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Abstract. We introduce a new space of generalised functions with bound-
ed variation to prove the existence of a solution to a minimum problem
that arises in the variational approach to fracture mechanics in elasto-
plastic materials. We study the fine properties of the functions belonging
to this space and prove a compactness result. In order to use the Direct
Method of the Calculus of Variations we prove a lower semicontinuity
result for the functional occurring in this minimum problem. Moreover,
we adapt a nontrivial argument introduced by Friedrich to show that
every minimizing sequence can be modified to obtain a new minimizing
sequence that satisfies the hypotheses of our compactness result.

Mathematics Subject Classification (2010). 26A45, 49J45, 74R20.
Keywords. generalised functions with bounded variation, fracture me-

chanics, elastoplastic materials, semicontinuity, compact minimizing se-
quence.

1. Introduction

The variational approach to rate-independent evolution problems developed
in [10] and [11] is based on a time discretization scheme, where the approxi-
mate solution at a given time is obtained by solving an incremental minimum
problem which involves the solution at the previous time. The same approach
was introduced independently in fracture mechanics in [8] (we refer also to
[3] for further developments in this field).

In this framework, the study of crack growth in linearly elastic-perfectly
plastic materials in the small strain regime leads to incremental minimization
problems that involve the crack I' as well as the elastic part e and the plastic
part p of the strain. In the (generalised) antiplane case, the reference configu-
ration is a bounded Lipschitz domain Q C R?, the crack is a Borel set I' C Q,
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with H?~1(T") < +o0, and the displacement is a function u: Q\I' — R, whose
gradient is additively decomposed as Du = e+ p, where e, the elastic part, is
an L2-function defined in Q \ T' and p, the plastic part, is a bounded Radon
measure defined on Q \ T.

Given a Borel set Ty C Q (the crack at the previous time), with H¢~1(T)
< +00, and a bounded Radon measure pg in Q \ Ty (the plastic strain at the
previous time), the incremental minimum problem takes the form

win {5 [ JePdo+lp—ml@\D)+ 1T} (1)

where the minimum is taken over all competing cracks I' D I'y (irreversibility
condition) and all pairs (e,p) such that e is an L?- function, p is a Radon
measure, and e+p = Du in Q\T for some displacement u satisfying prescribed
boundary conditions (see Section 4 for a precise formulation).

The purpose of this paper is to prove the existence of a solution to
problem (1.1). In [6] we considered the same problem only in the case d = 2,
with the additional constraint that I' and 'y are compact and satisfy an
a priori bound on the number of their connected components. In this case,
given a minimizing sequence (I'y, e, pr )k, we can extract a subsequence (not
relabelled) such that 'y — T in the Hausdorff metric, ey — e weakly in L2
and p, — p locally weakly* as measures on Q\I'. Therefore the existence of a
solution to (1.1) follows from the Direct Method of the Calculus of Variations,
since all terms in (1.1) are lower semicontinuous.

This simplified approach cannot be applied when d > 2, nor when d = 2
without bounds on the number of connected components of I". For this reason
we prefer to rewrite the minimum problem (1.1) in terms of the displacement
u, considered as a function defined £%a.e. in Q.

Let ug be the displacement at the previous time, let ey be its elastic
strain, so that Dug = eg + po, and let f: RY — R be defined by f(£) = %|€|2,
if €] <1, and f(§) = [¢] — 3, if |¢] > 1. Setting v = u — ug, if v € BV(Q),
the space of functions with bounded variation in €, then (', u) is a solution
to (1.1) if and only if v is a solution of

min { /Q F(Vv +eo)dz + |D| () + /JU\FO

with suitable boundary conditions, and I' = T'o U {x € J, : |[v](z)| > 1}, see
Lemmas 4.1 and 4.2. Here and in the rest of the paper Vv is the approximate
gradient of v (see (2.6)), J, and [v] are the jump set and the jump of v (see
Section 2), Dv is the Cantor part of the distributional gradient Dv of v (see
(2.5)), and a A b := min{a, b} for every a,b € R.

Unfortunately, there are boundary conditions for which the minimum
problem (1.2) has no solution in the space of functions of bounded variation,
as shown by the example provided in Proposition 6.5. The reason is that,
while the first term in (1.2) controls Vv and the second one controls D,
the third term does not control the whole jump part of Dv, which is given
by the integral of |[v]| on J,.

I[]] A 1de*1} (1.2)
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Therefore, in order to prove the existence of a solution to the minimum
problem (1.2), and hence (1.1), we consider a larger functional space for the
admissible displacements, which we denote by GBV,(Q). This is a subset of
the space GBV (1) of generalised functions of bounded variation introduced
in [1, Section 1] (see also [2, Definition 4.26]). In Section 3 we study the
fine properties of functions in GBV,(f2), as well as some structure properties
of this space. In particular, we prove in Theorem 3.11 that, if (vg)x is a
minimizing sequence of (1.2) in GBV, () and

sup/ Y(|og])dr < 400, (1.3)
E Ja

for some continuous function ¢ with ¢ (t) — +o00 as t — +o00, then a subse-
quence of (vg)x converges pointwise £%-a.e. to a function v € GBV,(Q).

In Section 5 we prove that every minimizing sequence of problem (1.2)
can be modified in order to obtain a new minimizing sequence which satisfies
(1.3) for a suitable function v, depending on the sequence. The construction
of 1 is not trivial and is achieved by adapting to GBV,(2) the arguments
introduced in [9] for GSBV?(Q).

To use the Direct Method of the Calculus of Variations we prove in
Theorem 6.1 that the functional considered in (1.2) is lower semicontinuous. If
eg is constant we can easily reduce the problem to the case ey = 0, which was
studied in [4]. The result can be easily extended to the piecewise constant case
by a localization argument. The general case is obtained by approximation.

The existence of a minimizing sequence satisfying (1.3) and the semi-
continuity result imply that there exists a solution to (1.2) in GBV,(2), see
Theorem 6.2. Since problem (1.1) is equivalent to problem (1.2) in GBV,(2),
see Lemmas 4.1 and 4.2, we conclude that problem (1.1) has a solution, see
Corollary 6.3.

2. Preliminaries on BV -spaces

In this section we fix the general notation used in the paper and we recall the
fine properties of BV and GBYV functions that will be used in the sequel.

For every topological space X, for every Borel set Y C X, and for
every finite-dimensional Hilbert space =, the space of Z-valued bounded Borel
measures on Y is denoted by M,(Y; E).

Throughout this section U is an open set in R?. For every set £ C U
the characteristic function xg: U — R is defined by xg(z) =1 if z € E and
xe(z) = 0if x ¢ E. For every Borel measure p on U and every Borel set
E C U the Borel measure ul E on U is defined by uL E(B) = (BN E) for
every Borel set B C U. If f € L'(U; u1) the Borel measure fu on U is defined
by (fu)(B) := [ fdu for every Borel set B C U.

The Lebesgue measure is denoted by £ and the (d — 1)-dimensional
Haussdorff measure by H?~!. For every £%measurable set £ C U and every
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a € [0,1] the set E(®) of points in U of L£%density a for E is defined by

LYENB,(z))
E® .={zcU: lim Zr 20 —
& S LA B, @)
where B, () is the ball in R? of radius p and centre z.

Given an Ed-measuralaie set £ C U and an L%measurable function
u: E — R, we say that a € R is the approximate limit of u(y) as y tends to
a point z € E(® for some a > 0, in symbols

aplimu(y) = a,

y—T
if for every neighbourhood A of @ in R we have

; —d pd . _
lim Ly € BN By(@) s u(y) ¢ AP =0, (2.1)
It follows from the definition that if f: R — R is a continuous function and
aplim,_,, u(y) exists, then
aplim f(u(y)) = f(aplimu(y)). (2.2)
y—x y—x
Moreover, if u,v: E — R are £L%-measurable functions, F is an £%measurable
subset of B, u = v in F, and € F() then ap lim,_,, u(y) exists if and only
if aplim,_,, v(y) exists, and in this case
aplimv(y) = aplimu(y) . (2.3)
y—z y—x
Let u: U — R be an L£%measurable function. We define the jump set
Jy as the set of all points z € U such that there exist u™(z),u™ (x) € R with
ut(z) # u (x) and a unit vector v, (z) € R? such that, setting

Ut :={yeU: (y—z)v,(z) >0} and U :={ycU: (y—z)v,(z) <0},
we have

ut(r) = aplimu|y+ (y) and wu™ (z) = aplimu|y—(y).
Yy—x Yy—x
It is easy to see that the triple (u™(z),u™ (z), v (z)) is uniquely defined up
to a swap of the first two terms and a change of sign in the third one. For
every © € J, we set [u](z) := uT(x) — u” (x). It can be proved that .J, is a
Borel set and [u]: J, — R is a Borel function.

For the general properties of the space BV (U) of functions of bounded
variation on U we refer to [7, Chapter 5] and [2, Chapter 3]. Let us fix
u € BV(U). As a consequence of [2, Theorem 3.78], we have that for H4~!-
a.e. x € U\ J, there exists

a(z) := aplimu(y).
Yy—x
Moreover, the function @ defined by this formula is finite for H4 '-a.e. x €
U\ J,. For every m € Ry we set

{Ja| <m} :={x €U\ J,:u(x) exists and |a(x)| < m}. (2.4)
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The set {|a| > m} is defined in a similar way.
By the definition of BV (U) the distributional gradient of u, denoted by
Du, belongs to My(U;R9). It can be decomposed as

Du = Vul? + Du+ Diu, (2.5)

where Vu € LY(U;R?), Diu := Dul J, is the jump part of Du, while Du,
called the Cantor part of Du, is a bounded Radon measure with values in
R?, singular with respect to £? and such that D°u(B) = 0 on every Borel set
B C U with H%1(B) < +oc0. Moreover, for £%- a.e. z € U the vector Vu(x)
is the approximate gradient of u at x, i.e.,
ot 10 = 7) = V@) - (s )
y— ly — 2|

=0. (2.6)

Finally, we have
Diu = [u]y, HE L J,. (2.7)

For every t € R and m € Ry we set t(™ := (t A m)V (—m) and
note that the function t — ¢™) is Lipschitz continuous with constant 1.
If u is an R-valued function defined in U, u("™ is the function defined by
u™ (x) = u(z)"™ for every z € U.

