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1 Introduction

This work is motivated by the recent paper [10], dealing with systems of non-
linear Schridinger (NLS) equation like

—Aw +Muy = f‘lu:li +ﬁu%”1| u; € WHE(R™), (1.1)
—Aug + dgus = poud + fudug, u2 € WLEA(RD), )

where n = 2,3, A, p; > 0, = 1,2, and § € R. Coupled NLS equatidns arise
in nonlinear Optics. For example, if E{z, 2} denotes the complex envelope of an
Electric field, planar stationary light beams propagating in the z direction in a
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non-linear medium are described, up to rescaling, by a nonlinear Schrédinger
(NLS) equation like
iE, + E;; + «|E|’E =0,

where i denotes the imaginary unit and subscripts denote derivatives. In the
sequel the constant « is assumed to be positive, corresponding to the fact that
the medium is self-focusing. Without loss of generality we wiliput k = 1. If E
is the sum of two right- and left-hand polarized waves a1 Ey and azF3, a; € R,
the preceding equation gives rise to the following system of NL3 equations for
E;,j=1,2 (see eg. [1, 12, 13])
{ L(E1)z + (Br)as + (af|E1[? + aF| 2P} By =0, (1.2)
i{E2)z + (B2)az + (6| E1|* + 03| B2} B, =0 )

We will look for stending waves, namely for solutions to (1.2) of the form
E;{z,z) = ™7 (x), where A; > 0 and u;(z) are real valued functions which
solve the system

{ _(ul):r:a: “+ )\lul = (a%u% + agug)ull (13)

—(u2)ex + Aotz = (afui + ajudjug.

If we take the coupling factor a2 := 3 as a parameter and let the coefficients of
u} be different, say ; > 0, (1.3) becomes
—uy + Ay = ,LL]_’M% +:6u%u1: (1.4)
—ulf 4 daup = poud + Pudug, )

which is the ODE counterpart of {1.1).

Roughly, we will show that there exdist A’ > A > 0, depending upon Aj, p;,
such that (1.4) has a radially symmetric solution {uy, up) € WHE(R")xW12(R™),
with uy,ue > 0, provided 8 € (0,A) U (A, +o0). Moreover, for 8 > A/, these
solutions are ground states, in the sense that they have minimal energy and
their Morse index is 1. It is worth pointing out that for any 8 (1.1) has a
pair of semi-trivial solutions having one component equal to zero. These solu-
tions have the form (U,0), (0,U3) where U; is the positive radial solution of
—Au+ Mu = pud, uw € WH2(R™). Of course, we look for solutions different
from the preceding ones. On the other hand, the presence of (U7, 0) and (0, U2)
can be usefully exploited to prove our existence results. Actually, the main idea
is to show that the Morse index of (U1,0) and (0, Uy) changes with 8: for § < A
small their index is 1, while for # > A’ their index is greater or equal than 2.
This fact, jointly an appropriate use of the method of natural constraint, allows
us to prove the existence of bound and ground states as outlined before.

Most of the papers on NLS systems deal with the existence of specific explicit
solutions, see e.g. (7], or with results based on numerical arguments. Recently,
some more general rigorous achievements have been obtained, see [5, 10, 14].
In particular, our results on the existence of bound states improve and precise
the ones in [10]. The reader should pay attention that these bound states have
Morse index greater or equal than 2. In spite of this fact, they are called ground




states in [10]. See Remarks 2.2 and 5.8 later on. The existence results for 8 > A’
is new.

A preliminary announcements of the present work appeared in [2]. Let us
also mention that, when [2] was completed, we became aware of [11] which
contains results similar to some of ours.

The paper contains 5 more sections. In Section 2 we introduce notation
and give the definition of bound and ground state. Secticns 3 and 4 contain,
respectively, some preliminary material on the method of the natural constraint
and the key lemmas for getting the main existence results, which are stated and
proved in Section 5. Extensions to systems with more than two equations are
discussed in Section 6.

2 Notation and Preliminary Definitions
Let us introduce the followingl notation

¢ E = W12(R"), the standard Sobolev space, endowed with scalar product
and norm

i)y = [ [Vu ot dumlds, - ulf = @lwy, =12
R" . - T .

