ON CLASSIFICATION AND CONSTRUCTION OF
ALGEBRAIC FROBENIUS MANIFOLDS

YASSIR IBRAHIM DINAR

ABSTRACT. We develop the theory of generalized bi-Hamiltonian reduc-
tion. Applying this theory to the loop algebra proved to be equivalent to
a generalized Drinfeld-Sokolov reduction. This gives a way to construct
new examples of algebraic Frobenius manifolds.
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1. INTRODUCTION

This work was intended as an attempt to prove the Dubrovin conjecture

[15].

The conjecture: Massive irreducible algebraic Frobenius manifolds with
positive degrees d; correspond to primitive conjugacy classes in Coxeter
groups.
A Frobenius manifold is a manifold M with the structure of Frobenuis
algebra on the tangent space T; at any point ¢ € M with certain compati-
bility conditions [15]. We say M is massive if T} is semisimple for generic

t. In general this structure locally corresponds to a potential F(t!,...,t")
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satisfying the WDVV equations and the quasihomogeneity
(1.1) Cijk (0N Pepgr(t) = erji ()0 P epgi(?)

zn: it F(t) = (3—d)F(t)
=1

where c¢;;i(t) = 0;0;0,F(t) and 771‘;1 = 0,0;0;F(t) is a constant matrix,
d, = 1. If F(t) is an algebraic function we call M an algebraic Frobenius
manifold.

Hertling [20] proved that any irreducible massive polynomial Frobenius
manifold with positive degrees d; is isomorphic to the Frobenius structure
defined by Dubrovin on the orbit spaces of a Coxeter group [12]. The next
step in the classification problem begins from the observation in [13] that
algebraic solutions to equations of the isomonodromic deformation of an
algebraic Frobenius manifold correspond to finite orbits of the braid group
action on tuples of reflection. Then Stefanov [26] proved this finite orbits
correspond to primitive conjugacy classes in Coxeter groups, this result was
proved independently in [23]. The problem of existence of this algebraic
Frobenius manifolds remains open.

Our main idea is to use the theory of infinite dimensional bi-Hamiltonian
manifolds to construct all massive algebraic Frobenius manifolds. A bi-
Hamiltonian manifold is a manifold endowed with two Poisson tensors P
and P, such that Py, = P>+ AP is a Poisson tensor for any constant A. The
dispersionless limit of a bi-Hamiltonian structure on the loop space £(M)
of finite dimensional manifold M always gives a bi-Hamiltonian structure of
hydrodynamic type:

(12)  {t'(2), ¥ (9hz2 = 912(t@)d (& —y) + Ty, (H(2))t56 (2 — y),
defined on the loop space £(M). This in turn gives a flat pencil of met-
rics g?g on M which under some assumptions corresponds to a Frobenius
structure on M [14].

The paper is divided into three parts. In the next section we develop
the theory of generalized bi-Hamiltonian reduction. The idea goes back
to [6] where a bi-Hamiltonian reduction is given for every bi-Hamiltonian
manifold, using Marsden-Ratiu theorem, by taking a level surface S of all
the Casimirs of the first Poisson brackets and a distribution D defined by
the second Poisson bracket.

In section 3 we apply the generalized bi-Hamiltonian reduction to Lie-
Poisson bracket of a loop algebra of simple Lie algebra. We give a general
bi-hamiltonian reduction for any nilpotent element e with an associated
good grading (in the sense of [18]). Section (3.1) contains a brief summary
of the theory of nilpotent elements and gradings on a simple Lie algebra
and we set up notations and terminology. In section 3.4 we indicate how
the bi-Hamiltonian reduction associated with a nilpotent element may be
used to obtain the primary fields of classical W-algebras first found in [1]
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by using the Drinfeld-Sokolov reduction. In [4] they construct the clas-
sical Wy-algebra of the Lie algebra of type A, by studying the relation
between bi-Hamiltonian and Drinfeld-Sokolov reductions. Our method is
more straightforward and does not depend on a particular type of the Lie
algebra.

Section 4 provides a detailed exposition of a generalized Drinfeld-Sokolov
reduction which is a special case of the more general Drinfeld-Sokolov re-
duction scheme given in [19]. In section 4.1 we establish our main theo-
rem, the equivalence between the generalized bi-Hamiltonian and general-
ized Drinfeld-Sokolov reductions. The equivalence was obtained by Pedroni
[25] in the special case of the reduction associated with the principal nilpo-
tent element.

