is θ = θ̂, this curve exits the negativity region only in one point, corresponding to a unique value ℓ0.
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Figure 52. The situation of Proposition 7.1 in the segment case.

In the case P̌0 = P̌1 = P̌2 one can check by a local expansion about a saturated point that

dθ

dℓ0
= sin(ᾱ)

r̃ (φ̌0)
,

d θ̄

dℓ0
= 0.

Hence the curve ν(0) starts with direction (0,1).
Arc case: here we use (6.20) and the fact that the angle of the level set with the ray is π

2 to write

dω

dℓ0
= d∆φ̌

dℓ0
= 1

|P̌2 − P̌1|
(

sin(θ)−cot(ᾱ)(1−cos(θ))+cot(ᾱ)sin(θ)∆φ̌
)− cos(θ)

ř (φ̌−)
,

dθ

dℓ0
= cos(θ)

ř (φ̌−)
,

with ř (φ̌−) the segment part of the optimal ray ending in P̌−. Hence the curve can be represented again
as the graph of a function ∆φ̌(θ), oriented along the increasing θ axis, and such that

d∆φ̌

dθ
= ř (φ̌−)

|P̌2 − P̌1|
sin(θ)−cot(ᾱ)(1−cos(θ)+ sin(θ)∆φ)

cos(θ)
−1.

The computation of Lemma 6.16 gives that the derivative of the boundary curve h1(∆φ̌) is (see Equation
(6.26)) ( dh1

d∆φ̌

)−1
=−1− cos(θ)∆φ̌

sin(θ)−cot(ᾱ)(1−cos(θ)+ sin(θ)∆φ̌)
,

and then it would follow that the curves are not transversal only if

ř (φ̌−)

|P̌2 − P̌1|
= − cos(θ)2∆φ̌

(sin(θ)−cot(ᾱ)(1−cos(θ)+ sin(θ)∆φ̌))2
≤ 0,

which is impossible.

Thus the curves are transversal, and the crossing occurs from the negative region to the positive region: indeed
this is clear in the segment case, while in the arc case

if sin(θ)−cot(ᾱ)(1−cos(θ)+ sin(θ)∆φ̌) < 0 then
d∆φ̌

dθ
<−1 <

( dh1

d∆φ̌

)−1
,

if sin(θ)−cot(ᾱ)(1−cos(θ)+ sin(θ)∆φ̌) > 0 then
d∆φ̌

dθ
>−1 >

( dh1

d∆φ̌

)−1
,

meaning that if you cross the negative region, then the crossing occurs always with the same direction. The
above inequalities yield the statement. □
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Corollary 7.2. Assume that along the line P̌0 +R+e i φ̄ we find a point P̌− such that the fastest saturated spiral
starting from P̌− form the critical angle θ = θ̂ in the segment case (i.e. P̌− = P̌1) or θ = h1(∆φ) in the arc case.
Then this is the starting point of the unique spiral of Proposition 7.1.

Proof. Indeed, the map ℓ0 → (θ,ω) is a smooth curve strictly increasing in θ and crossing the line of critical
angle θ̄ (segment case) or h1(∆φ) (arc case) exactly in one point. □

In particular, the segment case is admissible if and only if the tip of the tent P̌1 is such that the angle of the
optimal ray ending in P̌1 and the segment ℓ1 is ≤ π

2 : this is the criterion we will check in Section 7.2.1.

Remark 7.3. Observe that along the line ∆φ̌= 0, i.e. θ̄ = π
2 and θ̌1 = π

2 −θ, we have

dω

dθ
= ř (φ̌−)

|P̌2 − P̌1|
sinθ−cot ᾱ(1−cosθ)

cosθ
−1.

We want to check whether from the arc case (meaning that the fastest saturated spiral starts with an arc in the
point P̌−) there is a transition from the segment solution. By observing that the spirals are convex and the angle
at the top of the segment ℓ0 with the optimal ray is ᾱ, by elementary geometrical reasons we must have

|P̌2 − P̌1| tan ᾱ= ℓ1 tan ᾱ≤ ř (φ̌−),

in particular the previous inequality becomes

dω

dθ
> tan(ᾱ)

sin(θ)−cot(ᾱ)(1−cos(θ))

cos(θ)
−1 = tan(ᾱ)sin(θ)−1

cos(θ)
.

This quantity is positive whenever θ ≥ sin−1(cot(ᾱ)) = 0.426813. In particular, in this range there is no transition
from arc solutions to segment solutions.

The previous proposition proves that construction of the spiral ř (φ; s0) at the beginning of the section is well
defined. To prove that it is the minimizer for the minimization problem (4.1), we need to study the positivity of
ř (φ̄; s0) w.r.t. to perturbations. More precisely, we want to compute the derivative

δř (φ; s0) = d

d s0
ř (φ; s0).

Similarly to the computation ofδr̃ (φ; s0), depending on the structure of the solution ř several cases are possible:
the initial fastest saturated part of ř (φ; s0) can be a segment or a level-set arc, and the segment starting in P̌0

with length ℓ0 may be followed by a segment (tent case) or an arc.
The most important case is when the last round starts with segment (tent case), which we analyze in the

next section.

7.2. Formulas for the tent case. In order to study the correction to the fastest saturated spiral r̃ after the angle
φ̌0, we need to study some geometric relations among the length ℓ0 of this segment and the underlying spiral
r̃ . This section is thus devoted to obtain these formulas, depending on the following quantities, which in order
to distinguish from the previous ones are denoted with a hat, see Fig. 53:

• the entrance ray r̂0 at angle 0 initial position Q̂0, the end point P̂0 of r̂0 is saturated;
• the exit ray r̂2 at angle θ̂ with initial position Q̂2, the end point of r̂2 is saturated;
• the length of segments ℓ̂0, ℓ̂1;
• the length L̂ of the spiral at the base between the points Q̂0,Q̂2 (angle opening [0, θ̂]).

We will also give conditions to verify that it is admissible, which is equivalent to check that the angle formed by
segment [Q̂1, P̂1] and the second segment [P̂1, P̂2] is ∠Q̂1P̂1P̂2 ≥ π

2 .
Since P̂0 is saturated, the saturation condition at the end point of the segment ℓ1 reads as

r̂2 + L̂− r̂0 −cos(ᾱ)(ℓ̂0 + ℓ̂1) = 0, (7.3)

and the vector relation among the various points is

Q̂0 + r̂0(1,0)+ ℓ̂0e ıᾱ+ ℓ̂1e ı(ᾱ+θ̂) = Q̂2 + r̂2e ıθ̂ . (7.4)

Projecting the second equation in the direction e ıθ̂ we obtain

(Q̂2 −Q̂0) ·e ıθ̂+ r̂2 − ℓ̂1 cos(ᾱ)− ℓ̂0 cos(ᾱ− θ̂)− r̂0 cos(θ̂) = 0,
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Figure 53. The geometry used to obtain the formulas for the tent case, Section 7.2.

and then using the saturation condition

(Q̂2 −Q̂0) ·e ıθ̂− ℓ̂0 cos(ᾱ− θ̂)− r̂0 cos(θ̂) = L̂− r̂0 −cos(ᾱ)ℓ̂0,

ℓ̂0 = (Q̂2 −Q̂0) ·e ıθ̂− L̂+ r̂0(1−cos(θ̂))

cos(ᾱ− θ̂)−cos(ᾱ)
.

Projecting again (7.4) on the direction e ı(α+θ̂− π
2 )

(Q̂2 −Q̂0) ·e ı(ᾱ+θ̂− π
2 ) + r̂2 sin(ᾱ)− ℓ̂0 sin(θ̂)− r̂0 sin(ᾱ+ θ̂) = 0,

which gives

r̂2 = r̂0 sin(ᾱ+ θ̂)+ ℓ̂0 sin(θ̂)− (Q̂2 −Q̂0) ·e ı(ᾱ+θ̂− π
2 )

sin(ᾱ)
.

We can now compute ℓ̂1 from (7.3) as

ℓ̂1 = r̂2 + L̂− r̂0 −cos(ᾱ)ℓ̂0

cos(ᾱ)
.

Finally, the relation between L̂ and Q̂2 −Q̂0 is given by integrating the curve ζ̂:

d ζ̂

dθ
= e ıθR̂(θ), ζ̂(θ)− ζ̂(θ0) =

ˆ θ

θ0

e ıωR̂(ω)dω,

where R̂ is the radius of curvature of ζ̂. The above formula holds also when the curvature is ∞, by considering
d s = R̂dθ as a measure.

We summarize the results obtained in the following lemma.

Lemma 7.4. Consider the geometric configuration as in Fig. 53, with P̂0, P̂2 saturated. Then the following geo-
metric relations hold:

Q̂2 −Q̂0 =
ˆ θ̂

0
e ıωR̂(ω)dω, R̂(θ) curvature of ζ̂,

L̂ =
ˆ θ̂

0
R̂(θ)dθ,

ℓ̂0 = (Q̂2 −Q̂0) ·e ıθ̂− L̂+ r̂0(1−cos(θ̂))

cos(ᾱ− θ̂)−cos(ᾱ)
, (7.5)
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r̂2 = r̂0 sin(ᾱ+ θ̂)+ ℓ̂0 sin(θ̂)− (Q̂2 −Q̂0) ·e ı(ᾱ+θ̂− π
2 )

sin(ᾱ)
,

ℓ̂1 = r̂2 + L̂− r̂0 −cos(ᾱ)ℓ̂0

cos(ᾱ)
.

Since all formulas are linear, we obtain the following corollary.

Corollary 7.5. The same formulas of Lemma 7.4 hold for the perturbation δř (φ; s0).

For future use, define the shift τ̂ in the τ-coordinate corresponding to the angle shift θ̂:

τ̂= θ̂

2π+ ᾱ . (7.6)

7.2.1. Estimates for the admissibility of the tent. The next series of lemmas give sufficient conditions which
ensure that the construction above is admissible, i.e. the angle between the segments [Q̂1, P̂1] and [P̂1, P̂2] is
∠Q̂1P̂1P̂2 ≥ π

2 . If Q̂1 = ζ̂(φ̂), then we must require

ᾱ+ θ̂− φ̂< π

2
, φ̂≥ 0.113642.

Lemma 7.6. Assume that we are in the configuration of Fig. 53 with P̂0 and P̂2 saturated: if

L̂

r̂0
≤ Ktent = sin(ᾱ)(sin(ᾱ+ θ̂)− sin(ᾱ))

cos(θ̂)(1− sin(ᾱ))
< 0.966795,

then the tent is admissible.

Proof. We have to study the minimum of the function L̂
r̂0

in order to have that P̂1 belongs to the critical line

Q̂1 +R+e ı(ᾱ+θ̂− π
2 ): we will show that in order to have this, we must have L̂

r̂0
≥ Ktent.

If Q̂1 +R+e ı(ᾱ+θ̂− π
2 ), we must satisfy the vector relation

Q̂0 + r̂0e ı0 + ℓ̂0e i ᾱ = P̂1,

with by (7.5)

ℓ̂0
(

cos(ᾱ− θ̂)−cos(ᾱ)
)= (Q̂2 −Q̂0) ·e ıθ̂− L̂+ r̂0(1−cos(θ̂)).

We can fix the point Q̂1, and observe that the geometric configuration with minimal length is when Q̂2 ∈
Q̂1 +R+e ı(ᾱ+θ̂− π

2 ): indeed in the formula for ℓ̂0 we can write

(Q̂2 −Q̂0) ·e ıθ̂− L̂ =
ˆ θ̂

0
(cos(θ̂−θ)−1)dL̂(θ) =

[ˆ ᾱ+θ̂− π
2

0
+
ˆ θ̂

ᾱ+θ̂− π
2

]
(cos(θ̂−θ)−1)dL̂(θ).

In the second integral one can reduce the quantity
ˆ θ̂

ᾱ+θ̂− π
2

dL̂(θ)

if we take the maximal value of 1− cos(θ̂−θ), which is when θ = ᾱ+ θ̂− π
2 . This means that we can assume

Q̂2 ∈ Q̂0 +R+e ı(ᾱ+θ̂− π
2 ).

The saturation gives then

L̂+|P̂2 −Q̂2|− r̂0 = L̂+ |P̂1 −Q̂2|
sin(ᾱ)

− r̂0 = cos(ᾱ)(ℓ̂0 + ℓ̂1) = cos(ᾱ)
(
ℓ̂0 +cot(ᾱ)|P̂1 −Q̂2|

)
,

which is

L̂+ sin(ᾱ)|P̂1 −Q̂2|− r̂0 = cos(ᾱ)ℓ̂0.

A configuration for which the quantity Ktent of the statement is reached is in Fig. 54a. For this configuration,
elementary geometry gives

r̂0
sin(φ̂)

sin(ᾱ− φ̂)
= ℓ̂0 = r̂0(1−cos(θ̂))− L̂(1−cos(θ̂− φ̂))

cos(ᾱ− θ̂)−cos(ᾱ)
,
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(a) The worst scenario of Lemma 7.6.
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(c) The geometry of the perturbation
used to estimate the tent in the
general case.

Figure 54. Analysis of Lemma 7.6.

where we have used Equation (7.5), i.e.

L̂

r̂0
= sin(ᾱ− φ̂)(1−cos(θ̂))− sin(φ̂)(cos(ᾱ− θ̂)−cos(ᾱ))

sin(ᾱ− φ̂)(1−cos(θ̂− φ̂))
= sin(ᾱ)(cos(φ̂)−cos(θ̂− φ̂))

sin(ᾱ− φ̂)(1−cos(θ̂− φ̂))
.

The function

φ̂ 7→ sin(ᾱ)(cos(φ̂)−cos(θ̂− φ̂))

sin(ᾱ− φ̂)(1−cos(θ̂− φ̂))
(7.7)

is such that if L̂0/r̂0 < 0.966795, then the angle corresponding to P̂1 is larger than ᾱ+ θ̂− π
2 , see Fig. 54b.

For a generic configuration, we consider a variation of the geometry as follows (see Fig. 54c): keeping Q̂1,
P̂1 fixed, we move backward the point Q̂0 along a convex curve and vary r̂0, ℓ̂0 accordingly in order to preserve
their directions. In particular, if θ is the direction of the tangent of the convex curve in Q̂0, we obtain from the
vector relations

δℓ̂0 = δQ̂0
sin(θ)

sin(ᾱ)
, δr̂0 = δQ̂0 cos(θ)−δℓ̂0 cos(ᾱ) = δQ̂0(cos(θ)− sin(θ)cot(ᾱ)).

Plugging this relation into the formula for ℓ̂0 we obtain

δℓ̂0(cos(ᾱ− θ̂)−cos(ᾱ)) = δQ̂0(−1+cos(θ̂−θ))+δQ̂2(1− sin(ᾱ))+δr̂0(1−cos(θ̂)),

because Q̂2 is assumed to move along the curve Q̂1 +R+e ı(ᾱ+θ̂− π
2 ) towards Q̂1. Substituting we obtain

δQ̂2(1− sin(ᾱ)) = δℓ̂0(cos(ᾱ− θ̂)−cos(ᾱ))+δQ̂0(1−cos(θ̂−θ))−δr̂0(1−cos(θ̂))

= δQ̂0

[ sin(θ)

sin(ᾱ)
(cos(ᾱ− θ̂)−cos(ᾱ))+ (1−cos(θ̂−θ))− (cos(θ)−cot(ᾱ)sin(θ))(1−cos(θ̂))

]
= δQ̂0(1−cos(θ)).

Hence we have
δL̂

δr̂0
= δQ̂0 −δQ̂2

δr̂0
= sin(ᾱ)(cos(θ)− sin(ᾱ))

(1− sin(ᾱ))sin(ᾱ−θ)
.

Note that this formula coincides with Ktent for θ = ᾱ+ θ̂− π
2 . By taking of the r.h.s. we have that

d

dθ

sin(ᾱ)(cos(θ)− sin(ᾱ))

(1− sin(ᾱ))sin(ᾱ−θ)
= sin(ᾱ)

1− sin(ᾱ)

cos(ᾱ)−cos(ᾱ−θ)sin(ᾱ)

sin(ᾱ−θ)2

whose maximum in the interval θ ∈ [0, ᾱ+ θ̂− π
2 ] is for θ = ᾱ+ θ̂− π

2 and equal to

sin(ᾱ)

1− sin(ᾱ)

cos(ᾱ)− sin(θ̂)sin(ᾱ)

cos(θ̂)2
=−1.03949 < 0.

Hence

δ
( L̂

r̂0
−Ktent

)
= δr̂0

r̂0

( δL̂

δr̂0
− L̂

r̂0

)
> δr̂0

r̂0

(
Ktent − L̂

r̂0

)
for θ < ᾱ+ θ̂− π

2
,
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and then we conclude that
L̂

r̂0
−Ktent > 0

unless we are in the critical configuration where L̂
r̂0
−Ktent = 0.

We conclude that is L̂
r̂0

< Ktent then the angle ζ̂(φ̂) = Q̂1 is larger than the critical angle ᾱ+ θ̂− π
2 . □

We have proved that, under certain conditions on the length L̂ and on r̂0, the tent is admissible, meaning

that ∠Q̂1P̂1P̂2 ≥ π
2 . In particular, if L̂

r̂0
≥ 0.966795.., then the fasted saturated spiral computed at P̂1 starts with

an arc.
We next prove that in such a case (i.e. when we start with an arc), after one round the functional r (φ)−

2.08L(φ−2π− ᾱ) will be still negative. This is a consequence of the fact that r̂0 − L̂ ∼ 0.04, so that we need L̂ to
be almost of the size of r̂0, and we need at least one round to make r (φ) more than twice the length L(φ−2π−ᾱ).

Consider indeed the spiral r̃ (φ;φ0), and let φ̂0 be the initial angle for the tent and φ̂2 = φ̂0+ θ̂ the final angle,
and let φ̂3 ≥ φ̂0 an angle where we are going to estimate the functional r (·)−2.08L(·−2π− ᾱ). By considering
the fastest growing spiral

ṙ = cot(ᾱ)r,

and observing that the best situation is the one of the previous lemma (because the length L̂ is the minimal and
is applied at the latest possible angle), we obtain that if the tent is not admissible and φ̂3 ≥ φ̂2

r̃ (φ̂3) ≤ r̃ (φ̂0)ecot(ᾱ)(φ̂3−φ̂0) − (L̃(φ̂0 + θ̂)− L̃(φ̂0))ecot(ᾱ)(φ̂3−φ̂0+ π
2 −ᾱ−θ̂)

≤ (L̃(φ̂0 + θ̂)− L̃(φ̂0))
(ecot(ᾱ)(ᾱ+θ̂− π

2 )

Ktent
−1

)
ecot(ᾱ)(φ̂3−φ̂0+ π

2 −ᾱ−θ̂)

≤ L̃(φ̂3 −2π− ᾱ)
(ecot(ᾱ)(ᾱ+θ̂− π

2 )

Ktent
−1

)
ecot(ᾱ)(φ̂3−φ̂0+ π

2 −ᾱ−θ̂).

If now
φ̂3 >φ0 +ω+2π,

we must have that Corollary 6.18 is valid, i.e.(ecot(ᾱ)(ᾱ+θ̂− π
2 )

Ktent
−1

)
ecot(ᾱ)(φ̂3−φ̂0+ π

2 −ᾱ−θ̂)) ≥ 2.08.

Numerically one obtains

φ̂3 − φ̂0 ≥ ᾱ+ θ̂− π

2
+ tan(ᾱ) ln

( 2.08

ecot(ᾱ)(ᾱ+θ̂− π
2 )

Ktent
−1

)
= 7.86127,

which in the τ coordinates corresponds to

τ̂3 − τ̂0 ≥ 1.05358. (7.8)

We thus have the following

Proposition 7.7. The tent is admissible for if the starting angle φ̂0 is larger that φ0 + θ̄− ᾱ (segment case) of
φ0 + π

2 +∆φ− ᾱ.

Proof. The initial angle corresponds to τ= 0 in the τ-coordinates, and Corollary 6.18 must be true at τ= 1:
Hence if the tent is not admissible for τ> 0, there is a τ> 1 such that Corollary 6.18 is not true by (7.8), which

is a contradiction. □

Remark 7.8. It is easy to see that the tent is not always admissible: if we assume that the spiral ζ has a very long
segment, ζ asymptotically becomes by scaling

Ω0 = Bcos(ᾱ)(0), ζ= [0,1],

for which the fastest saturated is an arc. Indeed, in this situation the saturation condition for the tent reads as

0 = ℓ̂1 cos(ᾱ)+ ℓ̂0 cos(ᾱ− θ̂)+cos(θ̂)−cos(ᾱ)−cos(ᾱ)(1+ ℓ̂0 + ℓ̂1)

= ℓ̂0(cos(ᾱ− θ̂)−cos(ᾱ))−2cos(ᾱ)+cos(θ̂).
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Being
2cos(ᾱ)−cos(θ̂) =−0.10964 < 0,

the tent is not admissible.

7.2.2. An estimate on the final value r̂ (φ̄). To conclude this section, we give a simplified formula for estimating
the final value of r̂ and the angle φ̄= φ̂0 +2π+ ᾱ.

Lemma 7.9. Assume that base of the tent is a convex curve, P̂0 is saturated and that r̃ is the saturated spiral
starting from φ̂0 tangent to the tent in the point P̂0. Then it holds

r̂ (φ̄) ≥ r̃ (φ̄)− ℓ̂0 ≥ r̃ (φ̄)− 1−cos(θ̂)

cos(ᾱ− θ̂)−cos(ᾱ)
r̂0.

Proof. Since the base of the spiral is a convex curve, then

|Q̂2 −Q̂0| ≤ L̂,

and then by Equation (7.5)

ℓ̂0 ≤ 1−cos(θ̂)

cos(ᾱ− θ̂)−cos(ᾱ)
r̂0.

By Theorem 4.12 it holds also
r̂2 ≥ r̃ (φ̂2) = r̃ (φ̂0 + θ̂).

Since r̂ and r satisfy after the angle φ̂2 the same RDE, their difference satisfies

d

dθ
(r̂ (φ)− r (φ)) = cot ᾱ(r̂ (φ)− r (φ)).

Therefore,

r̂ (φ̄) = (r̂2 − r̃ (φ̂2))ecot(ᾱ)(2π+ᾱ−θ̂) + r̃ (φ̄)− ℓ̂0

≥ r̃ (φ̄)− 1−cos(θ̂)

cos(ᾱ− θ̂)−cos(ᾱ)
r̂0. □

The last computation of the above proof will be used several times in the next sections:

r̂ (φ̄) = (r̂2 − r̃ (φ̂2))ecot(ᾱ)(2π+ᾱ−θ̂) + r̃ (φ̄)− ℓ̂0. (7.9)

8. OPTIMAL SOLUTION CANDIDATE

In this section we construct the optimal candidate ropt(φ) when the initial burning set is {0} and the spiral is
constructed outside B1(0). We will show the structure of the optimal solution candidate depending on the final
angle φ̄ and its asymptotic behavior.

8.1. Optimal solution candidate for φ̄ ∈ [0,2π): see Fig. 24. In this case the optimal solution is the fastest
saturated spiral ropt = r̃a=0, according to Theorem 4.12, and by Theorem 5.1 the solution is positive.

8.2. Optimal solution candidate for φ̄ ∈ [2π,2π+ π
2 ): see Fig. 55a. In this case we move along the direction φ̄

until we are in the critical curve θ̌ = h1(∆φ̌): the saturation condition at the point P̌2 is

ℓ̌

sin(ᾱ)
−cos(ᾱ)

(
h + ℓ̌∆φ̌+ ℓ̌cot(ᾱ)

)= 0, ℓ̌=
√

1+h2 +2h cos(φ̄), sin(φ̌) = h

ℓ̌
sin(φ̄),

which gives

∆φ̌= tan(ᾱ)− h

ℓ̌
. (8.1)

The final value is then

ropt(φ̄,h) = ℓ̌

sin(ᾱ)
ecot(ᾱ)(φ̄−(φ̌+∆φ̌+ π

2 −ᾱ)) −ecot(ᾱ)(φ̄−2π) −h. (8.2)

A plot is in Fig. 55b, where the function e−c̄φropt and the fastest saturated spiral e−c̄φr̃a=0 of Section 5 are plotted
together: the figure presents only the part where ropt is below r̃a=0. Note that the region where it is convenient
to use ropt is for

φ̄> 2π+ π

2
−h1(tan(ᾱ)) = 7.73645,
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ζopt

φ̄−2π

ℓ̌

∆φ̌

h
O φ̌

ropt(φ̄)

(a) Geometric situation of Section 8.2.
(b) Numerical plot of the function ropt (orange) and Sa

with a= 0 (blue).

Figure 55. Analysis of Section 8.2.

as Proposition 6.15 requires. The optimal value is computed by imposing h = h1(∆φ̌) together with (8.1).
In order to verify that the tent is not an admissible solution, one could check that ∆̌φ> 0 or try to compute

the geometric quantities for a tent: indeed, if we try to replace the arc with the tent and we use the saturation
condition and the optimality condition θ = θ̂ of Proposition 7.1, we obtain that if P2 is the first saturated point
of the fastest closing spiral starting in P1 = (1+h cos(φ̄),h sin(φ̄)), then from geometric consideration and the
saturation condition

|P2| = cos(ᾱ− θ̂− φ̄+2π)+h cos(ᾱ− θ̂)+ℓ1 cos(ᾱ), |P2|−cos(ᾱ)(h +ℓ1) = 0,

where ℓ1 = |P2 −P1|, so that

h =− cos(ᾱ− θ̂− φ̄+2π)

cos(ᾱ− θ̂)−cos(ᾱ)
< 0

for φ ∈ [2π,2π+ π
2 ], so it cannot be an admissible solution.

We summarize these results into the following lemma.

Lemma 8.1. If φ̄ ∈ 2π+ [0, π2 − h1(tan(ᾱ))], the optimal solution is the saturated spiral. For φ̄ ∈ 2π+ [π2 −
h1(tan(ᾱ)), π2 ] the optimal solution is a segment in the direction φ̄ followed by an arc. The solution remains
positive.

8.3. Optimal solution candidate for φ̄ ∈ [2π+ π
2 ,2π+ π

2 + tan(ᾱ)): see Fig. 56a, 56b. In this case the solution
ropt switches from the arc to the tent as the angle φ̄ increases: indeed from Proposition 7.7 we know that in the
saturated region the tent is the admissible solution. For the arc case (Figure 56a), the saturation condition at
the point P̌2 is

ℓ̌

sin(ᾱ)
−cos(ᾱ)

(
φ̄−2π− π

2
+h + ℓ̌∆φ̌+ ℓ̌cot(ᾱ)

)
= 0, ℓ̌=

√
1+h2, sin(φ̌) = h

ℓ̌
,

i.e.

