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ABsTrACT. In this paper we formulate and study the system of elastodynam-
ics on domains with arbitrary growing cracks. This includes homogeneous
Neumann conditions on the crack sets and mixed general Dirichlet-Neumann
conditions on the boundary. The only assumptions on the crack sets are to be
(n - 1)-rectifiable with finite surface measure, and increasing in the sense of
set inclusions. In particular they might be dense, hence the weak formulation
must fall outside the usual context of Sobolev spaces and Korn’s inequality.
We prove existence of a solution both for the damped and undamped systems,
while in the damped case we are also able to prove uniqueness and an energy
balance.
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1. INTRODUCTION

The theory of dynamic fracture mechanics contains basically three principles
that can be resumed as follow

o elastodynamics off the cracks;

e energy-dissipation balance which includes also the surface energy dissipated
by the crack;

e a principle dictating when a crack must grow.

For the first two conditions we refer to [15], while the third one is discussed in [16]
in some more details and a maximal dissipation condition is proposed.

In this paper we focus on the first issue. Precisely we consider {2 c R™ a regular
domain as reference configuration, a fized family of growing-in-time crack sets I'(t)
contained in , and u(t,z) the displacement which might be essentially discontin-
uous for x € I'(t). Then, given initial conditions, and mixed Dirichlet-Neumann
boundary condition on 92, we want to find a solution to the system of (possibly
damped) elastodynamics

ii(t) - div [C Eu(t)] - div [BEa(t)] = £(t), in Q~T(¢) (1)

where C and B are the elasticity tensor and the viscosity tensors, respectively,

Eu denotes the symmetric part of the gradient of w, div denotes the divergence

operator, f(t) is a vector field representing the volume force, and at each time t the

system (1) is complemented with homogeneous Neumann condition on the crack
1
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I'(¢). This last condition reflects the fact that no external forces are acting on the
crack lips. The parameter v can takes value only in {0,1}, and in particular for
~ =1 the system is called damped, while for v = 0 the system is called undamped.

In the corresponding quasi-static models, all the known existence results for the
coupled problem (u(t),I'(t)) without a-priori assumptions on I'(¢), are obtained
by minimizing a weak form of the Griffith’s energy on function spaces with no
regularity on the jump sets except the (n — 1)-rectifiability (see [11] [14] [10] [7])-
The existence of a solution with I'(¢) closed is obtained only in particular cases
through a regularity argument (see [5] [4]). Therefore, also in the dynamic case
we expect that in dealing with any general existence results, no a-priori regularity
assumptions on the crack sets I'(¢) should be assumed. For this reason we assume
only that the cracks I'(¢) are (n — 1)-rectifiable with finite (n — 1)-dimensional
Hausdorff measure.

In this paper we prove that, both in the undamped and damped case, a solution
actually exists.

The first issue is to give a weak formulation to the system written in (1). The
presence of the cracks force at each time to solve the system on the set £\ I'(¢).
Therefore we need to introduce suitable function spaces V;, containing for each
time ¢ the solution u(t) as well as the test functions. The scalar case, i.e. when (1)
reduces to the wave equation, has been treated by Dal Maso, Larsen in [8]. Since
the structure of the equation implies no bound on the amplitude of the jump of u,
but only on the L?-norm of the gradient

2
gy TP (2)

they defined the problem in the context of GSBV () (for a definition we refer to
[2, Definition 4.26]). Precisely in [8] it has been shown the existence of a weak
solution u(t) living at each time ¢ in the space GSBVZ(;T(t)), composed of all
functions u € GSBV () n L*(2) whose jump sets are contained in T'(¢) and such
that (2) is finite.

In our case the structure of the equation lead to an estimate of

2
/Q\F(t) |Eu(t)|” dx.

Hence V; needs to include all the displacements in L?(©2,R™) whose jump dis-
continuities are contained in T'(#) and with square integrable symmetric gradient
away form the cracks. Since we assumed no regularity on the cracks, in this gen-
eral context a Korn’s type inequality is not true. This means that we cannot
control the L?-norm of the gradient of u(t) with the L?-norm of its symmetric
part. As a consequence we are forced to formulate our problem in the context of
BD functions, and precisely to define V; = GSBD3(Q;T(t)) (see Definition 2.1)
and V;* = GSBD3(Q;T(t))* its dual. Note that if I'(¢) are closed set in €2, then
GSBD3(£;T(t)) reduces to the space of square integrable vector fields, whose sym-
metric gradient in the sense of distribution on Q \ T'(¢) is square integrable.
The weak formulation of the system will be