The following theorem gives a formula for the distributional gradient of
the truncation of a BV function.

Theorem 2.1. Let u € BV (U) and let m € Ry. Then u(™ € BV(U) and
Du(™ = X{\mgm}vuﬁd + X{‘mgm}Dcu + [u(m)]vu’Hd_l LJ,.
Proof. Tt is enough to apply [2, Theorem 3.99] to f(t) = t(™). O

Remark 2.2. Let u € BV(U) and let m € R;. It follows from Theorem 2.1
that

Vul™ =0 Llae. in {|u| > m}, (2.8)
Deu™(B) =0 for every Borel set B C {|i| > m} . (2.9)

The following lemma provides a strong localization property for Du.

Lemma 2.3. Let u,v € BV(U) and let E be a Borel set contained in U\ (J, U
J,). Suppose that @ = © H¥ '-a.e. in E. Then Vu = Vv L%a.e. in E and
Du(B) = D(B) for every Borel set B C E.

Proof. Tt is enough to apply [2, Proposition 3.92 and Remark 3.93]. (]

We refer to [2, Chapter 3] for the definition and the main properties of
the sets of finite perimeter. If E C U is a £L%-measurable set, its perimeter in
U is denoted by P(E,U). When P(E,U) < 400, the reduced boundary of E
in U is denoted by 0*F and for every x € 0*F the approximate inner unit
normal vector is denoted by vg(z).

The following lemma provides a precise formula for the gradient of the
product between a bounded BV function and the characteristic function of
a set with finite perimeter.
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Lemma 2.4. Let u € BV (U)NL>(U) and let E C U be a L%-measurable set
with P(E,U) < +oc. Then there ezists ygu € L>(0*E, H~) such that for
Hi 1-a.e. x € O*E we have
. 1
Ji o [ )~ @)y =0,
where B;r(:c) ={y € B,(z) : (y—x)-ve(z) > 0}. Moreover, setting v := uxg
we have v € BV (U)N L>®(U) and

Vv = xgVu (2.10)
D¢y = XE(1)DCU (2.11)
Div=xpoyDiu+ (ygu)vgH L O*E. (2.12)

Proof. The statement about ygu is proved in [2, Theorem 3.77]. The prop-
erties concerning v can be easily deduced from [2, Theorem 3.84]. (I

We shall use the space GBV (U) of generalised functions of bounded
variation introduced in [1, Section 1] (see also [2, Definition 4.26]).

Remark 2.5. Since u™) = (u(™)(™ for 0 < m < n, Remark 2.2 implies that
(2.8) and (2.9) hold also for every u € GBV(U) and every m € R.

In the following proposition we summarize the fine properties of func-
tions in GBV (U).

Proposition 2.6. Let w € GBV (U). Then the following properties hold:
(a) (precise values) for H¥ 1-a.e. x € U\ J, there erists

@(z) := aplimu(y) € R; (2.13)
y—x
moreover, if x € {|ul < m}V\ J, for some m € Ry and u(x) exists,
then @(x) = u(™(z) € R; in particular, @ = u(™ H1.a.e. on {|u| <
myW\ J,;
(b) (approzimate differentiability) there exists a Borel function, denoted by
Vu: U — RY, such that for L%-a.e. z € U we have u(x) € R and (2.6)
holds; moreover, for every m € Ry we have

Vu(z) = Vul™ (z)  for L%a.e. x € {|u] <m}; (2.14)

(c) (jumps) the set J, is countably He L-rectifiable and for H? '-a.e. x €
Ju the vector v, (x) is orthogonal to the approzimate tangent space to J,
at x (according to [2, Definition 2.86]); moreover, for every m € Ry we
have Jyom C J, up to a set of HY '-measure zero and |[u(™)]| < |[u]|
H¥ a.e. on Jyem N Jy; finally, for Hé l-a.e. € J,, there exists
my € N such that x € Jy,m for every m € N with m > my, and
[u™](z) — [u](z) as m — co with m € N;

(d) (Cantor part) for every m,n € Ry, with m < n, we have D°u(™) (B) =
Deu™(B) for every Borel set B C {|i| < m} and |Du™|(E) <
|Deu™ |(E) for every Borel set E C U.
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Proof. Properties (a), (b), and (c) can be deduced from [2, Theorem 4.34].
Equality @(z) = u(™(z) in (a) follows from (2.3).

Let us prove (d). For every = € {|a| < m} we have a(z)™ = a(z),
therefore the Lipschitz continuity of ¢ — t(™) implies that |u(™) (y) — a(z)| <
lu(y) — a(x)| for every y € U. The definition of aplim then gives that
aplim,_,, u(™ (y) = @(z). Hence u(™(z) = @(z), and the same result holds
for (™). The conclusion follows from Lemma 2.3 and Remark 2.5. O

In the following theorem we show that, if u € GBV (U) satisfies condi-
tion (2.15) below, then we can define an R%-valued Radon measure that plays
the role of the Cantor part of Du, even if the measure Du cannot be defined.

Theorem 2.7. Let u € GBV(U) be such that
sup |Du™|(U) < +o0. (2.15)

m>0
Then there exists a unique measure p1 € My(U;R?) such that for every m €
R,
w(B) = DU (B)  for every Borel set B C {|a| < m}, (2.16)
and

uw(B) =0 for every Borel set B C {|a| = +oo} U J,, . (2.17)

Proof. Let Ey := @ and for every k € N let Ej, := {|u| < k}. By Proposition
2.6(d) for every n € N we have

Y 1DuM(Ep\ Ex—1) = ) |Du™|(By\ Exa) < [DuM™M|(U), (2.18)
k=1 k=1

hence, by (2.15),

400
> DU | (B \ Br—y) < +00. (2.19)
k=1

If B C U is a Borel set we define

—+oo
u(B) :=> DuUM(BNEy\ Ex1). (2.20)

k=1
Recalling (2.4) it follows immediately from the definition that (2.17) holds.
By (2.19) the series converges absolutely and its sum is finitely additive with
respect to B. To prove the countable additivity of u it is enough to show that

w(B7) =0 (2.21)
whenever (B7) ; is a decreasing sequence of Borel sets with empty intersection.

In this case by definition we have

400
p(B) =" DuM(BINE\ B 1),
k=1
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and for every k € N we have D°u®)(BY N E; \ Ex_1) — 0 as j — oo. This
implies (2.21) by the dominated convergence theorem for series, which can
be applied thanks to (2.19).

To prove (2.16) we fix m € Ry and a Borel set B C {|@| < m}. Let n
be the smallest integer larger than or equal to m. Since {|a| < m} C E,, we
have B C {J;_;(Ex \ Ex—1) and BN E \ Ex_1 = O for k > n. Therefore
(2.20) and Proposition 2.6(d) give

w(B) =3 DUP(BNE\ Eror) = > Du™ (BN Ey \ Ej1)
k=1 k=1

= D™ (B) = D°u™(B).

This concludes the proof. (I

Definition 2.8. Assume that v € GBV(U) satisfies (2.15). The measure p
introduced in Theorem 2.7 is denoted by Du.

Lemma 2.3 ensures that this definition is consistent with (2.5) whenever
u € BV(U). The following proposition shows that the total variation |D°u|
of D coincides with the measure introduced in [2, Definition 4.33].

Proposition 2.9. Assume that u € GBV (U) satisfies (2.15). Then

D°u(™)(B) — D°u(B) as m — 400, (2.22)
lim |D°™|(B) = sup |D°u™)|(B) = |Du|(B), (2.23)
m>0

m——+oo
for every Borel set B C U.

Proof. Using the notation in the proof of Theorem 2.7, by (2.16) and (2.17)
we have

D™ (B n{la <m}) = Du(BN{[a <m}) = Du(B).  (2.24)

From Remark 2.5 it follows that D°u(™) (B \ ({|a| < m} U J,)) = 0. Since
Deu(™)(.J,) = 0, we conclude that D°u(™)(B) = D™ (B n {|a| < m}).
Together with (2.24) this implies (2.22).
The first equality in (2.23) follows from Proposition 2.6(d). To prove
the other equality, for every Borel set B C U we define
v(B):= lim |D°™|(B) = sup |Du™|(B). (2.25)
m——+00 m>0
Using the monotonicity with respect to m stated in Proposition 2.6(d) we
can prove that v is a Borel measure. Therefore, it is enough to prove (2.23)
for every Borel set B C {|a|] < m} and for every Borel set B C {|i| =
+o0}UJ,. The former follows from (2.16), while the latter follows from (2.17)
and Remark 2.5, taking into account the fact that |D°u(™|(.J,) = 0 by the
general properties of the Cantor part of the gradient of a BV function. 0O
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3. The function space used in our problem

We now introduce the function space that will be used to formulate and solve
problem (1.1). Throughout this section U is a bounded open set in R,

Definition 3.1. The space GBV,(U) is defined as the space of functions
u: U — R such that «(™ € BV(U) for every m € R, and

sup (/ \Vu(m)|dx—|—\Dcu(m)|(U)+/ |[u(m)]|/\1d7{d_1> < +o00. (3.1)
meR U J

It follows from the definition of GBV (U) that GBV,(U) ¢ GBV(U).
Moreover, using Remark 2.5 and Proposition 2.6 it is easy to see that the
supremum in (3.1) can be taken over m € N.

Remark 3.2. If d =1 and u € GBV,(U), then (3.1) implies that there exist
at most a finite number of jump points x of u with |[u](x)] > 1. From this
property and from (3.1) we can deduce that v € BV (U). Hence GBV,(U) =
BV(U)ifd=1.