∆φ̌= tan(ᾱ)− φ̄−2π− π
2 +h

ℓ̌
. (8.3)

which is positive for (see Fig. 57a)

φ̄≤ 2π+ π

2
+ tan(ᾱ)ℓ̌−h.

In the region (see Fig. 57b)

φ̄> 2π+ π

2
+ tan(ᾱ)ℓ̌−h (8.4)
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ζopt

∆φ̌

ropt(φ̄)

O

hℓ̌

φ̄−2π− π
2

φ̌

(a) Geometric situation of Section 8.3 in the arc case.

ζopt

ropt(φ̄)

O
φ̄−2π− π

2

h

θ̂

ℓ1

ℓ̌

(b) Geometric situation of Section 8.3 in the tent case.

Figure 56. Analysis of Section 8.3.

(a) Plot of the function (8.3).
(b) Plot of the boundary of the region

(8.4).

(c) Plot of the function (8.5) (orange)
and the base solution (blue), both

rescaled by e−c̄(φ̄−(tan(ᾱ)+ π
2 −ᾱ)).

(d) Plot of the function (8.6) (blue): the
orange line is tan(θ̂).

(e) Plot of Equation (8.6) (green), (8.4)
(orange) and the line for admissi-
bility (Equation (8.7), blue).

(f) Plot of the function (8.8) multiplied

by e−c̄(φ̄−(tan(ᾱ)+ π
2 −ᾱ)).

Figure 57. Numerical analysis of Section 8.3.

the arc is not admissible having ∆φ̌< 0, so that the solution will be the tent. The final value in the arc case is

ropt(φ̄) = ℓ̌

sin(ᾱ)
ecot(ᾱ)(φ̄−(φ̄−2π− π

2 +∆φ̌+φ̌+ π
2 −ᾱ)) −ecot(ᾱ)(φ̄−2π) −

ˆ φ̄−2π− π
2

0
ecot ᾱφ′

dφ′−h

= ℓ̌

sin(ᾱ)
ecot(ᾱ)(2π+ᾱ−(φ̌+∆φ̌)) −ecot(ᾱ)(φ̄−2π) − ecot ᾱ(φ̄−2π− π

2 ) −1

cot(ᾱ)
−h.

(8.5)
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ζopt

O

θ̂

ropt(φ̄)

ℓ0

tan(ᾱ)

ℓ1

(a) The optimal candidate ropt(φ) for φ̄≥ 2π+ tan(ᾱ)+ π
2 . (b) Numerical plot of the functional (8.9).

Figure 58. Analysis of Section 8.4.

which is positive ≥ 1.6e c̄(φ̄−( π2 −ᾱ+tan(ᾱ))) also in the region where ∆φ̌< 0, see Fig. 57c.
We next compute the tent case with final angle θ̂, which we know to be the optimal angle at the end point of

the segment h: the saturation gives here

0 = (
ℓ1 cos(ᾱ)+h cos(ᾱ− θ̂)+ sin(ᾱ− θ̂)

)−cos(ᾱ)
(
φ̄−2π− π

2
+h +ℓ1

)
= h(cos(ᾱ− θ̂)−cos(ᾱ))+ sin(ᾱ− θ̂)−cos(ᾱ)

(
φ̄−2π− π

2

)
,

h = cos(ᾱ)(φ̄−2π− π
2 )− sin(ᾱ− θ̂)

cos(ᾱ− θ̂)−cos(ᾱ)
. (8.6)

This quantity is positive only for (see Fig. 57d)

φ̄≥ 2π+ π

2
+ sin(ᾱ− θ̂)

cos(ᾱ)
= 2π+ π

2
+ tan(ᾱ)− sin(ᾱ)− sin(ᾱ− θ̂)

cos(ᾱ)
= 2π+ π

2
+ tan(ᾱ)− .787658 = 9.48195.

The angle between the ray departing from the origin and arriving at the end of the segment h and the segment
with angle θ̂ is

π− θ̂− π

2
+arctan(h) = π

2
+arctan(h)− θ̂,

so that the requirement to be ≥ π
2 for admissibility gives

h ≥ tan(θ̂) = .554249, φ̄≥ 2π+ π

2
+ sin(ᾱ)− sin(θ̂)cos(ᾱ)

cos(ᾱ)cos(θ̂)
= 10.0161. (8.7)

The point (h, φ̄) = (.554249,10.0161) belongs to the curve where ∆φ̌= 0, and from that point onward the value
h given by Equation (8.5) is inside the region where ∆φ̌< 0, see Fig. 57e.

The final value of the solution for the tent case in the admissibility region is

ropt(φ̄) =
(cos(arctan(h)− θ̂)

sin(ᾱ)

√
1+h2

)
ecot(ᾱ)(2π+ᾱ−θ̂) −ecot(ᾱ)(φ̄−2π) − ecot(ᾱ)(φ̄−2π− π

2 ) −1

cot(ᾱ)
−h, (8.8)

with h given by (8.6). A numerical plot is in Fig. 57f.
We summarize the results in the following lemma.

Lemma 8.2. If φ̄ ∈ 2π+π
2 +[0, tan(ᾱ)− sin(ᾱ)−sin(ᾱ−θ̂)

cos(ᾱ) ], the optimal solution is a segment in the direction φ̄ followed

by an arc. If φ̄ ∈ 2π+ π
2 + [tan(ᾱ)− sin(ᾱ)−sin(ᾱ−θ̂)

cos(ᾱ) , tan(ᾱ)], the optimal solution is the tent. Both solutions remain
positive.
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8.4. Optimal solution candidate for φ̄≥ 2π+ π
2 + tan(ᾱ): see Fig. 58a. We first observe that by Proposition 7.7

the tent is admissible.
Next we have to apply the formulas of Lemma 7.4 in the saturated part, in order to compute the final value

ropt(φ̄). Using Lemma 7.9, we need to estimate the function

ρ(τ̄)− 1−cos(θ̂)

cos(ᾱ− θ̂)−cos(ᾱ)
e−c̄(2π+ᾱ)ρ(τ̄−1), τ̄≥ 1. (8.9)

A numerical plot is in Fig. 58b: we observe that it is positive and increasing for τ ∈ [4,5]: then by Lemma 3.14
we conclude that

Proposition 8.3. For τ̄ ≥ 1, the optimal solution ropt is made by a final tent with initial point in τ− 1 and
moreover ropt(φ̄) > 0.

8.5. Asymptotic behavior of the optimal candidate. We can compute the asymptotic value of the optimal
solution, using the asymptotic value of the fastest saturated spiral r̃a=0(φ) given by Theorem 5.1 for φ̄≫ 1:

r̃a=0(φ) ∼ 2φe c̄φ
(e−c̄(tan(ᾱ)+ π

2 −ᾱ)

sin(ᾱ)
−e−c̄(2π) − e−c̄(2π+ π

2 ) −e−c̄(2π+ π
2 +tan(ᾱ))

c̄
−cot(ᾱ)e−c̄(2π+ π

2 +tan(ᾱ))
)

= Kasymptφe c̄φ.

with Kasympt = 0.149681.
One thus obtain the estimates for the tent computations of Lemma 7.4

Q̂2 −Q̂0 = e ı(φ̄−2π−ᾱ)
ˆ θ̂

0
e ıω r̃a=0(ω+ (φ̄−2(2π+ ᾱ)))

sin(ᾱ)
dω

∼ Kasympte
ı(φ̄−2π−ᾱ) φ̄e c̄(φ̄−2(2π+ᾱ))

sin(ᾱ)

ˆ θ̂

0
e ıωe c̄ωdω

= Kasympte
ı(φ̄−2π−ᾱ) φ̄e c̄(φ̄−2(2π+ᾱ))

sin(ᾱ)

e(c̄+ı)θ̂−1

c̄ + ı
,

(Q̂2 −Q̂0) ·e ı(φ̄−(2π+ᾱ)+θ̂) ∼ Kasympt
φ̄e c̄(φ̄−2(2π+ᾱ))

sin(ᾱ)

c̄(e c̄θ̂−cos(θ̂))+ sin(θ̂)

1+ c̄2

= 0.564562Kasymptφ̄e c̄(φ̄−2(2π+ᾱ)),

(Q̂2 −Q̂0) ·e ı(φ̄−(2π+ᾱ)+ᾱ+θ̂− π
2 ) ∼ Kasympt

φ̄e c̄(φ̄−2(2π+ᾱ))

sin(ᾱ)

c̄(e c̄θ̂ sin(ᾱ)− sin(ᾱ+ θ̂))+ (e c̄θ̂ cos(ᾱ)−cos(ᾱ+ θ̂))

1+ c̄2

= 0.576096Kasymptφ̄e c̄(φ̄−2(2π+ᾱ)),

L̂ =
ˆ θ̂

0

r̃a=0(ω+ (φ̄−2(2π+ ᾱ)))

sin(ᾱ)
dω∼ Kasympt

φ̄e c̄(φ̄−2(2π+ᾱ))

sin(ᾱ)

e c̄θ̂−1

c̄

= 0.588497Kasymptφ̄e c̄(φ̄−2(2π+ᾱ)),

ℓ̂0 = (Q̂2 −Q̂0) ·e ı(θ̂+(φ̄−2(2π+ᾱ))) − L̂+ (1−cos(θ̂))r (φ̄−2(2π+ ᾱ))

cos(ᾱ− θ̂)−cos(ᾱ)

∼ Kasymptφ̄e c̄(φ̄−(2π+ᾱ))
1−cos(θ̂)+ e−c̄(2π+ᾱ)

sin(ᾱ) ( e(c̄+ı)θ̂−1
c̄+ı ·e ıθ− e c̄θ̂−1

c̄ )

cos(ᾱ− θ̂)−cos(ᾱ)

= 0.306042Kasymptφ̄e c̄(φ̄−(2π+ᾱ)),

r̂2 = r̂0 sin(ᾱ+ θ̂)+ ℓ̂0 sin(θ̂)− (Q̂2 −Q̂0) ·e ı(ᾱ+θ̂− π
2 )

sin(ᾱ)

∼ 1.15869Kasymptφ̄e c̄(φ̄−(2π+ᾱ)+θ̂),
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so that the final value is computed via the comparison with the saturated spiral, see Equation (7.9), as

ropt(φ̄) = (r̂2 − r̃a=0(φ̄− (2π+ ᾱ)+ θ̂))ecot(ᾱ)(2π+ᾱ−θ̂) + r̃a=0(φ̄)− ℓ̂0

∼ [
(1.15869−e c̄θ̂)ecot(ᾱ)(2π+ᾱ−θ̂)−c̄(2π+ᾱ) +1−0.306042e−c̄(2π+ᾱ)]Kasymptφ̄e c̄φ̄

= 0.976359Kasymptφ̄e c̄φ̄.

We thus have proved the following result.

Proposition 8.4. The optimal candidate solution at φ̄ can be estimated as

ropt(φ̄) = 0.976359r̃a=0(φ̄)+O (1)

for φ̄→∞.

In particular, we gain 2.4% using the tent w.r.t. the saturated spiral. However observe that asymptotically
ℓ̂0 ∼ 0.3r̃a=0, so that the spirals r̃a=0 and ropt are quite different.

9. SEGMENT-SEGMENT CASE

In the following subsections, we analyze the case where the fastest saturated spiral starts with a segment,
and the perturbation of the optimal solution is a tent: we call it segment-segment case (or segment-tent case).
This is the unique possibility for τ̄≥ 1 by Proposition 7.7.

Depending on the relative position ofφ0 and φ̄, 8 cases have to be considered: we will study them in the next
subsections, and we will show that the derivative of the optimal candidate is always positive for all admissible
perturbations. The fact that we need to consider several cases is due to the presence of the negativity region:
indeed in this case we cannot rely on the estimates of Lemma 7.9, and the only way is to use the explicit formu-
las of Lemma 7.4. For more clarity, see also Figure 49, where there are the different cases based on the choice
of φ̄. We recall that the angle θ̄ is the angle formed by the initial segment [P1,P2] of the fastest saturated spiral,
with P1 = ζ(s0).

9.1. Segment-segment with φ̄ ∈φ0+[β−(φ0),2π+θ̄−θ̂], see Fig. 59. In this case r̂ (φ; s0) = r̃ (φ; s0), because the
derivative δr̃ (φ; s0) ≥ 0: indeed φ̄ is outside the region of negativity Nsegm. This fact gives by Proposition 6.15
the following

Lemma 9.1. If φ̄ ∈ φ0 + [β−(φ0),2π+ θ̄− θ̂] and r̃ = ř is in the segment case, any non-null perturbation of the
optimal solution is strictly positive at φ̄.

Proof. Fix indeed φ̄ ∈ [β−(φ0),2π+ θ̄− θ̂]. In P0 = ζ(s0) compute the fastest saturated spiral: we know it is
optimal whenever θ̄−θ0 = θ > θ̂, that is, it is outside the negativity region. Thus in the tent solution ℓ̂0=0, and
this corresponds precisely to the case of Figure 59. □

9.2. Segment-segment with φ̄ ∈ φ0 + 2π+ (θ̄− θ̂, θ̄), See Fig. 60a. This situation occurs when φ̄ is inside the
negativity region Nsegm: it is thus more convenient to take an initial segment in the direction φ̄, because the
derivative δr̃ is negative according to Proposition 6.7.

The spiral ζ̌, corresponding to ř (φ; s0), is thus made of a segment [P0 = P1 = P̌0, P̌− = P̌1] and a second
segment [P̌1, P̌2], forming an angle equal to the critical value θ̂. The assumption to be in the segment-segment
case enters here because the second segment corresponds to the fastest saturated spiral starting in P̌1: in the
next Section 10.1.1 we will address the segment-arc case, where after P̌1 the fastest saturated spiral starts with
a level-set arc.

In order to prove that any perturbation is positive, we compute the derivative w.r.t. an initial perturbation.
First of all, if φ0 +β+(φ0)+2π> φ̄, we are not in the optimal solution: indeed this would imply that

δř (φ̄; s0)−= δr̃ (φ̄; s0) > 0.

Hence the situation to be considered is as in Fig. 60a.
The variations are

δP̌0 = δs0e ı(φ̄−θ), δP̌1 = δP̌0 +δℓ0e ıφ̄ = δs0e ı(φ̄−θ) +δℓ0e ıφ̄,

δP̌2 = δP̌1 +δℓ1e ı(φ̄+θ̂) = δs0e ı(φ̄−θ) +δℓ0e ıφ̄+δℓ1e ı(φ̄+θ̂),
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ζ

ζ̃= ζ̂

r (φ0)

P0 = P1

r̃ (φ̄; s0)

P2

θ > θ̂

Figure 59. The geometric situation of Section 9.1: being φ̄−2π−φ0 − θ̄ > θ̂, r̂ = r̃ and the
derivative is ≤ 0.

r̃ (φ; s0)

ř (φ; s0)

P̌− = P̌1

P2 θ̂

δP0

P0 = P1 = P̌0

ř (φ̄; s0)

P̌2

θ

ℓ0

ℓ1

(a) The perturbation of the optimal solution ř for the case
of Section 9.2.

(b) Plot of the function (9.1), whose minimal value is
3.45283.

Figure 60. In the first figure, in blue the fastest saturated solution r̃ is represented, while ř
is in red. While δr̃ (φ̄; s0) < 0 (variation of the distance of the final point from P0),
it holds δř (φ; s0) ≥ 0 (variation of the distance from P̌−), giving the optimality in
this case. It is also represented the angle θ (magenta), formed by the direction of
the perturbation and φ̄.

where we recall that
ℓ0 = |P̌1 − P̌0|, ℓ1 = |P̌2 − P̌1|.

The vector relation among the above quantities is

δř2(φ̄−2π− ᾱ+ θ̂)e ı(φ̄+θ̂−ᾱ) = δP̌2,
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because the angle of the optimal ray with ζ̌ at P̌2 is constantly equal to ᾱ by construction, see Fig. 60a. Project-
ing the above equation one obtains

0 = e ı(φ̄+ π
2 +θ̂−ᾱ) ·δP̌2

= δs0 sin(ᾱ− θ̂−θ)+δℓ0 sin(ᾱ− θ̂)+δℓ1 sin(ᾱ),

δř2 = δP̌2 ·e ı(φ̄+θ̂−ᾱ) = δs0 cos(ᾱ− θ̂−θ)+δℓ0 cos(ᾱ− θ̂)+δℓ1 cos(ᾱ)

= δs0
sin(θ̂+θ)

sin(ᾱ)
+δℓ0

sin(θ̂)

sin(ᾱ)
,

where we have used the first projection to replace δℓ1.
The saturation condition at the point P̌2 +δP̌2 gives

0 = δř2 −cos(ᾱ)
(
δs0 +δℓ0 +δℓ1

)
= δs0

(
cos(ᾱ− θ̂−θ)−cos(ᾱ)

)+δℓ0(cos(ᾱ− θ̂)−cos(ᾱ)),

so that

δℓ0 =−δs0
cos(ᾱ− θ̂−θ)−cos(ᾱ)

cos(ᾱ− θ̂)−cos(ᾱ)
,

δř2 = δs0
sin(θ̂+θ)(cos(ᾱ− θ̂)−cos(ᾱ))− sin(θ̂)(cos(ᾱ− θ̂−θ)−cos(ᾱ))

sin(ᾱ)(cos(ᾱ− θ̂)−cos(ᾱ))

= δs0
cot(ᾱ)

cos(ᾱ− θ̂)−cos(ᾱ)

(
sin(θ)(1−cos(θ̂))+ (1−cos(θ))sin(θ̂)

)
.

As in Corollary 6.6, the ODE for the perturbation divided by δs0 becomes

δř (φ̄−θ−) = ecot(ᾱ)(2π+ᾱ−θ̂−θ)δř2,

δř (φ̄−) = ecot(ᾱ)(2π+ᾱ−θ̂)δř2 −ecot(ᾱ)θ,

and then the final value is computed as

δř (φ̄) = δř2ecot(ᾱ)(2π+ᾱ−θ̂) −ecot(ᾱ)θ−δℓ0

= cot(ᾱ)

cos(ᾱ− θ̂)−cos(ᾱ)

(
sin(θ)(1−cos(θ̂))+ (1−cos(θ))sin(θ̂)

)
ecot(ᾱ)(2π+ᾱ−θ̂)

−ecot(ᾱ)θ+ cos(ᾱ− θ̂−θ)−cos(ᾱ)

cos(ᾱ− θ̂)−cos(ᾱ)

= 1−cos(θ̂+θ)

1−cos(θ̂)
−ecot(ᾱ)θ,

where we have used the definition of θ̂, namely (see (6.7))

cot(ᾱ)

sin(ᾱ)
(1−cos(θ̂))ecot(ᾱ)(2π+ᾱ−θ̂) = 1.

A numerical plot of

θ 7→ δř (φ̄)

θ
= 1

θ

(1−cos(θ̂+θ)

1−cos(θ̂)
−ecot(ᾱ)θ

)
(9.1)

is in Fig. 60b: the function is strictly positive, with minimal value

lim
θ→0

1

θ

(1−cos(θ̂+θ)

1−cos(θ̂)
−ecot(ᾱ)θ

)
= sin(θ̂)

1−cos(θ̂)
−cot(ᾱ) = 3.45283.

We have proved the following result.

Lemma 9.2. If φ̄ ∈φ0 +2π+ (θ̄− θ̂, θ̄), any non-null perturbation of the optimal solution is strictly positive at φ̄
for θ ∈ [0,π].

Remark 9.3. From now on we will write the formulas for the perturbation of ζ̃, ζ̌ omitting the term δs0.
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φ̌0

φ̌2

φ̄

ζ̃ζ̌

θ

θ̄−θ

(a) The geometric situation of Section 9.3.

ζ

φ0

ζ̃

θ

θ̄−θ
φ̌0

φ̄

φ̌2

ζ̌

(b) The geometric situation of Section 9.4.

ζ

φ0

ζ̃

θ

θ̄−θ
φ̌0

φ̄

φ̌2
ζ̌

(c) The geometric situation of Section 9.5.

ζ

φ0

ζ̃

θ

φ̄

φ̌2

θ̄−θ

φ̌0

ζ̌

(d) The geometric situation of Section 9.6.

ζ

φ0

ζ̃

θ

φ̄

θ̄−θ

φ̌0

φ̌2ζ̌

(e) The geometric situation of Section 9.7.

ζ

φ0

θ

θ̄−θ

ζ̃

φ̌0

φ̌2

φ̄

ζ̌

(f) The geometric situation of Section 9.8.

Figure 61. The various geometric situation for the segment-segment case
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(a) Plot of the function
e−c̄φ̄δr̂ (φ̄)

θ2 .
(b) Minimal value of the function

e−c̄φ̄δr̂ (φ̄)
θ2 , i.e. when θ =

π
2 .

Figure 62. Numerical analysis of Section 9.3.

9.3. Segment-segment with φ̄ ∈ φ0 +2π+ [θ̄,2π+ ᾱ+ θ̄−θ− θ̂): see Fig. 61a. In this case the full tent is con-
structed, so that we can use the formulas of Lemma 7.4 to compute the perturbation ř (φ; s0). In this case, we
have that the base of the tent is not perturbed, so that we are in the situation of Fig. 53 with

ζ̂= {(0,0)} because φ̌0 = φ̄−2π− ᾱ≥ φ̄0 + θ̄− ᾱ, φ̌1 = φ̌0 + θ̂ ≤φ0 +2π− θ̄−θ.

The computations are thus explicit: the quantities of Lemma 7.4 are computed in this case as

r̂0 = δr̃ (φ̌0; s0), ℓ̂0 = r̂0(1−cos(θ̂))

cos(ᾱ− θ̂)−cos(ᾱ)
,

r̂2 = r̂0 sin(ᾱ+ θ̂)+ ℓ̂0 sin(θ̂)

sin(ᾱ)
, ℓ̂1 = r̂2 − r̂1

cos(ᾱ)
− ℓ̂0.

The numerical plot of

e−c̄(2π+ᾱ)

θ2 δř (φ̄; s0) = e−c̄(2π+ᾱ)

θ2

[
(r̂2 −δr̃ (φ̌2; s0))ecot(ᾱ)(2π+ᾱ−θ̂) +δr̃ (φ̄; s0)− ℓ̂0

]
is in Fig. 62a: its minimal value is > 0.2.

We have proved the following result.

Lemma 9.4. If φ̄ ∈φ0+2π+[θ̄,2π+ᾱ+θ̄−θ̂), any non-null perturbation of the optimal solution is strictly positive
at φ̄ for θ ∈ [0,π].

9.4. Segment-segment with φ̌0 ≤φ0+2π+θ̄−θ, φ̌2 ∈φ0+2π+[θ̄−θ, θ̄): see Fig. 61b. Since the angle φ̄ is fixed,
the idea here is that we perturb the point Q̂2, while the perturbation of the point Q̂0 is δQ̂0 = 0. Because of the
relative position of φ̄ with respect to the perturbed point Q̂2 +δQ̂2, we see that the perturbation of the point

Q̂2 is the unit vector e i (φ0+2π+θ̄−θ), where θ = θ̄−θ0 is the angle introduced in Section 6. Hence the formulas of
Lemma 7.4 become

δQ̂2 −δQ̂0 = e ı(φ0+2π+θ̄−θ) = e ı(φ̄−(2π+ᾱ))e ı(φ0+θ̄−ᾱ−θ+2(2π+ᾱ)−φ̄) = e ı(φ̄−(2π+ᾱ))e ı((2π+ᾱ)(2−τ̄)−θ),(
δQ̂2 −δQ̂0

) ·e ı(φ̄−(2π+ᾱ)+θ̂) = cos
(
(2π+ ᾱ)(2− τ̄)−θ− θ̂)

,(
δQ̂2 −δQ̂0

) ·e ı(φ̄−(2π+ᾱ)+θ̂)e ı
(
π
2 −ᾱ

)
= cos

(
(2π+ ᾱ)(2− τ̄)−θ− ᾱ− θ̂+ π

2

)
,

δL̂ = 1, δr̂0 = δr̃ (φ̌0) = δρ(τ̌0)e c̄(2π+ᾱ)τ̌0 .

In terms of τ̌0 the interval of interest is

1− θ+ θ̂
2π+ ᾱ ≤ τ̌0 < 1− max{θ, θ̂}

2π+ ᾱ .

The functions ℓ̂0, r̂2, ℓ̂1 are computed according to Lemma 7.4.
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(a) Plot of the function (9.2). (b) Minimal value for the function (9.2) with θ = π
2 .

Figure 63. Numerical analysis of Section 9.4.

In Fig. 63a we numerically plot the function

1

θ2 δr̂ (φ̄)e−c̄(2π+ᾱ)τ̄ = e−c̄(2π+ᾱ)τ̄

θ2

[
ecot(ᾱ)(2π+ᾱ−θ̂)(δr̂ (φ̌2)−δr̃ (φ̌2))+δr̃ (φ̄)−δℓ̂0

]
, (9.2)

corresponding to the quantity computed in Equation (7.9), which follows with the comparison with the sat-

urated spiral. We compute this quantity as a function of τ̄ = (1−ς)(1− θ+θ̂
2π+ᾱ )+ς(2− max{θ,θ̂}

2π+ᾱ ), ς ∈ [0,1]. The

function is strictly positive, with minimal value greater than 0.2 in θ =π, τ̄= 2− π+θ̂
2π+ᾱ .

We thus have proved the following lemma.

Lemma 9.5. If φ̌0 ≤φ0 +2π+ θ̄−θ, φ̌2 ∈φ0 +2π+ [θ̄−θ, θ̄), then δr̂ (φ̄) ≥ 0 for θ ∈ [0,π].

Remark 9.6. Note that the asymptotic behavior δr̃ (φ̄) ≃ θ as θ→ 0 for these angles (see Fig. 31) becomes now
δr̂ (φ̄) ≃ θ2, showing that the tent has a regularizing effect on the dependence w.r.t. θ, while δr̃ ∼−1.