Finally section 5 is devoted to our main aim which is constructing alge-
braic Frobenius manifolds. We apply bi-Hamiltonian reduction to distin-
guished nilpotent elements in the Lie algebra of type Fy. This gives rise to
four algebraic Frobenius manifolds in agreement with the Dubrovin’s con-
jecture.

2. BI-HAMILTONIAN REDUCTION AND TRANSVERSAL MANIFOLDS

A bi-Hamiltonian manifold M is a manifold endowed with two Poisson
tensors P; and P such that Py, = P> + AP; is a Poisson tensor for any
constant A\. The Jacobi identity for Py gives the relation

(21> {{F7 G}lv H}2 + {{G7 H}lv F}2 + {{Ha F}b G}2+
{{Fv G}2>H}1 + {{G?H}%F}l + {{H7 F}27G}1 =0
for any functions F,G and H on M. The main implication of this identity

is that the set of Casimirs of P; is a Lie algebra with respect to P,. Our
basic assumption is the following. There is a set

(2.2) 2= {K, Ky, .., Ky}

of independent Casimirs of P; (n is not necessary equal to the corank of P;)
closed with respect to P». Let us denote by S a level set of = and define the
integrable distribution D on M generated by the Hamiltonian vector fields

(23) XKi = PQ(dK/L), 1= 1, ceey T

The following lemma makes it legitimate to apply the Marsden-Ratiu theo-
rem.

Lemma 2.1. For any constant A

(1) The functions which are constant along D form a Lie subalgebra with
respect to Py.

(2) v € DY if and only if Py(v) € T'S. Here D° C T*M is the annihilator
of D.
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Proof. The first condition is easily deduced from the relation (2.1) and Ja-
cobi identity for P». Since Pi(T*M) C T'S the statement (2) is equivalent
to proving that

v € DY if and only if Py(v) € TS.

To this end, let v € DY. Then

(2.4) (v,D)=0 <= (v,P(dK;))=0,i=1,.
— (P2(v),dK;)=0,i=1,.
< P(v)eTS,
and the proof is complete. ([

In the remainder of this section we assume there is a submanifold () C S
transversal to £ = DNTS, i.e

(2.5) 1,85 =E, & T,Q, forallqeQ.
Following [6], @ has a natural bi-Hamiltonian structure PIQ , PQQ from Py, P,

respectively. Let i : Q — M be the canonical immersion. Then the pencil
Pf\’g is defined, for any functions f,g on @, by

(2.6) {£.9}} ={F.G}oi
where F, G are functions on M extending f, ¢ and constant along D.

Our next purpose is to find a way to write the reduced Poisson pencil
tensor. Here the advantage of having a transversal manifold ) becames
clear.

Lemma 2.2. For any q € Q and w € T;Q there exists v € T M such that:

(1) v is an extension of w, i.e (v q) = (w,q) for any 4 € T,Q.

(2) P\(v) € T,Q, i.e (v, PA(TQ)") = 0.
Then the Poisson tensor P/\Q(w) is given by
(2.7) P)?w = P\v
for any extension v satisfying conditions (1) and (2).
Proof. w € T;Q has an extension v € T, M satisfying (2) if T,QNPA(TQ)° =
0. Assume ¢ € T,Q N P\(TQ)°. Then ¢ = Py(r) for r € (TQ)°. Since
Py(r) € T,S by lemma (2.1), » € DY. Then
(2.8) re (TQ)ND® c (TQ + D)° c (TS)°.
This implies P»(r) € D which gives ¢ € E. But ¢ € T,Q. This contradiction
proves the first part. Let vi,ve € TyM be extensions of wi,we € T7'Q
satisfying the condition (2). Then
(2.9) (wl,PSwg) = (’Ul,P)\UQ)

- (wla P)\/U2)

where the first equality is obtained by definition and the second one follows
from condition (2). O
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We will see in the examples that the Poisson tensor P\ on the manifold
@ takes the form of a Lax operator, i.e considering A as spectral parameter
and studying the set of covectors {w € T;M : Py\(w) € TQ} leads to
integrable hierarchies on (). This examples include AKNS hierarchies or
Zakarov-Shabat hierarchies and the generalized Drinfeld-Sokolov hierarchy
(see [11], [10] and [9] resp.).

3. EXAMPLES FOR LIE POISSON BRACKETS

3.1. Nilpotent elements and gradings in Lie algebras. Here we intro-
duce some notations and a basic facts from the theory of nilpotent elements
in simple Lie algebras.