On the contrary, when d > 2 we have GBV,(U) # BV(U). Indeed,
let o € U and let R > 0 be such that Br(zg) C U. For every k € N
let Ry := 27FR and let u: U — R be defined by u(z) := 1/R{ if 2 €
Bg, (79) \ Br,_, (o) for k € N, and u(z) := 0, if 2 € U \ Bg(xo). For every
m € R4 we have Vul™ =0, Deu(™ =0, and

/ ™ ALdH < oqy > RET < oo,
I (m) k

w(m)

where 041 := H41(B;(0)). This shows that u € GBV,(U). Since

we conclude that v ¢ BV (U).
For every u € GBV (U) we define
JL={z € Jy 1 |u)(x)] > 1}. (3.2)

Proposition 3.3. The space GBV,(U) coincides with the set of functions u €
GBV(U) such that

u

Vu e LY (U;R?), (3.3)
sup |Du™|(U) < +o0,
meR L
t/ )| A LAHE < 400 (3.5)
Ju

Remark 3.4. Inequality (3.5) is equivalent to
/‘ [u][dHe" < 400 and HI~1(JL) < foo. (3.6)
Tu\TE

Therefore, every u € GBV,(U) satisfies (3.6).
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Proof of Proposition 3.3. Assume u € GBV,(U). Since U is the union of the
sets {|u| < m} for m € N (recall that u is finite valued), from (2.14) and
(3.1) we deduce (3.3). Inequality (3.4) follows from (3.1), while (3.5) can be
deduced from (3.1) and Proposition 2.6(c).

Conversely, assume v € GBV (U) and that (3.3)-(3.5) are satisfied. From
the definition of GBV (U), see [2, Definition 4.26], for every m € R, we have
wm e BVjee(U). To prove that wm e BV(U) it is enough to show that
|Du(™|(U) < +oc. By the extension of (2.5) to BVi,.(U) we have

Du™ = vu™ 24+ DU 4 [y HEEL Ty - (3.7)

By (2.14) we have that Vu(™ = Vu L%a.e. in {|u| < m}, while by
Remark 2.5 Vu(™ = 0 L%a.e. in {|u| > m}. Therefore (3.3) ensures that
vul™ e LY(U;RY) and

sup / (V™ |dz < 400 (3.8)
U

meRL

By Proposition 2.6(c) we have J,m) C J, up to a set of H?~! measure zero
and |[u(™)]] < |[u]| HE -a.e. on J,m) . Therefore

/ (™ dpe= < / ™| dHE + 2mHe ()
I, (m) Iy \ T
< [l 2mn () < oo, (3.9)
Ju\J}

where the last inequality follows from (3.6). By (3.4), (3.7), (3.8), and (3.9)
we conclude that |Du(™ |(U) < 400, which implies u(™) € BV (U).
Finally, recalling again Proposition 2.6(c), by (3.5) we have

/Juwn)

Together with (3.4) and (3.8), this implies (3.1), hence u € GBV,(U). O

[[u™]| A 1dHI < / [u]| A 1dHI ! < +o0. (3.10)
Ju

Remark 3.5. Let A > 0 and v € GBV(U). Then
/ [ A LIRS < 400 / ]| A AGHE < 400
Ju Ju

Indeed, if [, [[u]| A1dH*™" < +oo and A <1 we have [ [[u]| AAHI™! <
[ M)l A 1dHA < Foo. If [, |[u]| A 1dH?! < 400 and A > 1 we have
For 1l ANHAE < J o fulldHA 4 N2 < ([l A AR <
+00. The converse implication can be proved in the same way.

Given a function u € GBV,(U), by Theorem 2.7 and Proposition 3.3 the
measures VuL? and D are well-defined and belong to M, (U;R?). Since
in general |[u]| ¢ L*(J,,H 1), we cannot use (2.5) and (2.7) to define a
measure which plays the role of Du. However, this is possible on a suitable
subset of U and leads to a measure which will be crucial in the sequel.
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Definition 3.6. Let u € GBV,(U) and let I' C U be a Borel set with
/ [u]]dH™! < 4o0. (3.11)
J\T

The measure DTu € M, (U \ T;R?) is defined by
DV := Vul® + D+ [ulv, H* L (J, \T). (3.12)

Remark 3.7. If u € BV (U), using (2.5) and (2.7) we see that D" u coincides
with the restriction of Du to U \ T.

It is known that, if w € BV(U), then the approximate limit @(x) is
finite for H¢ 1-a.e. z € U \ J,, while u*(z) and u~(x) are finite for H4~1-
a.e. x € Jy, (see [7, Theorem 5.9.3]). These properties do not hold for an
arbitrary function in GBV (U). The following theorem shows that they hold
for functions in GBV,(U).

Theorem 3.8. Let u € GBV,(U). Then @(x) is finite for H¥ ' -a.e. & € U\ J,,
while ut (x) and u=(x) are finite for H 1-a.e. x € J,.

Proof. Tt is enough to repeat the proof of [2, Theorem 4.40], replacing the
hypothesis H4~1(S?) < +oo with (3.5). O

It is well-known that GBV (U) is not a vector space (see [2, Remark
4.27]). The additional properties considered in the definition of GBV,(U)
lead to the following result.

Theorem 3.9. GBV, (U) is a vector space.

Proof. Tt is obvious that, if w € GBV,(U) and XA € R, then Au € GBV,(U).
Given u,v € GBV,(U) we want to prove that v + v € GBV,(U). The first
step is to show that, given m € R, we have (u+ )™ € BV (U). For every
r € Ry, by the definition of GBV,(U) the functions u(™ and v(") belong to
BV (U) hence

w = (u" + o)™ e BV(U). (3.13)

By Theorem 2.1 we have
Vuw = X{\u(r).w(r)‘gm}(Vu(r) + Vo)), (3.14)
Dewl™ = X (1t 5| <my (DU + Dv(")) | (3.15)

To estimate |Dw!™|(U) we write

Dul|(U) = / V| dz + [DCw™|(U) + / [w™)|dH
U J.

m
Wy

Taking into account the definition of GBV,(U), by (3.14), (3.15) there exists
a constant C' > 0, independent of m, such that

/|Vw;n|dxg/ |Vu(r)\dx+/ Vo dz < C, (3.16)
U U U

|DCw™|(U) < |DuM|(U) + |D0™|(U) < C, (3.17)
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for every r € Ry. Since by (3.13), |[w™]| < |[u™]|+|[v"]] HI -a.e. on Jym
and Jym C Jye UJye up to a set of H41-measure zero, recalling also that
[w™| < m, we have

w™ d—1 u(r) d—1 ,U(r) d—1
|t [ oyt [ oy

wyt Jutm \J,im Jv("‘)\J,i(r)
d—1( 71 d—1 1
+2mHT (T ) +2mHT (T )

§(2m+1)/

[ A 1dH + (2m + 1)/ [0 A 1dHIE.
Ju(r)

I

Using the definition of GBV,(U) we see that there exists a constant C,,, > 0
such that

[ et <c, (318)
Juwm
for every 7 € Ry. Since w™ — (u+v)™ € L} (U) as r — oo, by (2.5) and
(3.16)-(3.18) we deduce that (u +v)™ € BV (U).

To conclude the proof we have to show that

sup / IV (u+ 0)™|de < +o0, (3.19)
meRy JU
sup |D¢(u +v)"™|(U) < 400, (3.20)
meR
sw [ o)™ AT <too. @2)
mER J(u+1))("”')

To prove (3.19) for every r > 0 we set A, = {|u| < r} N {|v| < r}. Since
(u) 40 ) = (y49)(™) in A,., by Lemma 2.3 we have V (u(") v("))(m) =
V(u+v)™ L%ae. in A,. Recalling (3.16) we obtain

J, VG0l = [ 9 )
i AT‘
< / IV (u™ + o)™ |dz < C,
U
and since A, ' U as r — 400 (recall that v and v have finite values) we
get (3.19).
To prove (3.20) for every r > 0 we set, according to (2.4),

A= {la| <r)yn{lo| <r}. (3.22)
By (2.2) applied to f(t) := t(™) we have @(z) = ap lim,_,, u(")(y) for every
z € A,. Hence (u( + v™)(™) = (7 + 7)™ in AT; By Lemma 2.3 we have
De(u) 4 M) M) = D¢(y +v)(™) as measures on A, and from (3.17) we get
D (u+0)"™[(Ar) = D (u +0)™(A,) < |D(u™) +0) ™ (U) < C.
Recalling that A, A~ U\ ({|i| = 400} U {|5] = +00}) and that H* 1 ({|a] =

+oo}U{|0| = +o0}) = 0 by Theorem 3.8, we can pass to the limit as r — 400
and we obtain that (3.20) holds.
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It remains to prove (3.21). To this end we observe that by Proposition
3.3 there exists a constant C' > 0 such that

/ ]| A1dHI1 < € and /\[v]|/\1d7-[d_1§0.
J'U/ J'U

Since |[(u+v) ™A1 < |[u+v]| A1 < |[u]] A1+ [[v]] A1, we have that

/ [+ 0)™)| A 1dHe" < 20
J

(utw)(m)

for every m. This concludes the proof. O

Proposition 3.10. Let u,v € GBV,(U), A € R, and let T' C U be a Borel set.
Then

V(u+v)=Vu+Vov and V(o) =AVu Liae inU, (3.23)
D¢(u+v) =D+ D% and D¢(Au)=AD°uw onU, (3.24)
D" (u+v)=D'u+ D'y and DV(\u)=AD"w onU\T. (3.25)

Proof. Equalities (3.23) follow immediately from the definition of the ap-
proximate limit. The second equality in (3.24) follows from the definition of
D¢u. To prove the first equality, we set w := u + v and we fix m and s with
0 < 2s < m. For every r > s we have o™ =@ =040 =a" + () ya-1.
a.e. in A, where A, is defined in (3.22). Since w™ € BV (U) by Theorem
3.9 and v, v(") € BV(U) by the definition of GBV,(U), using (2.2) and
Lemma 2.3 for every Borel set B in U we obtain

Dew™ (BNA,) = D°(u") +vM)(BNA,) = D°u™ (BNA,)+D" (BNA,).
By Proposition 2.9 we can pass to the limit as » — 400 and we get
D¢(u+v)™ (BN A,) = D°u(BN A,) + Dv(BN A,).
Taking the limit as m — +o0o and using Proposition 2.9 again we obtain
D(u+v)(BNA,) = Du(BNA,) + D BNA,).