9.5. Segment-segment with φ̌0 ≤φ0 +2π+ θ̄−θ, φ̌1 ≥φ0 +2π+ θ̄]: see Fig. 61c. Because of the conditions on
φ̄, we have in this case that the point Q̂2 and its perturbation lie in the saturated part, so that

δQ̂2 −δQ̂0 = δr̃ (φ̌2 −2π− ᾱ)e ı(φ0+θ̄−ᾱ+(2π+ᾱ)(τ̄−2+τ̂)) = δρ(τ̄−2+ τ̂)e c̄(2π+ᾱ)(τ̄−2+τ̂)e ı(φ0+θ̄−ᾱ+(2π+ᾱ)(τ̄−1))e ı(θ̂−ᾱ),(
δQ̂2 −δQ̂0

) ·e ı(φ̄−(2π+ᾱ)+θ̂) = δρ(τ̄−2+ τ̂)e c̄(2π+ᾱ)(τ̄−2+τ̂) cos(ᾱ),(
δQ̂2 −δQ̂0

) ·e ı(φ̄−(2π+ᾱ)+θ̂)e ı
(− π

2 +ᾱ
)
= δρ(τ̄−2+ τ̂)e c̄(2π+ᾱ)(τ̄−2+τ̂) cos

(π
2
−2ᾱ

)
,

See the auxiliary picture 64 for reference. In particular we have also

δL̂ = 1+δ|P2 −P1|− r (φ2)

sin(ᾱ)
δφ2 +

ˆ (2π+ᾱ)(τ̄−2+τ̂)

0

δr̃ (φ)

sin(ᾱ)
dφ

[
Equation (6.2)

] = 1−cos(θ)

sin(ᾱ)2 +
ˆ (2π+ᾱ)(τ̄−2+τ̂)

0

δr̃ (φ)

sin(ᾱ)
dφ= 1−cos(θ)

sin(ᾱ)2 ecot(ᾱ)(2π+ᾱ)(τ̄−2+τ̂),

We also remark that the previous computation follows by the expression of δr̃ that can be recovered from
Proposition 6.4. Finally

δr̂0 = δρ(τ̄−1)e c̄(2π+ᾱ)(τ̄−1).

In terms of τ̌0 the interval of interest is

2− θ̂

2π+ ᾱ ≤ τ̄< 2− θ

2π+ ᾱ , θ < θ̂.

In Fig. 65a we numerically plot the function

δr̂ (φ̄)e−c̄(2π+ᾱ)τ̄

θ2 = e−c̄(2π+ᾱ)τ̄

θ2

[
ecot(ᾱ)(2π+ᾱ−θ̂)(δr̂ (φ̌2)−δr̃ (φ̌2))+δr̃ (φ̄)−δℓ̂0

]
, (9.3)
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Figure 64. The spiral and its perturbed one in the case of Subsection 9.5.

(a) Plot of the function (9.3). (b) Plot of the function (9.3) when θ = θ̂.

Figure 65. Numerical analysis of Section 9.5.

as a function of τ̄= (1−ς)(2− τ̂)+ς(2− θ
2π+ᾱ ), ς ∈ (0,1). The function is strictly positive with minimum for θ = θ̂

and value > 0.14.
We thus have proved the following lemma.

Lemma 9.7. If φ̌0 ≤φ0 +2π+ θ̄−θ, φ̌2 ≥φ0 +2π+ θ̄, then δr̂ (φ̄) ≥ 0.

9.6. Segment-segment with φ̌0 ≥φ0 +2π+ θ̄−θ, φ̌1 ≤φ0 +2π+ θ̄: see Fig. 61d. We compute in this case

δQ̂2 −δQ̂0 = 0, δL̂ = 0,

δr̂0 = δρ(τ̄−1)e c̄(2π+ᾱ)(τ̄−1).

In terms of τ̌0 the interval of interest is

2− θ

2π+ ᾱ ≤ τ̄< 2− τ̂, θ > θ̂.
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(a) Plot of the function δř (φ̄)/θ2. (b) Plot of the function δř (φ̄)/π2 (minimal values).

Figure 66. Numerical analysis of Section 9.6.

The situation is very similar to Section 9.1, and the function δř (φ̄)e−c̄(2π+ᾱ)τ̄

θ2 as a function of τ̄= (1−ς)(2− θ
2π+ᾱ )+

ς(2− τ̂), ς ∈ (0,1), is plotted in Fig. 66a, while in Fig. 67a the minimal values are plotted for θ =π/2.

Lemma 9.8. If 2− θ
2π+ᾱ ≤ τ̄< 2− θ̂

2π+ᾱ , then δř (φ̄) > 2.91θ2, θ ∈ (θ̂,π/2].

9.7. Segment-segment with φ̌0 ≥φ0 +2π+ θ̄−θ, φ̌1 ≥φ0 +2π+ θ̄: see Fig. 61e. In this case we have

∆Q̂ = δQ̂2 −δQ̂0 = δr̃ (φ̌2 −2π− ᾱ)e ı(φ0+θ̄−ᾱ+(2π+ᾱ)(τ̄−2+τ̂)) −e ı(φ0+θ̄−θ−(φ0+θ̄−ᾱ+(2π+ᾱ)(τ̄−1)))

= δρ(τ̄−2+ τ̂)e c̄(2π+ᾱ)(τ̄−2+τ̂)e ı(φ0+θ̄+(2π+ᾱ)(τ̄−1+τ̂))e ı(θ̂−ᾱ)

−e ı(φ0+θ̄−ᾱ+(2π+ᾱ)(τ̄−1))e ı(−θ−(2π+ᾱ)(τ̄−1))),

We remark that the change of variables we have used is

φ=φ0 + θ̄− ᾱ+ (2π+ ᾱ)τ, τ̂= θ̂

2π+ ᾱ .

In particular we have denoted by τ̄ that value corresponding to φ̄.

∆Q̂ ·e ı(φ̄−(2π+ᾱ)+θ̂)) = δρ(τ̄−2+ τ̂)e c̄(2π+ᾱ)(τ̄−2+τ̂) cos(ᾱ)−cos(−θ− (2π+ ᾱ)(τ̄−2)− θ̂),

∆Q̂ ·e ı(φ̄−(2π+ᾱ)+(ᾱ+θ̂− π
2 )) = δρ(τ̄−2+ τ̂)e c̄(2π+ᾱ)(τ̄−2+τ̂) cos

(π
2
−2ᾱ

)
−cos

(
−θ− (2π+ ᾱ)(τ̄−2)−

(
ᾱ+ θ̂− π

2

))
,

δL̂ = δ|P2 −P1|− r (φ2)

sin(ᾱ)
δφ2 +

ˆ (2π+ᾱ)(τ̄−2+τ̂)

0

δr̃ (φ)

sin(ᾱ)
dφ

[
(6.2)

] =−1+ 1−cos(θ)

sin(ᾱ)2 +
ˆ (2π+ᾱ)(τ̄−2+τ̂)

0

δr̃ (φ)

sin(ᾱ)
dφ

=−1+ 1−cos(θ)

sin2(ᾱ)
ecot(ᾱ)(2π+ᾱ)(τ̄−2+τ̂),

δr̂0 = δρ(τ̄−1)e c̄(2π+ᾱ)(τ̄−1).

The interval of interest is

2− min{θ, θ̂}

2π+ ᾱ ≤ τ̄< 2, θ ∈ (0,π].

In Fig. 67a we numerically plot the function δř (τ̄)e−c̄(2π+ᾱ)τ̄

θ2 as a function of τ̄= (1−ς)(1− min{θ,θ̂}
2π+ᾱ )+2ς, ς ∈ (0,1):

its minimal value is for ς= 0,θ =π/2 and > 0.59 (Fig. 67b).
We thus have proved the following lemma.

Lemma 9.9. If φ̌0 ≥φ0 +2π+ θ̄−θ, φ̌2 ≥φ0 +2π+ θ̄, then δr̂ (φ̄) ≥ 0.59θ2.
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(a) Plot of the function δř (φ̄)/θ2. (b) Plot of the function δř (φ̄)/θ2 for θ = π
2 .

Figure 67. Analysis of Section 9.7.

(a) Plot of the function (9.4). (b) Plot of the function (9.4) for θ = π
2 .

Figure 68. Analysis of Section 9.8.

9.8. Segment-segment with τ−2 ≥ 0: see Fig. 61f. In this region the base of the tent is a convex curve, because
δr̃ ≥ 0: we can thus apply Lemma 7.9, we need just the positivity of

e−c̄φ̄

θ2

(
δr̃ (φ̄)− 1−cos(θ̂)

cos(ᾱ− θ̂)−cos(ᾱ)
δr̃ (φ̂0)

)
= 1

θ2

(
δρ(τ̄)− (1−cos(θ̂))e−c̄(2π+ᾱ)2

cos(ᾱ− θ̂)−cos(ᾱ)
δρ(τ̄−2)

)
, τ̄> 2. (9.4)

A numerical plot is in Fig. 68, where one observe that is is positive and strictly increasing.
We thus conclude that

Lemma 9.10. If τ̄≥ 2, then δr̂ (φ̄) ≥ 0.
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ř (φ̄; s0)

P̌−θ̌
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r (φ0)

ř (φ̌1)

(a) The geometric situation of Section 10.1.1.

ř (φ̌−)

ř (φ̌1)

P̌−

P̌1

∆φ̌

P̌2

θ

θ̌P̌0

(b) The geometry to compute the variations of the points
in the arc case.

Figure 69. Analysis of Section 10.1.1.

10. STUDY OF THE PERTURBATION TO THE OPTIMAL SOLUTION IN THE PRESENCE OF AN ARC

In this section we address the case when the optimal candidate we are going to perturb contains a level set
arc. More precisely, four situations can occur:

(1) the optimal candidate spiral ř starts with a segment at φ0 in the direction φ̄, and exit the negativity
region in the arc case, Section 10.1.1 and Fig. 69a;

(2) the optimal candidate spiral ř starts with an arc, then a segment at φ = φ̄−2π− π
2 in the direction φ̄,

and exits the negativity region in the arc case, Section 10.1.2 and Fig. 70;
(3) the optimal candidate spiral ř starts with an arc, then a segment at φ = φ̄−2π− π

2 in the direction φ̄,
and exits the negativity region in the segment case, Section 10.2.1 and Fi. 72a;

(4) the optimal candidate spiral ř starts with an arc, then a segment and a saturated spiral, next at φ =
φ̄−2π− π

2 we have a tent, Section 10.2.2: the 10 different respective positions of the arc and the tent are
presented in Fig. 73.

By Proposition 7.7, only the last case can occur for τ̄≥ 1. In particular, when we are in the saturated region for
φ̂0 (the angle at which the tent starts), the tent is admissible, so that the following situation is not happening:
the optimal candidate starts with an arc, then a segment and a saturated spiral, next at φ= φ̄−2π− ᾱ there is a
segment in the direction φ̄ and the last round starts with an arc.

10.1. Segment-arc or arc-arc cases. These situations can happen only when φ̄− 2π−φ0 ≤ ω, i.e. τ̄ < 1 by
Proposition 7.7.

10.1.1. Segment-arc with φ̄ ∈ φ0 +2π+ [θ̄−θ, θ̄): see Fig. 69a. Setting for simplicity φ̄= 0 and with θ the angle
of the perturbation of the point P0, the variations of the positions of the points is (see Fig. 69b):

δP0 = e−ıθ, δP̌− = δP0 +δℓ̌0e ıφ̄ = δP0 +δℓ̌0e ı0, δφ̌− = δP̌− ·e ıθ̌

ř (φ̌−)
,

δP̌1 =
[
δP̌− ·e ı(θ̌− π

2 )]e ı(θ̌+∆φ̌− π
2 ) + ř (φ̌1)δφ̌1e ı(θ̌+∆φ̌), δφ̌1 = δP̌− ·e ıθ̌

ř (φ̌−)
+δ∆φ̌,

where the first term is the variation of the level set and the second is the variation of the angle along the level
set. Using Formula (6.16) we have used the fact that φ̌− =−π

2 + θ̌−2π. Moreover we have

δP̌2 = δP̌1 +δℓ̌1e ı(θ̌+∆φ̌) +δφ̌1ℓ̌1e i (θ̌+∆φ̌+ π
2 ).

For reference compare the previous formulas with (6.16),(6.17). The optimality condition requires by Lemma
6.16 that

θ̌ = h1(∆φ̌), δθ̌ = δφ̌− = dh1(∆φ̌)

d∆φ̌
δ∆φ̌,



114 STEFANO BIANCHINI AND MARTINA ZIZZA

and the saturation condition reads as

0 = δP̌2 ·e ı(θ̌+∆φ̌−ᾱ) −cos(ᾱ)
(
1+δℓ̌0 − ř (φ̌−)δφ̌−+∆φ̌(

δP̌− ·e ı(θ̌− π
2 ))+ ř (φ̌1)δφ̌1 +δℓ̌1

)
= (

δP̌2 ·e ı(θ̌+∆φ̌) cos(ᾱ)+δP̌2 ·e ı(θ̌+∆φ̌− π
2 ) sin(ᾱ)

)
−cos(ᾱ)

(
1+δℓ̌0 − ř (φ̌−)δφ̌−+∆φ̌(

δP̌− ·e ı(θ̌− π
2 ))+ ř (φ̌1)δφ̌1 +δℓ̌1

)
= (

(r̂1(φ̂1)δφ1 +δℓ̂1)cos(ᾱ)+δP̌2 ·e ı(θ̌+∆φ̌− π
2 ) sin(ᾱ)

)
−cos(ᾱ)

(
1+δℓ̌0 − ř (φ̌−)δφ̌−+∆φ̌(

δP̌− ·e ı(θ̌− π
2 ))+ ř (φ̌1)δφ̌1 +δℓ̌1

)
= δP̌2 ·e ı(θ̌+∆φ̌− π

2 ) sin(ᾱ)−cos(ᾱ)
(
1+δℓ̌0 − ř (φ̌−)δφ̌−+∆φ̌(

δP̌− ·e ı(θ̌− π
2 ))).

The final value is computed by

δr̂ (φ̄) = δP̌2 ·e ı(θ̌+∆φ̌− π
2 )

sin(ᾱ)
ecot(ᾱ)(2π+ᾱ−θ̌−∆φ̌) −ecot(ᾱ)θ−δℓ̌0

= cot(ᾱ)

sin(ᾱ)

(
1+δℓ̌0 −

(
cos(θ+ θ̌)+δℓ̌0 cos(θ̌)

)+∆φ̌(
sin(θ+ θ̌)+δℓ̌0 sin(θ̌)

))
ecot(ᾱ)(2π+ᾱ−θ̌−∆φ̌)

−ecot(ᾱ)θ−δℓ̌0.

Using (6.22) we simplify into

δr̂ (φ̄) = cot(ᾱ)

sin(ᾱ)

(
1−cos(θ+ θ̌)+∆φ̌sin(θ+ θ̌)

)
ecot(ᾱ)(2π+ᾱ−θ̌−∆φ̌) −ecot(ᾱ)θ

= ecot(ᾱ)θ
(cot(ᾱ)

sin(ᾱ)

(
1−cos(θ+ θ̌)+∆φ̌sin(θ+ θ̌)

)
ecot(ᾱ)(2π+ᾱ−(θ̌+θ)−∆φ̌) −1

)
,

which is ≥ 0 unless θ = 0 by Lemma 6.16.
We thus have the following result.

Lemma 10.1. If φ̄ ∈φ0 +2π+ [π2 −θ, π2 ), then δř (φ̄) ≥ 0.

10.1.2. Arc-arc with 2π+ π
2 ≤ φ̄−φ0 ≤ 2π+ π

2 +∆φ: see Fig. 70. The angle ∆φ is the angle corresponding to the
arc of the level set for the fastest saturated spiral ζ̃. We first observe that the angle at the point P̌2 is

φ̌2 −φ0 ≤ tan(ᾱ)+ θ̌+∆φ̌+ π

2
− ᾱ

≤ tan(ᾱ)+max
{
∆φ̌+h1(∆φ̌)

}+ π

2
− ᾱ< 5.4 < 2π+ π

2
−θ,

(10.1)

so that the end point is always inside the first round. We thus have

δP0 = e ı(φ0+ π
2 −θ), δP̌0 = sin(θ)e ı(φ̄−2π− π

2 ),

δP̌− = δℓ̌0e ı(φ̄−2π) + sin(θ)e ı(φ̄−2π− π
2 ), δP̌1 = ř1δω̌e ı(φ̄−2π+ω̌) +δP̌− ·e ı(φ̄−2π+θ̌− π

2 )e ı(φ̄−2π+ω̌− π
2 ),

δP̌2 = δP̌1 +δℓ̌1e ı(φ̄+ω̌) − ℓ̌1δω̌e ı(φ̄+ω̌− π
2 ).

Using ∆φ= φ̄−2π−φ0 − π
2 and denoting

ω̌= θ̌+∆φ̌= h1(∆φ̌)+∆φ̌,

the saturation condition is

0 = δP̌2 ·e ı(φ̄−2π+ω̌−ᾱ) −cos(ᾱ)
(
(1−cos(θ)+ sin(θ)∆φ)+δℓ̌0 − ř−δφ̌−+δP̌− ·e ı(φ̄−2π+θ̌− π

2 )∆φ̌+ ř1δφ̌1 +δℓ̌1

)
= δP̌1 ·e ı(φ̄−2π+ω̌−ᾱ) − ℓ̌1δω̌sin(ᾱ)

−cos(ᾱ)
(
(1−cos(θ)+ sin(θ)∆φ)+δℓ̌0 −δP̌− ·e i (φ̄−2π+θ̌) +δP̌− ·e ı(φ̄−2π+θ̌− π

2 )∆φ̌+δP̌1 ·e i (φ̄−2π+ω̌)
)

= δP̌− ·e ı(φ̄−2π+θ̌− π
2 ) sin(ᾱ)− ℓ̌1δω̌sin(ᾱ)

−cos(ᾱ)
((

1−cos(θ)+ sin(θ)∆φ
)+ sin(θ)sin(θ̌)+ sin(θ)cos(θ̌)∆φ̌+δℓ̌0

(
1−cos(θ̌)+ sin(θ̌)∆φ̌

))
.
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Figure 70. The geometric situation of Section 10.1.2.

The final value is

δř (φ̄) = δP̌2 ·e ı(φ̄−2π+ω̌− π
2 )

sin(ᾱ)
ecot(ᾱ)(2π+ᾱ−ω̌) −ecot(ᾱ)(∆φ+θ) +cos(θ)ecot(ᾱ)∆φ− sin(θ)

ecot(ᾱ)∆φ−1

cot(ᾱ)
−δℓ̌0

= δP̌− ·e ı(φ̄−2π+θ̌− π
2 ) − ℓ̌1δω̌

sin(ᾱ)
ecot(ᾱ)(2π+ᾱ−ω̌) −ecot(ᾱ)(∆φ+θ) +cos(θ)ecot(ᾱ)∆φ− sin(θ)

ecot(ᾱ)∆φ−1

cot(ᾱ)
−δℓ̌0

= cot(ᾱ)

sin(ᾱ)
ecot(ᾱ)(2π+ᾱ−ω̌)

((
1−cos(θ)+ sin(θ)∆φ

)+δℓ̌0 −δP̌− ·e i (φ̄−2π+θ̌) +δP̌− ·e ı(φ̄−2π+θ̌− π
2 )∆φ̌

)
−ecot(ᾱ)(∆φ+θ) +cos(θ)ecot(ᾱ)∆φ− sin(θ)

ecot(ᾱ)∆φ−1

cot(ᾱ)
−δℓ̌0

= cot(ᾱ)

sin(ᾱ)
ecot(ᾱ)(2π+ᾱ−ω̌)

((
1−cos(θ)+ sin(θ)∆φ

)
+ sin(θ)sin(θ̌)+ sin(θ)cos(θ̌)∆φ̌+δℓ̌0

(
1−cos(θ̌)+ sin(θ̌)∆φ̌

))
−ecot(ᾱ)(∆φ+θ) +cos(θ)ecot(ᾱ)∆φ− sin(θ)

ecot(ᾱ)∆φ−1

cot(ᾱ)
−δℓ̌0

= 1−cos(θ+ θ̌)+ sin(θ+ θ̌)∆φ̌+ sin(θ)∆φ

1−cos(θ̌)+ sin(θ̌)∆φ̌
−ecot(ᾱ)(∆φ+θ) +cos(θ)(ecot(ᾱ)∆φ−1)− sin(θ)

ecot(ᾱ)∆φ−1

cot(ᾱ)

= 1−cos(θ+ θ̌)+ sin(θ+ θ̌)∆φ̌+ sin(θ)∆φ

1−cos(θ̌)+ sin(θ̌)∆φ̌
−ecot(ᾱ)(∆φ+θ) +cos(θ+ ᾱ)

ecot(ᾱ)∆φ−1

cos(ᾱ)
,

(10.2)
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(a) A small neighborhood of the region cot(ᾱ)
sin(ᾱ) (1−cos(θ̌)+

sin(θ̌)∆φ̌)ecot(ᾱ)(2π+ᾱ−θ̌−∆φ̌) = 1: in orange the plane
R2 × {0} and in blue the previous function.

(b) The function δř (φ̄)/θ for various values of θ ∈ (0,π/2]
in the same neighborhood.

Figure 71. Analysis of the final value of δř (φ̄), Section 10.1.2.

where we have used (6.22), and we rely on the observation that the final angle is before 2π+ π
2 −θ. The second

derivative w.r.t. ∆φ is

∂2
∆φδř (φ̄) =−cot(ᾱ)

sin(ᾱ)
ecot(ᾱ)(∆φ+θ)(cos(ᾱ)−cos(ᾱ+θ)e−cot(ᾱ)θ)≤ 0,

so that the minimal values are for ∆φ = 0,tan(ᾱ). The first case corresponds to the previous section, while for
∆φ= tan(ᾱ) we plot the function δř (φ̄)/θ in Fig. 71b in a neighborhood of the curve determined by (6.22): the
function is positive > 4.5θ.

Lemma 10.2. In this geometric setting it holds δř (φ̄) ≥ 4.5θ.

10.2. Arc-segment case. The situation is when the initial spiral r̃ starts with an arc, and later ř closes with a
tent. This is the unique situation in the saturated region. There are several cases depending on the position of
the segment w.r.t. the arc.

10.2.1. The tent starts inside the arc: Fig. 72a. In this case the analysis is the same as in the arc-arc case, by
setting ∆φ̌= 0 and θ̌ = θ̂: as before we are left with the case ∆φ= tan(ᾱ), thus the final value is

δř (φ̄) = 1−cos(θ+ θ̂)+ sin(θ) tan(ᾱ)

1−cos(θ̂)
−e1+cot(ᾱ)θ+ cos(θ+ ᾱ)

cos(ᾱ)
(e −1). (10.3)

The plot of this function is in Fig. 72b.

Lemma 10.3. In the above situation the perturbation is positive > 14θ.

10.2.2. Arc-tent case with the final tent in the saturated region. The 10 cases representing the relative positions
of the initial arc and the final tent are represented in Fig. 71.

We will use the tent formulas of Section 7.2.

Case 1: φ̄−2(2π− ᾱ)−φ0 ∈ (ω− ᾱ,2π+ π
2 −θ− θ̂): in this case δQ̂0 = 0, δQ̂2 = 0, δL̂ = 0, so that (see formulas in

Lemma 7.4)

ℓ̂0 = δr̃0
1−cos(θ̂)

cos(ᾱ− θ̂)−cos(ᾱ)
,

δr̂2 −δr̃2 = δr̃0

(cos(ᾱ)−cos(ᾱ+ θ̂)

cos(ᾱ− θ̂)−cos(ᾱ)
−ecot(ᾱ)θ̂)

)
> 0.00669δr̃0 > 0, (10.4)
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(a) The geometric situation of Section 10.2.1. (b) The plot of the function (10.3) divided by θ.

Figure 72. Numerical analysis of Section 10.2.1.

P0

∆φ

θ

P1

P2

P̌1

P̌2

P̌0

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

φ̄−4π

φ̄−4π+ θ̂

ᾱ

ᾱ−∆φ

ᾱ−∆φ−θ

Figure 73. The 10 possible relative positions of the arc and the tent in the saturated region:
in green the number of the case considered in Section 10.2.2.

and we thus just estimate

δr̂ (φ̄) = (
δr̂2 −δr̃2)ecot(ᾱ)(2π+ᾱ−θ̂) +δr̃ (φ̄)− ℓ̂0

> δr̃ (φ̄)−δr̃0
1−cos(θ̂)

cos(ᾱ− θ̂)−cos(ᾱ)
.
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Figure 74. Numerical plot of the function e−c̄φ(δr̃ (φ̄)−δr̃0
1−cos(θ̂)

cos(ᾱ−θ̂)−cos(ᾱ)
) and its worst case

for θ = π
2 ,∆φ= 0, Case 1 of Section 10.2.2.

A numerical evaluation of the above function is in Fig. 74 as a function of τ̄ = (1−ς)+ς(2− θ+∆φ+θ̂
2π+ᾱ ),

ς ∈ (0,1), where one sees that it is larger than .35e c̄φθ(θ+∆φ).

Case 2: τ̄ ∈ (1,1+τ1), τ̄+ τ̂−1 ∈ (τ1,τ2): here the end point of the tent is in the region (τ1,τ2) = (1− θ+∆φ
2π+ᾱ ,1−

∆φ
2π+ᾱ ), while the initial point P̌0 is in the saturated arc before, so that using τ= 0 as the reference direc-
tion for computing the angles (i.e. φ0 + π

2 +∆φ− ᾱ is mapped to 0), we have:

φ̄−4π− ᾱ< ᾱ−∆φ−θ, ᾱ−∆φ−θ < φ̄−4π− ᾱ+ θ̂ < ᾱ−∆φ,

δ∆Q = e ı(ᾱ−∆φ−θ), δ∆Q ·e ı(2π+ᾱ)(τ̄−1+τ̂) = cos
(
(2π+ ᾱ)(τ̄−2)+∆φ+θ+ θ̂)

,

δ∆Q ·e ı(2π+ᾱ)(τ̄−1+τ̂)+ᾱ− π
2 = cos

(
(2π+ ᾱ)(τ̄−2)+∆φ+θ+ θ̂+ ᾱ− π

2

)
,

δL̂ = 1, δr̂0 = δr̃ (φ̄− (2π+ ᾱ)).

Recall that

τ̂= θ̂

2π+ ᾱ .