¢ E = E x E; the elements in E will be denoted by u = (u;, us); as a norm
in E we will take [[u[® = flu||§ + [luz/l3;

we set 0 = (0,0}

for u € E, the notation u 2 0, resp. u > 0, means that u; > 0, resp.
u; >0, forall j=1,2

o H denotes the space of radially symmeiric functions in E;

e H=H x H.
For u € E, resp. u € E, we set
%/ (IVul® + Mu?)dz — %ﬂj[ uldz,
) Rn Rrn
Flu) = 3 f (11l + pou3) dz.
Rl‘l

1 2.2
Glur,u2) = 5/ ujuzde,
Rﬂ.

o) = B(uy,uz) = hi(wr) + Ia(uz) — BC(ur,up)
= Lul® - Fu) - 8Gu).

<
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Let us remark that F' and G make sense because E < L4(R™) for n = 2,3 Any
critical point n € E of @ gives rise to a solution of (1.1). If u # 0 we say that




such a critical point (solution) is non-trivial. We say that a solution u of {1.1)
is positive if u > 0.

Amoeng non-trivial solutions of (1.1}, we shall distinguish the bound states
from the ground states. :

Definition 2.1 We say thot u € E is a non-trivial bound state of (1.1) if u
is a non-trivial crifical point of ®. A positive bound state u > O such that its
energy is minimal among all the non-trivial bound states, namely

®(u) = min{®(v) : v € E\ {0}, &'(v) =0}, (2.1)
is called a ground state of (1.1). l
About the definition of ground states, some remark is in order.
Remark 2.2 In the case of a singlé”NLS equation,

—Au + du = puf, u€ E, (2.2)

a ground state is a solution «* > 0-of (2.2) such that I(uw*) = min{/{x) :u €
EN{0}, u > 0, I'() = 0}, where

Itw) =1 fn"(lvusz +xd)de = La /R wtde.

A main feature of a ground state is that it arises as a Mountain-Pass critical
point of I and hence has Morse index -equal to 1. Moreover, it is known that
a necessary condition for the standing wave E(z,z) = ¢***u*(z) to be orbitally
stable is that the Morse index of u* is at most 1, see [6]. It is natural to expect
that similar properties are shared by a ground state of coupled NLS systems. In
particular, a ground state should have Morse index 1. We will show, see Remark
5.7, that the ground states we will find have this property. We also anticipate
that in {10] a different definition of ground state is given, according tc which it
might have Morse index 2. See Remark 5.8 later on. ®

3 The Natural Constraint
In order to find critical points of ®, let us set
T(u) = (¥'(u) | u} = ||ulf? - 4F(u) - 48G (),
and introduce the so called Nehari manifold: -
M= {ue H\ {0} : ¥(u) =0}

Plainly, M contains all the non-trivial critical points of @ on H. Let us recall, for
the reader convenience, some well known facts. First of all, for any v € H\ {0}
one has that

tveM <« 2|v]2 =t [4F(v) + 48G(v)).
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As a consequemce, for all v € H\ {0}, there exists a unigue ¢ > 0 such that
tv € M. Moreover, since F,G are homogeneous with degree 4, that 3p > 0
such that

ful?>p,  YueM. (3.1)
Furthermore, from (3.1) it follows that
(I'(u) |u)==2Ju|> <0, VueM. (3.2)

From (3.1) and (3.2) we infer that M is a smooth complete manifold of codi-
mension 1 in E. Moreover, if u € M is a critical point of & constrained on M,
then there exists w € R such that

&' (u) = wl'{u).

Then-one finds ¥(u) = (H'(u) | u) = w(¥'(u) | u). Since T(u) = O while, by
(3.2), (¥/(u) | u) < 0, we infer that w = 0 and thus &' (u) =0
In conclusion, we can state the following Proposition.

Proposition 3.1 u € H is a non-trivial eritical pomt of ® if and only ifu € M
and is o constrained critical point of & on M.

Because of this, M is called a natural constraint for ®. A remarkable advantage
of working on the Nehari manifold is that @ is bounded from below on M.
Actually, from ¥(u) = 0 and the definition of M, it follows that

[ul? = 4F(u) + 46G (u). (3.3)
Substituting into ® we gét
o(u) = 4u?,  vue M. (3.9
This jointly with (3.1) implies there exists C > 0 such that
uy=C >0, VYueM. (3.5)

Concerning the Palais-Smale (PS) condition, the following Lemma holds.
Lemma 3.2 $ satisfies the (PS) condition on M.