Let g be a simple Lie algebra over complex numbers with a nondegenerate
invariant bilinear form (.|.). For a vector subspace V C g we denote by V+
its orthogonal complement and by £(V) its loop space, i.e the space of
smooth maps from the circle S* to V.

Introduce the following bilinear form on the loop algebra £(g):

(3.1) (ulv) = /1 (u(z)|v(z))dz, u,v e L(M).

Then identify (£(g))* with £(g) using this bilinear form. For a functional
F on £(g) we define the gradient dH(q) to be the unique element in £(g)
such that

d
(3.2) LF(q+03) lo=o= / (5F|3) for all § € £(g).
Sl
We introduce the following Poisson tensors
(3.3) Py(v) = vz +q,0]
Pl(v) - [av 1}]

given at a point ¢ € £(g) and for every v € (£(g))* ~ £(g), here a € g
is constant element. It is well known that the pair in (3.3) defines a bi-
Hamiltonian structure on £(g) [22]. Our first examples of bi-Hamiltonian
reduction will be constructed from (3.3) by choosing an appropriate element
a € g and a set of Casimirs of P;.

Let

(3.4) g= @ 9i-

1EZ
be a Z-grading on g, i.e [gi, g;] C gi+; (We will omit the letter Z since any
grading considered here is a Z-grading). Since all derivations of g are inner
this grading is defined as eigenspaces of ad h for some element h.

(3.5) g; = {a € gladh(a) = ia}.

Hence h is a semisimple.
An element e € go is called good if it satisfies the following condition

(3.6) ad e : g; — gj42 is injective for j < —1.
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A grading is called good if it admits a good element. All good gradings on
simple Lie algebras up to conjugation are classified in [18].

Notation 3.1. For any good grading we introduce the following subalgebras
b = @00 " =Dic 1 8i, 07 =Dic o0 andnt =D 6

A subspace C C g is called a transversal subspace of e if
(3.7) ade(g”)®C=0b".

Let e € g be an arbitrary nilpotent element. By Jacobson-Morozov theo-
rem there exist h and f € g such that {e, h, f} is an sly-triple, where

(3.8) lhe] =2e, [hfl=—2f, e, f]=h.

From representation theory of sls it is easy to see that h defines a grading
on g with e a good element. We call the grading thus obtained the Dynkin
grading. It turns out that two nilpotent elements are conjugate if and only
if they have the same Dynkin grading. A nilpotent orbit is the conjugacy
class of a nilpotent element under the action of the adjoint group. See [8] for
more information and the classification tables of the nilpotent orbits which
is given in the form of weighted Dynkin diagrams.

Example 3.2. The principal nilpotent orbit in g is the unique nilpotent
orbit of codimension r(=rank g). Any representative e of this nilpotent
orbit is regular, i.e the centralizer of e in g is abelain and of dimension 7.
The Dynkin grading is the only good grading associated to e.

A nilpotent element is called distinguished iff dim(go) = dim(gz) in the
Dynkin grading associated to e. It follows then that g3 = 0 [18].

Throughout the paper we assume all gradings are good with a fixed good
element denoted by e.

3.2. Bi-Hamiltonian reduction for a semisimple element. We take
on £(g) the bi-Hamiltonian structure (3.3) with @ € g a semisimple regular
element. Let fh be Cartan subalgebra containing a and

(3.9) s=boPa.
aced

is a root space decomposition of g. The set of all Casimirs = of P; corre-
sponds to

(3.10) kerP, = £(ga) = {v € £(g) : [v,a] = 0} = £(h).

Thus = forms an abelain Lie algebra under P,. Consider the level set S :=
£(C) = h* where

(3.11) C =P s

acd
The distribution D on £(g) defined by P» is the set

(3.12) Dy :={hg + [q, h] where h € £(h)}.
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It follows that F := TSN D = P,(h) is a distribution on S. We choose the
space £(C) itself as the transversal space of E. According to lemma 2.2 the
reduced Poisson tensors are obtained with the help of covectors w € £(g)
such that

(3.13) wy + [q, w] + A[a, w] € £(C).

Note that the integrable hierarchy on £(C) is given in terms of solutions to
the equation

(3.14) wy + (¢, w] + ANa,w] =0
as functions of the spectral parameter A (see e.g [10],[9] and [11]).

3.3. Bi-Hamiltonian reduction for a nilpotent element. Take on £(g)
the Poisson pencil (3.3) with a € C a homogenous element of minimal degree.
Let = be a subset of the set of Casimirs of P; corresponding to £(n~) C
Ker P;. Since n™ is a Lie subalgebra, it is easy to verify that = is closed
under Ps. Following the bi-Hamiltonian reduction we take as a level surface
the affine space

(3.15) S:=b" +e.