The plot of the function

e−c̄(2π+ᾱ)τ̄δř (φ̄)

θ(θ+∆φ)
, τ̄= (1−ς)

(
2− θ+ θ̂+∆φ

2π+ ᾱ
)
+ς

(
2− max{θ, θ̂}+∆φ

2π+ ᾱ
)
, ς ∈ (0,1), (10.5)

computed according to the formulas of Lemma 7.4, is in Fig. 75, which is strictly positive:

e−c̄(2π+ᾱ)τ̄δr̂ (φ̄)

θ(θ+∆φ)
≥ 0.54.

Case 3: τ̄ ∈ (1,1+τ1), τ̄+ τ̂−1 ∈ (τ2,1): here the initial point of the tent is before τ1 = 1− θ+∆φ
2π+ᾱ , and the final

point is in (τ2,1) = (1− θ
2π+ᾱ ,1). As before setting τ= 0 as reference direction, we have thus

φ̄−4π− ᾱ< ᾱ−∆φ−θ, ᾱ−∆φ< φ̄−4π− ᾱ+ θ̂ < ᾱ, θ < θ̂,

δ∆Q = sin(θ)e ı(θ̂− π
2 ), δL̂ = 1−cos(θ)+ sin(θ)

(
φ̄−4π− ᾱ+ θ̂+∆φ− ᾱ

)
, δr̂0 = δr̃ (φ̄− (2π+ ᾱ)).

The plot of the function

e−c̄(2π+ᾱ)τ̄δř (φ̄)

θ(θ+∆φ)
, τ̄= (1−ς)

(
2− θ̂+∆φ

2π+ ᾱ
)
+ς

(
2− max{θ+∆φ, θ̂}

2π+ ᾱ
)
, ς ∈ (0,1), (10.6)

is in Fig. 76, showing that

e−c̄(2π+ᾱ)τ̄δř (φ̄) > 0.74θ(θ+∆φ).
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Figure 75. Final value for Case 2 and of its minimum, (10.5): the orange surface corresponds
to ∆φ= 0 and the minimum to ∆φ= 0,θ = π

2 .

Figure 76. Final value for Case 3, Equation (10.6): the orange surface corresponds to ∆φ =
0, and the minimal case is for ∆φ = 0,θ = θ̂ (in the numerical plot we consider
θ = θ̂−10−4 to avoid numerical artifacts).

Case 4: τ̄ ∈ (1,1+τ1), τ̄+ τ̂> 2: here the initial value is before τ1 = 1− θ+∆φ
2π+ᾱ region and the final value is after

τ= 1:
φ̄−4π− ᾱ< ᾱ−∆φ−θ, φ̄> 2(2π+ ᾱ)− θ̂, ∆φ+θ < θ̂.

In particular δQ̂0 = 0, δ∆Q = δQ̂2 which reads as

δ∆Q = δr̃ (φ̄−2(2π+ ᾱ)+ θ̂)e ı(φ̄−2(2π+ᾱ)+θ̂),

δL̂ = 1−cos(θ)+ sin(θ)∆φ

sin(ᾱ)2 ecot(ᾱ)(φ̄−2(2π+ᾱ)+θ̂),

δr̂0 = δr̃ (φ̄− (2π+ ᾱ)).

The plot of the function

e−c̄(2π+ᾱ)τ̄δř (φ̄)

θ(θ+∆φ)
, τ̄= (1−ς)

(
2− θ̂

2π+ ᾱ
)
+ς

(
2− θ+∆φ

2π+ ᾱ
)
, ς ∈ (0,1), (10.7)

is in Fig. 77, which is strictly positive > 0.74.

Case 5: τ̄ ∈ (1+τ1,1+τ2), τ̄+ τ̂ ∈ (1+τ1,1+τ2): here the tent is inside (τ1,τ2) = (1− θ+∆φ
2π+ᾱ ,1− ∆φ

2π+ᾱ ):

ᾱ−∆φ−θ < φ̄−4π− ᾱ< φ̄−4π− ᾱ+ θ̂ < ᾱ−∆φ, θ > θ̂,

δ∆Q = 0, δL̂ = 0, δr̂0 = δr̃ (φ̄− (2π+ ᾱ)).

The above condition implies that θ ≥ θ̂. The plot of the function

e−c̄(2π+ᾱ)τ̄δř (φ̄)

θ(θ+∆φ)
, τ̄= (1−ς)

(
2− θ+∆φ

2π+ ᾱ
)
+ς

(
2− ∆φ

2π+ ᾱ
)
, ς ∈ (0,1), (10.8)
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Figure 77. Final value for Case 4, Equation (10.7): the minimal values occur for∆φ= 0,θ = 0.

Figure 78. Final value for Case 5, Equation (10.8): the minimal values are obtained for ∆φ=
0,θ = π

2 .

is in Fig. 78, which is strictly positive > 0.55.

Case 6: τ̄ ∈ (1+τ1,1+τ2), τ̄+ τ̂ ∈ (1+τ2,1): here the tent starts inside (τ1,τ2) = (1− θ+∆φ
2π+ᾱ ,1− θ

2π+ᾱ ) and ends in
(τ2,1):

ᾱ−∆φ−θ < φ̄−4π− ᾱ< ᾱ−∆φ, ᾱ−∆φ< φ̄−4π− ᾱ+ θ̂ < ᾱ, ∆φ+θ > θ̂,

δ∆Q = sin(θ)e ı(φ̄−4π−ᾱ+θ̂− π
2 )−e ı(ᾱ−∆φ−θ), δL̂ =−cos(θ)+sin(θ)(φ̄−2(2π+ᾱ)+θ̂+∆φ), δr̂0 = δr̃ (φ̄−(2π+ᾱ)).

The above condition implies that θ ≥ θ̂. The plot of the function

e−c̄(2π+ᾱ)τ̄δř (φ̄)

θ
, τ̄= (1−ς)

(
2− min{θ, θ̂}+∆φ

2π+ ᾱ
)
+ς

(
2− max{∆φ, θ̂}

2π+ ᾱ
)
, ς ∈ (0,1), (10.9)

is in Fig. 79, which is strictly positive > .38θ(θ+∆φ).
Case 7: τ̄ ∈ (1+τ1,1+τ2), τ̄+ τ̂> 2: here the tent starts inside (τ1,τ2) and ends after τ= 1:

ᾱ−∆φ−θ < φ̄−4π− ᾱ< ᾱ−∆φ, ᾱ< φ̄−4π− ᾱ+ θ̂, ∆φ< θ̂,

δ∆Q = δr̃ (φ̄−2(2π+ ᾱ)+ θ̂)e ı(φ̄−2(2π+ᾱ)+θ̂) −e ı(ᾱ−∆φ−θ),

δL̂ = 1−cos(θ)+ sin(θ)∆φ

sin(ᾱ)2 ecot(ᾱ)(φ̄−2(2π+ᾱ)+θ̂) −1,

δr̂0 = δr̃ (φ̄− (2π+ ᾱ)).
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Figure 79. Final value for Case 6, Equation (10.9): the minimal values are for ∆φ= 0,θ = θ̂.

Figure 80. Final value for Case 7, Equation (10.10): the minimal values are for ∆φ= 0,θ = π
2 .

The above condition implies that ∆φ< θ̂. The plot of the function

e−c̄(2π+ᾱ)τ̄δř (φ̄)

θ(θ+∆φ)
, τ̄= (1−ς)

(
2− min{∆φ+θ, θ̂}

2π+ ᾱ
)
+ς

(
2− ∆φ

2π+ ᾱ
)
, ς ∈ (0,1), (10.10)

is in Fig. 80, which is strictly positive > 0.28.
Case 8: τ̄> 1+τ2, τ̄+ τ̂< 2: here the tent is inside (τ2,1):

ᾱ−∆φ< φ̄−4π− ᾱ< φ̄−4π− ᾱ+ θ̂ < ᾱ, ∆φ> θ̂,

δ∆Q = sin(θ)e ı(φ̄−4π−ᾱ+θ̂− π
2 ) − sin(θ)e ı(φ̄−4π−ᾱ− π

2 ), δL̂ = sin(θ)θ̂, δr̂0 = δr̃ (φ̄− (2π+ ᾱ)).

The above condition implies that ∆φ≥ θ̂. The plot of the function

e−c̄(2π+ᾱ)τ̄δř (φ̄)

θ
, τ̄= (1−ς)

(
2− ∆φ

2π+ ᾱ
)
+ς

(
2− θ̂

2π+ ᾱ
)
, ς ∈ (0,1), (10.11)

is in Fig. 81, which is strictly positive > 0.76.
Case 9: τ̄ ∈ (1+τ2,2), τ̄+ τ̂> 2: here the tent starts inside (τ2,1) and ends after τ= 1:

ᾱ−∆φ< φ̄−4π− ᾱ< ᾱ, ᾱ< φ̄−4π− ᾱ+ θ̂,

δ∆Q = δr̃ (φ̄−2(2π+ ᾱ)+ θ̂)e ı(φ̄−2(2π+ᾱ)+θ̂) − sin(θ)e ı(φ̄−4π−ᾱ− π
2 ),

δL̂ = 1−cos(θ)+ sin(θ)∆φ

sin(ᾱ)2 (ecot(ᾱ)(φ̄−2(2π+ᾱ)+θ̂) −1)+ sin(θ)(−φ̄+4π+ ᾱ)), δr̂0 = δr̃ (φ̄− (2π+ ᾱ)).
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Figure 81. Final value for Case 8, Equation (10.11): the minimal values are for τ= 0,∆φ= θ̂.

Figure 82. Final value for Case 9, Equation (10.12): the minimal values are for ∆φ= 0,θ = π
2 .

The above condition implies that θ ≥ θ̂. The plot of the function

e−c̄(2π+ᾱ)τ̄δř (φ̄)

θ(θ+∆φ)
, τ̄= (1−ς)

(
2− θ+ θ̂+∆φ

2π+ ᾱ
)
+ς

(
2− max{θ, θ̂}+∆φ

2π+ ᾱ
)
, ς ∈ (0,1), (10.12)

is in Fig. 82, which is strictly positive > 0.62.
Case 10: τ̄> 2: here the base of the tent is after τ = 0, and in particular the perturbed spiral δr̃ is positive.

Similarly to Section 9.3, we can thus use Lemma 7.9 and just study the function

τ̄ 7→ 1

θ(θ+∆φ)

(
δρ(τ̄)− (1−cos(θ̂))e−c̄(2π+ᾱ)

cos(ᾱ− θ̂)−cos(ᾱ)
δρ(τ̄−1)

)
, (10.13)

with ρ(τ) given by Corollary 6.14. The numerical plot of the above function for τ ∈ (2,5) is in Fig. 83 and
of its τ-derivative for τ ∈ (4,5) is in Fig. 84: we can thus apply Lemma 3.14 and deduce that

1

θ(θ+∆φ)

(
δρ(τ̄)− (1−cos(θ̂))e−c̄(2π+ᾱ)

cos(ᾱ− θ̂)−cos(ᾱ)
δρ(τ̄−1)

)
> 0.59.

We collect all the above statements into the following
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Figure 83. Final value for Case 10, Equation (10.13): the minimal values are for ∆φ = 0,θ =
π
2 .

Figure 84. Derivative for Case 10, Equation (10.13): the minimal values are for∆φ= 0,θ = π
2 .

Lemma 10.4. If the final tent is in the saturated region of ř , then δř (φ̄) ≥ 0, and it is 0 only if the angle θ = 0.

This lemma, together with Lemmas 10.1, 10.2, 10.3, shows that δř (φ̄) > 0, and it is 0 if and only if θ = 0,
concluding the proof of Theorem 1.12 using also the results of Section 9.
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APPENDIX A. NUMERICAL CODE FOR WOLFRAM MATHEMATICA

Section 3.2.1

Exponent c(α), Eq. (3.11)

In[7]:= c[alpha_] := Log[(2 Pi + alpha)/Sin[alpha]]/(2 Pi + alpha)

Coefficient a(α), Eq. (3.13)

a[alpha_] := (2 Pi + alpha) (Cot[alpha] - c[alpha])

Computation of the critical eigenvalue, Cor. 3.10

lam[alpha_] := Exp[(2 Pi + alpha) Cot[alpha] - 1]/(2 Pi + alpha) Sin[alpha] - 1

Critical angle ᾱ

baralpha = FindRoot[lam[alpha], {alpha, 1.2}][[1, 2]]
1.1783

Critical speed σ̄

1/Cos[baralpha]
2.61443

Critical exponent c̄

barc = c[baralpha]
0.27995

Computations of the complex eigenvalues, Fig. 16

Plot[Exp[y Cot[y]] Sin[y]/y, {y, 0, 20}, PlotLegends ->
Placed[ToExpression["\\frac{e^{y \\cot(y)} \\sin(y)}{y}", TeXForm,

HoldForm], {Right, Top}], PlotRange -> {{-15, 15}},
AxesLabel -> Automatic]

Section 3.2.2

Computation for Remark 3.13

Cot[baralpha] - 2 Pi/(2 Pi + baralpha)
-0.428111

Plot of the function (3.19), Fig. 17

Plot[{(Exp[Cot[alpha] 2 Pi] - 1) Exp[-2 Pi Cot[alpha] + a[alpha]] -
Exp[a[alpha] 2 Pi/(2 Pi + alpha)]}, {alpha, 1, 1.3},

PlotLegends ->
Placed[Text[

Style[ToExpression[
"(e^{2\\pi \\cot(\\alpha)} - 1) e^{- 2\\pi \\cot(\\alpha) + \

a(\\alpha)} - e^{a(\\alpha) \\frac{2\\pi}{2\\pi + \\alpha}}", TeXForm,
HoldForm]]], {Right, Top}]]

Section 3.2.3

Explicit form up to τ= 6, Lemma 3.17

galpha[tau_, alpha_] :=
Sum[(-1)^k Exp[a[alpha] (tau - k)] (tau - k)^k/k! HeavisideTheta[

tau - k], {k, 0, 5}]
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Kernel in the critical case

g[tau_] := galpha[tau, baralpha]

Asymptotic expansion, Point 2 of Lemma 3.18

gasympt[tau_] := 2 tau + 2/3

Plot for Fig. 18

Plot[{galpha[tau, baralpha - .01], galpha[tau, baralpha],
galpha[tau, baralpha + .1]}, {tau, 0, 6},

PlotLegends ->
Placed[ToExpression["g(\\tau,\\alpha)", TeXForm, HoldForm], {Center,

Top}], AxesLabel -> Automatic]

Plot[{g[tau] - gasympt[tau]}, {tau, 0, 5},
PlotLegends ->
Placed[ToExpression["g(\\tau,\\bar \\alpha)-2\\tau-\\frac{2}{3}",

TeXForm, HoldForm], {Right, Top}], AxesLabel -> Automatic,
PlotRange -> {{-.1, 5}, {-.06, .06}}]

Construction of the solution m of Lemma 3.19

m0alpha[tau_, tau1_, alpha_] :=
Sum[(-1)^

l (2 Pi + alpha) Exp[-c[alpha] (2 Pi + alpha) (tau - k)] Exp[
Cot[alpha] (2 Pi + alpha) (tau - tau1 -

k)] (Cot[alpha] (2 Pi + alpha) (tau - tau1 - k))^
l/(l! (Cot[alpha] (2 Pi + alpha))^{1 + k}) HeavisideTheta[

tau - tau1 - k], {k, 0, 6}, {l, 1, k}] +
Sum[(2 Pi + alpha) Exp[-c[alpha] (2 Pi + alpha) (tau - k)] Max[0,

Exp[(Cot[alpha] (2 Pi + alpha)) (tau - tau1 - k)] -
1]/(Cot[alpha] (2 Pi + alpha))^{1 + k}, {k, 0, 5}]

malpha[tau_, tau1_, tau2_, alpha_] :=
m0alpha[tau, tau1, alpha] - m0alpha[tau, tau2, alpha]

In the critical case α= ᾱ

m[tau_, tau1_, tau2_] := malpha[tau, tau1, tau2, baralpha]

Asymptotic behavior of M in the critical case, Lemma 3.20: coefficients for the linear and constant part

masymptlin[tau1_,
tau2_] := -2 Exp[-barc (2 Pi + baralpha) tau2]/barc +
2 Exp[-barc (2 Pi + baralpha) tau1]/barc

masymptconst[tau1_, tau2_] :=
2 Exp[-barc (2 Pi + baralpha) tau2]/(barc^2 (2 Pi +

baralpha)) - (2 (-tau2) +
2/3) Exp[-barc (2 Pi + baralpha) tau2]/

barc - (2 Exp[-barc (2 Pi + baralpha) tau1]/(barc^2 (2 Pi +
baralpha)) - (2 (-tau1) +
2/3) Exp[-barc (2 Pi + baralpha) tau1]/barc)

Asymptotic expansion of m
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masympt[tau_, tau1_, tau2_] :=
2 Exp[-barc (2 Pi + baralpha) tau2]/(barc^2 (2 Pi +

baralpha)) - (2 (tau - tau2) +
2/3) Exp[-barc (2 Pi + baralpha) tau2]/

barc - (2 Exp[-barc (2 Pi + baralpha) tau1]/(barc^2 (2 Pi +
baralpha)) - (2 (tau - tau1) +

2/3) Exp[-barc (2 Pi + baralpha) tau1]/barc)

Plot for Fig. 19

Plot[{malpha[tau, 1/2, 1, baralpha - .01],
malpha[tau, 1/2, 1, baralpha],
malpha[tau, 1/2, 1, baralpha + .1]}, {tau, 0, 6},

PlotLegends ->
Placed[ToExpression["m(\\tau,1/2,1,\\alpha)", TeXForm,

HoldForm], {Center, Top}], AxesLabel -> Automatic]
Plot3D[{0,

m[tau, tau1, 1] - masymptlin[tau1, 1] tau -
masymptconst[tau1, 1]}, {tau, 0, 5}, {tau1,

1 - Tan[baralpha]/(2 Pi + baralpha), 1}, AxesLabel -> Automatic,
PlotRange -> {-.02, .02}]

Kernel in φ, Remark 3.21, up to φ= 6(2π+α)

Galpha[phi_, alpha_] :=
galpha[phi/(2 Pi + alpha), alpha] Exp[barc phi]

Malpha[phi_, phi1_, phi2_, alpha_] :=
malpha[phi/(2 Pi + alpha), phi1/(2 Pi + alpha), phi2/(2 Pi + alpha),

alpha] Exp[barc phi]
G[phi_] := Galpha[phi, baralpha]
M[phi_, phi1_, phi2_] := Malpha[phi, phi1, phi2, baralpha]

Plot of the solution for a= sin(ᾱ), i.e. θ =π/2, Fig. 5

Plot[g[tau]/Sin[baralpha] -
Exp[-barc (2 Pi + baralpha - Pi/2)] g[

tau - 1 + Pi/2/(2 Pi + baralpha)] -
Cot[baralpha] Exp[-barc (2 Pi + baralpha)] g[tau - 1], {tau, 0, 5},

AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression["\\rho(\\phi,\\sin(\\bar \\alpha))", TeXForm,

HoldForm], {Right, Center}]]

Section 3.2.4

Primitive functions for the kernel G

Lgg[tau_, alpha_] :=
Sum[1/Cos[

alpha]^{k +
1} (Sum[(-1)^j Exp[
Cot[alpha] (2 Pi + alpha) (tau -

k)] (Cot[alpha] (2 Pi + alpha) (tau - k))^j/j!, {j, 0,
k}] - 1) HeavisideTheta[tau - k], {k, 0, 5}]

Lg[tau_] := Lgg[tau, baralpha]

This is G, used for the integral of m
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LLgg[tau_, alpha_] :=
Sum[1/Cos[

alpha]^{k +
1} (Sum[(Sum[(-1)^l Exp[
Cot[alpha] (2 Pi + alpha) (tau -

k)] (Cot[alpha] (2 Pi + alpha) (tau - k))^l/l!, {l, 0,
j}]/Cot[alpha]) - 1/Cot[alpha], {j, 0,

k}] - (2 Pi + alpha) (tau - k)) HeavisideTheta[tau - k], {k, 0,
5}]

LLg[tau_] := LLgg[tau, baralpha]

This is the formula for the integral of m

Lm[tau_, tau1_, tau2_] := LLg[tau - tau1] - LLg[tau - tau2]

Section 5

This is the plot of the derivative w.r.t. a in the arc case, Equation (5.4) and Fig. 25

Plot[Cot[baralpha] g[tau] -
Exp[-barc Pi/2] g[tau - Pi/(2 (2 Pi + baralpha))] -
Exp[-barc (2 Pi + baralpha)] g[tau - 1]/Sin[baralpha], {tau, 1, 2},

AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression["\\check \\rho(\\tau)", TeXForm,

HoldForm], {Right, Center}]]

Evolution of the solution when a= 0, Fig. 25

Plot[(G[phi]/Sin[baralpha] -
G[phi - (2 Pi + baralpha - Tan[baralpha] - Pi/2)] -
M[phi, 2 Pi + baralpha - Tan[baralpha], 2 Pi + baralpha] -
Cot[baralpha] G[phi - 2 Pi - baralpha]) Exp[-barc phi], {phi,

Pi/2 + Tan[baralpha] - baralpha, 4 Pi + 2 baralpha},
AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\tilde r_{\\mathtt a = 0}(\\phi) e^{- \\bar c \\phi}", TeXForm,
HoldForm], {Center, Top}]]

Segment case: plot of the function for the derivative w.r.t. a, Fig. 27

Plot[g[tau] - Exp[-barc (2 Pi + baralpha)] g[tau - 1] +
2 Cos[baralpha] Exp[-2 barc (2 Pi + baralpha)] g[tau - 2], {tau, 0,
5}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"g(\\tau) - 2\\cos(\\bar \\alpha) e^{-\\bar c(2\\pi + \\bar \
\\alpha)}g(\\tau-1)+e^{-2\\bar c(2\\pi+\\bar\\alpha)} g(\\tau-2)",

TeXForm, HoldForm], {Center, Top}]]

Section 5.1

Fastest saturated spiral with a= 0, Equation (5.6)
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rhobase[tau_] :=
g[tau]/Sin[baralpha] -
Exp[-barc (2 Pi + baralpha - Pi/2 - Tan[baralpha])] g[

tau - (2 Pi + baralpha - Pi/2 - Tan[baralpha])/(2 Pi +
baralpha)] - m[tau, 1 - Tan[baralpha]/(2 Pi + baralpha), 1] -

Cot[baralpha] Exp[-barc (2 Pi + baralpha)] g[tau - 1]

Length of the fastest saturated spiral, Equation (5.7)

Lbase[tau_] :=
Piecewise[{{(2 Pi + baralpha) tau + Pi/2 - baralpha +

Tan[baralpha], -(Pi/2 - baralpha + Tan[baralpha])/(2 Pi +
baralpha) <=

tau < -(Pi/2 - baralpha)/(2 Pi + baralpha)}, {Tan[baralpha] +
Cot[baralpha - (2 Pi + baralpha) tau], -(Pi/2 - baralpha)/(2 Pi +

baralpha) <= tau < 0}, {Tan[baralpha] + Cot[baralpha] +
Lg[tau]/Sin[baralpha] -
Lg[tau - (1 - (Pi/2 + Tan[baralpha])/(2 Pi + baralpha))] -
Lm[tau, 1 - Tan[baralpha]/(2 Pi + baralpha), 1] -
Cot[baralpha] Lg[tau - 1], tau >= 0}}]

Plot of the comparison of the ray and the length, Fig. 28

Plot[rhobase[tau] -
2.08 Exp[-barc (2 Pi + baralpha) tau ] Lbase[tau - 1], {tau, 0, 5},

AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\rho(\\tau) - 2.08 e^{-\\bar c(2\\pi + \\bar \\alpha) \\tau} L(\
\\tau-1)", TeXForm, HoldForm], {Center, Top}]]
Plot[rhobase[tau] -

2.08 Exp[-barc (2 Pi + baralpha) tau ] Lbase[tau - 1], {tau, 3.5,
5}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"\\rho(\\tau) - 2.08 e^{- \\bar c(2\\pi + \\bar \\alpha) \\tau} \
L(\\tau-1)", TeXForm, HoldForm], {Center, Top}]]

Estimate for the source of the length equation, Equation (5.9)

1/Sin[baralpha] - 1 - Tan[baralpha] - Cot[baralpha]

-2.7473

Asymptotic constant for the ratio L(τ−1)
ra=0(τ) , Equation (5.10)

Exp[barc (2 Pi + baralpha)] barc Sin[baralpha]

2.08884

Section 6

Arc (segment) coefficients: these are the coefficients for the general perturbation, Corollary 6.14. The coef-
ficients for the segment case are obtained from these by setting ∆φ = 0 as in Remark 6.12 and Corollary 6.6

S0arc[theta_, Deltaphi_] :=
Cot[baralpha] (1 - Cos[theta] + Sin[theta] Deltaphi)/Sin[baralpha]
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S1arc[theta_,
Deltaphi_] := -Sin[baralpha] Exp[

barc (theta + Deltaphi)]/(2 Pi + baralpha)
S2arc[theta_, Deltaphi_] :=
Sin[baralpha] Cos[theta] Exp[barc Deltaphi]/(2 Pi + baralpha)

S3arc[theta_] := - Sin[theta]
S4arc[theta_, Deltaphi_] :=
Cos[baralpha] (-2 Cot[

baralpha] (1 - Cos[theta] + Sin[theta] Deltaphi) +
Sin[theta])/(2 Pi + baralpha)

Darc[theta_, Deltaphi_] :=
Sin[baralpha] (-Cot[baralpha] (1 - Cos[theta] +

Sin[theta] Deltaphi) + Sin[theta])/(2 Pi + baralpha)
S5arc[theta_,

Deltaphi_] := -Sin[
baralpha] (-Cot[baralpha] (1 - Cos[theta] + Sin[theta] Deltaphi) +

Sin[theta])/(2 Pi + baralpha)^2
tau1arc[theta_, Deltaphi_] := 1 - (theta + Deltaphi)/(2 Pi + baralpha)
tau2arc[Deltaphi_] := 1 - Deltaphi/(2 Pi + baralpha)

This is the generic form of the solution, without the delta Dirac delta dτ=1, Corollaries 6.6 and 6.14

rhogeneric[tau_, theta_, Deltaphi_] :=
S0arc[theta, Deltaphi] g[tau] +
S1arc[theta, Deltaphi] g[tau - tau1arc[theta, Deltaphi]] +
S2arc[theta, Deltaphi] g[tau - tau2arc[Deltaphi]] +
S3arc[theta] m[tau, tau2arc[Deltaphi], 1] +
S4arc[theta, Deltaphi] g[tau - 1] +
S5arc[theta, Deltaphi] g[tau - 2]