Proof. Let u, € M be a sequence such that ®(u,) — ¢ > 0. From (3.4)
it follows that w, is bounded and, without relabeling, we can assume that
u, - ug. Since H is compactly embedded into L*(R™), n = 2,3 (see [15]), we
infer that F{u,) + 8G(u,) — F(ug) + FG(ug). Moreover using (3.3) jointly
with (3.1}, one has that J ¢ > 0 such that F(u,)+ fG(u,) = ¢ and then ug # 0.
Letting Vo ®(u) = ®'(u) — w¥'(u), w € R, denote the constrained gradient of
@ on M, suppose that V ,®(u,) — 0. Taking the scalar product with u,, and
recalling that (®'(u,) | u,) = ¥(u,) = 0, we find that w,(¥'(u,) | u,) —» 0
and this, jointly with (3.2), implies that w, — 0. Since, in addition, |¥(u,)| <
€1 < +oo, we deduce that ®'(u,) — 0. Finally, from hm(@’(uﬂ) | ug) =0 it
readily follows that u, — u, strongly. B




Remark 3.3 From the preceding arguments it follows immediately that min{®(u) :
u € M} is achieved giving rise to a non-negative solution of (1.1). However,
such an existence result is useless without any further specification. Actually,
for every 8 € R, (1.1) already possesses two explicit solutions given by

S = (U1,0), Uz = (0, Ug),

where U; is radial positive and satisfies —Au 4+ Aju = iyu. In other words,
to find a non-trivial existence result, one has to find solutions having both the
components not identically zero. m

4 Evaluating the Morse index of u;
The aim of the following arguments is to show that there exist non-negative

solutions of (1.1) different from uy, j = 1,2. First, let us remark that if we let
U denote the unique positive radial solution of —Au 4+ u = u®, there holds

UJ(E) = J%U(\/)‘_jm)’ Fi=12

. 2 ’ 2
2 = inf ”‘10"2 , 2 _ inf “‘P“l ,
M= eminy JUZ9L 27 pemvor J U6

Next, we set

and ) .
A=min{y},v3}, A =msx{y{, M}

The next Proposition shows that the nature of u; changes in dependence of
B AN,

Proposition 4.1 (i) V3 < A, vy, j = 1,2, are strict local minima of @ on M.
(#2) If B > A then u; are saddle points of @ on M. In porticular, infp @ <
min{®(w), 2(u2)}. :

To prove this Proposition, we will evaluate the Morse index of u;, as critical
points of ¢ constrained on M. Let D?®(u;) denote the second derivative of
& constrained on M. Since @'(u;) = 0, then one has that

D*®p(uy)[h)? = @"(ny)[h]?, VheTuM. (4.1)
Similatly, if A denctes the Nehari manifolds relative to I;, j = 1,2,
Ni={ue H\{0} : (Fj(u)lw) = 0} = {u € H\ {0} : Jul} = py f“4},
then, from the fact that I/(U;) = 0 it follows

D), (Uj)[h12 =IJUHR?  YheTyN. (4.2)

6




Notice that U is the minimum of I; on A and thus, using alse (4.2), one has
that Je¢; > 0 such that

BNk z eilibsl},  F=12 (4.3)
The next lemma shows the relationship between Ty, M and Ty, Nj.
Lemma 4.2 There holds: h = (hy,hs) € Ty, M & hy € Ty, N;, j=1,2.
Proof. One has that by € Ty, Nj iff (U; | ¢); = 245 [ U}¢, while h € Ty M iff

(ul | h;)l + (?.l.z l h2)2 = 2/ (plu?hl + ,u.g’ughz) + ﬂj (ulhlug + u%’Uth).
Rn R™

Thus h = (ha, hz) € T, M, iff (Uj | hy); = 215 [U3h;.
Proof of Proposition 4.1-(1). If u = (uj,u2) € H and h = (hy, ha) € H one has
¥ ) = )l + ualbal? - 8 [ (a3 + duaalaha).
In particular, if u = u; we get )
()bl = O + Il -5 [URR. )

Now, let us take h = (hy, ha) € Ty, M. Then, using Lemma 4.2, we have that
hy € Ty, N1 and hence (4.3) yields '