Finally, arguing as in the proof of Theorem 3.9 we can pass to the limit as
s — +oo and obtain the first equality in (3.24).

By (3.23) and (3.24) to prove the first equality in (3.25) it is enough to
show that

/ [+ vy dH = / v dH ™ + / [W]vydH
JutvNB JuNB J,NB

for every Borel set B C U \ I'. This follows easily from the linearity of the
jump and the locality property of approximate tangent spaces (see, e.g., [2,
(2.65)]), which gives (up to a sign) vy., = v, H% t-a.e. on J,ip N J, and
Vyto = Vg He1 a.c. on Ju+vNJy. The second equality in (3.25) is trivial. O
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Theorem 3.11 (Compactness). Let (ux)r be a sequence in GBV,(U). Assume
that there exist a constant M > 0 and a continuous function ¢ : Ry — Ry
with ¥(t) = +00 as t = +o0, such that

/ |Vug|de + | Duy|(U) +/ fug]] A 1dHI™ < M, (3.26)
U J

u

sup/ Y(Jugl)dr < +oo. (3.27)
k Ju

Then there exist a subsequence, not relabelled, and a function uw € GBV,(U)
such that ur, — u L%-a.e. in U.

Proof. We claim that for every m € N the truncated functions u,(cm) are

bounded in BV (U). Indeed, by Proposition 2.6(b) we have that Vuém) = Vuy

L%a.e. on {|uy| < m}, while by Remark 2.5 we have Vu{™ = 0 £%-a.e. on
{Jux| > m}. By (3.26) this implies that

/ Vul™|da g/ \Vug|dz < M . (3.28)
U U

By (2.23) we have also
IDu{™|(U) < |Dus|(U) < M. (3.29)

As for the estimate on the jump part, we observe that, by Proposition
2.6(c), we have that J o) C Jy, up to a set of H41-measure zero, and
k

[u™]| < |[ug]] Hé"-ace. on J oy N Sy, Then
k

/ ™7 A 1dHA < / [we]| A 1dHA (3.30)
J J.

(M) vug
k

[ dwnane < [ a4 2T )
J (m) Juim) \J’i(m) k
d d k

Yk

<(1+ 2m)/ [[ug]] A LdHI™! < (1 +2m)M . (3.31)

Juy,

Therefore, by (2.5), (3.28), (3.29), and (3.31), the functions u,(cm) are bounded
in BV (U) uniformly with respect to k.

By the compactness of the embedding of BV (U) into Lj, (U), using
a diagonal argument we can extract a subsequence of (ug)g, not relabelled,
such that for every m € N, the sequence (u,(gn));€ converges L%a.e. in U to
a function v™ € L*°(U). Since the BV-norm is lower semicontinuous with
respect to L-convergence, we obtain that v™ € BV (U).

We observe that

m<n = ()™ =ym. (3.32)
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This is an obvious consequence of the fact that (u,(cn))(m) = u,(cm). From (3.32)
we have that

m<n = A{pP"=n}{|v"|=m}.

Let Fo be the intersection of the sets {|v™| = m} for m € N. We claim
that
LYEL)=0. (3.33)
To prove this property we observe that it is not restrictive to assume that
the function ¢ in (3.27) is increasing. For every m € N by the Fatou Lemma
we have

D) (Ew) = [ v e < timint [ o(u o < s [ o),

where in the last inequality we used the monotonicity of 1. Since, by assump-
tion, ¥(m) — 400 as m — 400, from (3.27) we obtain (3.33).
If x € U\ E there exists m € N such that [v™(z)| < m. We set

u(z) = o™ (x)
and we observe that, by (3.32), the function u is well-defined on U \ E and
u(™ = v™ in U\ E4 for every m € N. We also set u(x) = 0 for € E.
Since u(™ = v™ L%a.e. on U we conclude that u(™ € BV (U) for every
m € N and uffm) — u(™ strongly in L'(U) as k — +o0. By (3.26), (3.28),
(3.29), and (3.30) we obtain that

/ Val™ |de + | D°ul™ | (1) + / ™)) A 1M < M. (3.34)
U

- (m)
k

By [4, Theorem 2.1] we deduce that

/|Vu(m>|dx+|Dcu(m)\(U)+/ [u™| A1dHIP < M, (3.35)
U J

u(m)

hence u € GBV,(U). O

4. The incremental minimum problem

In this section we present a precise formulation of the incremental minimum
problem (1.1), which appears in the variational approach to the quasistatic
crack growth in elastic—perfectly plastic materials. The reference configura-
tion is a bounded open set Q C R? with Lipschitz boundary. The crack
in the reference configuration is represented by a Borel set I' C §, with
HI~Y(T) < +oo. The set Q\ T represents the elasto-plastic part of the body.

Since we are dealing with the antiplane case, the displacement of each
material point is described by a function u: Q \ I' — R. Regarding u as a

function defined £%a.c. in Q, we assume that

we GBVL(Q), / I[u]|dHE < 400, and luldHE < oo (4.1)
Ju\I' OO\T
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Here and in the rest of the paper the trace on 0% of a function v € GBV (Q)
is still denoted by v. The strain corresponding to the displacement u is given
by the measure DYu € My(Q \ T';R?) introduced in Definition 3.6 with U
replaced by 2 and I" replaced by I' N 2.

The Dirichlet boundary condition is assigned using the trace on 92 of
a function w € H'(Q). The elastic part of the strain is denoted by e and the
plastic part by p. We assume that

e€ L2(RY) and pe My(Q\T;RY), (4.2)
DTy = e+ p as measures on Q\ T, (4.3)
p=(w—u)vgHI! as measures on IQ\ T, (4.4)

where vq is the outer unit normal to 9€2. Here and in the rest of the paper we
identify an L'-function ¢ and the measure L£?. To simplify the exposition,
for every Borel set I' C 2 and every w € H'(Q), it is convenient to introduce
the set A(T", w) of all triples (u, e, p) which satisfy (4.1)-(4.4).

From the definition of D' it follows that if H9~!(T") < +o0, the abso-
lutely continuous part p® of p with respect to £ satisfies

Vu=e+p® L%a.e inQ, (4.5)
while the singular part p® of p with respect to £¢ satisfies

p°(B) = Du(B) + / [u]v,dH?! for every Borel set B € Q\ T, (4.6)
JuNB

p°(B) = p(B) = / (w — u)vodH*~! for every Borel set B C 92\ T. (4.7)
B

In our incremental minimum problem the data at the previous time are

a Borel set Tp ¢ Q@ with H4Y(T) < 400, (4.8)
wo € HY(Q) and  (uo,eq,po) € A(To,w) . (4.9)

Given
we HY(Q) (4.10)

the precise formulation of the incremental minimum problem (1.1) is

1 _
min_{ [ Jeffdz+p— pol @\ T) + HI T\ Do)} (411)
T Borel, [ocTc L2 Jq

(u,e,p)€A(T,w)

To solve this problem we introduce the function f: R* — R defined by

11¢)2 :
12 _ ) 3lél if g <1,
_ e ol 412
£ 7?61%1}1{2|77| € 77|} {Ifl—é if €] > 1. (412
i <
The minimum in the definition of f(§) is attained for n = {g/m li g: ; 1 ’
1 = .

It is convenient to introduce the maps 7, m : R* — R? defined by

NS o if Je| < 1
7”(’5)‘{5/@ ifje =1 0 {5—5/|§ i Je] > 1.
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We note that
E=m(&) +m(€), ImE<1, and f(&) = 3|m (&) +|m(€)]. (4.13)

For later use we observe that the definition (4.12) of f implies
€= L < F() < [é] for every € € R (4.14)

To deal with the boundary condition (4.4) in (4.11) it is convenient to
introduce a bounded open set ' with

Qco (4.15)
and to extend w, wy, g in such a way that
w,wo € HY(QY) and ey € L3(Y;RY). (4.16)

We now prove that problem (4.11) is equivalent to the following mini-
mum problem

min { f(Vv+eo)dx+|DCv|(Q’)+/ |[v}|de*1+Hd*1(r)}.
T Borel,'0yCT'CQ Q/ J\I'
vEGBV, () (4.17)

v=w—wp a.e. in Q'\Q
Lemma 4.1. Assume (4.8), (4.9), (4.15), and (4.16). Let T and (u,e,p) be a
solution of (4.11) and let v:=u—ug in Q and v :=w —wy in Q' \ Q. Then
I’ and v solve (4.17).

Conversely, assume that T' and v solve (4.17) and let u := v|g + ug,
e :=m(Vvlg +ela), p:= D'u—e in Q\ T, and p := (w — w)voH! on
OON\T. Then T and (u,e,p) solve (4.11).