(ii(t), )i +(CEu(t), EQ)m,, + (BEW(L), EQ)m,, = (f(1),P)u VP eVy 3)

for a.e. t € [0,T], where (-,-); denotes the duality pairing between V; and V,*, (-, )i
(-,-)m, denote the scalar product in L?(£,R™) and in L?(Q, M™*"), respectively.

sym
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WEAK FORMULATION OF ELASTODYNAMICS 3

We want to emphasize that the one of the most serious mathematical issues arise
because these spaces are varying (increasingly) in time, so that test functions at
some time ¢ are not necessarily admissible test functions for times s < t. Moreover
since u(t) lives on each time ¢ in different spaces Vi, we need to give a meaning to
the second derivative in time () as an element of V*.

While in [8] only homogeneous Neumann boundary condition was considered,
in the present paper we consider also non-homogeneous mixed Dirichlet-Neumann
boundary conditions on 9€2. This introduces another difficulty when the crack sets
approach the boundary, and as a consequence possible problems may occur with the
boundary conditions. Indeed, when we have non-homogeneous Neumann boundary
condition on a part of 92, we might think that when the elastic material between
this part of the boundary and the crack sets is infinitesimally small, then the elastic
reaction to the traction forces will be infinitesimal too. From a mathematical point
of view, the difficulties are due to the lack of continuity for the trace operator acting
on functions having jump sets close to the boundary. In order to solve this problem,
we make use of the results obtained in [18], which allow us to restrict our attention
to a suitable space of traction forces F'.

We also show an energy balance and uniqueness for the damped problem. The
energy balance we are able to prove in the damped case, is a conservation of kinetic
plus elastic plus dissipated energy due to the damping. For the undamped problem
the energy balance, where only the kinetic plus the elastic energy are considered, is
clearly false. This can be seen using the results of [3]. In the undamped case, the
uniqueness is still an open problem.

This paper is organized as follows: in Section 2 we define the function spaces.
In particular we define V;, we show some functional properties about these spaces,
and then we introduce the space of admissible traction forces F' appearing in the
Neumann part of the boundary. Then we give a precise definition of #(t) for a.e.
t €[0,T] as an element of V,*, and we show that under some regularity assumptions
on the test functions, i satisfies an integration by parts formula in time.

In Section 3 we first give the definition of weak solution. Then we show an
existence result for the damped equation complemented with boundary conditions,
by a discrete in time approximation technique and passing to the limit when the
time step goes to zero (see Theorem 3.2). More precisely to define the discrete
approximate solution uy in the time interval (tfc, tfc*l], suppose that we have already
defined wy, for t <ti, and let ui"' be the minimizer in V;,,, +w(t})" of
2 1

+(CEu, Eu) + — (B (Eu - Eul), Eu— Eul) - 2(fi,u),

Tk

i+1

i i il
U—up Uy — U

u =

Tk Tk

where u} = ui(ti), || is the norm in L? and (-,-) is the L?-scalar product, f{ is
a suitable discrete approximation of f and 73 is the time step. We define u; on
(ti,t:*1] as the linear interpolation between ui and u}*'.

Then we show that the limit u of the wy, satisfies the energy balance (38).
Precisely for each k, uj satisfies a discrete energy balance which converges to the
desired energy balance for u as k - oo (see Proposition 3.4 and Proposition 3.8).
As a consequence we deduce existence and uniqueness for damped problem (see

Theorem 3.7).

1Vti+1 +w(t!) is the space of functions that jump on I'(t;41) with Dirichlet boundary condition
w(th) on OpQ c HA.
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Finally, in Section 4 we show existence of a weak solution to the undamped
equation complemented with boundary conditions, always by a discrete in time
approximation technique and passing to the limit when the time step goes to zero
(Theorem 4.2).

Acknowledgments. The author wish to thank Prof. Gianni Dal Maso for many
helpful discussions on the topic.

2. NOTATION AND PRELIMINARY RESULTS

We denote the space of n x n matrices with real entries as M™*" endowed with
the euclidean scalar product

n n
FEDY ( Zfijnz‘j)a
j=1\i=1
and we denote as || the associated norm; the subspace of symmetric n x n matrices
is denoted by Mg7". L(M"™") is the space of continuous linear maps of M"*" into
itself.

Let Q c R™ be an open set. We denote the space L?(Q,R") as H, with scalar
products (-} and with associated norm || - | . Analogously we denote the space
L3(Q,M™™) as H,, with scalar product (-,-)z, and with associated norm |- |z,

When C:Q - L(M"™") is a bounded symmetric and positive definite tensor field,
ie.