IHUD I 2 afuli.
Substituting into (4.4) we infer.
& () 2 eiliull + el ~ 8 [ UK, Vhe T,
and this, using the definition of vy, yields
& (up)[b]? 2 es||malif + lhaltf ~ ,%”hz"g, ¥he Ty, M.
1
Therefore, if 3 < 77 there exists ¢z > 0 such that
"(u)h]® > cafifulii +collhal}, YheTuM. (4.5)
Taking into account (4.1), we infer that (4.5) implies that u; is a local strict
minimum of ® on M.
Similarly, if 3 < 42, 3 ¢} > 0 such that
& (up)h)* = e} |a I} + llhallz, Vhe Ty M.




proving that uy is a local strict minimum of & on M. ®

Proof of Proposition 4.1-(it). We will evaluate ®"(u;) on tangent vectors of the
form (0, hy). According to (4.4) one has

& ()l(0,ha)} = Wral} - 8 [ U3

Moreover, Lemma, 4.2 implies that (0, k) € Ty, M, for all hy € H. If 8 > 72,
there exists hp € I \ {0} such that

(¢

i 2. < B,
JUth,

m<

and hence o ) .
 (u){(0, B = s} — 6 [ Uk, <o.
Rﬂ

Similarly, if 8 > 2, there exist 7i; € H \ {0} such that 3" (up)[(h1,0)2 < 0. m

Remark 4.3 What we have really proved is that u; is a minimum, resp. a
saddle point, provided 8 < v}, resp. 5 > i=1,2m

5 Existence Results

According to Proposition 3.1, in order to find a non-trivial sclution of (1.1) it
suffices to find a critical point of @ constrained on M. The following lemma is
a direct consequence of Proposition 4.1 and Lemima 3.2.

Lemma 5.1 (i) If 3 < A, then @ has a Mountain-Pass critical point u* on M,
and there holds ®(u*) > max{®(u,), P{ua)}.

(#) If B > A then @ has o positive global minimum @ on M, and there
holds ®(1) < min{®(u;}, ®(uz)}."

Proof. (i) Proposition 4.1-({) and Lemma 3.2 allow us to apply the Mountain
Pass theorem to ® on M, yielding a critical point u* of . By the Mountain
Pass Theorem, it also follows that ®(u*) > max{®(u), $(us)}.

{ii) By Lemma 3.2 the infs, ® is achisved at scme U > 0. Moreover, if
> A, Proposition 4.1-(#1) implies ®(u*} < min{®{u;), B(uz}}. =W

Remark 5.2 In order to prove the preceding Lemma, it would be enough that
only one ameng u; is a minimum or a saddle. For example, if ®(u;) < ®(uy)
to prove (%) it suffices that the u; is a minimum. According to Remark 4.3, this
is the case provided 8 < 2. Unfortunately, a straight calculation shows that if
T(uy) < &(uy) then v2 < 43, Hence u; is a minimum as well. Same remark
holds for the case (ii). m

We are now in position to state our general existence results.
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5.1 Existence of ground states

Concerning ground states, our main result is the following
Theorem 5.3 If 3 > A’ then (1.1) has a (positive) radial ground state U.

Proof. Lemma 5.1-{(if) yields a critical point @ € M which is a non-trivial
solution of (1.1}. To complete the proof we have to show that u > 0 and
is a ground state in the sense of Definition 2.1. To prove this fact, we argue
as follows. Since |u| = (||, |42} also belongs to M and (1]} = ®{4) =
min{®{u) : u € M}, we can assume that 0 > 0. By the maximum principle,
d > 0. It remains to prove that

D1} = min{®(v): ve E\ {0}, ¥'(v) =0}. - {581)
By contradiction, let ¥ € E be a non-trivial critical point of tIJ- suc_h that 7
®(V) < (W) = min{®(u) : u € M}. (5.2)
Setting w = |V| th;are holds
&(w) = (¥), U(w) = ¥({¥). _ (5.3)

Let w* & H \ {0} denote the Schwartz symmetric function associated to w.

Using the property of Schwartz symmetrization, there holds | w* |2 < |lw||? and
Flw*)} + G(w*} > F{w) + SG(w). Thus ¥(w*) < ¥{w). Using the second of

{5.3) and the fact that ¥ is a critical point of &, we get ¥(w) = ¥(v) =0 and

there exists a unique ¢ € (0,1] such that t w* € M. Moreover,

B(tw*) = ;3w |* < §Iw]® = B(w).
This, the first of (5.3) and (5.2) yield
Bt W) < B(w) = B(F) < &(F) = min{@(w) : u € M),

which is a contradiction, since tw* € M., This shows that (5.1) holds and
completes the proof of Theorem 5.3. m

5.2 Existence of bound states

Concerning the existence of positive bound states, the following result holds.