Proof. Let T and (u,e,p) be a solution of (4.11). It is clear that HI (T \
[y) < 400, hence (4.8) implies that H?~1(I') < +oo. Let v be as in the
statement of the lemma. To prove that I' and v solve (4.17) we fix a Borel
set T', with [y ¢ I' € ©, and & € GBV, ('), with

b=w-—wy L¥%ae inQ\Q. (4.18)
We want to show that

F(Vo -+ codo+ [D70|@) + [ [lolldr = o)

Q Jp\I'

< f(w+eo)dm+\p%|(ﬂ’)+/ ) dHTE + HINT) . (4.19)
o

[

It is not restrictive to assume that

/ ) dHY! < 400 and HITHT) < +o0. (4.20)
Jo\I'

We set
é:=m1(Vi|a+eola) and § := Vi|q+Vug—é = Vi|g+eo|a+pi—é, (4.21)
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where the last equality follows from (4.5) and (4.9). Then é € L?(Q;RY) and
G € LY(Q;R?). We now define @ := 9|q + up and note that @ € GBV,(f2) by
Theorem 3.9. Moreover we define p € M, (Q \ T';RY) by

pi= g4 D%+ [alvaHT L (Jo \ D) + (w — @)rvgHT L (9Q\T) .
We remark that [ \p |[a]|[dH? < 400 and Joors [a]dHI™! < 400 by (4.1),
(4.9), (4.18), and (4.20). This shows that the definition of p makes sense. We
note that D'a = é+pin Q\ ' and p = (w — @)voH on 9Q \ T, hence
(a,é,p) € A(I',w). Consequently, the minimality of I' and (u, e, p) gives
1 = _
3 [ ePde-+1p = pol@\T) + H1 (T T)
1 [ R . .
<5 [lePdr+lp-pl@\D) + PN (422)
Q

Since ¥ = w — wp L%a.e. in '\ Q and 4 = 9| + ug we have that

AR
Jo\P Ja—ug\I

On the other hand by the definition of p we have

[t — o] [dHI? +/ Jw =t —wo +ugldH .
O\

|13—P0|(§\f)Z/Q|§—P3\d$+|Dc(ﬁ—uo)|(Q)

+/ [t — ) [dHI! +/
Ja—ug\T

OO\I

- / 19— pildz + |D°|(Q) + /J 8)ldret,

S\

w — U — wo + up|dH !

hence, by (4.13) and (4.21),

F(V0 + eo)dar + | D°0|(2) + / o]l aMA + 1A (Y
N

Jo
1 . )
— 45 [ ePdo+ 1 - pol@\E) + 1IN E), (423)
Q
where
= f(Vw — Vwg + eg)dx . (4.24)
Q\Q

Similarly, using the definition (4.12) of f instead of (4.13), we obtain

[, 570+ o 1Drvl@) + [l w0

1 _
§7+§/ le|?dz + |p — po|(\ ) + HIH(T). (4.25)
Q
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Then from (4.22), (4.23), and (4.25) we obtain

F(Vo+eo)do +[Dol(@) + [ [lelant =t + 1IN (D)
N

JA\D

< ﬂV@+%mx+wwmﬂq+/ [ dHATE + HATHTY) , (4.26)
o Jo\D
which shows that I and v solve (4.17).

Conversely, assume that I' and v solve (4.17). By (4.8) it is clear that
HI~YT) < +oo. We observe that the triple (u,e,p) defined in the second
part of the statement of the lemma belongs to A(T', w) and that p = p* 4+
Deu+ [u]v, HA L (J, \T) in Q\ T while p = (w — u)vogH?™! on 9Q\T. To
prove that I’ and (u, e, p) solve (4.11) we fix a Borel set IwithTycI'cQ
and a triple (4, é,p) € A(f,w). We want to show that

3 [ Pzt o= ml@\ D)+ 1 P T

= %/ |eda + [p — pol U\ T) + H*H(I'\ Ty). (4.27)
Q

Let 0 := 4 —wug in Q and 9 := w —wp in Q" \ Q. Then, arguing as in the
first part of the proof we obtain in this case (4.25) with an equality and (4.23)
with the inequality <. Then (4.27) follows from (4.22) and (4.26), which is
an obvious consequence of (4.17). O

We now prove that (4.17) is equivalent to the minimum problem

min { f(Vv+ eg)dx + |D|() + / [[v]] A 1d7—[d_1}.
UEGBV*(Q/) ) Q/ Ju\To
v=w—wp a.e. in '\ (428)

We recall that in (3.2) we defined J} := {x € J, : |[v](z)| > 1}.

Lemma 4.2. IfT and v solve (4.17), then v is a solution of (4.28). Conversely,
if v is a solution of (4.28) and T := (J1UTy)NQ, then T and v solve (4.17).

Proof. Assume that T' and v solve (4.17). Let © € GBV, (') be such that
o =w—wp L%a.e. in O\ Qandlet I' = (J} UT) N Q. Then

/ ]| A 1A < / [o]|dH4 + 41D\ T)
Ju\To Ju\I'

and

/hmmm*+m*@um:/ 0] A 1A
J{,\F J{,\Fg
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where we used the fact that H41(J;\Q) = 0 since € H'('\ Q). Therefore,
by the minimality of I' and v we have

/ F(Vv+ eg)dz + |D|(Q) + / |[W]] A 1dHE!
o Jo\To

< / F(Vo + eo)de + | Do0|() + / [o]ldH + HO (T T)
Q Ju\T'

S/Slf(V@+eo)dx+\D%|(Q’)+/ AT+ A\ T)

Ts
= [ 5(voeopts+0ol@) + [ o) A tant,
o Jo\I'o
which proves that v solves (4.28).
Conversely, assume now that v solves (4.28) and let I' := (J} UT() N Q.
Let T' be a Borel set with Ty ¢ I' € Q, let © € GBV, (') with & = w — wy
L%a.e. in @\ Q, and let I’y := J} UTy. By the minimality of v we have

F(Vo + eo)da + | D] () +/ o] [ dH4 + H1 (T T)
9% Jo\I'

= [ f(Vv+eo)dr+ |D|(Q) + / [[v]| A 1dHI!
Q/ Ju\I'o

< f(Vﬁ+eo)da:+|D%|(Q’)+/ 6] A 1da1
o Jo\T'o

Since
/ I[ﬁ]IAlde‘lz/ [[O]|dHAT + 7D\ To)
Js\To Js\I'1

:/ ) A|[ﬁ]|d7{d’1+/ C|[)aHT + 1Dy \ To)
(Jo\I')\T (Jo\I'1)ND

g/ [l A BT+ HE N\ To)
(Jo\I')\I

< [ It e E T,
Jo\D
we obtain that

F(Vv+ eo)da + | D0|() + / I[o]| M4 + HE1 (D T)
Q/ J,\I'

< f(V@+eo)dx+|D°’@|(Q’)+/ |[B)|dH + 1A\ Ty),
Q' Jo\T

which shows that I' and v solve (4.17). O

The results of this section show that the existence of a solution to the
minimum problem (4.11) can be obtained by proving that the minimum prob-
lem (4.28) has a solution. To this aim we shall use the Direct Method of the
Calculus of Variations. Unfortunately, not every energy-bounded sequence for
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(4.28) is relatively compact. For instance, if w = wo = 0, Ty = @, eg = 0, and
v, = kxp, where E is a set of finite perimeter with £¢(E) > 0, then (vy)y, is
energy-bounded for (4.28), but it has no subsequence which converges £%-a.e.
to a finite-valued function.

The origin of this problem is the fact that, in general, an energy-bounded
sequence does not satisfy (3.27). In the next section we shall construct a
relatively compact minimizing sequence for problem (4.28), while in Section
6 we shall prove a lower semicontinuity result, which will allow us to obtain
the existence of a minimizer.

5. Construction of a relatively compact minimizing sequence

In this section €2 is a bounded open subset of R¢ with Lipschitz boundary, ¢1,
¢z are constants with 0 < ¢; < ¢y, and ay,az € L*(Q). Given a Borel set T'g C
Q, with H41(T'y) < +o0, and a Borel measurable function g: Q x RY — R,
with

cilé] —ai(z) < g(z,8) < calé] + az(z) (5.1)

for £%a.e. x € Q and every £ € R?, we consider the functional QIQO defined
by

G (u) ::/Qg(x,Vu)dx—l—|DCu\(Q)—|—/] . |[u]| A 1dH? (5.2)

for every u € GBV,(2). The aim of this section is to show that, if (uy)x is
a minimizing sequence for 9120, then we can modify it by means of piecewise
constant translations obtaining a new minimizing sequence which satisfies
the hypotheses of the compactness Theorem 3.11. The construction of the
modified sequence follows the lines of [9] and requires several steps. We begin
by constructing a suitable Caccioppoli partition (see [2, Definition 4.16]).

Lemma 5.1 (L°°-approximation with piecewise constant functions). For every
M > 0 and for every u € GBV,(Q), with

IVulisoso +10700@) + [ a1t <a, (53)

there exist a Caccioppoli partition (P;); of Q and corresponding translations
(bj); C R such that the function

vi=u— Z bjxp;
j=1
belongs to BV (2) N L*°(2) and the following estimates hold:
> HTHOP) <24 2M + HYH(09) (5.4)
j=1

[0l Lo () < 2M . (5.5)
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Proof. We may assume that
A= / |Vuldz 4+ | Du|(£2) +/ [u]|[dHE >0
Q Ju\JL

Indeed, if this is not the case, by (3.1) for every m we can apply [2, Theorem
4.23] to the truncated function u(™) obtaining that u(") is piecewise constant
(see [2, Definition 4.21]). This implies that the function wu itself is piecewise
constant and there is nothing to prove.

By the coarea formula in GBV(Q) (see [2, Theorem 4.34(d)] applied
with B =Q\ J}) for a.e. t € R the set {u > ¢t} has finite perimeter in Q and

—+o0
/ HEH QN {u >t} \ JhHdt = A.