Segment case, Section 6.1

A plot for the introduction, Fig. 6b

Plot[rhogeneric[tau, .3, 0], {tau, 0, 3}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression["\\rho(\\tau)", TeXForm, HoldForm], {Center,

Top}]]

Computations for Proposition 6.7
First round segment: computation of the angle hat theta, Equation (6.8)

hatheta =
FindRoot[

Cot[baralpha] (1 - Cos[theta])/Sin[baralpha] Exp[
Cot[baralpha] (2 Pi + baralpha - theta)] - 1, {theta, .5}][[1,

2]]
0.506134

Plot of Equation (6.7), Fig. 30

Plot[Cot[baralpha] (1 - Cos[theta])/Sin[baralpha] -
Exp[-Cot[baralpha] (2 Pi + baralpha - theta)], {theta, 0, Pi},

AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\cot(\\bar \\alpha) \\frac{1 - \\cos(\\theta)}{\\sin(\\bar \
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\\alpha)} - e^{-\\cot(\\bar \\alpha)(2\\pi + \\bar \\alpha - \
\\theta)}", TeXForm, HoldForm], {Center, Top}]]

Plot of the first round segment case, Fig. 30

Plot3D[{0,
S0arc[theta, 0] Exp[tau] +
S1arc[theta, 0] Exp[tau - tau1arc[theta, 0]] HeavisideTheta[

tau - tau1arc[theta, 0]]}, {tau, 0, 1}, {theta, 0, Pi},
AxesLabel -> Automatic]

Second round segment: computation of the expansion for τ ∈ [1,1+τ1] (6.10)

Cot[baralpha] (Exp[1] - 1)/Sin[baralpha] -
1/((2 Pi + baralpha) Sin[baralpha]) -
2 Cot[baralpha] Cos[baralpha]/(2 Pi + baralpha)

0.582367

Plot of the second round segment, Fig. 31

Plot3D[{0,
S0arc[theta, 0] g[tau] +
S1arc[theta, 0] g[tau - tau1arc[theta, 0]] +
S2arc[theta, 0] g[tau - tau2arc[0]] +
S4arc[theta, 0] g[tau - 1]}, {tau, 1, 2}, {theta, 0, Pi},

AxesLabel -> Automatic]
Plot3D[{0, rhogeneric[tau, theta, 0]/theta^2}, {tau, 1, 2}, {theta, 0,

Pi}, AxesLabel -> Automatic]

Minimal value for the second round

(S0arc[Pi, 0] g[1] + S1arc[Pi, 0] g[1 - tau1arc[Pi, 0]] +
S2arc[Pi, 0] + S4arc[Pi, 0])/(Pi)^2

0.17959

Minimal value for τ= 1+τ1

(S0arc[Pi, 0] g[1 + tau1arc[Pi, 0]] + S1arc[Pi, 0] g[1] +
S2arc[Pi, 0] g[tau1arc[Pi, 0]] +
S4arc[Pi, 0] g[tau1arc[Pi, 0]])/(Pi)^2

0.226635

Third round segment: plot of Fig. 32

Plot3D[{0, rhogeneric[tau, theta, 0]}, {tau, 2, 3}, {theta, 0, Pi},
AxesLabel -> Automatic]

Plot3D[{0, rhogeneric[tau, theta, 0]/theta^2}, {tau, 2, 3}, {theta, 0,
Pi}, AxesLabel -> Automatic]

Minimal value for the third round

(S0arc[Pi, 0] g[2] + S1arc[Pi, 0] g[2 - tau1arc[Pi, 0]] +
S2arc[Pi, 0] g[1] + S4arc[Pi, 0] g[1] + S5arc[Pi, 0])/(Pi)^2

0.262163

Increasing after the third round segment: plot of Fig. 33

Plot3D[{0, (rhogeneric[tau, theta, 0] -
rhogeneric[tau - 1, theta, 0])/theta^2}, {tau, 3, 4}, {theta, 0,

Pi}, AxesLabel -> Automatic]
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Minimal value for the derivative in the third round

(S0arc[Pi, 0] (g[3] - g[2]) +
S1arc[Pi, 0] (g[2 - tau1arc[Pi, 0]] - g[2 - tau1arc[Pi, 0]]) +
S2arc[Pi, 0] (g[2] - g[1]) + S4arc[Pi, 0] (g[2] - g[1]) +
S5arc[Pi, 0] (g[1] - 1))/(Pi)^2

0.142304

Asymptotic behavior segment case: plot of Fig. 33

Plot[{2 (S0arc[theta, 0] + S1arc[theta, 0] + S2arc[theta, 0] +
S4arc[theta, 0] + S5arc[theta, 0])/theta^2}, {theta, 0, Pi},

AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression["2 \\frac{S_0 + S_1 + S_2 + S_3}{\\theta^2}",

TeXForm, HoldForm], {Right, Top}]]

Minimal value for the asymptotic value

2 (S0arc[Pi, 0] + S1arc[Pi, 0] + S2arc[Pi, 0] + S4arc[Pi, 0] +
S5arc[Pi, 0])/(Pi)^2

0.0816077

Section 6.1.1

Length of the perturbation, Equation (6.15)

Lrhosegment[tau_, theta_] := (1 - Cos[theta])/Sin[baralpha]^2 +
S0arc[theta, 0] Lg[tau] +
S1arc[theta, 0] Exp[barc (2 Pi + baralpha) tau1arc[theta, 0]] Lg[

tau - tau1arc[theta, 0]] +
S2arc[theta, 0] Exp[barc (2 Pi + baralpha)] Lg[tau - 1] +
S4arc[theta, 0] Exp[barc (2 Pi + baralpha)] Lg[tau - 1] +
Darc[theta, 0] Exp[barc (2 Pi + baralpha)] HeavisideTheta[tau - 1]/

Sin[baralpha] +
S5arc[theta, 0] Exp[barc (2 Pi + baralpha) 2] Lg[tau - 2]

Plot of Fig. 34

Plot3D[{(rhogeneric[tau, theta, 0] -
2.08 Exp[-barc (2 Pi + baralpha) tau] Lrhosegment[tau - 1,

theta])/theta^2}, {tau, 1, 5}, {theta, 0.001, Pi},
AxesLabel -> Automatic]

Here we verify some of the critical parts in order to avoid the Heaviside function

Plot3D[{0, (rhogeneric[(1 - sigma) + sigma (1 + tau1arc[theta, 0]),
theta, 0] -

2.08 Exp[-barc (2 Pi + baralpha) ((1 - sigma) +
sigma (1 + tau1arc[theta, 0]))] Lrhosegment[(1 - sigma) +

sigma (1 + tau1arc[theta, 0]) - 1, theta])/theta^2}, {sigma,
0, 1}, {theta, 0, Pi}, AxesLabel -> Automatic]

Plot3D[{0, (rhogeneric[(1 - sigma) (1 + tau1arc[theta, 0]) + sigma 2,
theta, 0] -

2.08 Exp[-barc (2 Pi +
baralpha) ((1 - sigma) (1 + tau1arc[theta, 0]) +
sigma 2)] Lrhosegment[(1 - sigma) (1 + tau1arc[theta, 0]) +

sigma 2 - 1, theta])/theta}, {sigma, 0, 1}, {theta, 0, Pi},
AxesLabel -> Automatic]
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This is to verify that the functional has positive derivative for τ ∈ [4,5], Fig. 34

Plot3D[{0, ((rhogeneric[tau, theta, 0] -
2.08 Exp[-barc (2 Pi + baralpha) tau] Lrhosegment[tau - 1,

theta]) - (rhogeneric[tau - 1, theta, 0] -
2.08 Exp[-barc (2 Pi + baralpha)

(tau - 1)] Lrhosegment[tau - 2, theta]))/theta^2}, {tau, 4,
5}, {theta, 0.0001, Pi}, AxesLabel -> Automatic]

Worst case

Plot[{(rhogeneric[tau, Pi, 0] -
2.08 Exp[-barc (2 Pi + baralpha) tau] Lrhosegment[tau - 1, Pi])/

Pi^2}, {tau, 1, 5}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\delta \\tilde r - 2.08 \\delta \\tilde L}{\\pi^2}",
TeXForm, HoldForm], {Right, Center}], PlotRange -> Full]

(rhogeneric[2 - .001, Pi, 0] -
2.08 Exp[-barc (2 Pi + baralpha) (2 - .001)] Lrhosegment[

2 - .001 - 1, Pi])/Pi^2
{0.117205}

Section 6.2

Study of the sign of the solution in the arc case, Proposition 6.15. Function h1 for first negativity region, Lemma
6.16. Function f1, Eq. (6.24)

f1[theta_, Deltaphi_] :=
S0arc[theta, Deltaphi] Exp[

Cot[baralpha] (2 Pi + baralpha - Deltaphi - theta)] - 1

Derivative of f1, Eq. (6.25)

partialf1[theta_,
Deltaphi_] := -S0arc[theta, Deltaphi] Cot[baralpha] Exp[

Cot[baralpha] (2 Pi + baralpha - Deltaphi - theta)] +
Cot[baralpha] (Sin[theta] + Deltaphi Cos[theta]) Exp[

Cot[baralpha] (2 Pi + baralpha - Deltaphi - theta)]/Sin[baralpha]

Numerical plot of Fig. 38a

Plot3D[{0, f1[theta, Deltaphi]}, {theta, Pi/4, Pi}, {Deltaphi, 0,
Tan[baralpha]}, AxesLabel -> Automatic]

Minimal value

f1[Pi/4, 0]
1.08109
f1[Pi, Tan[baralpha]]
0.971097

Numerical plot of Fig. 38b

Plot3D[{0, partialf1[theta, Deltaphi]/(theta + Deltaphi)}, {theta, 0,
Pi/4}, {Deltaphi, 0, Tan[baralpha]}]

Minimum value

partialf1[Pi/4, Tan[baralpha]]/(Pi/4 + Tan[baralpha])
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1.29579
Numerical plot of h1(∆φ), Fig. 37b

ContourPlot[
f1[theta, Deltaphi] == 0, {Deltaphi, 0, Tan[baralpha]}, {theta,
0, .6}, Axes -> True, AxesLabel -> Automatic, Frame -> None,

PlotLegends ->
Placed[ToExpression["h_1(\\Delta \\phi)", TeXForm,

HoldForm], {Center, Top}]]
ContourPlot[
f1[theta - Deltaphi, Deltaphi] == 0, {Deltaphi, 0,
Tan[baralpha]}, {theta, 0, Tan[baralpha] + .1}, Axes -> True,

AxesLabel -> Automatic, Frame -> None,
PlotLegends ->
Placed[ToExpression["h_1(\\Delta \\phi) + \\Delta \\phi", TeXForm,

HoldForm], {Center, Top}]]

Maximal value of ω=∆φ+h1(∆φ)

FindRoot[f1[theta, Tan[baralpha]], {theta, .15}]
{theta -> 0.117533}
Tan[baralpha] + 0.11753300046278962‘
2.53316

This the implicit derivative of h1, Eq. (6.26) and Fig. 38c

dh1[theta_, Deltaphi_] := -1 +
Sin[baralpha] Cos[

theta] Deltaphi/(Cos[baralpha - theta] - Cos[baralpha] +
Sin[baralpha - theta] Deltaphi)

Maximal positive value

dh1[hatheta, Tan[baralpha]]
0.0251844

This the implicit second derivative of h1, Eq. (6.27) and Fig. 38d

d2h1[theta_, Deltaphi_] :=
Sin[baralpha] (Cos[baralpha - theta] - Cos[baralpha]) Cos[

theta]/(Cos[baralpha - theta] - Cos[baralpha] +
Sin[baralpha - theta] Deltaphi)^2 +

Sin[baralpha] Deltaphi (-Sin[baralpha] - Cos[baralpha] Sin[theta] +
Cos[baralpha] Deltaphi)/(Cos[baralpha - theta] - Cos[baralpha] +

Sin[baralpha - theta] Deltaphi)^2 dh1[theta, Deltaphi]
Plot3D[{0, d2h1[theta, Deltaphi]}, {theta, 0.1, hatheta}, {Deltaphi,

0, Tan[baralpha]}, PlotRange -> {-.1, 4}]

Minimal value

Plot[{0, d2h1[theta, Tan[baralpha]]}, {theta, 0.1, hatheta}]
d2h1[0.1, Tan[baralpha]]
0.0168525
Function h2 for second negativity region. Second function f2 for negative region, Eq. (6.28) and Fig. 39a

f2[theta_, Deltaphi_] :=
f1[theta, Deltaphi] Exp[Cot[baralpha] theta] + Cos[theta]
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Plot3D[{0, f2[theta, Deltaphi]}, {theta, 0, .1}, {Deltaphi, 0, .05},
AxesLabel -> Automatic]

Function f3 for second negative region, Eq. (6.29) and Fig. 39b

f3[theta_, Deltaphi_] :=
Cot[baralpha] (1 - Cos[theta] + Sin[theta] Deltaphi) Exp[

Cot[baralpha] (2 Pi + baralpha - Deltaphi)]/Sin[baralpha] -
Exp[Cot[baralpha] theta] + Cos[theta] - Sin[theta] Tan[baralpha]

Plot3D[{0, f3[theta, Deltaphi]}, {theta, 0, .7}, {Deltaphi, 0, .4},
AxesLabel -> Automatic]

Implicit definition of the second negativity region at t = 1-, function f4 of Eq. (6.30) and Fig. 39c and 39d

f4[theta_, Deltaphi_] :=
Cot[baralpha] (1 - Cos[theta] + Sin[theta] Deltaphi) Exp[

Cot[baralpha] (2 Pi + baralpha)]/Sin[baralpha] -
Exp[Cot[baralpha] (theta + Deltaphi)] +
Cos[theta] Exp[Cot[baralpha] Deltaphi] -
Sin[theta] Tan[baralpha] (Exp[Cot[baralpha] Deltaphi] - 1)

Plot3D[{0, f4[theta, Deltaphi]}, {theta, 0, .1}, {Deltaphi, 0, .05},
AxesLabel -> Automatic]

ContourPlot[{f2[theta/3, Deltaphi/3] == 0, f3[theta, Deltaphi] == 0,
f4[theta/3, Deltaphi/3] == 0}, {Deltaphi, 0, .4}, {theta, 0, .7},

AxesLabel -> Automatic, PlotLegends -> {"f2=0", "f3=0", "f4=0"},
Frame -> None, Axes -> True]

Computations for the second round arc case. Interval [1,1+ t au1]: numerical plot of ρ/(θ(θ+∆φ)), Fig. 40a

Plot3D[{0,
Evaluate@
Table[rhogeneric[1.001 + tau tau1arc[theta, Deltaphi], theta,

Deltaphi]/(theta (theta + Deltaphi)), {tau, 0, 1, .2}]}, {theta,
0, Pi}, {Deltaphi, 0, Tan[baralpha]}, PlotLegends -> Automatic,

AxesLabel -> Automatic]

The function ρ/(θ(θ+∆φ)) for θ =π/2, minimal value

Plot3D[rhogeneric[tau, Pi, Deltaphi]/(Pi (Pi + Deltaphi)), {Deltaphi,
0, Tan[baralpha]}, {tau, 1, 1 + tau1arc[Pi, Deltaphi]},

AxesLabel -> Automatic]

The function ρ/(θ(θ+∆φ)) for θ =π/2, ∆φ= tan(ᾱ), minimal value Fig. 40b

Plot[rhogeneric[tau, Pi,
Tan[baralpha]]/(Pi (Pi + Tan[baralpha])), {tau, 1,

1 + tau1arc[Pi, Tan[baralpha]]}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\rho(\\tau,\\pi,\\tan(\\bar \
\\alpha))}{\\pi(\\pi+\\tan(\\bar \\alpha))}", TeXForm,

HoldForm], {Center, Top}]]

Minimal value

rhogeneric[1 + tau1arc[Pi, Tan[baralpha] - .001], Pi,
Tan[baralpha]]/(Pi (Pi + Tan[baralpha]))

{0.0406532}
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Interval [1+τ1,1+τ2]: here the singularity is due to the fact that at the previous round it converges to −1, and
at the next round is like θ

Plot3D[{0,
Evaluate@
Table[rhogeneric[(1 - tau) (1 + tau1arc[theta, Deltaphi]) +

tau (1 + tau2arc[Deltaphi]), theta,
Deltaphi]/(theta (theta + Deltaphi)), {tau, 0, 1, .2}]}, {theta,

0, Pi}, {Deltaphi, 0, Tan[baralpha]}, PlotLegends -> Automatic,
AxesLabel -> Automatic]

This is for θ =π
Plot3D[rhogeneric[(1 - tau) (1 + tau1arc[Pi, Deltaphi]) +

tau (1 + tau2arc[Deltaphi]), Pi,
Deltaphi]/(Pi (Pi + Deltaphi)), {tau, 0, 1}, {Deltaphi, 0,

Tan[baralpha]}, AxesLabel -> Automatic]

This is for θ =π, ∆φ= tan(ᾱ), Fig. 41b

Plot[rhogeneric[(1 - tau) (1 + tau1arc[Pi, Tan[baralpha]]) +
tau (1 + tau2arc[Tan[baralpha]]), Pi,

Tan[baralpha]]/(Pi (Pi + Tan[baralpha])), {tau, 0, 1},
AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\rho(\\tau,\\pi,\\tan(\\bar \
\\alpha))}{\\pi(\\pi+\\tan(\\alpha))}", TeXForm, HoldForm], {Center,

Right}]]

Interval [1+τ2,2], Fig. 42a, analysis of the minimal values and Fig. 42b

Plot3D[{0,
Evaluate@
Table[rhogeneric[(1 - tau) (1 + tau2arc[Deltaphi]) + tau (2),

theta, Deltaphi]/(theta (theta + Deltaphi)), {tau, 0,
1, .2}]}, {theta, 0, Pi}, {Deltaphi, 0, Tan[baralpha]},

PlotLegends -> Automatic, AxesLabel -> Automatic]
Plot3D[{rhogeneric[(1 - tau) (1 + tau2arc[Deltaphi]) + tau (2), Pi,

Deltaphi]/(Pi (Pi + Deltaphi))}, {tau, 0, 1}, {Deltaphi, 0,
Tan[baralpha]}, AxesLabel -> Automatic]

Plot[rhogeneric[tau, Pi,
Tan[baralpha]]/(Pi (Pi + Tan[baralpha])), {tau,

1 + tau2arc[Tan[baralpha]], 2}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\rho(\\tau,\\pi,\\tan(\\bar \
\\alpha))}{\\pi(\\pi+\\tan(\\bar\\alpha))}", TeXForm,

HoldForm], {Center, Center}]]

Minimal value

rhogeneric[2 - .001, Pi, Tan[baralpha]]/(Pi (Pi + Tan[baralpha]))
{0.0406695}

Computations for the third round arc case. Interval [2,2+τ1]: Fig. 43a, plot of the minimal values and Fig. 43b
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Plot3D[{0,
Evaluate@
Table[rhogeneric[(1 - tau) 2.01 +

tau (2 + tau1arc[theta, Deltaphi]), theta,
Deltaphi]/(theta (theta + Deltaphi)), {tau, 0, 1, .2}]}, {theta,

0, Pi}, {Deltaphi, 0, Tan[baralpha]}, AxesLabel -> Automatic]
Plot3D[{0,

rhogeneric[(1 - tau) 2 + tau (2 + tau1arc[Pi, Deltaphi]), Pi,
Deltaphi]/(Pi (Pi + Deltaphi))}, {tau, 0, 1}, {Deltaphi, 0,

Tan[baralpha]}, AxesLabel -> Automatic]
Plot[rhogeneric[tau, Pi,

Tan[baralpha]]/(Pi (Pi + Tan[baralpha])), {tau, 2,
2 + tau1arc[Pi, Tan[baralpha]]}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"\\frac{\\rho(\\tau,\\pi,\\tan(\\bar \
\\alpha))}{\\pi(\\pi+\\tan(\\bar\\alpha))}", TeXForm,

HoldForm], {Center, Top}]]

Interval [2+τ1,2+τ2]: Fig. 44a and 41b

Plot3D[{0,
Evaluate@
Table[rhogeneric[(1 - tau) (2 + tau1arc[theta, Deltaphi]) +

tau (2 + tau2arc[Deltaphi]), theta,
Deltaphi]/(theta (theta + Deltaphi)), {tau, 0, 1, .2}]}, {theta,

0, Pi}, {Deltaphi, 0, Tan[baralpha]}, PlotLegends -> Automatic,
AxesLabel -> Automatic]

Plot[rhogeneric[tau, Pi,
Tan[baralpha]]/(Pi (Pi + Tan[baralpha])), {tau,

2 + tau1arc[Pi, Tan[baralpha]], 2 + tau2arc[Tan[baralpha]]},
AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\rho(\\tau,\\pi,\\tan(\\bar \
\\alpha))}{\\pi(\\pi+\\tan(\\bar\\alpha))}", TeXForm,

HoldForm], {Right, Top}]]
rhogeneric[2 + tau2arc[Tan[baralpha]], Pi,

Tan[baralpha]]/(Pi (Pi + Tan[baralpha]))
{0.0407434}

Interval [2+τ2,3]: Fig. 45a and 45b

Plot3D[
{0, Evaluate@

Table[rhogeneric[(1 - tau) (2 + tau2arc[Deltaphi]) +
tau (1 + 1.99), theta,

Deltaphi]/(theta (theta + Deltaphi)), {tau, 0, 1, .2}]}, {theta,
0, Pi}, {Deltaphi, 0, Tan[baralpha]}, PlotLegends -> Automatic,

AxesLabel -> Automatic]
Plot[rhogeneric[tau, Pi,

Tan[baralpha]]/(Pi (Pi + Tan[baralpha])), {tau,
2 + tau2arc[Tan[baralpha]], 3}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[



SPIRAL STRATEGIES FOR BLOCKING FIRE 137

"\\frac{\\rho(\\tau,\\pi,\\tan(\\bar \
\\alpha))}{\\pi(\\pi+\\tan(\\bar\\alpha))}", TeXForm,

HoldForm], {Right, Top}]]
rhogeneric[3, Pi, Tan[baralpha]]/(Pi (Pi + Tan[baralpha]))
{0.0405639}

After third round arc case we need to find the region where the function is strictly increasing: Fig. 46a, 46b, 46c

Plot3D[{0,
Evaluate@
Table[(rhogeneric[(1 - tau) (3.01) + tau (3.99), theta, Deltaphi] -

rhogeneric[(1 - tau) (2.01) + tau (2.99), theta,
Deltaphi])/(theta (theta + Deltaphi)), {tau, 0,

1, .2}]}, {theta, 0, Pi}, {Deltaphi, 0, Tan[baralpha]},
AxesLabel -> Automatic]

Plot3D[{0,
Evaluate@
Table[(rhogeneric[(1 - tau) (3.01) + tau (3.99), theta, Deltaphi] -

rhogeneric[(1 - tau) (2.01) + tau (2.99), theta,
Deltaphi])/(theta (theta + Deltaphi)), {tau, 0,

1, .2}]}, {theta, Pi - .04, Pi}, {Deltaphi, Tan[baralpha] - .04,
Tan[baralpha]}, AxesLabel -> Automatic]

Plot3D[{0, (rhogeneric[(3.01), theta, Deltaphi] -
rhogeneric[(2.01), theta,
Deltaphi])/(theta (theta + Deltaphi))}, {theta, Pi - .04,

Pi}, {Deltaphi, Tan[baralpha] - .04, Tan[baralpha]},
AxesLabel -> Automatic]

Asymptotic behavior in the arc case: Fig. 47

Plot3D[{0, (S0arc[theta, Deltaphi] + S1arc[theta, Deltaphi] +
S2arc[theta, Deltaphi] +
S3arc[theta] (Exp[-barc (2 Pi + baralpha) tau2arc[Deltaphi]] -

Exp[-barc (2 Pi + baralpha)])/barc + S4arc[theta, Deltaphi] +
S5arc[theta, Deltaphi])/(theta (theta + Deltaphi))}, {theta, 0,

Pi}, {Deltaphi, 0, Tan[baralpha]}]
Plot3D[{0,

S0arc[theta, Deltaphi] + S1arc[theta, Deltaphi] +
S2arc[theta, Deltaphi] +
S3arc[theta] (Exp[-barc (2 Pi + baralpha) tau2arc[Deltaphi]] -

Exp[-barc (2 Pi + baralpha)])/barc + S4arc[theta, Deltaphi] +
S5arc[theta, Deltaphi]}, {theta, Pi - .01, Pi}, {Deltaphi,

Tan[baralpha] - .03, Tan[baralpha]}]

Section 6.2.1

This is the variation of length in the arc case (6.32)

Lengtharc[tau_, theta_,
Deltaphi_] := (1 - Cos[theta] + Sin[theta] Deltaphi)/
Sin[baralpha]^2 + S0arc[theta, Deltaphi] Lg[tau] +

S1arc[theta, Deltaphi] Exp[
barc (2 Pi + baralpha) tau1arc[theta, Deltaphi]] Lg[
tau - tau1arc[theta, Deltaphi]] +

S2arc[theta, Deltaphi] Exp[
barc (2 Pi + baralpha) tau2arc[Deltaphi]] Lg[
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tau - tau2arc[Deltaphi]] +
S3arc[theta] Lm[tau, tau2arc[Deltaphi], 1] +
S4arc[theta, Deltaphi] Exp[barc (2 Pi + baralpha)] Lg[tau - 1] +
Darc[theta, Deltaphi] Exp[

barc (2 Pi + baralpha)] HeavisideTheta[tau - 1] /Sin[baralpha] +
S5arc[theta, Deltaphi] Exp[barc (2 Pi + baralpha) 2] Lg[tau - 2]

First plot of Fig. 48

Plot3D[{Evaluate@
Table[(rhogeneric[tau, theta, Deltaphi] -

2.08 Exp[-barc (2 Pi + baralpha) tau] Lengtharc[tau - 1, theta,
Deltaphi])/(theta (theta + Deltaphi)), {Deltaphi, 0,

Tan[baralpha], .5}]}, {theta, 0.001, Pi/2}, {tau, 1, 5},
AxesLabel -> Automatic, PlotRange -> Full]

A more detailed verification of the positivity: the worst case is for ∆φ= 0

Plot3D[{0,
Evaluate@
Table[(rhogeneric[(1 - sigma) +

sigma (1 + tau1arc[theta, Deltaphi]), theta, Deltaphi] -
2.08 Exp[-barc (2 Pi + baralpha) ((1 - sigma) +

sigma (1 + tau1arc[theta, Deltaphi]))] Lengtharc[(1 -
sigma) + sigma (1 + tau1arc[theta, Deltaphi]) - 1, theta,