Theorem 5.4 If 8 < A, then (1.1) has a radial bound state u* such that u* #
u;, § = 1,2. Furthermore, if B € (0,A), then u* > 0.

Proof. If § < A, a straight application of Lemma 5.1-(z) yields a non-trivial
solution u* € M of (1.1), which corresponds to a mountain-Pass critical point
of & on M. Moreover, ®(u*} > max{®(u;), P(uz)} implies that u* # uy,
j=1,2




To show that u* > 0 provided 3 & (0, A), let us introduce the functional
&t (u) = 3|ul? - F*) -~ FG),

where ut = (uf,ud) and vt = max{u,0}. Consider the corresponding Nehari
manifold
Mt ={ueH\{0}: (VET{u)|u)=0}.

Repeating with minor changes the arguments carried out in Section 3, one
readily shows that what is proved in such a section, still holds with ® and
M substituted by &+ and M™. In particular, Proposition 3.1 and Lemma 3.2
hold true for & and M*. On the other hand, Proposition 4.1-(¢) cannoct be
proved as before, because &+ is not C%. To circumvent this difficulty, we argue
as follows.

Consider an e-neighborhood ¥V; € M of u;. For each u € V; there exists
T(u) > 0 such that T'(uju € M. Actually T(u) satisfies

[uli* = 4T%(u) [F(u™) + 8 G(uT)],
and since {juli® = 4 [F(u) + 8 G(u)}, we get
[F(u) + BG(w)} = T(u) {F(u*) + BG(ur)]. (5.4)

Let us point out that FP(ut) + FG(u*) < F(u) + #G(u) and this implies that
T(u) > 1. Moreover, since limy_,y, F(u*) + fG{u™) = F(u;) > 0 it follows
that there exist £ > 0 and ¢ > 0 such that

Fu*)+BGu*)>e, VYuelV.

This and (5.4) imply. that the map u — T'(u)u is a homeomorphism, locally
near ;. In particular, there are e-neighbeorhoods V; € M, W, C Mt of uy
such that for all v € W,, there exists u € V; such that v = T'(u)u. Finally,
from @+ (v) = 1||v|?, see (3.4), and the fact that T'(u) > 1, we infer

e*(v) = lIvI? = 1T )l > {ul® = $(u).
Since, according to Proposition 3.1, u; is a local minimum of ® on M, and thus
IH(v) > B(u) 2 @(wy) = T(wy), Vve W,

proving that u; is a local strict minimum for &+ on M™, A similar proof can
be carried out for us. - _

From the preceding arguments, it follows-that &+ has a Mountain Pass
critical point u* € M™, which gives rise to a solution of

{ —Auy + Mur = pa(uh )+ Blud)Puf,  w e WHARD),

“Aug+ Aguz = paled )P+ APV, up € WRRARRY. (5:5)

In particular, one finds that «; > 0. In addition, since u* is & Mountain-Pass
critical point, one has that ®+(u*} > max{®(u), P{uz}}. Let us also remark
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that u* € M7 implies that u* # 0 and hence v = 0 implies that ] # 0. Irom
&'(u¥,0) = 0 it follows that u] is a non-trivial solution of

—Au+ Ay =, we H.

Since u} > 0 and u} # 0, then ] = Uy, namely u* = (U1,0) = uy. This is
in contradiction to & (u*) > ®(u;), proving that uf # 0. A similar argument
proves that 4] # 0. Since both u] and uj are # 0, using the maximum principle
we get ul >0andu} >0 1

5.3 Further existence results

It can be useful to state an existence result based upon a more explicit (though
less precise) estimates on B, For this, it is convenient to set -

L MY . .
a; = Hj (/\_:) o k=12 k#] (5.6)
MR , .
G = max{"“.] (3:11) )ﬂjf , ki=1,2,k#] (57)
j j
Lemma 5.5 There holds a; <% < (G, i=1,2.
Proof. Let ) 7
2 _ llll5 . 2
oy = 1 = inf i
77 per\(0) [@lfe  weE llvlla=1 el

denote the best Sobolev constant in the embedding of (WY2(R™), || - {;) into
LA(R™). It is easy to see that o; is achieved at