The following proposition gives a nice Lie algebra theoretic meaning to the
distribution E on S which is defined by

(3.16) E:=P(Ln))NnLb).
Proposition 3.3.

(3.17) E = Py(2(a").
Proof. From

(3.18) E=P({veln): v+ [q,v]+[e,v] € £(b7) for g € £(b7)})

)
and the gradation (3.4), it is obvious that v € E if and only if [e,v] € £(b7).
Since v € £(n7) and ad e is injective we have v € £(g7). O

Fix a transversal space C and define the submanifold
(3.19) Q:=e+£(C)
of S.
Lemma 3.4. The manifold Q is transversal to E on S.

Proof. We must prove that at any point ¢ € £(C) and $ € £(b™) there is
v e £(g™) and w € £(C) such that

(3.20) § = Py(v) + 1.
We write this equation using the gradation (3.4) of g. We obtain

(3.21) S; = U,E + [e,’l)i_ﬂ + w; + Z[qk,vi_k].
k
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Then for ¢ = 0 we have

(3.22) S0 = [e, v_a] + wy
which can be solved uniquely since

(3.23) LC)®[e, L(g7)] = L£(b7).

Inductively in this way for ¢ < 0 we obtain a recursive relation to determine
v and § uniquely. ([l

Let us explain the procedure of finding the reduced Poisson pencil fol-
lowing [7]. We first choose a basis &1, ..., &, for g with &1, ..., &, a basis for
C for m < n. Let &,...,&; € g be a dual basis satisfying <§Z\§;‘> = 0.

Then a point in the space @ will have the form ¢ = ¢°¢; + e. For a covector
w = (Wi, ..., wn) € T;Q alift v € T;£(g) satisfies the first condition in (2.2)
if and only if

(3.24) (&ilv) = wy, i=1,..,m.

From lemma (2.1) the second condition gives the constrain

(3.25) Py(V) € £(0).

Using the grading we can prove this lift is unique. Then the Poisson pencil
P/? is given by

(3.26) §' == (PA(v)[&]).

Its independence from the choice of a basis follows From lemma 2.2.

Example 3.5. (Fractional KdV) Consider g = sl3 with its standard rep-
resentation. We denote by e; ; the fundamental matrix defined by (e; j)s: =
i s0j¢. Take the minimal nilpotent element e := e; 3. It is a good element
for the grading defined by

~ 4 2 2
3-27 h = = —_ - R
( ) 361,1 362,2 363,3
Take the Poisson tensors (3.3) with a = ey;. Here n™ is generated by
{e2,1,e3,1} and a point b € S will have the form

* 0 1
(3.28) b= * % %
* % %k

We define a transversal space C such that a point g € () takes the form
(o — B)q 0 1

(3.29) q= g2 —aq; 0
q4 3 Ba
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for arbitrary ¢, ..., ¢4 and nonzero constants «, 3. Then the reduced Poisson
pencil P)? has the following form

{an(@),a(y)Ir = 25/5)22_3/)
{g1(z), 2(y)}r = (At q(x)d(z—y)
{n(@), ()} = W
2 _ o — 2 2) 8 (2 —
{a(@), )} = —(0‘_2@3225(?6 y)  (a—2p) 31052)5( )
(@—2p) " (z—y)
3a?

{e@), s = (22+af-75%) @) —qul) — (a+6) o) d(z —y)
—3aq(z)d(z—y)+0"(x—y)

{e2(2), )iy = - (2 (0® ~af+7°) a@) A+ o) - ae) il —y)

+(Oé+ﬁ) (>\+€lj(x)) ' (z —y)

(2 (& —aB+ %) qi(z)gs(z) + ags’) 6(z —y)

(2a =) g3(z) §'(x — y)

(%

{as(@), a(y)}r =

2(a—20)* (2 —aB+ %) a(x)q')é(x —y)

{aa(@), a()}r =

N (Ba?q) —2 (a3 — 330?225 ;—a?;aﬁQ —28%) ¢")é(z —y)

o (3a?qa(z) —2 (a® — 3a2§;3 afB?—28%) q') 0 (z —y)
(=28 (@ - ag ;m) ar’(@)d'(z ~ y)

L0 —ap+ ) 0@ —y)

3a?