For every i € Z there exists t; € (14, (i + 1) A) such that the set {u > t;} has
finite perimeter in 2 and

(i+1)A
HETY QN {u >t} \ J)) < %/ HEY QN {u >t} \ JHdt. (5.6)
1A

For every i € Z let E; := {u > t;} \ {u > t;11}. It is clear that (E;); is
a partition of €2, that each E; has finite perimeter in R? (recall that  has
Lipschitz boundary, hence we can apply [2, Remark 4.20]), and that

g%d YQnote; \ J) A/ HTH QN O {u >t} \ J))dt =2.(5.7)

Let us prove now that

S HITHOTE;) < 24 2M +HTH(09) . (5.8)
i€EZ

First of all, we claim that every x € J! belongs at most to two sets 0*E;.
Indeed, it is known (see, e.g., [2, Theorem 3.61]) that for every z € 0*E
we have lim,_.o L4(E; N B,(x))/LY(B,(x)) = 4. Therefore, if z € §*E; N
0" E; N 0* Ky, for some @ < j < k, we would have lim, ¢ L4(E; U E;UEL)N
B,(2))/L4(B,(z)) = 2, which is clearly impossible. This proves our claim,
which implies that
S HINOE N L) < 2HITH(I) < 2M . (5.9)
icZ
A similar argument shows that every x € 92 belongs to at most one set
0*E;, hence
> HEN O E; N o) < HTH(09). (5.10)
ieZ
Therefore (5.7), (5.9), and (5.10) give (5.8), which shows that (F;); is a
Caccioppoli partition of €.
Let us define v :=u — ), ., tiXp,. For every x € E; we have
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which shows that

vl Loy < 2M . (5.12)

We show that v € BV(£2). To this end let us consider vg := - ;< 2,
with z; == (u — t;)xg,. By (5.11) we have z; = (u(™) — t;)xp,, with m; =
2M + |t;|. Since both u(™) —¢; and xp, belong to BV (Q) N L>®(Q), by
Lemma 2.4 we have z; € BV (Q). Recalling (5.11) we have [u(™#)] = [u] and
0 < [u(™) —t;] <2M on EZ-(U N J,, by the definition of E(), while the trace
operator g, defined in Lemma 2.4 satisfies |vg, (u™ — t;)| < 2M Hé L-a.e.
on 0*E;. Using Lemma 2.4 again, from these properties we obtain

Dz (2) = / |Vzildz + | D2 |(Q) + | D] ()
Q

< / \Vu(mi)
E;

+ / ][0 1 2MH (" Ey)
BN omo)

dxr + \Dcu(mi) (Ei(l))

g/ |vu|dx+|Dcu|(E§”)+/ |[u] |dH
E; E

D\

F2MHYED N JY + 2MH (07 E),

where the last inequality follows from Proposition 2.6(c) and (2.23). Since
the sets EZ-(U are pairwise disjoint, by (5.8)

IkaI(Q)S/ \Vu\da:+|Dcu|(Q)+/ |[u]|dH*" + M
Q J\JTL

where M := 2M (24 3M +H*~1(09)). Since the right-hand side is finite, we
obtain that |Dvg|(2) is bounded uniformly with respect to k. On the other
hand, since (E;); is a partition, inequality (5.12) implies that the sequence
(vr)x is bounded in L>(Q) and that v, — v strongly in L'(£2). Therefore
v € BV(Q).

To conclude the proof it is enough to take P; = E, ;) and b; = t,(j
where o: N — Z is bijective. ([

In the following lemma the Caccioppoli partition is finite and we provide
a precise estimate on the translations.

Lemma 5.2 (Piecewise Poincaré inequality). Let o > 1 and let 0 < 6 < 1.
Then there exist positive constants Cq and Cy o4 such that for every u €

GBV,(Q) there exist a finite Caccioppoli partition 2 = U;']:1 P; U Ry U Ry,
a finite family of translations (b;)7_, C R, and a constant X € [1,Cp a,a],
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depending on u, satisfying the following estimates:

LYR; URy) < 0CqHTH (I UoQ), (5.13)
HI"Y(O*Ry) < 0CoHI 1 (JEuan), (5.14)
J
S OHEN O P) + HEH (0" Ry) < CoHTH (I U09) (5.15)
j=1

max [[u— b;L~(p,) <)\(/Q\Vu|dx+|Dcu|(Q)+/J \Jll[u]|d7-[d_1), (5.16)

1<5<J

min essinf |u — b;| > aX / |Vuldz + | Dul(Q) —|—/ |[u]|d7—ld_1), (5.17)
1<j<J Rs Q Ju\JL

min |bi7bj|204)\(/Q|Vu\dx+|Dcu|(Q)+/ |[u}|cmd*1). (5.18)

1<i<j<J Ju\Jl

Proof. Tt is enough to repeat the proof of [9, Lemma 3.5] replacing the space
GSBVP(Q;R™) by GBV,(2 ) HIL(J, UON) by HEL(JLUaR), Vul £ o)
by [[Vullpiqmey + [Dul(2) + [, i | [[u]|dH4t, and [9, Theorem 2.5] by
Corollary 5.1. O

The following theorem shows that we can modify a function v by means
of piecewise constant translations, with a precise control on the value taken
by the functional G{\ defined in (5.2) on the modified function.

Theorem 5.3 (Piecewise translated functions). Let M > 0 and 0 < 6 <
1. Then there exist positive constants Cpr o and Chre.q with the following
property: for every u € GBV,(Q) with

IVull s ey + | DEul (2 / | ALdHL <M (5.19)

there exist a finite Caccioppoli partition Q0 = U i1 PjUR and a finite family
of translations (t;)7_, C R such that the function

J
vi=Y (u—1t;)xp, (5.20)
j=1
belongs to BV () N L () and the following estimates hold:
LYR) < 0Cy ), (5.21)
J
D HTHOP) + HITHOR) < Cino, (5.22)
j=1
o)Ly < Cumo,0, (5.23)
91, (v) < G, () + 0Cua + llallLr(r) , (5.24)

for every g satisfying (5.1) and for every Borel set Ty C Q with H?¥~1(Ty) <
+o00, where a = |a1| + |ag|. Moreover, {v = 0} D {u = 0} (up to a set
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J

of negligible L measure). Finally, we can choose (P)/—y and (t;)]—, so

that the following additional property holds: for every collection (t;-)]le, with
t; — 5] < 07 |vllLe(q), the function v/ = ijl(u — t5)xp; belongs to

BV (Q) N L*(Q) and satisfies (5.24).

Proof. Tt is enough to repeat the proof of [9, Theorem 3.2] replacing c3 by 1,
GSBVL (€ R™) by {u € GBV,(Q) : (5.19) holds}, HI1(J,) by HI(J}),
HI-1(J,000) by M1 (JLUOR), [Vl sy by [Vulos e +D%ul(©) +
fJu\Ji |[u]|[dH9=1, and [9, Lemma 3.5] by Lemma 5.2 above, obtaining that
(5.21)-(5.23) hold.

To prove that v € BV (Q2) it is enough to show that (u—t;)xp, € BV (Q).
We observe that for m > Car,g.0 + [t;] we have (u —t;)xp, = (u(™ —t;)xp,
by (5.23). Since u(™ — ¢; and yp, belong to BV (Q) N L=(Q), we conclude
that (u —t;)xp, € BV ().

It remains to prove (5.24). More precisely, we shall prove that

/g(z,Vv)de/g(a:,Vu)der/adz, (5.25)
Q Q R

ID70](2) < |Dul(©). (5.26)
/ [v]| A 1dHI! g/ [u]| ALdH +0Cwra,  (5.27)
Ju\To Ju\To

which gives (5.24). Inequality (5.25) can be proved as in the proof of [9,
formula (14)], while (5.27) can be proved as in the last part of [9, Theorem
3.2]. As for (5.26) we begin by observing that by (5.23) there exists a constant

m > 0 such that v = ijl(u(m) —t;)xp,;- By (2.11) and (2.23) we obtain

J J
1De0|(9) = > [D(u™ — t)|(PM) < 3 [Deul(PY) < [Deul(9)
j=1

j=1

which gives (5.26). O

The previous result can be extended to the case of functions satisfying
prescribed boundary conditions in the usual BV sense considered in (4.17)
and (4.28). To this aim we introduce a bounded open set ' C R with
Lipschitz boundary and containing (2.

Corollary 5.4 (The case of boundary conditions). Let M > 0 and 0 < 6 <
1. Then there exist positive constants Cyrq and Cyr .0/ with the following
property: for each h € WHH(Q') with |[Vh| 1 qrey < M and each u €
GBV, () withu=h L%-a.e. on Q' \ Q and

Vuldz + |Dou|(€Y) +/ ]| A 1O < M (5.28)
Q/ Ju
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there exist a finite Caccioppoli partition Q' = U;-Izl P;UR and a finite family
of translations (t;)7_, such that the function

J
U= hXR—l—Z(u—tj)ij (5.29)

j=1
satisfies
veBV(Q), v="h L% aec on QU \Q, v—hecBV(Q)NL>(), (530)

and the following estimates hold:

lv = hllLe @) < Crro,0r s (5.31)

§ LYR) < 0Chn 0, (5.32)

> HTNO P + HTH (O R) < Carr (5.33)

,Cd(]%-:rlﬁ (X\Q)) >0 for at most one index j (5.34)

G2, (v,) < G2, (10, ) + 0Cas.cx + llall s (i) + 2l VA1 (s (5.35)

for every Borel measurable g: Q' xR? — R satisfying (5.1) on Q' xR, and for
every Borel set Ty C ', with HI"1(Ty) < +o00, where GP, (u, Q') is defined
as in (5.2), with Q replaced by ', and a = |a1| + |az|. Moreover, we can
choose (P;)]_, and (t;)]_, so that the following additional property holds:

with |ty —ti| < 67 v — h|peqr, the function

for every collection (t;)jzl,
v = hxgr + ijl(u —t;)xp; belongs to BV(Q') and satisfies (5.35).

Proof. We apply Theorem 5.3 to the function u — h on ', which belongs to
GBV, () by Theorem 3.9. Arguing as in the proof of [9, Corollary 3.3] we
obtain a finite Caccioppoli partition Q' = szl P; UR and a finite family of
translations (; )J 1 C R such that (5.32)-(5.34) hold, the function

i (u—h—t;)xp; , (5.36)
j=1
belongs to BV (') N L (), and
220y < Crro, - (5.37)
Moreover, by (5.26) and (5.27), z satisfies
|DE2|(9) < |DP(u — W) = [Doul(Y) (5.38)

/ 2] A 1M < / [ = h)| A 1dH 4+ 0C .0
J \Fo u h\FO

= / [u]| A LdH + 0C s 0 - (5.39)
J.\To

Let v := z+ h. Then v € BV (') and satisfies (5.29), (5.30), and (5.31).
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It remains to prove (5.35). More precisely, we shall prove that

/ g(x,Vv)d:vS/ g(m,Vu)dx+/adx+02/ |Vh|dx, (5.40)
’ ’ R R

|Dv| () < |Dul|(Y), (5.41)
/ [[v]| A 1dHO! < / ]| A 1dHT™ +0Chr o, (5.42)
Jv\FO Ju\FU

which gives (5.35).