Uiz} = o7 /AU (VA2),
and one has o = A2 [UHAjz)de = Aj_%‘ JU*z)d=. In particular, there

holds ! ) -3
% () :
B-() o @a

Using this equation, the Holder inequality and the fact that oF = p2 f U, we
get for j £k,

JF S . | S fil2
§ ee\(0) [ UZp? = pel\{0} (fin U;)I/Z ™ @4)1/2
_ ok _Mjffﬁ__p_(ég)l_%_a,
- 1/2 T 2T TR . e
(Jon U5) 7 A
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As for the upper bound, we take e.g. ¢ = Us. Then

U213 < tapia|| Vsl )
fR“ U12U22 - )\1)2 fR“ Uz(\/)\_12)U2( Az:ﬂ)

If A1 > Az (which implies that U(v/Az) < U{v/Azx)), we get

oo pumlUalf e [ Ud | Dol ()\_2_)1_%

2
"n=

S 2TV, v S W= B W N
Similarly, if Ay < A2 then one has 4% < %11 Same arguments lead to prove

that v3 < max{uz 32,42 (32)'"%}. =

The preceding lemma, jointly with Theorems 5.3 and 5.4, immediately im-
plies i

Theorem 5.6 (i) If 0 < § < min{o1, a3}, then (1.1) has a positive radial
bound state u*. -
(1) If # > max{C1,(2}. Then (1.1) has a positive radial ground state u.

5.4 Some Remarks

We end -thig section with some remarks. The first one deals with the Morse
index of the solutions found above.

Ilemark 5.7 We can evaluate the Morse index of the solutions found above,
Here, by definition, the Morse index of a critical point v of & is the maximal
dimension of the subspace where ®"(v) is negative defined. Now, from (3.2)
it, readily follows that for every u € M, ®”(u)[u]? < 0. This implies that the
Morse index of any critical point v of ® equals its Morse index as constrained
critical point of ® on M, augmented by 1. As a consequence, the bound states
u* found for 8 < A have Morse index > 2, while the Morse index of the ground
states 1, found for 8 > A’ is one. Let us point out explicitly that this agrees
with the discussion carried out in Remark 2.2-(¢} about the features of ground
states.

We now make a comparison with (10} and [11].

Remark 5.8 In {10] a ground stete is defined as a positive solution of (1.1)
whose energy is minimal among all the positive solutions of (1.1). A ground
state in this weaker sense is found as & constrained minimum on the manifold

N={u=(u,up) €E:uy 20,u; #0, (Ij{u;) | ;) = 26G(u), j = 1,2},

under the assumption that the matrix A with entries a;; = p;, a;5 = 8 (7 # k)
is positive definite, which holds provided 0 < 8 < ,/p1pz, [10, Thm. 2]. Due to
the fact that IN has codimension 2, these sclutions have Morse index 2. Indeed,
we suspect that they are nothing but the bound states we have found in Theoremn
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5.4. Moreover, in [10} (we restrict our comments to a system of 2 equations,
but similar remarks holds for systems of more equations) nothing is proved in
the case that the matrix A is not positive definite, while we do not make any
assumption of this kind. In addition, no result dealing with the existence for 3
large is given in [10]. Furthermore, another new feature of our results is that the
bounds A, A’ depend not only on g;, but also on the ratio A;/Az. On the other
hand, let us point out that the case in which A; # Xy is the most interesting
one. Actually, if A; = Ag one has that A = min{y;, uo}, A’ = max{p, pa} and
for all # € (0,A)U (A', +0oc), there are explicit solutions of (1.1). For example,
if say A1 = Mg = 1, they are given by (815001, a25U,) where

1 C et ) VI S 5.8
TP 7 , (5:8)

- Unfortunately, these solutions might coincide with those found in [10, Thm. 2]

or in our Theorems 5.3, 5.4.

In [11, Theorem 2.3] an existence result like our Theorem 5.3 is proved. As
for bound states, [11] only contains a result dealing with the minag @, like the
one indicated above in Remark 3.3. No existence of positive bound states such
as Theorem 5.4 is proved. B

HxH

(Th, U2

(Ulv 0)

(0: UZ)

v

0 L1 K2 B

Figure 1: Bifurcation diagram of the family (a15U1,a2605), in the case A, =
d2 =1 and pq < p2 (the diagram is suggestive, only).

Our last remark is concerned with some open questions.