The vector field defined by a covector w € Ty Q) is written in the form

|

(3.30) = [v, L]

where v is an extension of w and L is the matrix operator

( (a=Ba 0 1 ) ( 0
(3.31) L=0,+ q2 —aq1 0 +1 A
0

q4 3 Ba

o O O
O O =
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In the case a = 203, q4(x) is a Virasoro density, i.e

33 (z - y)

(332)  A{au(@), a2 =2q@) 8 (z —y) +0(z —y) ¢’ — 5

and the second Poisson bracket is the W2-algebra (see e.g. [9]).

Remark 3.6. Perform the bi-Hamiltonian reduction on sl3 by taking the
symplectic leaf of Py defined by setting a = e 1 + €23 in (3.3) and fixing the
transversal manifold to have the form (3.29). The reduced second Poisson
tensor on this manifold is equal to the one of the example above, (see e.g.
[5]). The form of the operator L will change to

(@a=B8)a 0O 1 0 0 1
(3.33) L:=0,+ qo —aqr 0 +1 A 00
q4 3 Ba 0 A O

which is the Lax operator considered in [2] to obtain integrable hierarchy
associated to Wf—algebra.

3.4. Classical W-Algebras from bi-Hamiltonian reduction. Classical
W-algebras will be obtained for the principal nilpotent element with an
appropriate choice of a basis and a transversal subspace constructed using
representation theory of slo-algebra.

Let e be a principal nilpotent element and {h, e, f} is the associated sla-
triple. We denote by A C g the subalgebra generated by this triple. Then
we have a decomposition of g as irreducible A-submodules:

(3.34) g=As PV
a=1

Let n, + 1 be the dimension of V. Fix a basis in V,,
(3.35) X7, i=0,...,n0, a=1,..,m.

From the representation theory of sly these vectors satisfy the following
commutation relations

(3.36) X5 = (ne—2))X]
£.X) = (G+Dnxgt
e, X3] = (na—j+1)Xi

It is easy to prove that C = Ker(ad f) is a transversal subspace associated
to e. We will apply the generalized bi-Hamiltonian reduction using this
transversal subspace. Let

(3.37) V= U?Xg; + vph + vee + vy f

*

be a general covector in £(g)* and

(338) q:= anZa + fo +e
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a point in (. Using (3.36) the second Poisson tensor at ¢ € @ reads

Py(v) = [% + ¢ X3+ qrf +e, U]Q‘Xg; + vph + vee + vy f]

(339) = U+ (v])e XL+ (Vn)e b+ (ve)a €+ (vp)a f+
o % vp Xo* —q% ve Xgo T+ (G + 1) qp vf X5+ 20 a5 f
—qf Ve h+ (na —j +1) vj Xt —2up ety h

where

(3.40) U = ¢l X0, X].

To find the reduced Poisson tensor P2Q one must solve the recursion relations

equating to zero the coefficients of X7 ,for j=0,....,n, — 1 and of e and h
(using the procedure explained after lemma 3.4).

Proposition 3.7. The brackets with q; will be given as follows

(34) {as@).as0)} = —er(58" (@ — )+ 20,()5 (x — )

+(g5)ad(x — y))
(342) {f"(@has)) = (a0l — )+ "D )6 (a - y),

where c¢1 and ¢ are some constants depending on the the choice of the basis
(they are unique up to multiplication of X2 by a nonzero constant).

Proof. The main idea of the proof is to study the contribution of v, and its
derivatives on the solutions of (3.39). This gives the Poisson brackets with
qf(z). First we put v§ =0, a = 1,...,m. It follows easily from Dynkin

grading that

v =0, i = 1”2—0‘ Va
(recall n, Ve is even for principal nilpotent elements). It follows that the
expansion of ¥ does not contain A, f or e. Therefore equating the coefficient

of e to zero we have

(3.43) o = 1/2(00)s
and the coefficient of h gives

(3.44) vf = Veqf — 1/2(ve)za
and the coefficient of f reads

(3.45) (vp)e + 2vpqp =

_1/2(U6)sz + 2(Ue)acqf + Ue(Qf)z

Observe that v, appears explicitly only when equating the coefficient of
Xna=1 to zero which gives

(3.46) V. = q*v, + other terms

n
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The next step is using the fact that ker(ad f) is abelain subalgebra (since f
is a principal nilpotent element) to rewrite

(347) U= qavj)'\[XgainL J 7é -
Thus solving the equation (3.39) recursively we have

.oon
vi =0, jz%—i—l,...,na
Then we have
(3.48) V. = q% Ve

Finally the coefficient of X['» leads to the expression

(Uﬁa)x + naq®vn =

at2) o
(3.49) o+ et g,
We substitute 6% (z — y) for 9%(v.), and the proof is complete. O

Thus we proved the reduced second Poisson brackets is classical W-
algebra as defined in [1] where g¢(z) is a Virasoro density and ¢*(x) are
primary fields of weights %(na + 2).