Deltaphi])/(theta (theta + Deltaphi)), {Deltaphi, 0,
Tan[baralpha], .5}]}, {theta, 0, Pi/2}, {sigma, 0, 1},

AxesLabel -> Automatic]
Plot3D[{0,

Evaluate@
Table[(rhogeneric[(1 - sigma) (1 + tau1arc[theta, Deltaphi]) +

sigma (1 + tau2arc[Deltaphi]), theta, Deltaphi] -
2.08 Exp[-barc (2 Pi +

baralpha) ((1 - sigma) (1 + tau1arc[theta, Deltaphi]) +
sigma (1 + tau2arc[Deltaphi]))] Lengtharc[(1 - sigma) (1 +

tau1arc[theta, Deltaphi]) +
sigma (1 + tau2arc[Deltaphi]) - 1, theta,

Deltaphi])/(theta), {Deltaphi, 0,
Tan[baralpha], .5}]}, {theta, 0, Pi/2}, {sigma, 0, 1},

AxesLabel -> Automatic]
Plot3D[{0,

Evaluate@
Table[(rhogeneric[(1 - sigma) (1 + tau2arc[Deltaphi]) + 2 sigma,

theta, Deltaphi] -
2.08 Exp[-barc (2 Pi +

baralpha) ((1 - sigma) (1 + tau2arc[Deltaphi]) +
2 sigma)] Lengtharc[(1 - sigma) (1 + tau2arc[Deltaphi]) +

2 sigma - 1, theta, Deltaphi])/(theta (theta +
Deltaphi)), {Deltaphi, 0.001, Tan[baralpha], .5}]}, {theta,

0, Pi/2}, {sigma, 0, 1}, AxesLabel -> Automatic]

Worst case and second plot of Fig. 48

Plot3D[{0, (rhogeneric[tau, Pi/2, Deltaphi] -
2.08 Exp[-barc (2 Pi + baralpha) tau] Lengtharc[tau - 1, Pi/2,

Deltaphi])/(Pi/2 (Pi/2 + Deltaphi))}, {Deltaphi, 0,
Tan[baralpha]}, {tau, 1, 5}, AxesLabel -> Automatic]
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Plot[{0, (rhogeneric[tau, Pi/2, 0] -
2.08 Exp[-barc (2 Pi + baralpha) tau] Lengtharc[tau - 1, Pi/2,

0])/(Pi/2 (Pi/2 + 0))}, {tau, 1, 5}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\rho(\\tau,\\pi/2,0) - 2.08 e^{-\\bar c (2\\pi + \\bar \\alpha) \
\\tau} \\delta \\tilde L(\\tau-1)", TeXForm, HoldForm], {Right,

Center}]]
Plot[{0, (rhogeneric[tau, Pi/2, Tan[baralpha]] -

2.08 Exp[-barc (2 Pi + baralpha) tau] Lengtharc[tau - 1, Pi/2,
Tan[baralpha]])/(Pi/2 (Pi/2 + Tan[baralpha]))}, {tau, 1, 5},

AxesLabel -> Automatic]

Increasing for τ ∈ [4,5], third plot of Fig. 48

Plot3D[{Evaluate@
Table[(rhogeneric[tau, theta, Deltaphi] -

2.08 Exp[-barc (2 Pi + baralpha) tau] Lengtharc[tau - 1, theta,
Deltaphi] - (rhogeneric[tau - 1, theta, Deltaphi] -

2.08 Exp[-barc (2 Pi + baralpha) (tau - 1)] Lengtharc[
tau - 2, theta, Deltaphi]))/(theta (theta +

Deltaphi)), {Deltaphi, 0, Tan[baralpha], .5}]}, {theta,
0.001, Pi/2}, {tau, 4, 5}, AxesLabel -> Automatic]

Worst case for increasing estimates

Plot3D[{0, (rhogeneric[tau, Pi/2, Deltaphi] -
2.08 Exp[-barc (2 Pi + baralpha) tau] Lengtharc[tau - 1, Pi/2,

Deltaphi] - (rhogeneric[tau - 1, Pi/2, Deltaphi] -
2.08 Exp[-barc (2 Pi + baralpha) (tau - 1)] Lengtharc[tau - 2,

Pi/2, Deltaphi]))/(Pi/2 (Pi/2 + Deltaphi))}, {Deltaphi, 0,
Tan[baralpha]}, {tau, 4, 5}, AxesLabel -> Automatic]

Plot[{0, (rhogeneric[tau, Pi/2, 0] -
2.08 Exp[-barc (2 Pi + baralpha) tau] Lengtharc[tau - 1, Pi/2,

0] - (rhogeneric[tau - 1, Pi/2, 0] -
2.08 Exp[-barc (2 Pi + baralpha) (tau - 1)] Lengtharc[tau - 2,

Pi/2, 0]))/(Pi/2 (Pi/2 + 0))}, {tau, 4, 5},
AxesLabel -> Automatic]

Plot[{0, (rhogeneric[tau, Pi/2, Tan[baralpha]] -
2.08 Exp[-barc (2 Pi + baralpha) tau] Lengtharc[tau - 1, Pi/2,

Tan[baralpha]] - (rhogeneric[tau - 1, Pi/2, Tan[baralpha]] -
2.08 Exp[-barc (2 Pi + baralpha) (tau - 1)] Lengtharc[tau - 2,

Pi/2, Tan[baralpha]]))/(Pi/2 (Pi/2 + Tan[baralpha]))}, {tau,
4, 5}, AxesLabel -> Automatic]

(rhogeneric[4.0001, Pi/2, Tan[baralpha]] -
2.08 Exp[-barc (2 Pi + baralpha) 4.0001] Lengtharc[4.0001 - 1,

Pi/2, Tan[baralpha]] - (rhogeneric[4.0001 - 1, Pi/2,
Tan[baralpha]] -

2.08 Exp[-barc (2 Pi + baralpha) (4.0001 - 1)] Lengtharc[
4.0001 - 2, Pi/2, Tan[baralpha]]))/(Pi/

2 (Pi/2 + Tan[baralpha]))
{0.000786574}

Section 7

Remark 7.3
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ArcSin[Tan[baralpha]]
0.4226813

Formulas for tent, Lemma 7.4: these are the formulas for computing the final tent: here the entries are with the
angle computed for Del t aQ

ell0tent[hatr0tent_, hatLtent_,
DeltaQtent_] := ((1 - Cos[hatheta]) hatr0tent + DeltaQtent -

hatLtent)/(Cos[baralpha - hatheta] - Cos[baralpha])
hatr2tent[hatr0tent_, hatell0tent_,

DeltaQtentPi2_] := (hatell0tent Sin[hatheta] +
hatr0tent Sin[baralpha + hatheta] - DeltaQtentPi2)/Sin[baralpha]

ell1tent[r2tent_, hatLtent_, hatr0tent_,
hatell0tent_] := (r2tent + hatLtent - hatr0tent -

Cos[baralpha] hatell0tent)/Cos[baralpha]
hatrbarphi[hatr2tentv_, r2v_, rbarphiv_,

hatell0tent_] := (hatr2tentv - r2v) Exp[
Cot[baralpha] (2 Pi + baralpha - hatheta)] + rbarphiv -

hatell0tent

Time shift for tent, Eq. (7.6)

hattau := hatheta/(2 Pi + baralpha)

Admissibility of tent, Section 7.2.1: admissibility constant Ktent, Lemma 7.6

Kadmitent =
Sin[baralpha] (Sin[baralpha + hatheta] -

Sin[baralpha])/(Cos[hatheta] (1 - Sin[baralpha]))
0.966795

Plot of the function (7.7), Fig. 54b

Plot[{Kadmitent,
Sin[baralpha] (Cos[hatphi] -

Cos[hatheta - hatphi])/(Sin[
baralpha - hatphi] (1 - Cos[hatheta - hatphi]))}, {hatphi,

0, .25}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\sin(\\bar \\alpha) (\\cos(\\hat \\phi) - \\cos(\\hat \
\\theta - \\hat \\phi))}{\\sin(\\bar \\alpha - \\hat \\phi) (1 - \
\\cos(\\hat \\theta - \\hat \\phi))}", TeXForm, HoldForm], {Left,

Center}]]

Computations for (7.8)

baralpha + hatheta - Pi/2 +
Tan[baralpha] Log[

2.08/(Exp[Cot[baralpha] (baralpha + hatheta - Pi/2)]/Kadmitent -
1)]

7.86127
(baralpha + hatheta - Pi/2 +

Tan[baralpha] Log[
2.08/(Exp[Cot[baralpha] (baralpha + hatheta - Pi/2)]/Kadmitent -

1)])/(2 Pi + baralpha)
1.05358
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Computation for Remark 7.8

2 Cos[baralpha] - Cos[hatheta]
-0.10964

Section 8

Section 8.2

checkellbase1[barphi_, hbase_] :=
Sqrt[1 + hbase^2 + 2 hbase Cos[barphi - 2 Pi]]

checkphibase1[barphi_, hbase_] :=
ArcSin[hbase Sin[barphi - 2 Pi]/

Sqrt[1 + hbase^2 + 2 hbase Cos[barphi]]]

Formulas (8.1) and (8.2)

checkDeltaphibase1[barphi_, hbase_] :=
Tan[baralpha] - hbase/Sqrt[1 + hbase^2 + 2 hbase Cos[barphi - 2 Pi]]

checkrbarphibase1[barphi_, hbase_] :=
checkellbase1[barphi,

hbase] Exp[
Cot[baralpha] (barphi - (checkphibase1[barphi, hbase] +

checkDeltaphibase1[barphi, hbase] + Pi/2 - baralpha))]/
Sin[baralpha] - Exp[Cot[baralpha] (barphi - 2 Pi)] - hbase

Plot of Fig. 55b

Plot3D[{Exp[-barc (barphi - Tan[baralpha] - Pi/2 +
baralpha)] checkrbarphibase1[barphi, hbase],

rhobase[(barphi - Tan[baralpha] - Pi/2 + baralpha)/(2 Pi +
baralpha)]}, {barphi, 2 Pi, 5 Pi/2}, {hbase, 0, .3},

AxesLabel -> Automatic]
Plot3D[{Exp[-barc (barphi - Tan[baralpha] - Pi/2 +

baralpha)] checkrbarphibase1[barphi, hbase],
rhobase[(barphi - Tan[baralpha] - Pi/2 + baralpha)/(2 Pi +

baralpha)]}, {barphi, 5 Pi/2 - .15, 5 Pi/2}, {hbase, 0, .24},
AxesLabel -> Automatic]

Computations for the initial point

2 Pi + Pi/2 - FindRoot[f1[theta, Tan[baralpha]], {theta, .15}][[1, 2]]
7.73645

Section 8.3

checkellbase2[hbase_] := Sqrt[1 + hbase^2 ]
checkphibase2[hbase_] := ArcSin[hbase/checkellbase2[hbase]]

Formula (8.3)

checkDeltaphibase2[barphi_, hbase_] :=
Tan[baralpha] - (barphi - 2 Pi - Pi/2 + hbase)/Sqrt[1 + hbase^2]

Plots of Fig. 57a, 57b

Plot3D[{0, checkDeltaphibase2[barphi, hbase]}, {barphi, 5 Pi/2,
5 Pi/2 + Tan[baralpha]}, {hbase, 0, 3}, AxesLabel -> Automatic]
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Plot[{2 Pi + Pi/2 + Tan[baralpha] checkellbase2[hbase] -
hbase}, {hbase, 0, 1 }, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"2\\pi + \\frac{\\pi}{2} + \\tan(\\bar \\alpha) \\check \\ell - \
h", TeXForm, HoldForm], {Center, Top}]]

Final value of the solution in the arc case, Eq. (8.5)

checkrbarphibase2[barphi_, hbase_] :=
checkellbase2[

hbase] Exp[
Cot[baralpha] (2 Pi +

baralpha - (checkDeltaphibase2[barphi, hbase] +
checkphibase2[hbase]))]/Sin[baralpha] -

Exp[Cot[baralpha] (barphi - 2 Pi)] - (Exp[
Cot[baralpha] (barphi - 2 Pi - Pi/2)] - 1)/Cot[baralpha] - hbase

Plot of the boundary of the region Fig. 57c

Plot3D[{Exp[-barc (barphi - Pi/2 + baralpha -
Tan[baralpha])] checkrbarphibase2[barphi, hbase],

rhobase[(barphi - Pi/2 - Tan[baralpha] + baralpha)/(2 Pi +
baralpha)]}, {barphi, 5 Pi/2, 5 Pi/2 + Tan[baralpha]}, {hbase,

0, 1.5}, AxesLabel -> Automatic]

For the tent case the length h Eq. (8.6) and Fig. 57d

checkhbase2[
barphi_] := (Cos[baralpha] (barphi - 2 Pi - Pi/2) -

Sin[baralpha - hatheta])/(Cos[baralpha - hatheta] - Cos[baralpha])

Plot[{checkhbase2[barphi], ArcTan[hatheta]}, {barphi, 2 Pi + Pi/2,
2 Pi + Pi/2 + Tan[baralpha]}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"\\frac{\\cos(\\bar \\alpha) (\\bar \\phi - 2\\pi - \
\\frac{\\pi}{2}) - \\sin(\\bar \\alpha - \\hat \\theta)}{\\cos(\\bar \
\\alpha - \\hat \\theta) - \\cos(\\bar \\alpha)}", TeXForm,

HoldForm], {Right, Bottom}]]

Computation of the beginning of the positivity region for the tent case

2 Pi + Pi/2 +
Tan[baralpha] - (Sin[baralpha] - Sin[baralpha - hatheta])/
Cos[baralpha]

9.48195

Computation of admissibility of the tent Eq. (8.7)

Tan[hatheta]

0.554294

2 Pi + Pi/2 + Tan[baralpha]/Cos[hatheta] - Tan[hatheta]

10.0616

Position of the tent optimal value and the negativity region Fig. 57e
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Plot[{5 Pi/
2 + (Sin[baralpha] -
Sin[hatheta] Cos[baralpha])/(Cos[baralpha] Cos[hatheta]),

2 Pi + Pi/2 + Tan[baralpha] checkellbase2[hbase] - hbase,
2 Pi + Pi/2 + Sin[baralpha - hatheta]/Cos[baralpha] +
hbase (Cos[baralpha - hatheta] - Cos[baralpha])/

Cos[baralpha]}, {hbase, 0, 1 }, AxesLabel -> Automatic]

Final value of tent Eq. (8.8) and Fig. 57f

checkrbarphibase2tent[barphi_, hbase_] :=
Cos[ArcTan[hbase] - hatheta] Sqrt[

1 + hbase^2] Exp[Cot[baralpha] (2 Pi + baralpha - hatheta)]/
Sin[baralpha] -

Exp[Cot[baralpha] (barphi - 2 Pi)] - (Exp[
Cot[baralpha] (barphi - 2 Pi - Pi/2)] - 1)/Cot[baralpha] - hbase

Plot[Exp[-barc (barphi - Pi/2 + baralpha -
Tan[baralpha])] checkrbarphibase2tent[barphi,

checkhbase2[barphi]], {barphi,
2 Pi + Pi/2 + Tan[baralpha]/Cos[hatheta] - Tan[hatheta],
2 Pi + Pi/2 + Tan[baralpha]}, AxesLabel -> Automatic]

Section 8.4, Fig. 58b

Plot[Kadmitent rhobase[tau] -
Exp[-barc (2 Pi + baralpha) tau] (Lbase[tau - 1 + hattau] -

Lbase[tau - 1]), {tau, 1, 5}]

Section 8.5: asymptotic behavior for base solution with tent, computation of Kasympt

Kasympt =
2 (Exp[-barc (Tan[baralpha] + Pi/2 - baralpha)]/Sin[baralpha] -

Exp[-barc (2 Pi)] - (Exp[-barc (2 Pi + Pi/2)] -
Exp[-barc (2 Pi + Pi/2 + Tan[baralpha])])/barc -

Cot[baralpha] Exp[-barc (2 Pi + baralpha)])

Vector for the base of the tent Q̂2 −Q̂1

Sqrt[(Exp[barc hatheta] Cos[hatheta] -
1)^2 + (Exp[barc hatheta] Sin[hatheta])^2]/(Sin[

baralpha] (1 + barc^2))
0.560686
DeltaQhathetaaympt = (barc (Exp[barc hatheta] - Cos[hatheta]) +

Sin[hatheta])/(1 + barc^2)
0.521632
DeltaQell0 = DeltaQhathetaaympt/Sin[baralpha]
0.564562
DeltaQbarahathetasympt = (barc (Exp[barc hatheta] Sin[baralpha] -

Sin[baralpha + hatheta]) + (Exp[barc hatheta] Cos[baralpha] -
Cos[baralpha + hatheta]))/(1 + barc^2)

0.532289
DeltaQr2 = DeltaQbarahathetasympt/Sin[baralpha]
0.576096

Asymptotic length L
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(Exp[barc hatheta] - 1)/barc
0.543747
DeltaL = (Exp[barc hatheta] - 1)/(Sin[baralpha] barc)
0.588497

Asymptotic ℓ̂0

ell0asympt = (Exp[-barc (2 Pi + baralpha)] DeltaQell0 -
Exp[-barc (2 Pi + baralpha)] DeltaL + (1 - Cos[hatheta]))/(Cos[
baralpha - hatheta] - Cos[baralpha])

0.306042

Asymptotic r̂2

r2asympt = (Sin[baralpha + hatheta] + Sin[hatheta] ell0asympt -
DeltaQr2 Exp[-barc (2 Pi + baralpha)])/Sin[baralpha]

1.15869

Final value ropt(φ̄)

rbarphasympt = (r2asympt - Exp[barc hatheta]) Exp[
Cot[baralpha] (2 Pi + baralpha - hatheta) -
barc (2 Pi + baralpha)] + 1 -

ell0asympt Exp[-barc (2 Pi + baralpha)]
0.976359

Section 9

Section 9.2: plot of the final function Eq. (9.1), Fig. 60b and its minimal value

Plot[((1 - Cos[theta + hatheta])/(1 - Cos[hatheta]) -
Exp[Cot[baralpha] theta])/theta, {theta, 0, Pi/2},

AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{1}{\\theta} \\bigg( \\frac{1 - \\cos(\\hat \\theta + \
\\theta)}{1 - \\cos(\\hat \\theta)} - e^{\\cot(\\bar \\alpha) \
\\theta} \\bigg)", TeXForm, HoldForm], {Right, Center}]]
Sin[hatheta]/(1 - Cos[hatheta]) - Cot[baralpha]
3.45283

Section 9.3

We first compute the relevant quantities for the tent

hatr0tentsegm1[tau_, theta_] :=
rhogeneric[tau - 1, theta, 0] Exp[barc (2 Pi + baralpha) (tau - 1)]

hatell0tentsegm1[tau_, theta_] :=
ell0tent[hatr0tentsegm1[tau, theta], 0, 0]

hatr2tentsegm1[tau_, theta_] :=
hatr2tent[hatr0tentsegm1[tau, theta], hatell0tentsegm1[tau, theta],
0]

hatell1tentsegm1[tau_, theta_] :=
ell1tent[hatr2tentsegm1[tau, theta], 0, hatr0tentsegm1[tau, theta],
hatell0tentsegm1[tau, theta]]
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hatrbarphitentsegm1[tau_, theta_] :=
hatrbarphi[hatr2tentsegm1[tau, theta],
S0arc[theta, 0] rhogeneric[tau - 1 + hattau, theta, 0] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, 0] Exp[barc (2 Pi + baralpha) tau],
hatell0tentsegm1[tau, theta]]

Plot of the function δř (φ̄), Fig. 62a and its minimal value Fig. 62b

Plot3D[(hatrbarphitentsegm1[tau,
theta] Exp[-barc (2 Pi + baralpha) tau])/theta^2, {theta, 0,

Pi}, {tau, 1, 1 + tau1arc[theta, 0] - hattau - .001},
AxesLabel -> Automatic]

Plot[(hatrbarphitentsegm1[tau, Pi] Exp[-barc (2 Pi + baralpha) tau])/
Pi^2, {tau, 1, 1 + tau1arc[Pi, 0] - hattau}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\delta \\hat r_2(\\bar \\tau) e^{- \\bar c(2\\pi + \\bar \
\\alpha) \\tau}}{(\\pi/2)^2}", TeXForm, HoldForm], {Right, Center}]]
(hatrbarphitentsegm1[1.00001,

Pi] Exp[-barc (2 Pi + baralpha) 1])/(Pi)^2
{0.203057}

Section 9.4

The angle in this case is before the perturbation at the beginning of the tent and inside the negativity cone for

the final angle: the functions for ∆Q ·e ıθ̂ ,∆Q̂ ·e i (ᾱ+θ̂−π/2) are

DeltaQtentsegm2[tau_, theta_] :=
Cos[(2 Pi + baralpha) (2 - tau) - theta - hatheta]

DeltaQtentsegmpi22[tau_, theta_] :=
Cos[(2 Pi + baralpha) (2 - tau) -

theta - (baralpha + hatheta - Pi/2)]
hatr0tentsegm2[tau_, theta_] :=
rhogeneric[tau - 1, theta, 0] Exp[barc (2 Pi + baralpha) (tau - 1)]

hatLtentsegm2[tau_, theta_] := 1

Computation of the tent quantities

hatell0tentsegm2[tau_, theta_] :=
ell0tent[hatr0tentsegm2[tau, theta], hatLtentsegm2[tau, theta],
DeltaQtentsegm2[tau, theta]]

hatr2tentsegm2[tau_, theta_] :=
hatr2tent[hatr0tentsegm2[tau, theta], hatell0tentsegm2[tau, theta],
DeltaQtentsegmpi22[tau, theta]]

hatell1tentsegm2[tau_, theta_] :=
ell1tent[hatr2tentsegm2[tau, theta], hatLtentsegm2[tau, theta],
hatr0tentsegm2[tau, theta], hatell0tentsegm2[tau, theta]]

hatrbarphitentsegm2[tau_, theta_] :=
hatrbarphi[hatr2tentsegm2[tau, theta],
rhogeneric[tau - 1 + hattau, theta, 0] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, 0] Exp[barc (2 Pi + baralpha) tau],
hatell0tentsegm2[tau, theta]]
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Plot of the function δř (φ̄)/θ2, Fig. 63a, 63b and its minimal value

Plot3D[{0,
Exp[-barc (2 Pi +

baralpha) ((1 -
sigma) (2 - (theta + hatheta)/(2 Pi + baralpha)) +

sigma (2 -
Max[theta,

hatheta]/(2 Pi + baralpha)))] hatrbarphitentsegm2[((1 -
sigma) (2 - (theta + hatheta)/(2 Pi + baralpha)) +

sigma (2 - Max[theta, hatheta]/(2 Pi + baralpha))), theta]/
theta^2}, {theta, 0.001, Pi}, {sigma, 0.001, 1 - .001},

AxesLabel -> Automatic]
Plot[{0,

Exp[-barc (2 Pi +
baralpha) ((1 - sigma) (2 - (Pi + hatheta)/(2 Pi + baralpha)) +
sigma (2 -

Max[Pi, hatheta]/(2 Pi +
baralpha)))] hatrbarphitentsegm2[((1 -

sigma) (2 - (Pi + hatheta)/(2 Pi + baralpha)) +
sigma (2 - Max[Pi, hatheta]/(2 Pi + baralpha))), Pi]/

Pi^2}, {sigma, 0, 1}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\delta \\hat r_2(\\bar \\tau) e^{- \\bar c(2\\pi + \\bar \
\\alpha) \\tau}}{(\\pi/2)^2}", TeXForm, HoldForm], {Right, Center}]]
Exp[-barc (2 Pi +

baralpha) ((1 - .001) (2 - (Pi + hatheta)/(2 Pi + baralpha)) +
0.001 (2 -

Max[Pi, hatheta]/(2 Pi +
baralpha)))] hatrbarphitentsegm2[((1 -

0.001) (2 - (Pi + hatheta)/(2 Pi + baralpha)) +
0.001 (2 - Max[Pi, hatheta]/(2 Pi + baralpha))), Pi]/Pi^2

{0.218402}

Section 9.5

The angle in this case is before the perturbation at the beginning of the tent and after the negativity cone for
the final angle: the relevant quantities are

DeltaQtentsegm3[tau_, theta_] :=
rhogeneric[tau - 2 + hattau, theta, 0] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)] Cos[baralpha]
DeltaQtentsegmpi23[tau_, theta_] :=
rhogeneric[tau - 2 + hattau, theta, 0] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)] Cos[Pi/2 - 2 baralpha]
hatr0tentsegm3[tau_, theta_] :=
rhogeneric[tau - 1, theta, 0] Exp[barc (2 Pi + baralpha) (tau - 1)]

hatLtentsegm3[tau_, theta_] := (1 - Cos[theta])/Sin[baralpha]^2 +
S0arc[theta,

0] (Exp[Cot[baralpha] (2 Pi + baralpha) (tau - 2 + hatheta)] - 1)/
Cos[baralpha]

Computation of the tent quantities
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hatell0tentsegm3[tau_, theta_] :=
ell0tent[hatr0tentsegm3[tau, theta], hatLtentsegm3[tau, theta],
DeltaQtentsegm3[tau, theta]]

hatr2tentsegm3[tau_, theta_] :=
hatr2tent[hatr0tentsegm3[tau, theta], hatell0tentsegm3[tau, theta],
DeltaQtentsegmpi23[tau, theta]]

hatell1tentsegm3[tau_, theta_] :=
ell1tent[hatr2tentsegm3[tau, theta], hatLtentsegm3[tau, theta],
hatr0tentsegm3[tau, theta], hatell0tentsegm3[tau, theta]]

hatrbarphitentsegm3[tau_, theta_] :=
hatrbarphi[hatr2tentsegm3[tau, theta],
rhogeneric[tau - 1 + hattau, theta, 0] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, 0] Exp[barc (2 Pi + baralpha) tau],
hatell0tentsegm3[tau, theta]]

Plot of the final value, Fig. 65a and its minimal value for θ↘ 0 and θ = θ̂, Fig. 65b

Plot3D[{0,
Exp[-barc (2 Pi + baralpha) ((1 - sigma) (2 - hattau) +

sigma (2 - theta/(2 Pi + baralpha)))] hatrbarphitentsegm3[(1 -
sigma) (2 - hattau) + sigma (2 - theta/(2 Pi + baralpha)),

theta]/theta^2}, {theta, 0, hatheta - .001}, {sigma, 0, 1},
AxesLabel -> Automatic]