Remark 5.9 If )\1 = Az = 1 and H1 < U2, the famlly (al_@Ul,ﬂ.zﬂUz), ,8 [
(0, 1) U (pz2, +00), deseribed in (5.8) is the unicn of two branches as indicated
in the figure 1 above: a first branch joins (U, Us) (for 8 = 0) and (U7,0)
{for § = p1); the second one starts from (0,Us) at 8 = ps and tends to 0 as
B — +o0o. It would be interesting to see if the set of solutions of (1.1) has a
global feature of this sort in the general case that A; % Ag. Let us remark that
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we can use perturbation arguments, see Theorem 6.4 in the next section, to
prove that from = 0 and u = u;2) emanates a branch ¥ of positive solutions
(8,ug) € R x H of &(u) = 0, provided g = ¢ is sufficiently small. Here we
write ®g instead of © to emphasize the dependence on £.

Another natural question is to study the case in which 3 € [A, A’}, which is
not studied in the present work. Moreover, if A = A/, it would be interesting
to see whether the set of bound and ground states found before is a contimious
curve. If this happens, Remark 5.7 implies that the Morse index of the solutions
along the branch changes across § = A = A/, which is therefore a bifurcation
point, according to the results of {8)].

Finally, for all 3 € R the equation &, (u) 0 has the "semi-trivial” solutions
given by (8,u;), j = 1,2. From Proposn:lon 4.1, see also Remark 5.7 above, we
deduce that the Morse index of these solutions is 1 if g < 'y , while it is > 2
as 3 > ’YJ Then 3 = 'yJ is a bifurcation point from the famlly {(B,u;)}. We
neither know if the new solutions bifurcating from 'yj have both the components
positive, nor their relationship with the set of ground and bound states found
before. B

6 Systems with more than 2 equations

In this final section we shortly discuss the case of systems with more than 2 -
equations. To simplify notation, we focus on a system of 3 equations like

—Auy + My = g + frauiud + fauaul, w € WHEHRD),
—Aus + doug = ,u.z'u% + ,31211.211% + ,323%211%, ug € WI'Z(R"), (6.1)
—Auz + Azug = ,U.3'U.g + ,61315311% + ,623'&3'&%, U3 € Wl’z(R").

It would be easy to extend these results to systems with any number of equa-
tions.

To be short, we shall indicate only the main changes needed in the preceding
arguments. We do not change notation, which have a natura! meaning. For
example, E = ExXExE, u= (uy,uz,us}, F(w) = 35, 55 1t5 fgn utdz, Glu) =

E;#k Bk fgo v ”kdx
M= {ueE\{0}:|u® =4F(u) + 4G{u}},
eic,

Remark 6.1 There are now 3 explicit solutions of (6.1) given by uy = {U/1,0,0},
uz = (0,Uz,0) and ug = (0,0,U3). Furthermore, there could be solutions
u = (u1,us,ua) of (6.1) having one component equal to zero. Precisely, if the
component u is identically zero , then the remaining pair (ui,u;). 4,5 # %
solves the system

—Au+ My = pud + ﬂijuiu?u ui € WH(R™),
—A'u.j . Ajuj 2y #ju? + ﬂ,-jujﬂ‘-z, u; € W1’2(R“),
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which nothing but (1.1) with 8 = Fi;. In other words, for any pair (ug, ;)
solving the preceding system, the function u having the remaining component
= 0 is a solution of (6.1). We will dencte by u;; these specific solutions. W

To repeat the arguments carried out in Sections 4 and 5, we need to introduce
'YJA-. f,aEH\{O}fUz 21 .7=k 1 :3’ #J-

Let us point out that, with this notation, the v;, § = 1, 2, introduced in Section
4 would become

7 = "2, Y2 = Y1 (6.2)

As before, one has that h = (hq, ha, hs) belongs to the tangent space Ty, M iff
h; € Ty, Nj. Then, repeating the proof of Propomtlon 3.1, we find that u; is a
strict local minimum on M provided

ﬂjk<'¥jks YEk#J,
Similarly, u; is a saddle point on A provided
Jk#j suchthat fi >~k
From this it follows that all u; are strict local minima of ® on M ﬁrovided

}Bjk<'7_?k Vj,k=la2331 k#]: (6-3)
while all the u; are saddle points provided
¥Vi=1,23, 3Jk#j suchthat B >3- (6.4)

As in Lemma 5.1, v‘;ve infer that € has a Mountain-Pass critical point u*, resp.
a minimum i, on M provided (6.3), resp. (6.4}, holds. Moreover, one has that
* . 111 i :

P(u*) > jmax, B(uy), B(1) < jmin @(uy). (6.5)
Repeating the arguments carried out inr Section 5 one shows that u* > 0 and
U > 0. Finally, using the second of (6.5) one proves that U > 0. On the other
hand, the first of (6.5) implies that u* # uy, j = 1,2,3, but does not exclude
that u* coincides with one of the solutions u;;, dlscussed in Remark 6.1.