In [1] they obtained the same brackets from the Drinfeld-Sokolov reduc-
tion associated to e and the transversal space C. We will discuss the Drinfeld-
Sokolov reduction and its relation with bi-Hamiltonain reduction in the next

section.

Remark 3.8. In a similar manner one can obtain the Virasoro density using
arbitrary distinguished nilpotent element €’ (see also [2]). Our methods
fail to produce the primary fields since the Poisson bracket with Virasoro
density will depend on the structure constants of the transversal space C' =
ker(ad f’) where {¢/,h’, f'} is the associated sla-triple.

4. DRINFELD-SOKOLOV REDUCTION

In this section we will recall briefly the Drinfeld-Sokolov reduction which is
another procedure to obtain a bi-Hamiltonian manifold. In the next section
we will show its equivalence to our bi-Hamiltonian reduction. We use the
notations and terminology of section 3.1.

Let us denote by S the manifold consisting of operators of the form

d

(4.1) L= d—+b+e where b € £(b7).
T

The adjoint group G~ of £(g~) acts on S by
(4.2) (n,L) — exp(ad n) L for alln € £(g”) and L € S.
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Proposition 4.1. For any operator L € S there is a unique element s €
£(g™) such that the operator LF = exp ad sL has the form

d
4. Lr'=—
(4.3) dx+Q+€

where g € £(C). Hence q and s are differential polynomials in b. The entries
of q are generators of the ring R of differential polynomials invariant under
the action of the group G~ on S.

Proof. We write L = exp(ad s) L in the grading associated to e. Then
inductively for ¢ < 0 the equation has the form
b; + [6, Si_g] = ...
where the right-hand side is a differential expression in ¢ and s of the degree
greater than ¢. The result follows by noticing that
Ci ® ade(g;_,) =b; .
O

From the above lemma we define the space @ := S/G~. The set R of
functionals on @ can be realized as functionals on S which have densities in
the ring R. Consider the space S as a subspace of g. Then for a functional
H on S we define the gradient §H(q) to be the unique element in £(b™)
such that

(4.4) d%H(q +05) lomo= / (GH]3) for all 5 € £(67)
81
and
(4.5) / (GH|3) = 0 for all § € £(n-).
Sl

We define on £(g) the Poisson pencil (3.3) with a € g a homogenous element
of minimal degree. Then this Poisson pencil Py is reduced on @ using the
following

Lemma 4.2. R is closed subalgebra with respect to the Poisson pencil Py.

Proof. Note that if

d
4.6 L=— S
(4.6) - tatec
and
~ da
(4.7) L= d——i—q—kezexp(ad n) L
x

then for F € R we have 0F(q) = exp(ad (—n)) 6F(q). The proof is easily
obtained by using any faithful matrix representation of g. The result follows
by substituting into the bracket

(1) (PN (@) = [ (BHLSFIIS +q+ M)

s
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and using the invariance of the bilinear form (.|.) under the adjoint action.
U

4.1. Drinfeld-Sokolov and bi-Hamiltonian reductions. In this section
we will be mainly following the spirit of [25].
Let M be the space of operators of the form

d
(4.9) Z=—+4q where ¢ € £(g).
dx
The adjoint group N~ of £(n~) acts on M by
(4.10) (n,Z) — exp(ad n) Z for allmn € n~and Z € M.

Introduce on M the bihamiltonian structure (3.3) with a € C an homogenous
element of minimal degree.

Proposition 4.3. The action of N~ on M with Poisson tensor Py is Hamil-
tonian for all A. It admits a momentum map J to be the projection

J:g—nt.
Moreover, J is Ad"-equivariant.

Proof. We consider a faithful matrix representation of g. Then the action
on M has the form

(4.11) U, :q—ngn ' —ngn! g€ £(g),ne N~
For £ € £(n™) the fundamental vector field will have the form
d
(412)  X¢ = o (exp(~t€) g exp(t€) — (exp(—t€))aexp(tE))
= &+ [CL 6}

Define the functional

(4.13) He(g) = / (0.6) = / (7(0).€).
Then

(4'14) P,\5H§=§x+[§,q+)\a] :fx+[faQ]7

which proves the action is Hamiltonian. The momentum map is Ad*-
equivariant iff
J(¥n(q)) = AdyJ(q)-
Since the moment map is just the projection we have
J(Uu(q)) = J(ngn™ —nzn™")
= J(ngn™)
= J(nJ(g)n™)
= Ad;J(q
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where the last equality follows from the fact that the coadjoint action of N~
on nt ~n~" is given by

(4.15) Adiv = J(nwon™t), ven .
O
We take the nilpotent element e as a regular value of J. Define the space
(4.16) S:=J1(e) = % +b +e.
and let D denote the distribution defined by the group action
(4.17) D :=Py(L(n")) = P(L(n7)).