Inequalities (5.41) and (5.42) follow from (5.38) and (5.39), respectively,
since D°v = D¢z, J, = J,, and [z] = [v] (recall that h € WH1(Q')).

To prove (5.40) we observe that Vv = Vu L%a.e. on '\ R, while
Vv = Vh L%a.e. on R, so that

/ g(x,VU)dx:/ g(x,Vu)dx—l—/g(x,Vh)dx
’ Q\R

R

§/ g(m,Vu)dx—I—/ adx—i—cQ/ |Vh|dz,
' R R

which concludes the proof. O
We are now in a position to prove the main result of this section.

Theorem 5.5 (Existence of modifications satisfying (3.27)). Let h € W11(),
let g: ' xR — R be a Borel measurable function satisfying (5.1) on ' x R?,
and let Ty C Q' be a Borel set with H¥ 1 (To) < +o00. Let (ux)x be a sequence
in GBV, (V) with up = h on Q' \ Q. Assume that there exists C > 0 such
that

GP, (ug, V) < C for every k. (5.43)
Then there exist a subsequence of (ug)k, not relabelled, modifications

yr € GBV,(Q) of ug, with yp = h on '\ Q, and a continuous function
¥Ry — Ry with ¥(t) — +00 as t — oo such that

glgo (ykv Q/) < glgo (ukv QI) + % ) (544)
Sup/ W(lyel)dz < +00. (5.45)
k Q

Remark 5.6. By (5.44), if (ug)x is a minimizing sequence for the functional
GY, with ug = h L%a.e. in '\ Q, then the same is true for (yx). Inequalities
(5.43) and (5.44), together with (5.1), imply that (y)x satisfies (3.26), while
(5.45) guarantees that (3.27) also holds. Hence, by Theorem 3.11 there exists
a subsequence of (yx )k, not relabelled, and a function u € GBV,(Q') such
that y, — u L%a.e. in .

Proof of Theorem 5.5. We repeat the proof of [9, Theorem 3.8] with some
modifications. By (5.43) we have

01 / Vg |dz + | DCur| () + / )| A LdHEE < M,y (5.46)
Q/

Uk
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with My = C + |lallziay + H (L), where a = |ai| + |az|. We define
6, := 2% and apply Corollary 5.4. Let us remark that, since we will pass to
subsequences (not relabelled), we will eventually have only the inequality

0, <27, (5.47)
Step 1 (Application of Corollary 5.4) We apply Corollary 5.4 to the

functions u and the boundary data h with parameters 6, and M := $

We find finite Caccioppoli partitions ) = szle’e URf; and piecewise trans-
lated functions vi € BV () defined by

’Uf; =h+ Z(uk — t?’z — h)XP]gc,e = hXRi + Z(uk — t?’Z)XP;e,z ,  (5.48)

Jj=1 Jj=1

where (t?’e) j>1 are suitable finite families of translations. For notational con-

venience we shall also use the notation P(f £ — RY so that (P;C’Z)jzo is a
partition of €. By Corollary 5.4 we have

vk € BV(Y), vi =h L%a.e.on @'\ Q, vf —h e L), (5.

[vg = hll L=y < Crmoe0r (5.
LYRE) < 0:Chrrer (5.51

2250 Hd_l(a*Pk’Z) <Cume, (5.
for every k, £ there is at most one j with Ed(Pk LN\ Q) >0, (5.53
G, (v, ) <GP (un, ) + 0:Crrr + llall i re) + 2l VR 1 (re ey (5.54
By (5.51) there exists a decreasing sequence 7, converging to zero such that

lallorrey + 2 VAl L1 (e ey < meChrrer
which together with (5.54) gives

Gl (05, ) < G (wi, ) + (0 +me)Carr for every k and £ (5.55)

For later use we recall that for every family (f?’z) j>1, with |t§’Z - ff’e| <

0, |lvh — h|| Lo (q), we have that the functions of := hxgre + 32551 (U —
tA?’Z)XP]{c,z belong to BV (€') and satisfy

9120 (f}ﬁ, ) < ggo (uk, ) + (0e +10)Carr (5.56)
see (5.35).

Step 2 (Limiting objects for each £) By (5.43), (5.50), and (5.55) we
obtain that for every ¢ the sequence (vf)) is bounded in BV(§'). Indeed,
arguing as in the proof of (5.46), by (5.43) and (5.55) we have that

Vol |dz + [ D) () + / ol A 1A < My + (60 +10)Carcr -
Q/ J

This implies that ||Vv,€||L1 aray, D] (), and H*1(J],) are bounded.
k
Since [h] = 0 we have fJ [velldi?=t = [, | v [[vE]| A1dHAT Jrlee |[vf, —
kv Yk
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h]lde_l < M; + (92 + WZ)C]W’Q/ + QHd_l(Ji}f)H’Uﬁ - h”Loo(Q/). By (550)
we obtain that [, , |[vf]|dH?~1 is bounded with respect to k. Together with
vk

the previous bounds this implies that |Dvf|(€') is bounded uniformly with
respect to k. Since vi = h on Q' \ Q, by the Poincaré inequality we deduce
that (vf)j is bounded in BV ().

Using a diagonal argument we obtain a subsequence of (k) (not re-
labelled) such that for every ¢ there exist a function v! € BV(€)') and a
constant Ly € [0,Chr.9,.0/] (see (5.50)) such that

vp — vt in LYNQ) and ||vj, — hl|peoy — L. (5.57)
By the semicontinuity of the L°°-norm we obtain
0" = Al ooy < Le. (5.58)

Arguing as in Step 2 of the proof of [9, Theorem 3.8] we find Caccioppoli
partitions (Pf);>0 and (P;);>o such that after extracting (not relabelled)
subsequences in £ and k, we get

S oLhPiaP) <27 and Y LYPPAPF) <27 forallk > (. (5.59)
Jj=0 =0
Step 8 (Conclusion of the proof) If (Le), does not tend to +oo as £ —
+00, by (5.58) there exists a subsequence, not relabelled, such that (v’ — h),
is bounded in L>(Q'). Then (v*), is bounded in L'(Q) and we can take
¥ (t) =t to obtain

sup [ (|v*|)dz < +o0. (5.60)
¢ Jor

The conclusion can now be obtained by repeating Step 5 of the proof of [9,
Theorem 3.8] replacing o°, 9%, and Ej, by v*, vf, and g{io(-, ), respectively.

If L, — 400, passing to a subsequence, not relabelled, we may assume
that Ly < Lyy1. By the definition of Ly, for every £ we can find an increasing
sequence (k¢)¢ such that [|vf, — hl| g < [|vett — h| ooy for every £ and
for every k > ky. This allows us to follow the lines of Step 3 of the proof of

[9, Theorem 3.8]. Namely we replace the translations tf’e by the translations

f?’z introduced in that paper and we consider the corresponding functions 13£

defined as in (5.48) with t?’e replaced by f;?’z. This construction leads to the
fact that o¢ satisfies (5.56) and
¢
|6 = hllze@) <2 Chrp, for every k> ky. (5.61)
m=1
Hence we can repeat the argument leading to (5.57) and we obtain a subse-
quence of (k); (not relabelled) and, for every £, a function ©¢ € BV (Q') such
that
of — o' in LY(QY). (5.62)
The conclusion can now be obtained by repeating Steps 4 and 5 in the proof
of [9, Theorem 3.8] with Ej, replaced by Gf. (-, Q). O
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6. Existence result

In this section we shall prove that the minimum problem (4.28) has a solution.
As observed at the end of Section 4, this will lead to the proof of the existence
of a solution to problem (4.11).

Let © and €’ be bounded open sets in R¢ with Lipschitz boundary and
with Q € €, and let f: R? — R be the function defined by (4.12). We begin
by proving a lower semicontinuity result.

Theorem 6.1. Let ® € LY(Q;RY) and let Tg C Q' be a Borel set with
HI1(y) < 4o0. Then the functional F7 : GBV,(Q') — [0,+00] defined
by

)= [ £+ 0o+ D7) @) + [ o) At
Qf Ju\To

is lower semicontinuous with respect to the convergence in measure on ).

Proof. Let us fix a bounded open set U C R?. The first step in the proof is
to show that the functional

Foulv /vada:+|Dcv|() / o] A 1dHe—
J,NU

is lower semicontinuous on GBV, (U) with respect to the convergence in mea-
sure on U. Let (ug)r C GBV,.(U) be a sequence converging in measure to
some v € GBV,(U) such that (Fo,u(ug))r is bounded. For every m > 0

the sequence of truncations (u,(cm))k converges to u(™ in measure on U and
fo,U(u,(cm)) < Fo,u(ug) by Proposition 2.6.

Let us show that (u (m))k is bounded in BV (U) by a constant depending
on m. The first inequality in (4.14) implies that

/ \Vul™|dz + |Du{™ |(U) + / [ul™]|dH < e Fou(u) + $£2U),
U

J (m)
'k

where ¢, := 1+ 2m, hence the boundedness of (u, (m ))k in BV (U) follows
from (2.5).
By [4, Theorem 2.1] we have

Fou (™) < liminf Fo p (ul™) < liminf Fo 1 (uy) - (6.1)
k—o00 k—o00

Passing to the limit as m — 400 and using Propositions 2.6 and 2.9 we
obtain

]:(),U(u) < lim inf]—'o,U(uk) ,
k—o0

which concludes the proof of the lower semicontinuity of Fy ¢ on GBV,(U)
with respect to the convergence in measure on U.
Given ¢ € R?, for every v € GBV,(U) let

Fevlv /va+£)dx+|Dcv| /| [v]] A 1dHIL.
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Since Fe v (v) = Fo,u(v+Le), where le(z) := &-x, we deduce that F¢ 7 is lower
semicontinuous on GBV,(U) with respect to the convergence in measure on
U.