Plot[{0,
Exp[-barc (2 Pi + baralpha) ((1 - sigma) (2 - hattau) +

sigma (2 - (hatheta - .001)/(2 Pi +
baralpha)))] hatrbarphitentsegm3[(1 - sigma) (2 -

hattau) +
sigma (2 - (hatheta - .001)/(2 Pi +

baralpha)), (hatheta - .001)]/(hatheta - .001)^2}, {sigma,
0, 1}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"\\frac{\\delta \\hat r_2(\\bar \\tau) e^{- \\bar c(2\\pi + \\bar \
\\alpha) \\bar \\tau}}{\\hat \\theta^2}", TeXForm, HoldForm], {Right,

Center}]]
Plot[{0,

Exp[-barc (2 Pi + baralpha) ((1 - sigma) (2 - hattau) +
sigma (2 - (.001)/(2 Pi + baralpha)))] hatrbarphitentsegm3[(1 -

sigma) (2 - hattau) +
sigma (2 - (.001)/(2 Pi + baralpha)), (.001)]/(.001)^2}, {sigma,

0, 1}, AxesLabel -> Automatic]

Section 9.6

The tent is the negativity cone: computation of the relevant quantities

DeltaQtentsegm4[tau_, theta_] := 0
DeltaQtentsegmpi24[tau_, theta_] := 0
hatr0tentsegm4[tau_, theta_] :=
rhogeneric[tau - 1, theta, 0] Exp[barc (2 Pi + baralpha) (tau - 1)]

hatLtentsegm4[tau_, theta_] := 0

Computation of the tent quantities
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hatell0tentsegm4[tau_, theta_] :=
ell0tent[hatr0tentsegm4[tau, theta], hatLtentsegm4[tau, theta],
DeltaQtentsegm4[tau, theta]]

hatr2tentsegm4[tau_, theta_] :=
hatr2tent[hatr0tentsegm4[tau, theta], hatell0tentsegm4[tau, theta],
DeltaQtentsegmpi24[tau, theta]]

hatell1tentsegm4[tau_, theta_] :=
ell1tent[hatr2tentsegm4[tau, theta], hatLtentsegm4[tau, theta],
hatr0tentsegm4[tau, theta], hatell0tentsegm4[tau, theta]]

hatrbarphitentsegm4[tau_, theta_] :=
hatrbarphi[hatr2tentsegm4[tau, theta],
rhogeneric[tau - 1 + hattau, theta, 0] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, 0] Exp[barc (2 Pi + baralpha) tau],
hatell0tentsegm4[tau, theta]]

Plot of the final value Fig. 66a, Fig. 66b and minimal value

Plot3D[{0,
Exp[-barc (2 Pi +

baralpha)] hatrbarphitentsegm4[(1 - sigma) (2 -
theta/(2 Pi + baralpha)) + sigma (2 - hattau), theta]/

theta^2}, {theta, hatheta + .001, Pi}, {sigma, 0.001, 1},
AxesLabel -> Automatic]

Plot[{0,
Exp[-barc (2 Pi +

baralpha)] hatrbarphitentsegm4[(1 - sigma) (2 -
Pi/2/(2 Pi + baralpha)) + sigma (2 - hattau),

Pi/2]/(Pi/2)^2}, {sigma, 0.001, 1}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\delta \\hat r_2(\\bar \\tau) e^{- \\bar c(2\\pi + \\bar \
\\alpha) \\bar \\tau}}{\\hat \\theta^2}", TeXForm, HoldForm], {Right,

Center}]]
Exp[-barc (2 Pi +

baralpha)] hatrbarphitentsegm4[(1 - .001) (2 -
Pi/2/(2 Pi + baralpha)) + .001 (2 - hattau), Pi/2]/(Pi/2)^2

{2.91263}

Section 9.7

The initial point of the tent is inside the negativity cone and the final point is outside: computation of the
relevant quantities

DeltaQtentsegm5[tau_, theta_] :=
rhogeneric[tau - 2 + hattau, theta, 0] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)] Cos[baralpha] -
Cos[-hatheta - theta - (2 Pi + baralpha) (tau - 2)]

DeltaQtentsegmpi25[tau_, theta_] :=
rhogeneric[tau - 2 + hattau, theta, 0] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)] Cos[
Pi/2 - 2 baralpha] -

Cos[-(baralpha + hatheta - Pi/2) -
theta - (2 Pi + baralpha) (tau - 2)]
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hatr0tentsegm5[tau_, theta_] :=
rhogeneric[tau - 1, theta, 0] Exp[barc (2 Pi + baralpha) (tau - 1)]

hatLtentsegm5[tau_,
theta_] := -1 + (1 - Cos[theta]) Exp[

Cot[baralpha] (2 Pi + baralpha) (tau - 2 + hattau)]/
Sin[baralpha]^2

Computation of the tent quantities

hatell0tentsegm5[tau_, theta_] :=
ell0tent[hatr0tentsegm5[tau, theta], hatLtentsegm5[tau, theta],
DeltaQtentsegm5[tau, theta]]

hatr2tentsegm5[tau_, theta_] :=
hatr2tent[hatr0tentsegm5[tau, theta], hatell0tentsegm5[tau, theta],
DeltaQtentsegmpi25[tau, theta]]

hatell1tentsegm5[tau_, theta_] :=
ell1tent[hatr2tentsegm5[tau, theta], hatLtentsegm5[tau, theta],
hatr0tentsegm5[tau, theta], hatell0tentsegm5[tau, theta]]

hatrbarphitentsegm5[tau_, theta_] :=
hatrbarphi[hatr2tentsegm5[tau, theta],
rhogeneric[tau - 1 + hattau, theta, 0] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, 0] Exp[barc (2 Pi + baralpha) tau],
hatell0tentsegm5[tau, theta]]

Plot of the final value Fig. 67a, Fig. 67b and its minimal value

Plot3D[{0,
Exp[-barc (2 Pi +

baralpha) ((1 - sigma) (2 -
Min[theta, hatheta]/(2 Pi + baralpha)) +

2 sigma)] hatrbarphitentsegm5[(1 - sigma) (2 -
Min[theta, hatheta]/(2 Pi + baralpha)) + 2 sigma, theta]/

theta^2}, {theta, 0, Pi}, {sigma, 0.001, 1},
AxesLabel -> Automatic]

Plot[{0,
Exp[-barc (2 Pi +

baralpha) ((1 - sigma) (2 -
Min[Pi/2, hatheta]/(2 Pi + baralpha)) +

2 sigma)] hatrbarphitentsegm5[(1 - sigma) (2 -
Min[Pi/2, hatheta]/(2 Pi + baralpha)) + 2 sigma,

Pi/2]/(Pi/2)^2}, {sigma, 0.001, 1}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\delta \\hat r_2(\\bar \\tau) e^{- \\bar c(2\\pi + \\bar \
\\alpha) \\bar \\tau}}{\\hat \\theta^2}", TeXForm, HoldForm], {Right,

Center}]]
Exp[-barc (2 Pi +

baralpha) ((1 - .001) (2 -
Min[Pi/2, hatheta]/(2 Pi + baralpha)) +

2 (.001))] hatrbarphitentsegm5[(1 - .001) (2 -
Min[Pi/2, hatheta]/(2 Pi + baralpha)) + 2 (.001),

Pi/2]/(Pi/2)^2
{2.91263}
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Section 9.8

Here we use only the standard functional of Lemma 7.9, Eq. (9.4) and Fig. 68a and Fig. 68b

Plot3D[{(rhogeneric[tau, theta, 0] -
Kadmitent Exp[-barc (2 Pi + baralpha) 2] rhogeneric[tau - 2,

theta, 0])/theta^2}, {tau, 2, 5}, {theta, 0.001, Pi},
AxesLabel -> Automatic]

Plot[{(rhogeneric[tau, Pi/2, 0] -
Kadmitent Exp[-barc (2 Pi + baralpha) 2] rhogeneric[tau - 2,

Pi/2, 0])/(Pi/2)^2}, {tau, 2, 5}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{\\rho(\\bar \\tau) - \\frac{(1 - \\cos(\\hat \\theta)) \
e^{- \\bar c (2\\pi + \\bar \\alpha) 2}}{\\cos(\\bar \\alpha - \\hat \
\\theta) - \\cos(\\bar \\alpha)} \\rho(\\bar \\tau - 2)}{(\\pi/2)^2}",

TeXForm, HoldForm], {Left, Top}]]

Section 6.2

Section 10.1.2

Maximal final angle, so that we are not in the perturbed region, Eq. (10.1)

Tan[baralpha] + Tan[baralpha] + 0.11753300046278962‘ + Pi/2 - baralpha

5.34128

Final value δř (φ̄), Eq. (10.2)

arcarc[theta_, Deltaphi_, dtheta_,
dphi_] := (1 - Cos[theta + dtheta] + Sin[theta + dtheta] dphi +

Sin[theta] Deltaphi)/(1 - Cos[dtheta] + Sin[dtheta] dphi) -
Exp[Cot[baralpha] (Deltaphi + theta)] +
Cos[theta + baralpha] (Exp[Cot[baralpha] Deltaphi] - 1)/

Cos[baralpha]

Plot of the second derivative of the value function w.r.t. ∆φ, so that the minima are at the boundary

Plot[1 -
Cos[baralpha + theta] Exp[-Cot[baralpha] theta]/

Cos[baralpha], {theta, 0, Pi/2}]

Region where we have to study the final value: it is the boundary of the negativity region, Fig. 71a

Plot3D[{0,
Cot[baralpha] (1 - Cos[dtheta] + Sin[dtheta] dphi) Exp[

Cot[baralpha] (2 Pi + baralpha - dtheta - dphi)]/
Sin[baralpha] - 1}, {dphi, 0, Tan[baralpha]}, {dtheta,

Max[.11, (2.1 - dphi)/
8, .08 + (hatheta - .1) (1 -

dphi/Tan[baralpha])^6], .14 + (hatheta - .1) (1 -
dphi/Tan[baralpha])^5}, AxesLabel -> Automatic,

PlotLegends -> Automatic]

Plot of the final value for ∆φ= tan(ᾱ), Fig. 71b



SPIRAL STRATEGIES FOR BLOCKING FIRE 151

Plot3D[{0,
Evaluate@
Table[arcarc[theta, Tan[baralpha], dtheta, dphi]/theta, {theta, 0,

Pi/2, .4}]}, {dphi, 0, Tan[baralpha]}, {dtheta,
Max[.11, (2.1 - dphi)/

8, .08 + (hatheta - .1) (1 -
dphi/Tan[baralpha])^6], .14 + (hatheta - .1) (1 -

dphi/Tan[baralpha])^5}, AxesLabel -> Automatic,
PlotLegends -> Automatic]

Plot3D[{0, arcarc[Pi/2, Tan[baralpha], dtheta, dphi]/(Pi/2)}, {dphi,
0, Tan[baralpha]}, {dtheta,
Max[.11, (2.1 - dphi)/

8, .08 + (hatheta - .1) (1 -
dphi/Tan[baralpha])^6], .14 + (hatheta - .1) (1 -

dphi/Tan[baralpha])^5}, AxesLabel -> Automatic,
PlotLegends -> Automatic]

Plot[{0,
arcarc[Pi/2, Tan[baralpha], dtheta, Tan[baralpha]]/(Pi/2)}, {dtheta,
Max[.11, (2.1 - Tan[baralpha])/
8, .08 + (hatheta - .1) (1 -

Tan[baralpha]/Tan[baralpha])^6], .14 + (hatheta - .1) (1 -
Tan[baralpha]/Tan[baralpha])^5}, AxesLabel -> Automatic,

PlotLegends -> Automatic]

Section 10.2.1

Numerical plot of Fig. 72b

Plot[((1 - Cos[theta + hatheta] + Sin[theta] Tan[baralpha])/(1 -
Cos[hatheta]) - Exp[1 + Cos[baralpha] theta] +

Cos[baralpha + theta] (Exp[1] - 1)/Cos[baralpha])/theta, {theta,
0, Pi/2}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"(\\frac{1 - \\cos(\\theta + \\hat \\theta) + \\sin(\\theta) \
\\tan(\\bar \\alpha)}{1 - \\cos(\\hat \\theta)} - e^{1 + \\cot(\\bar \
\\alpha) \\theta} + \\frac{\\cos(\\theta + \\bar \
\\alpha)}{\\cos(\\bar \\alpha)} (e-1))/\\theta", TeXForm,

HoldForm], {Left, Center}]]

Section 10.2.2

Case 1: computation of (10.4)

(Cos[baralpha] - Cos[baralpha + hatheta])/(Cos[baralpha - hatheta] -
Cos[baralpha]) - Exp[Cot[baralpha] hatheta]

0.0066943

Plot of the final value Fig. 74 and its minimal values

Plot3D[{0,
Evaluate@
Table[(rhogeneric[(1 - sigma) 1 +

sigma (1 + tau1arc[theta, Deltaphi] - hattau), theta,
Deltaphi] - (1 -

Cos[hatheta]) Exp[-barc (2 Pi +
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baralpha)] rhogeneric[(1 - sigma) 1 +
sigma (1 + tau1arc[theta, Deltaphi] - hattau) - 1, theta,

Deltaphi]/(Cos[baralpha - hatheta] -
Cos[baralpha]))/(theta (theta + Deltaphi)), {Deltaphi, 0,

Tan[baralpha], .5}]}, {theta, 0, Pi/2}, {sigma, 0, 1},
AxesLabel -> Automatic]

Plot3D[{0, (rhogeneric[(1 - sigma) 1 +
sigma (1 + tau1arc[theta, 0] - hattau), theta,

0] - (1 -
Cos[hatheta]) Exp[-barc (2 Pi +

baralpha)] rhogeneric[(1 - sigma) 1 +
sigma (1 + tau1arc[theta, 0] - hattau) - 1, theta,

0]/(Cos[baralpha - hatheta] - Cos[baralpha]))/(theta (theta +
0))}, {theta, 0, Pi/2}, {sigma, 0, 1}, AxesLabel -> Automatic]

Plot[{0, (rhogeneric[(1 - sigma) 1 +
sigma (1 + tau1arc[Pi/2, 0] - hattau), Pi/2,

0] - (1 -
Cos[hatheta]) Exp[-barc (2 Pi +

baralpha)] rhogeneric[(1 - sigma) 1 +
sigma (1 + tau1arc[Pi/2, 0] - hattau) - 1, Pi/2,

0]/(Cos[baralpha - hatheta] - Cos[baralpha]))/(Pi/
2 (Pi/2 + 0))}, {sigma, 0, 1}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"\\frac{e^{-\\bar c \\phi}}{(\\pi/2)^2}(\\delta \\tilde r(\\bar \
\\phi) - \\delta \\tilde r_0 \\frac{1 - \\cos(\\hat \
\\theta)}{\\cos(\\bar \\alpha - \\hat \\theta) - \\cos(\\bar \
\\alpha)})", TeXForm, HoldForm], {Right, Center}]]

Case 2: computations of the relevant quantities for the tent

DeltaQcase2arcarc[tau_, theta_, Deltaphi_] :=
Cos[(2 Pi + baralpha) (tau - 2) + hatheta + theta + Deltaphi]

DeltaQcase2arcarc2[tau_, theta_, Deltaphi_] :=
Cos[(2 Pi + baralpha) (tau - 2) + hatheta + theta + Deltaphi +

baralpha - Pi/2]
hatell0arc21[tau_, theta_, Deltaphi_] :=
ell0tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)], 1,
DeltaQcase2arcarc[tau, theta, Deltaphi]]

hatr2arc21[tau_, theta_, Deltaphi_] :=
hatr2tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
hatell0arc21[tau, theta, Deltaphi],
DeltaQcase2arcarc2[tau, theta, Deltaphi]]

Final value

hatrbarphiarc21[tau_, theta_, Deltaphi_] :=
Exp[-barc (2 Pi + baralpha) tau] hatrbarphi[

hatr2arc21[tau, theta, Deltaphi],
rhogeneric[tau - 1 + hattau, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
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rhogeneric[tau, theta, Deltaphi] Exp[barc (2 Pi + baralpha) tau],
hatell0arc21[tau, theta, Deltaphi]]

Numerical plot of Fig. 75 and its minimal value

Plot3D[{Evaluate@
Table[hatrbarphiarc21[(1 -

sigma) (2 + (-Deltaphi - theta - hatheta)/(2 Pi +
baralpha)) +

sigma (2 + (-Deltaphi - Max[theta, hatheta])/(2 Pi +
baralpha)), theta,

Deltaphi]/(theta (theta + Deltaphi)), {Deltaphi, 0.1,
Tan[baralpha], .5}]}, {theta, 0.1, Pi/2}, {sigma, 0.1, 1},

AxesLabel -> Automatic]
Plot3D[{hatrbarphiarc21[(1 -

sigma) (2 + (-0.0 - theta - hatheta)/(2 Pi + baralpha)) +
sigma (2 + (-0.0 - Max[theta, hatheta])/(2 Pi + baralpha)),

theta, 0.0]/(theta (theta + 0.0))}, {theta, 0.1, Pi/2}, {sigma,
0.1, 1}, AxesLabel -> Automatic]

Plot[{hatrbarphiarc21[(1 -
sigma) (2 + (-0.0 - Pi/2 - hatheta)/(2 Pi + baralpha)) +

sigma (2 + (-0.0 - Max[Pi/2, hatheta])/(2 Pi + baralpha)), Pi/2,
0.0]/(Pi/2 (Pi/2 + 0.0))}, {sigma, 0.0, 1},

AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{e^{-\\bar c \\phi} \\delta \\check r(\\bar \
\\phi)}{(\\pi/2)^2}", TeXForm, HoldForm], {Right, Center}]]
hatrbarphiarc21[(1 -

0.0001) (2 + (-0 - Pi/2 - hatheta)/(2 Pi + baralpha)) +
0.0001 (2 + (-0 - Pi/2)/(2 Pi + baralpha)), Pi/2,

0]/(Pi/2 (Pi/2 + 0))
{0.546565}

Case 3: computation of the relevant quantities for the tent

hatell0arc2case3[tau_, theta_, Deltaphi_] :=
ell0tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
1 - Cos[theta] +
Sin[theta] ((2 Pi + baralpha) (tau - 2) + hatheta + Deltaphi),

Sin[theta] Cos[-Pi/2]]
hatr2arc2case3[tau_, theta_, Deltaphi_] :=
hatr2tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
hatell0arc2case3[tau, theta, Deltaphi], Sin[theta] Cos[baralpha]]

hatrbarphiarc2case3[tau_, theta_, Deltaphi_] :=
Exp[-barc (2 Pi + baralpha) tau] hatrbarphi[

hatr2arc2case3[tau, theta, Deltaphi],
rhogeneric[tau - 1 + hattau, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, Deltaphi] Exp[barc (2 Pi + baralpha) tau],
hatell0arc2case3[tau, theta, Deltaphi]]
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Plot of the final value Fig. 76, first an enlargement about the singularity θ =∆φ= 0

Plot3D[{Evaluate@
Table[hatrbarphiarc2case3[tau, theta,

Deltaphi]/(theta (theta +
Deltaphi)), {theta, .0001, .1, .02}]}, {Deltaphi,

0, .1}, {tau, 2 + (-Deltaphi - hatheta)/(2 Pi + baralpha),
2 - hatheta/(2 Pi + baralpha)}, AxesLabel -> Automatic]

Plot3D[{{Evaluate@
Table[hatrbarphiarc2case3[(1 -

sigma) (2 + (-Deltaphi - hatheta)/(2 Pi + baralpha)) +
sigma (2 + (-Max[Deltaphi + theta, hatheta])/(2 Pi +

baralpha)), theta,
Deltaphi]/(theta (theta + Deltaphi)), {Deltaphi, 0.01,

Tan[baralpha], .5}]}}, {theta, 0, hatheta - .01}, {sigma, 0, 1},
AxesLabel -> Automatic]

Plot3D[{hatrbarphiarc2case3[(1 -
sigma) (2 + (-0.001 - hatheta)/(2 Pi + baralpha)) +

sigma (2 + (-Max[0.001 + theta, hatheta])/(2 Pi + baralpha)),
theta, 0.001]/(theta (theta + 0.001))}, {theta, 0,

hatheta - .01}, {sigma, 0, 1}, AxesLabel -> Automatic]
Plot3D[{hatrbarphiarc2case3[(1 -

sigma) (2 + (-0.001 - hatheta)/(2 Pi + baralpha)) +
sigma (2 + (-Max[0.001 + theta, hatheta])/(2 Pi + baralpha)),

theta, 0.001]/(theta (theta + 0.001))}, {theta, hatheta - .1,
hatheta - .01}, {sigma, 0, 1}, AxesLabel -> Automatic]

Plot[{hatrbarphiarc2case3[(1 -
sigma) (2 + (-0.001 - hatheta)/(2 Pi + baralpha)) +

sigma (2 + (-Max[0.001 + (hatheta - .0001), hatheta])/(2 Pi +
baralpha)), hatheta - .0001,

0.001]/((hatheta - .0001) ((hatheta - .0001) + 0.001))}, {sigma,
0, 1}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"\\frac{e^{-\\bar c \\phi} \\delta \\check r(\\bar \\phi)}{(\\hat \
\\theta)^2}", TeXForm, HoldForm], {Right, Center}]]
hatrbarphiarc2case3[(1 -

0) (2 + (-0.001 - hatheta)/(2 Pi + baralpha)) +
0 (2 + (-Max[0.001 + (hatheta - .0001), hatheta])/(2 Pi +

baralpha)), hatheta - .0001,
0.001]/((hatheta - .0001) ((hatheta - .0001) + 0.001))

{0.749654}

Case 4: computation of the relevant quantities for the tent

hatell0arc2case4[tau_, theta_, Deltaphi_] :=
ell0tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)], (1 - Cos[theta] +
Sin[theta] Deltaphi) Exp[
Cot[baralpha] (2 Pi + baralpha) (tau - 2 + hattau)]/

Sin[baralpha]^2,
rhogeneric[tau - 2 + hattau, theta, Deltaphi] Cos[baralpha] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)]]
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hatr2arc2case4[tau_, theta_, Deltaphi_] :=
hatr2tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
hatell0arc2case4[tau, theta, Deltaphi],
rhogeneric[tau - 2 + hattau, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)] Sin[2 baralpha]]

hatrbarphiarc2case4[tau_, theta_, Deltaphi_] :=
Exp[-barc (2 Pi + baralpha) tau] hatrbarphi[

hatr2arc2case4[tau, theta, Deltaphi],
rhogeneric[tau - 1 + hattau, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, Deltaphi] Exp[barc (2 Pi + baralpha) tau],
hatell0arc2case4[tau, theta, Deltaphi]]

Plot of the final value Fig. 77 and computation of the minimal values

Plot3D[{Evaluate@
Table[hatrbarphiarc2case4[(1 - sigma) (2 - hattau) +

sigma (2 + (-Deltaphi - theta)/(2 Pi + baralpha)), theta,
Deltaphi]/(theta (theta + Deltaphi)), {sigma,

0, .9, .3}]}, {theta, 0, hatheta - .001}, {Deltaphi, 0,
hatheta - theta - .001}, AxesLabel -> Automatic,

PlotLegends -> Automatic]

Plot3D[hatrbarphiarc2case4[(1 - sigma) (2 - hattau) +
sigma (2 + (-0 - theta)/(2 Pi + baralpha)), theta,

0]/(theta (theta + 0)), {sigma, 0, 1}, {theta, 0.01, hatheta},
AxesLabel -> Automatic, PlotLegends -> Automatic]

Plot[{hatrbarphiarc2case4[(1 - sigma) (2 - hattau) +
sigma (2 + (-hatheta + .001 - .000)/(2 Pi + baralpha)),

hatheta - .001,
0]/((hatheta - .001) (hatheta - .001 + 0))}, {sigma, 0, 1},

AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{e^{-\\bar c \\phi} \\delta \\check r(\\bar \\phi)}{(\\hat \
\\theta)^2}", TeXForm, HoldForm], {Right, Center}]]

hatrbarphiarc2case4[(1 - 0.001) (2 - hattau) +
0.001 (2 + (-hatheta + .001 - .000)/(2 Pi + baralpha)),

hatheta - .001, 0]/((hatheta - .001) (hatheta - .001 + 0))

{0.748399}

Case 5: computation of the relevant quantities for the tent

hatell0arc2case5[tau_, theta_, Deltaphi_] :=
ell0tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)], 0, 0]

hatr2arc2case5[tau_, theta_, Deltaphi_] :=
hatr2tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
hatell0arc2case5[tau, theta, Deltaphi], 0]
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hatrbarphiarc2case5[tau_, theta_, Deltaphi_] :=
Exp[-barc (2 Pi + baralpha) tau] hatrbarphi[

hatr2arc2case5[tau, theta, Deltaphi],
rhogeneric[tau - 1 + hattau, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, Deltaphi] Exp[barc (2 Pi + baralpha) tau],
hatell0arc2case5[tau, theta, Deltaphi]]

Plot of the final value Fig. 78 and computation of the minimal values

Plot3D[{Evaluate@
Table[hatrbarphiarc2case5[(1 -

sigma) (2 + (-Deltaphi - theta)/(2 Pi + baralpha)) +
sigma (2 + (-Deltaphi - hatheta)/(2 Pi + baralpha)), theta,

Deltaphi]/(theta (theta + Deltaphi)), {Deltaphi, 0,
Tan[baralpha], .5}]}, {theta, hatheta + .01, Pi/2}, {sigma, 0,

1}, AxesLabel -> Automatic]
Plot[hatrbarphiarc2case5[(1 -

sigma) (2 + (-0 - Pi/2)/(2 Pi + baralpha)) +
sigma (2 + (-0 - hatheta)/(2 Pi + baralpha)), Pi/2,

0]/(Pi/2 (Pi/2 + 0)), {sigma, 0, 1}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{e^{-\\bar c \\phi} \\delta \\check r(\\bar \
\\phi)}{\\pi^2}", TeXForm, HoldForm], {Right, Center}]]
hatrbarphiarc2case5[(1 - 0.001) (2 + (-0 - Pi/2)/(2 Pi + baralpha)) +

0.001 (2 + (-0 - hatheta)/(2 Pi + baralpha)), Pi/2,
0]/(Pi/2 (Pi/2 + 0))