Let E:=DNTS. Then Py, S and D satisfy Marsden-Ratiu theorem [21].
Consider the space

(4.18) Q:=5/G" ~S/E
where G~ C N~ is the isotropy subgroup of e under the action of N~. From
the properties of the grading G~ is the adjoint group of g—. This obviously

leads to Drinfeld-Sokolov reduction.
Define the space

(4.19) Q= % +£(C) +e.

Then @ is transversal to the distribution E := DNTS = P,(£(b7)) on
S by lemma 3.4 and 3.18 and we end with the generalized bi-Hamiltonian
reduction.

Thus we have proved the following

Theorem 4.4. The generalized Drinfeld-Sokolov and generalized bi-Hamiltonian
reductions are equivalent.

As we mentioned in the introduction, the special case of principal nilpo-
tent element the equivalence is obtained in [25]. Using generalized bi-
Hamiltonian reduction the proof is more simple even in this case.

5. APPLICATIONS TO FROBENIUS MANIFOLDS

Let M be a manifold with local coordinates R = (R!,..., R"). On the
loop space £(M) a local Poisson bracket can be written in the form [17]

(5.1) {Ri(@), RI(y)} = > {R(x), R (y)}"
k=—1

here € are just a parameter and
k+1

(5.2) {Ri(a), R ()} =3~ Ayl s®+D (2 —y),
s=0
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where AZ{G are homogenous polynomials in 0™u‘(z), i = 1,...,m, m > 0, of
degree s (we assign O™u!(x) degree m). The first terms can be written as
follows

(53) {R@) R = FiRsw-y
(54) (R RN = ¢RI (@ —y) + T (RRES(@ —y)

where F, ¢' and '} are smooth functions in R'. The matrix F¥ defines
a Poisson structure on M. Assume F% = 0 then {R'(z), R’(y)}\¥! defines
a Poisson bracket on £(M) known as Poisson bracket of Hydrodynamic
type. By nondegenerate Poisson bracket of Hydrodynamic type we mean
the metric g% is nondegenerate. In this case its inverse defines a flat metric
on the space M and FZJ is the contravariant Levi Civita coefficients of g%

[16]. If there is a bi-Hamiltonian structure Py on £(M) such that Flw2 =0

then g7 is called a flat pencil of metrics if det(gy) # 0, VA. Under some
assumption of quasihomogeniuty and regularity a flat pencil of metrics is
equivalent to a Frobenius structure on M [14]. In the notations of (1.1)
from a Frobenuis structure on M the flat pencil of metric is found from the
relations

(5.5) = gy
gy = (d—1+d;+dj)nnP0,05F

We apply generalized bi-Hamiltonian reduction to distinguished nilpotent
elements of the Lie algebra Fy. Our aim is to obtain a Frobenius manifold
from the reduced Poisson pencil. There is four distinguished nilpotent orbits
on Fj; which yields four algebraic Frobenius manifolds. Two of them give
a polynomial Frobenius manifolds isomorphic to Frobenius structure on the
orbit spaces of Coxeter group of type Fy and By. One of the remaining
distinguished nilpotent orbits is likely to give algebraic Frobenius structure
isomorphic to the one found in [24] by applying Drinfeld-Sokolov reduction
on Lie algebra of type Dy. We end with one class of nilpotent elements
which give a new algebraic Frobenius manifold.