To prove a similar result for 7 we fix a sequence (vy)r C GBV,(Q)
which converges in measure on £’ to a function v € GBV, ('), and an increas-
ing sequence (K;); of compact subsets of I'g such that H4~1(I'g \ K;) — 0.
It is easy to construct a sequence (®;); of piecewise constant functions con-
verging to ® in L'(£2;R?) such that for every j there exists a partition
Ul,...,U7,Nj of @'\ K, with U} open and H4~'(N;) < +oc, such that
d; = f; in U;f for suitable constant vectors 5]’ € R?. It is not restrictive to
assume also that H4~1(.J, N N;) = 0. By the previous step of the proof, for
every j we have

k—o0

g i
Fil(v) = Y Fepi(v) <Y liminf Fei i (vp) < lim iogff;‘;; (vr). (6.2)
i=1 =1

Since f is Lipschitz continuous with constant 1, for every u € GBV, ()
we have

T30 () = ()] < (19 = @l ey + HE (Do \ K),

j
hence

Fiy (v) < liminf 77 (0r) + 2([[ @5 — @[ 11 @izey + HT (Do \ K5)) -

Passing to the limit as j — co we obtain the lower semicontinuity inequality
along the sequence (vg)g- O

We are now ready to prove the existence of a solution to the minimum
problem (4.28).

Theorem 6.2. Let w € H (), let ® € L1 (V;R?), and let Tg C Q' be a Borel
set with H~1(Dy) < +o00. Then the minimum problem

min { f(Vv+<I>)dm—|—|Dcv\(Q’)+/
1)EGBV% (f;\;/)\Q Q/ Ju\To

)l A1ant} (6.3)

has a solution.

Proof. Since F{* coincides with the functional G, introduced in (5.2), with
g(x,€) == f(§+ @(z)), and by (4.14) g satisfies (5.1), we can apply Theorem
5.5 and obtain that there exist a minimizing sequence (ug)r C GBV, (),
with u, = w L%a.e. in Q' \ €, and a continuous function ¢: Ry — R,
with ¢ (t) — +00 as t — +o0, such that (3.26) and (3.27) hold. Then by the
Compactness Theorem 3.11 there exist a subsequence, not relabelled, and a
function u € G BV, (') such that uz, — u L%a.e. in . By the Semicontinuity
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Theorem 6.1 we obtain that
/ f(Vu+ ®)dx + |Du|() +/ [[u]] A 1dH*!
9% J

u\FO

< liminf( F(Vug, + ®)da + | Doug| () + / [se]| A 1d7-ld*1) :
L o Ju \To

Since (ug ) is a minimizing sequence and u = w £%- a.e. in Q"\  we conclude
that u is a solution of the minimum problem (6.3). O

We now show that the minimum problem (4.11) has a solution.

Corollary 6.3. Let 'y C Q be a Borel set with H~1(I'y) < 400, let wy, w €
HY(Q), and let (ug,eq,po) € A(Lo,wo). Then the minimum problem

. 1 - .
min {5 [ JePdot p-pl@\D)+ HTIC\T)} (64)
T Borel, TocTcq L2 Jq

(.0 AT )

has a solution.

Proof. By the equivalence results proved in Lemmas 4.1 and 4.2, the conclu-
sion follows from Theorem 6.2. O

We conclude the paper with two results which show that in general we
cannot find a solution v to the minimum problem (6.3) with v € BV (). In
the following proposition we show that this may happen even if w = 0.

Proposition 6.4. Assume that d > 2. Then there exist a function ® € L*(Q; R%)
and a Borel set Ty C Q, with H¥~1(Ty) < +o00, such that the solution of the
minimum problem (6.3) with w = 0 is unique, belongs to L'(Q'), but does
not belong to BV ().

Proof. Tt is not restrictive to assume that 0 € Q and that Q' is connected.
Let 0 < R < 1 be such that [-R, R]¢ C Q, let ¢,h : (0,R] — [0,+00) be
defined by

1 1
P(r) == — = and h(r):=r2 for every r € (0, R], (6.5)
r
and let Qrp == {(71,...,24) € (~R,R)4: 0 <21 < R, |xa| < h(z1)}.
For every © = (z1,...,24) € @ we define
if Q
’Uo(.T) — ’l,[}(.fCl) Izre . R,h s
0 otherwise .

By (6.5) it is easy to see that vg € GBV, () N LY(Y), v = 0 in Q' \ O,
Devy = 0, H4"(Jy,) < 400, and J,, D {z € (R, R)*:0< 21 < R, 29 =
+h(x1)}. Since on this set |[vo](z)| = ¥ (x1), from (6.5) we deduce

[ lenllant = = o,
J

vo

which shows that vg ¢ BV (€Y').
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Let us define ® := —Vuy and I'y := J,,. Then it is clear that vy is a
solution of (6.3) since the value of the functional in vg is equal to zero. If v
is another solution we must have

f(Vv —Vug)dz + |D|() + / ]| A1dHY =0

o T\ Twg

This implies Vv = Vg L%-a.e. in @, D = 0 in @', and H¥1(J, \ J,,) = 0.
Therefore v—vy € WHH(Q'\ J,y,), V(0 —1) = 0 L%a.e. in @', and v—vy =0
L4-a.e.in Q' \ Q. Since '\ J,, is connected, we conclude that v = vy L%-a.e.
in Q. O

In the following proposition we consider the case ¢ = 0.

Proposition 6.5. Assume d > 2. Then there exist a function w € H(Q')
and a Borel set Ty C Q, with ’Hd_l(l"o) < 400, such that the solution of the
minimum problem (6.3) with ® = 0 is unique, belongs to L'(Q'), but does
not belong to BV ().

Proof. Tt is not restrictive to assume that ' is connected. Since 2 has Lip-
schitz boundary, up to a change in the coordinate system, we may assume
that there exist an open set A C R%"!, an interval I C R, and a Lipschitz
function g: A — I such that QN (A xI) = {(y,2) € Ax I :2 < g(y)}. It
is not restrictive to assume that A x I C ©'. We fix a nonempty open set
A’ CC A and a sequence (yx)k>k, C A’ such that the balls in R~! of centre
yr and radius 1/k? are pairwise disjoint and contained in A’.
For every yo € R, h > 0, and r > 0 let

Cl(yo) :=={(y,2) e R xRt |y —wo| <7, |z —g(yo)| < h}

be the cylinder of centre (yo,g(yo)), height 2k, and radius r. For every pair
of open sets U and V, with U ¢ V C R¢, let

cap(U,V) = min{/ |Dul?dz :u € HY(V),u=1 L%a.e. in U} (6.6)
1%

be the relative capacity of U in V.
2
Let L > 0 be the Lipschitz constant of g. We may assume that C’lL/kk2 (yx)
C A’ x I for every k > ko. Since we have cap(CE"(y), Cl/k2 (yr)) — O+ as
r — 0+, there exists rg such that

1

0<r, < 1//€2 and cap(C’TL,:’c (yk),C'lL/kk2 (yr)) <

Let wy, be the solution of the minimum problem (6.6) with U = CE"* (y;)
and V = Cl/k2 (yx), extended to zero out of C’f/kk2 (yx), and let

o0
w = g k243

k=ko
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By (6.7) the series converges in H ('), hence w € Hg(Q'). Moreover
w=Fk**"3 Lh%ae in CE™ (yi), (6.8)
w=0 Llae inQ\ (A xI). (6.9)

Let Ty := 9N (A" x 1)\ Uy C17* (i), Ty = Uy, 0CT/L (i) N, and T :=
Fl U FQ. Then

HITH(To) < M1 (00) + 3 HEHOCHE ()
k

SHTHO0) + > w1 1/RHETD 423 "0 o L/E T < oo,
k k
where wgy_; is the (d — 1)-measure of the unit ball in R~ and o4_» is the
(d — 2)-measure of its boundary.

Let vg: ' — R be defined by vo =w in O\ Q, vy := k?3 in
Cl/k2 (yr) NQ and vo :=01in Q\ J, C 1/k2 ( k). Since Vv = 0 L%-a.e. in Q,
Vug = Vw L%a.e. in @'\ Q, Dvy = 0in ', J,, C Ty, and H¥1(Ty) < +oo,
we have that vg € GBV, (). We observe that the functional in the minimum
problem (6.3) with ® = 0 attains the value fQ,\Q f(Vw)dx at vg, hence vg is
a solution to this problem.

If v is another solution of (6.3) we must have v = w in Q' \ Q and

/f(Vv)d;v+|Dcv|(Q’)+/ o] A 1dH4L = 0
Q Ju\T'o

This implies Vo = 0 L%a.e. in Q, D = 0 in ', and H?"1(J, \ Tp) = 0.
Hence v € WH(Q'\ Tp). Since Vv = Vo L%a.e. in Q' \ Ty and Q' \ Ty is
connected, from the equality v = vy L%a.e. in Q' \  we conclude that v = v
L%a.e. in .

Since
2
/ lvo|dz g/ lwlda + Z K323 CHE ()
Q/ ’ fi—Fo
d 11
§/ |lw|dx 4+ 2wg_1 L ( — k%73 < oo,
Q\Q g;o 2 k2

we have that vy € L'(Q).
To prove that vy ¢ BV (Q2) we estimate the integral of the jump of vg.

Since |[vo]| = k?¢=3 H4 la.e. on 8C1/k2 (yx)NE, and the base of this cylinder
is contained in 2, we have

_ S _
/ ol > war 3 (75) " K3 = oo
Jug k=ko

This shows that vg ¢ BV(Q), since for every v € BV () we have [v] €
LY(J,, HEY). O
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Remark 6.6. By the equivalence results proved in Lemmas 4.1 and 4.2, if
I'p and w are as in Proposition 6.5, then the minimum problem (6.4) corre-
sponding to wg = 0 and (ug, €9, po) = (0,0,0) has a unique solution (u,e, p)
with u ¢ BV(§2).
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