{0.559708}

Case 6: computation of the relevant quantities for the tent

hatell0arc2case6[tau_, theta_, Deltaphi_] :=
ell0tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)], -Cos[theta] +
Sin[theta] ((tau - 2) (2 Pi + baralpha) + hatheta +

Deltaphi), -Cos[(2 Pi + baralpha) tau - 4 Pi - baralpha +
hatheta - (baralpha - Deltaphi - theta)]]

hatr2arc2case6[tau_, theta_, Deltaphi_] :=
hatr2tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
hatell0arc2case6[tau, theta, Deltaphi],
Sin[theta] Cos[baralpha] -
Cos[(tau - 2) (2 Pi + baralpha) + hatheta + baralpha - Pi/2 +

Deltaphi + theta]]
hatrbarphiarc2case6[tau_, theta_, Deltaphi_] :=
Exp[-barc (2 Pi + baralpha) tau] hatrbarphi[

hatr2arc2case6[tau, theta, Deltaphi],
rhogeneric[tau - 1 + hattau, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, Deltaphi] Exp[barc (2 Pi + baralpha) tau],
hatell0arc2case6[tau, theta, Deltaphi]]
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Plot of the final value Fig. 79 and computation of the minimal values

Plot3D[{Evaluate@
Table[hatrbarphiarc2case6[(1 -

sigma) (2 + (-Deltaphi - Min[theta, hatheta])/(2 Pi +
baralpha)) +

sigma (2 + ( - Max[Deltaphi, hatheta])/(2 Pi + baralpha)),
theta, Deltaphi]/theta, {sigma, 0.01, .99, .245}]}, {theta,

0.0001, Pi/2}, {Deltaphi, Max[hatheta - theta, 0], Tan[baralpha]},
AxesLabel -> Automatic]

Plot3D[{hatrbarphiarc2case6[(1 - .001) (2 + (-Deltaphi -
Min[theta, hatheta])/(2 Pi + baralpha)) + .001 (2 + ( -
Max[Deltaphi, hatheta])/(2 Pi + baralpha)), theta,

Deltaphi]/theta}, {theta, 0.0001, Pi/2}, {Deltaphi,
Max[hatheta - theta, 0], Tan[baralpha]}, AxesLabel -> Automatic]

Plot3D[hatrbarphiarc2case6[(1 -
sigma) (2 + (-Deltaphi - hatheta)/(2 Pi + baralpha)) +

sigma (2 + ( - Max[Deltaphi, hatheta])/(2 Pi + baralpha)),
hatheta, Deltaphi]/hatheta, {Deltaphi, 0, .1}, {sigma, 0, 1},

AxesLabel -> Automatic]
Plot[{hatrbarphiarc2case6[(1 - .001) (2 + (-0.001 -

Min[theta, hatheta])/(2 Pi + baralpha)) + .001 (2 + ( -
Max[0.001, hatheta])/(2 Pi + baralpha)), theta, 0.001]/

theta}, {theta, hatheta - .001, Pi/2}, AxesLabel -> Automatic]
Plot[hatrbarphiarc2case6[(1 -

sigma) (2 + (-0.001 - hatheta)/(2 Pi + baralpha)) +
sigma (2 + ( - Max[0.001, hatheta])/(2 Pi + baralpha)), hatheta,

0.001]/hatheta, {sigma, 0, 1}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{e^{-\\bar c \\phi} \\delta \\check r(\\bar \\phi)}{\\hat \
\\theta}", TeXForm, HoldForm], {Right, Center}]]

Case 7: computation of the relevant quantities for the tent

hatell0arc2case7[tau_, theta_, Deltaphi_] :=
ell0tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)], -1 + (1 - Cos[theta] +
Sin[theta] Deltaphi) Exp[
Cot[baralpha] (2 Pi + baralpha) (tau - 2 + hattau)]/

Sin[baralpha]^2,
rhogeneric[tau - 2 + hattau, theta, Deltaphi] Cos[baralpha] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)] -
Cos[(2 Pi + baralpha) tau - 4 Pi - baralpha +

hatheta - (baralpha - Deltaphi - theta)]]
hatr2arc2case7[tau_, theta_, Deltaphi_] :=
hatr2tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
hatell0arc2case7[tau, theta, Deltaphi],
rhogeneric[tau - 2 + hattau, theta, Deltaphi] Sin[2 baralpha] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)] -
Cos[(tau - 2) (2 Pi + baralpha) + hatheta + baralpha - Pi/2 +
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Deltaphi + theta]]
hatrbarphiarc2case7[tau_, theta_, Deltaphi_] :=
Exp[-barc (2 Pi + baralpha) tau] hatrbarphi[

hatr2arc2case7[tau, theta, Deltaphi],
rhogeneric[tau - 1 + hattau, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, Deltaphi] Exp[barc (2 Pi + baralpha) tau],
hatell0arc2case7[tau, theta, Deltaphi]]

Plot of the final value Fig. 80 and computation of the minimal values

Plot3D[{Evaluate@
Table[hatrbarphiarc2case7[(1 -

sigma) (2 + (-Min[Deltaphi + theta, hatheta])/(2 Pi +
baralpha)) + sigma (2 + (-Deltaphi)/(2 Pi + baralpha)),

theta, Deltaphi]/(theta (theta + Deltaphi)), {sigma, 0.01,
0.99, .245}]}, {theta, 0.01, Pi/2}, {Deltaphi, 0.01,

hatheta - .01}, AxesLabel -> Automatic, PlotLegends -> Automatic]
Plot3D[hatrbarphiarc2case7[(1 -

sigma) (2 + (-Min[0 + theta, hatheta])/(2 Pi + baralpha)) +
sigma (2 + (-0)/(2 Pi + baralpha)), theta,

0]/(theta (theta + 0)), {sigma, 0, 1}, {theta, 0.01, Pi/2},
AxesLabel -> Automatic, PlotLegends -> Automatic]

Plot[hatrbarphiarc2case7[(1 -
sigma) (2 + (-Min[0 + Pi/2, hatheta])/(2 Pi + baralpha)) +

sigma (2 + (-0)/(2 Pi + baralpha)), Pi/2,
0]/(Pi/2 (Pi/2 + 0)), {sigma, 0, 1}, AxesLabel -> Automatic,

PlotLegends ->
Placed[ToExpression[

"\\frac{e^{-\\bar c \\phi} \\delta \\check r(\\bar \
\\phi)}{\\pi^2}", TeXForm, HoldForm], {Right, Center}]]

Case 8: computation of the relevant quantities for the tent

hatell0arc2case8[tau_, theta_, Deltaphi_] :=
ell0tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
Sin[theta] hatheta, -Sin[theta] Cos[Pi/2 + hatheta]]

hatr2arc2case8[tau_, theta_, Deltaphi_] :=
hatr2tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
hatell0arc2case8[tau, theta, Deltaphi],
Sin[theta] Cos[baralpha] - Sin[theta] Cos[baralpha + hatheta]]

hatrbarphiarc2case8[tau_, theta_, Deltaphi_] :=
Exp[-barc (2 Pi + baralpha) tau] hatrbarphi[

hatr2arc2case8[tau, theta, Deltaphi],
rhogeneric[tau - 1 + hattau, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, Deltaphi] Exp[barc (2 Pi + baralpha) tau],
hatell0arc2case8[tau, theta, Deltaphi]]

Plot of the final value Fig. 81 and computation of the minimal values
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Plot3D[{Evaluate@
Table[hatrbarphiarc2case8[(1 -

sigma) (2 + (-Deltaphi)/(2 Pi + baralpha)) +
sigma (2 + (-hatheta)/(2 Pi + baralpha)), theta, Deltaphi]/

theta, {sigma, 0.01, 0.99, .245}]}, {theta, 0.001,
Pi/2}, {Deltaphi, hatheta + .001, Tan[baralpha]},

AxesLabel -> Automatic]
Plot3D[hatrbarphiarc2case8[(1 -

sigma) (2 + (-hatheta - theta)/(2 Pi + baralpha)) +
sigma (2 + (-hatheta)/(2 Pi + baralpha)), theta, hatheta + theta]/

theta, {sigma, 0, 1}, {theta, 0, Pi/2}, AxesLabel -> Automatic]
Plot[hatrbarphiarc2case8[(1 - .0001) (2 + (-hatheta - theta)/(2 Pi +

baralpha)) + .0001 (2 + (-hatheta)/(2 Pi + baralpha)),
theta, hatheta + theta]/theta, {theta, 0, Pi/2},

AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{e^{-\\bar c \\phi} \\delta \\check r(\\bar \
\\phi)}{\\theta}", TeXForm, HoldForm], {Right, Center}]]

Case 9: computation of the relevant quantities for the tent

hatell0arc2case9[tau_, theta_, Deltaphi_] :=
ell0tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)], (1 - Cos[theta] +
Sin[theta] Deltaphi) (Exp[

Cot[baralpha] (2 Pi + baralpha) (tau - 2 + hattau)] - 1)/
Sin[baralpha]^2 +

Sin[theta] (4 Pi + 2 baralpha - (2 Pi + baralpha) tau),
rhogeneric[tau - 2 + hattau, theta, Deltaphi] Cos[baralpha] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)] -
Sin[theta] Cos[Pi/2 + hatheta]]

hatr2arc2case9[tau_, theta_, Deltaphi_] :=
hatr2tent[
rhogeneric[tau - 1, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1)],
hatell0arc2case9[tau, theta, Deltaphi],
rhogeneric[tau - 2 + hattau, theta, Deltaphi] Sin[2 baralpha] Exp[

barc (2 Pi + baralpha) (tau - 2 + hattau)] -
Sin[theta] Cos[baralpha + hatheta]]

hatrbarphiarc2case9[tau_, theta_, Deltaphi_] :=
Exp[-barc (2 Pi + baralpha) tau] hatrbarphi[

hatr2arc2case9[tau, theta, Deltaphi],
rhogeneric[tau - 1 + hattau, theta, Deltaphi] Exp[

barc (2 Pi + baralpha) (tau - 1 + hattau)],
rhogeneric[tau, theta, Deltaphi] Exp[barc (2 Pi + baralpha) tau],
hatell0arc2case9[tau, theta, Deltaphi]]

Plot of the final value Fig. 82 and computation of the minimal values

Plot3D[{Evaluate@
Table[hatrbarphiarc2case9[(1 -

sigma) (2 + (-Min[Deltaphi, hatheta])/(2 Pi + baralpha)) +
sigma (2), theta, Deltaphi]/(theta (theta + Deltaphi)), {sigma,
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0.01, 0.99, .245}]}, {theta, 0.01, Pi/2}, {Deltaphi, .01,
Tan[baralpha]}, AxesLabel -> Automatic]

Plot3D[hatrbarphiarc2case9[(1 -
sigma) (2 + (-Min[.001, hatheta])/(2 Pi + baralpha)) +

sigma (2), theta, .001]/(theta (theta + .001)), {sigma, 0,
1}, {theta, 0.01, Pi/2}, AxesLabel -> Automatic]

Plot[hatrbarphiarc2case9[(1 -
sigma) (2 + (-Min[.001, hatheta])/(2 Pi + baralpha)) +

sigma (2), Pi/2, .001]/(Pi/2 (Pi/2 + .001)), {sigma, 0, 1},
AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{e^{-\\bar c \\phi} \\delta \\check r(\\bar \
\\phi)}{\\pi^2}", TeXForm, HoldForm], {Right, Center}]]

Case 10: both points in the second negativity region, so that we use the simplified functional of Lemma 7.9,
Fig.83

Plot3D[Evaluate@
Table[(rhogeneric[tau, theta,

Deltaphi] - (1 -
Cos[hatheta]) Exp[-barc (2 Pi + baralpha)] rhogeneric[
tau - 1, theta,
Deltaphi]/(Cos[baralpha - hatheta] -
Cos[baralpha]))/(theta (theta + Deltaphi)), {Deltaphi, 0,

Tan[baralpha], .5}], {theta, 0.001, Pi/2}, {tau, 2, 5}]
Plot3D[(rhogeneric[tau, Pi/2,

Deltaphi] - (1 -
Cos[hatheta]) Exp[-barc (2 Pi + baralpha)] rhogeneric[tau - 1,
Pi/2, Deltaphi]/(Cos[baralpha - hatheta] - Cos[baralpha]))/(Pi/

2 (Pi/2 + Deltaphi)), {Deltaphi, 0, Tan[baralpha]}, {tau, 2, 5}]
Plot[(rhogeneric[tau, Pi/2,

0] - (1 - Cos[hatheta]) Exp[-barc (2 Pi + baralpha)] rhogeneric[
tau - 1, Pi/2,
0]/(Cos[baralpha - hatheta] - Cos[baralpha]))/(Pi/

2 (Pi/2 + 0)), {tau, 2, 5}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{1}{(\\pi/2)^2} \\bigg( \\rho(\\bar \\tau) - \\frac{(1 - \
\\cos(\\hat \\theta)) e^{-\\bar c(2\\pi + \\bar \
\\alpha)}}{\\cos(\\bar \\alpha - \\hat \\theta) - \\cos(\\bar \
\\alpha)} \\rho(\\bar \\tau - 1) \\bigg)", TeXForm, HoldForm], {Left,

Top}]]

Derivative, Fig. 84

Plot3D[Evaluate@
Table[(rhogeneric[tau, theta,

Deltaphi] - (1 -
Cos[hatheta]) Exp[-barc (2 Pi + baralpha)] rhogeneric[
tau - 1, theta,
Deltaphi]/(Cos[baralpha - hatheta] - Cos[baralpha]) -

rhogeneric[tau - 1, theta,
Deltaphi] - (1 -

Cos[hatheta]) Exp[-barc (2 Pi + baralpha)] rhogeneric[
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tau - 2, theta,
Deltaphi]/(Cos[baralpha - hatheta] -
Cos[baralpha]))/(theta (theta + Deltaphi)), {Deltaphi, 0,

Tan[baralpha], .5}], {theta, 0.001, Pi/2}, {tau, 4, 5}]
Plot3D[(rhogeneric[tau, theta,

0] - (1 - Cos[hatheta]) Exp[-barc (2 Pi + baralpha)] rhogeneric[
tau - 1, theta, 0]/(Cos[baralpha - hatheta] - Cos[baralpha]) -

rhogeneric[tau - 1, theta,
0] - (1 - Cos[hatheta]) Exp[-barc (2 Pi + baralpha)] rhogeneric[

tau - 2, theta,
0]/(Cos[baralpha - hatheta] - Cos[baralpha]))/(theta (theta +

0)), {theta, 0.001, Pi/2}, {tau, 4, 5}]
Plot[(rhogeneric[tau, Pi/2,

0] - (1 - Cos[hatheta]) Exp[-barc (2 Pi + baralpha)] rhogeneric[
tau - 1, Pi/2, 0]/(Cos[baralpha - hatheta] - Cos[baralpha]) -

rhogeneric[tau - 1, Pi/2,
0] - (1 - Cos[hatheta]) Exp[-barc (2 Pi + baralpha)] rhogeneric[

tau - 2, Pi/2,
0]/(Cos[baralpha - hatheta] - Cos[baralpha]))/(Pi/

2 (Pi/2 + 0)), {tau, 4, 5}, AxesLabel -> Automatic,
PlotLegends ->
Placed[ToExpression[

"\\frac{1}{(\\pi/2)^2} \\bigg( \\frac{d\\rho(\\bar \\tau)}{d\\bar \
\\tau} - \\frac{(1 - \\cos(\\hat \\theta)) e^{-\\bar c(2\\pi + \\bar \
\\alpha)}}{\\cos(\\bar \\alpha - \\hat \\theta) - \\cos(\\bar \
\\alpha)} \\frac{d\\rho(\\bar \\tau - 1)}{d\\bar \\tau} \\bigg)",

TeXForm, HoldForm], {Right, Top}]]
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GLOSSARY

(P,Q): open segment with endpoints P,Q. 21
A : B : scalar product of matrices. 21
B1(0): unit ball centered in the origin. 22
Dcantor: Cantor part of the derivative of a BV function. 23
Dsing: singular part of the derivative of a BV function. 23
G(φ): Green kernel for the equation (3.10). 10, 12, 42, 75
H(φ): Heaviside function. 43, 61, 75
Kasympt: constant for the linear part of the asymptotic behavior of the fastest saturated spiral. 102, 142
Ktent: constant for verifying whether the tent is admissible. 95
L(γ): length of the curve γ. 21
M(φ,φ1,φ2): kernel for the diffuse source (3.21). 42
Narc: negative region for the perturbation of the arc case. 15, 17, 76
Nres: residual negative region for the arc case. 76
Nsegm: negative region for the perturbation of the segment case. 14, 66, 103
R(s) = R(ζ(s)) = R(ζ; s): curvature of the line ζ in the point ζ(s). 9, 23
R Z (t ): burned region at time t by the fire constrained by the barrier Z . 20
R Z∞: burned set for a given strategy Z . 21
R0: initial burning region. 21
SL : source term for the length L of a spiral. 61
Sℓ+1: star shaped region for the round decomposition. 25
U±

0 : residue about the eigenvalues s±0 with largest real part. 40
V0(τ): inverse Laplace transform with poles in s±0 . 40
Z : admissible strategy (i.e. a rectifiable subset of the plane R2 with finite length). 20
[P,Q): segment with endpoints P,Q open in Q. 21
[P,Q]: close segment with endpoints P,Q. 21
C: complex numbers. 20
∆φ̌: angle of the level set for the last round of the optimal solution ř (φ̄; s0). 90
∆φa: opening angle of the initial starting in (1,0). 54
∆φ: opening angle for the arc on the level set. 71, 88
d′: derivative of the Dirac delta d. 75
d0: Dirac’s delta measure in 0. 39
ds : Dirac’s delta measure centered in s. 23
Γ: set of admissible curves for the fire spreading. 8, 21
ℑ(z): imaginary part of the complex number z. 20
R: real numbers. 20
ℜ(z): real part of the complex number z. 20
α: angle between the optimal ray and the tangent of a saturated spiral. 33
∠(v,w): angle between the vectors v,w. 21
ᾱ: critical angle, corresponding to the critical speed σ̄= 1

cos(ᾱ) . 21, 35

φ̄k : rotation angles for the partition of a spiral in rounds, Proposition 2.11. 24
φ̄: last rotation angle, Theorem 2.13. 29, 44, 90
σ̄: critical speed, Corollary 3.10. 21, 34, 35

τ̄: the value of τ corresponding to φ̄, τ̄= φ̄−φ0−θ̄+ᾱ
2π+ᾱ . 108

θ̄: angle of the initial segment [P1,P2] for the family ζ̃(·; s0). 62, 88, 90
c̄: real eigenvalue in the critical case. 35
s̄1: first point where an optimal ray leaves the spiral, Theorem 2.13. 29
s̄2: first point where an optimal ray arrives after leaving the spiral, Theorem 2.13. 29
s̄k : partition of the spirals into rounds, Proposition 2.11. 24
s̄: last point where an optimal ray leaves the spiral, Theorem 2.13. 29
Γ̄: set of optimal rays. 21
γ̄x : optimal ray for the point x. 21
β(φ): angle between the optimal ray and the tangent to the spiral at its end point. 9, 29
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β+(φ): maximal angle between the optimal ray and the subdifferential of the spiral at its end point. 29
β−(φ): minimal angle between the optimal ray and the subdifferential of the spiral at its end point. 29
P̌−: final point of the segment of length ℓ0 and direction φ̄. 90
P̌0: initial point of the segment of length ℓ0 in the direction φ̄. 90
P̌1: initial point of the last segment of the fastest saturated spiral. 90
P̌2: final point of the last segment [P̌1, P̌2] in the fastest saturated spiral. 90
φ̌0: angle of the point P̌0. 90
ř (φ; s0): optimal spiral at the angle φ̄. 90
δř (φ; s0): derivative of the candidate optimal slosing spiral w.r.t. the starting position s0. 93
δφℓ: variation of angle between round, Proposition 2.11. 25
δr̃ (φ; s0): derivative of the family r̃ (s; s0) w.r.t. s0. 62
δk : reparametrization of λk . 36
ℓ0: length of the segment [P̌0,P−] of direction φ̄. 90
ℓ1: length of the last segment [P̌1, P̌2] of the fastest saturated spiral. 90
γ: Lipschitz curves in R2. 21
L̂: length of the spiral between Q0,Q̂2 in the tent or arc computations. 93
P̂0: initial point of the tent or arc perturbation. 93
P̂1: tip of the tent or arc. 93
P̂2: saturated final point of the tent or arc. 93
Q̂0: base point for r̂0 in the tent or arc perturbation. 93
Q̂1: point of the curve ζ where the optimal ray ending in the tip P̂1 of the ten or arc is detaching. 93
Q̂2: base point for r̂2 in the tent or arc perturbation. 93
R̂: curvature of the convex curve ζ̂ for the computations of the tent or arc formulas. 94
ℓ̂0: length of the first segment in the tent or arc computations. 93
ℓ̂1: length of the second segment in the tent or arc computations. 93
φ̂3: maximal angle for using the length bound as admissibility criterion for the tent. 97
φ̂: angular coordinate correponding to Q̂1 = ζ̂(φ̂) for the tent or arc case. 95
τ̂: angle shift θ̂ in the τ coordinates. 95
θ̂: angle corresponding to the boundary of the negativity region of the perturbation in the segment case, Equa-

tion (6.7). 14, 66, 90, 105
ζ̂: convex curve for computing the formulas for the tent or arc case. 94
ĝ (s): Laplace transform of the kernel g . 40
r̂0: entry ray for the formulas for tent or arc perturbation. 93
r̂2: exit ray for the tent or arc computations. 93
ı: imaginary unit. 20, 24, 32
κ: curvature of a curve in the plane, κ= 1

R being R the radius of curvature. 30
λk : complex eigenvalues of the RDE. 36
λ: eigenvalues of the RDE. 34
S1: unit cicrle in R2. 20
n(x): vector n(x) rotated by π

2 . 50
nξ(x): vector nξ(x) rotated by π

2 . 50
r(x): tangent to the curve R. 50, 51
t(x): gradient of the time function u. 50
t−(s),t+(s): left, rigth tangent to ζ(s). 9, 23
tξ(x): gradient of the function uξ. 50
v ·w: scalar product in R2. 21, 63
v⊗v′: tensor product of two vectors. 21
v∧w: vector product in R2. 21
v,w: generic vectors in R2. 21
v⊥: vector rotated by π

2 counterclockwise. 21
A (x): admissibility functional of the point x. 8, 21
G (φ): primitive of the kernel G. 43, 44, 70
R(φ̄): curve of minimal reachable points. 49
S : set of saturated points. 8, 21
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AS (Z ,φ0): set of admissible continutation of a spiral Z from the angle φ0. 44
AS : set of admissible spirals, Definition 2.10. 21, 24
G(τ): primitive of g. 44, 60, 87
g(τ): primitive of the function g (τ)e c̄(2π+ᾱ)(τ+1). 43, 60
R: curve where u − uξ

σ = u(ζ(φ0)). 50
a: initial radius for the case study of Section 5. 54
ν(ℓ0): curve representinvg the variation of the angles for the fastest saturated spiral w.r.t. the length ℓ0 of the

segment [P̌0.P̌−]. 91
ωk : complex eigenvalues of the RDE (3.10). 37
ω: rotation angle for the unsaturated part of the fastest saturated spiral r̃ . 88
∂−ζ(s): subdifferential of the curve ζ. 9, 23
φ0 = (s+)−1(s0): starting angle for the admissible family of spiral ζ̃(s, ; s0). 61
φ0: initial angle for the construction of the fastest/optimal closing spirals. 44, 90
ρ(τ): rescaled variable r , Equation (3.12). 9, 34
σ: speed of construction of the barrier. 21
τ1: time of the first discontinuity for the perturbation in the segment and arc case. 66, 76
τ2: time of the second discontinuity in the perturbation in the arc case. 76
τ3(θ,∆φ): initial time of the third negativity region in the arc case. 76
θ0 =β+(s0): minimal initial angle for the segment in the segment case, Section 6.1. 62
θ: variation of the direction of the spiral at s0. 62, 71, 90
Z̃ (s0): fastest saturated spiral starting from s0. 61
Z̃a: fastest saturated spiral, with the initial burning region Ba(0). 55
ζ̃(s; s0): family of admissible spirals, parametrized by s0. 61
r̃ (φ; s0): family of admissible spirals in the rotation angle coordinate φ, parametrized by s0. 62, 90
ϕ(s): rotation angle of the tangent vector ξ̇(s) = t(s) = e iϕ(s). 24
ξ: parametrization of the level set u−1(ζ(φ0)). 49
ζ: parametrization of the barrier Z . 22
a(α): constant for the rescaled spiral equation (3.14). 34
b(t ): istantaneous burning rate. 9, 29
c: exponent for the change of variable (3.11). 34
d(x, y): distance between points by admissible curves. 21
g (τ): kernel for the linear Delay Differential Equation (3.14). 10, 39
g asympt(τ): asymptotic expansion as τ→∞ of the kernel g . 41
h1(∆φ): boundary of the first negativity region in the arc case. 76, 77, 90
h2(∆φ): boundary of the first negativity region in the arc case. 76
h3(∆φ): boundary of the first negativity region in the arc case. 76
m(τ,τ1,τ2): kernel for the diffuse source of Lemma 3.19. 40
masympt(τ,τ1,τ2): asymptotic expansion as τ→∞ of the kernel m(τ,τ1,τ2). 41
r (φ): length of the last segment of an optimal ray, Theorem 2.13. 9, 29
rℓ(φ): length of the last segment of an optimal ray at the ℓ-th round, round decomposition of Proposition 2.11.

25
ropt(φ): the optimal solution for blocingk the fire at a given angle. 16, 98
rsat(φ): saturated spiral barrier. 33, 38
s+(φ): final point of the last segment of an optimal ray, Theorem 2.13. 9, 29
s+
ℓ

(φ): final point of the last segment of an optimal ray at the ℓ-th round, round decomposition of Proposition
2.11. 25

s−(φ): initial point of the last segment of an optimal ray, Theorem 2.13. 9, 29
s−(x): initial point of the last segment in an optimal ray. 49
s−
ℓ

(φ): initial point of the last segment of an optimal ray at the ℓ-th round, round decomposition of Proposition
2.11. 25

uξ: time function for the level set u−1(ζ(φ0)). 50
u: minimum time function. 8, 21
xsl: point on the curve R tangent to the saturated spiral. 50
yk : solutions to the eigenvalue equation (3.17). 36
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