In conclusion, we can state

Theorem 6.2 () If (6.3) holds, then (6.1) ha.s' e rediel bound staite u* such
that u* # u;, j = 1,2,3. Moreover, if Bjr > 0 (and (6.3) holds), then u* > 0.
(#%) If (6.4) holds, then (6.1) has o positive radial ground state G.

Remark 6.3 If 7,k = 1,2 the preceding assumptions on 3; are the the coun-
terpart of the assumptions made in Theorems 5.3 and 5.4. Actually, since
Bik = Bij, (6.4), resp. (6.4), is equivalent to require that § = fi3 = 5 <
min{v%,, ¥}, resp. B = P12 = B > max{y};,75}. Since 1 = M3 and
Y2 = 721, see {(6.2), these are nothing but the assumptions made in Theorems
53and 54 =
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As anticipated before, statement {i)of Theorem 6.2 is weaker that the cor-
responding statement in Theorem 5.4, since u* might coincide with one of u;;.
Motivated by this, let us prove that a positive bound state exists provided the
B;x are sufficiently small. Let z = (U1, Us, Us).

Theorem 6.4 If B = ebjr = 0 for all §,k = 1,2,3, j # k, then for £ suffi-
ciently smail (6.1) hes o radial bound state u; > 0 such that u, —» 2 as & — 0.

Proof. If Bjx = ebjg, then ® takes the form
B(u) = Be(u) = Bo(u) ~ eG(u),

where
sow)= 3 Liw), Glu)= f S bypudulds.
§=12,3 R Gk ,

Let us consider the eritical point of the unperturbed functional @y given by
z = (U, Uz, Us). It is well known that each U is a non-degenerate critical point
of I; on H, see [9]. This immediately implies that z is a non-degenerate critical
point of ®p on H and a straight application of the Local Inversion Theorem
yields the existence of critical points v, of @, on H, provided e is sufficiently
small. Moreover, u. — z as € — 0. To complete the proof it remains to show
that u, > 0. We will follow, with suitable modifications, an arguments of [4],
see also the proof of Theorem 5.10 in [3]. Let us set ul = {u},,ud,, ud,) and
u; = (ug,, uz,, u3.). Since

. full?
sl = inf =———tr,
uEHMO) (1) fon utda)

it follows that " .
185 2 10l (s [ htan) (65)

From (6.1) one infers

luZl? = py f (uf)dz +e f {(u;.:)zz%uie] dx
®n L Iy
N 1/2 1/2
< ,Uj/ (uﬁ)4dm+6 (/ (uj€)4da:) ijk (f u}ts) .
Rn R~ pary! R®
This jointly with (6.6) yields '
EXIFY +u2
12 ”ujcuj ”ujaaj
ur s £ +ed ,
sells = i * <0 ot

where

12 1/2
e =7 D b (fn"“t) '

k#j
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Notice that ed, — 0 as € — 0. Hence, for each 7 such that ||uji€||j >0, one has
lak b > U502 +0(D), (il > 0) ©7)
Since u; — z > 0, then ||u;'5||j >0forall j =1,2,3 and {6.7) yields
Hufell} 2 U511 +0(1), VYi=123 (6.8)

Now, suppose by contradiction that there exists k € {1, 2,3} such that jug ||, >

0. Then (6.7) implies |luz. |2 = |Ull: + (1) and hence

luZ 2= > il = Ul + o(1). (6.9)

i=1,2,3
Next, we evaluate .- -

O(ue) = glucl? = § [huf i + us 1] -
Using (6.8) and (6.9}, we infer

Dluyz i D, U + HIURlE + o2). (6.10)
J=1,2,3

- On the other hand, since u, — z we also find

B(u:) = Hul? - Mzl =1 3 o512
F=1,2,3
This is in contradiction with (6.10), proving that u. > 0. Finally, using once

more that u; — z and applying the maximum prineiple it follows that v, > 0.
]
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