Example 5.1. (Algebraic Frobenius manifold) Assume X, with H, € b,
a € ¥, form Weyl-Chevalley basis of Fy. For the following computations we
use the minimal representation of Fy of dimension 26 (see e.g [3]). We apply
the generalized bi-Hamiltonian reduction with the nilpotent element

e = Xay + Xaj+as T Xagtas T Xagtastas T Xag+2as
(56) +Xa1+a2+2 (%] + XO&4 + XCX3+CY4

which corresponds to the nilpotent orbit Fy(ag) in the notations of [8]. We
fix the associated Dynkin grading and define the first Poisson bracket with
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a =X_24,-3as-4a3-2a,- Define the transversal manifold ) to be of the
form

q = UsX 0y 2a; TUs X 01—ay—2a3 T U1 X a1—as—as
+Us X 201-3a3-4a3—204 T Ut X0 —30as-40a35-20a4
+Us X—a1—as—2a3—20as T Us X0 —as—203-a4

(5.7) +Us X0y —203-30a3—2a4-

Write the reduced Poisson pencil in the notations of (5.2). Then the

coefficient Ff\j of e does not vanish. Indeed, the coefficient Flij of the first
Poisson bracket reads

(5.8)
0000 O 3 0 0
5
« 00 0 0 2> 0 0
« %« 00 0 - 0 0
y x % % 0 _% 0 10U1+2132([)]2+5U3 76U1+142%U2+U3
Fl B 17U;—198 U2—18 U: U. U.
- 1— 2— 3 —Y4 —Y4a
* % ok ox 0 180 32 60
% ok %k % * 0 Fl6’7 FlG’8
5U,U4—24U5 U,
E I S S * * 0 W
x ok k% ok * * 0
where
o1 _ 15 U2 = 380U Uy — 700 Us? — 60Uy Us — 328 Uy Us — 60 Us? + 150 Us
e 5760
o8 _ 09 Ui + 772U, Uy — 1356 Us? — 28U U — 424 Uy U — 76 Us? 4+ 110 Us
1 - .
5760

Our next aim is to use Dirac reduction. For this we introduce the coordinates

U
Wi = S+t Us

Wy = 11Uy +5Us
Uy (—205U1% 4 1908 Uy Us — 7416 Us? + 360 (Uy +2Us) Us + 360 Us?)

Wy = 1080

5U1Us
12

+ —20,Us + U7 — 55Uy
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95 U2 — 849 U2 Uy + 3948 Uy Us? — 195 U2 U — 120U, Uy Us — 180 Uy Us?

We = 2 720
+U;‘2+<_1g1 1912Uz+?§’> Us + Ur + 3 Us

Ws = U

W = Us

W: = Us

Wy = Us

where the first four are the Casimirs of F fj . Following [24], it turns out that
the Poisson pencil Pfg can be reduced only along the submanifold N given
by

Wg = Wg=0

Wy = Z
—52% 4+ 150 Z Wy — 100 W% — 33Y Wo + 64 Wy Wa — 7TWo?

150

where Z(W1,...,Wy) is a solution of a cubic equation to be given below.
The leading term of the reduced Poisson pencil P){V gives a nondegenerate
Poisson bracket of Hydrodynamic type satisfying the quasihomogeneity and

regularity conditions of [14]. In a flat coordinates (si, s2, 3, 54) the Frobe-
nius structure will have the potential

922 815 3Z2 814 S92 322 813 822 322 812 823 153Z2 S1 824

Wy =

14800 89600 89600 640000 89600000
1107 Z% s9° 817251283 24372%s1s9s3 72972592 53
4480000000 2800 14000 280000
4097 5% 191Zs1%°sy 187 Zs1% 592 67751 593
2419200 1344000 5376000 13440000
3197 51259 5297 51 s9° 1247 Z s95 277 $1° s3

© 179200000 13440000000 ' 38400000000 560
117 Z s12s983  9Zs1s9°s3 3697 s93s3 243 7 s3>
B 5600 56000 560000 70

20459 515 59 6089 51° 592 254609 51% 593 152263 513 s9*

580608000 976480000 34836430000 | 116121600000
300457 512 s9° 1973651 s s9° 202289 597 17 514 55

5806080000000  174182400000000 + 193536000000000 44800
7264751352 s3 6059512 592 s3 182235 s93 53

336000 2240000 33600000
11443 517 N 60131 s9%s3  s183%2 389832
174182400 = 1344000000 20 200
3 $92 83 S84

(5.9) —2518384 + + 25 842

5
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where Z is a solution of the cubic equation

2 2
S1 S1 82 382
5.10 AR
( ) (48 + 80 + 1600)
s1° 135125y s189° 41 593 33

96 2880 58800 288000 2V

It is straightforward to check validity of the WDVV equations for this po-
tential. The quasihomogeneity reads

1 1
(5.11) $401F(s) 4+ s305F (s) + §5282F(s) + gslalF(s) = 2F(s).

In a subsequent publications we will consider further examples of Frobe-
nius structures and integrable hierarchies on bi-Hamiltonian manifolds pro-
duced by applying the reduction methods introduced in this paper.
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