* [Cllr= <o,
o C(z)¢-n=¢£-C(z)n, Y&, neM™™ for a.e. x €,
o C(z)E- €2y, YEeM™ ™ for ae. x€Q (v >0),

sym?
then, given any Lebesgue-measurable tensor fields £: Q2 — M™ " in order to simplify
the notation we write

€0 sc == fQ C(a)é(x) - £(x) da.

We recall that GSBD3(1Q) is the space of vector fields u € GSBD(Q) (see [0]
for the definition of GSBD(Q)) such that u € L*(Q,R"), and their symmetric
approximate gradients Eu belong to L2(Q, M%),

sym
Definition 2.1. Let I' ¢ Q be a countably (H™ ! ,n — 1)-rectifiable set (see |13,
Definition 3.2.14]) with H" (') < co. We define GSBD3(Q;T") to be the vector
space of all functions u € GSBD3(Q) whose jump sets J, is contained in I'. We
endow GSBD3(Q;T') with the scalar product

(u,v)o = (u,v)g + (Eu, Ev) gy, (4)
and the induced norm will be denoted by | - |.
Proposition 2.2. The inner product space GSBD3(Q;T') is an Hilbert space.

Proof. Suppose (up)reny ¢ GSBD3(;T) is a Cauchy sequence. In particular the
sequence (uy)ren converges strongly in L2(€2,R™) to some wu . Since

Skug(HUkH%{ + [ EurlFr, + H T (Juy)) < o0, (5)

by [6, Theorem 11.3], passing through a subsequence, we know that there exists
v e GSBD(Q) such that u; — v pointwise a.e. on Q and Euy — v weakly in
LY(Q,M7™*"). This implies v = v and v € GSBD2(2). It remains to prove that

sym
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Ju T
Using [6, Theorem, 11.3], for every open set A c ) we have

H N (J,nA) < li]?iglfH"_l(Juk nA).

Since the measure H"! LT is inner regular, for every ¢ > 0 we can find a compact
set K c T, such that H" 1(I'\ K) <¢, and so

H" N (J N K) < lim inf H" ! (Ju, N K) < ngnnm"*l(r VK)<e.
For the arbitrariness of ¢, we conclude that H""*(J, \T) = 0. O

The dual GSBD3(Q;T')* will not be identified with the underlying Hilbert space,
but instead will be endowed with a pairing consistent with the L? inner product,
as is usually done for the duals of Sobolev spaces. Since

GSBD3(Q;T) c L*(Q,R™)
is a dense embedding, we have
L*(Q,R™) = L*(Q,R™)* c GSBD3(;T)*,

and L?(Q,R™) is densely embedded in GSBD3(;T)*.

In the case € has also finite perimeter, the trace operator Tr(-) can be extended
to the space GSBD(;T), using the notion of approzimate limit on the point of the
reduced boundary FQ (see [18, Definition 3.9]). Moreover the following theorem
holds

Theorem 2.3. Let 2 ¢ R™ be an open set of finite perimeter, and let I' c Q be
a countably (H" ™, n - 1)-rectifiable set, with H" ' (T') < co. Then there exists a
measurable functions ©: FQ - R* such that

(a) H"1({©=0}) =0 and © € L(FQ,H"Y) (in particular |0 < 1);
(b) For every u e GSBD3(;T) we have
/m Tr(w)PO dH" " < C(n,2)(|ul + [Eulm, ), (6)
where C(n,2) is a constant depending only on n and 2.

Proof. Let ©% be the weight functions given by [18, Theorem 3.2], then it is enough
to define

O(z) := O (x) for H" *-a.e. x e FQ,
then (a) and (b) are a direct consequences of [18, Theorem 3.2] with p = 2. O

Now let Oy €2 be a Borel subset of F2. In order to impose a Neumann boundary
condition in equation (1), we are led to study the continuity property of the following
linear form

wes fa F-Tr(u) dH"™ ue GSBD}(:T), (7)
N

where F: Oy - R™ is some measurable vector field. In view of inequality (6) we
introduce the following spaces

Definition 2.4 (Admissible Neumann term). Let 2, ', and © be as in the previous
Theorem, and let Ox§) be a Borel subset of Q. We define Ng := L?(OnQ, OH™ 1),

tracein
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and we denote by N its dual. We identify N5 with the space of measurable vector
field F:0n€) - R™ such that

|F? -1
L d n
fBNQ ) H < oo,

and we consider the corresponding duality pairing between Ng and Ng given by
(Figlo= [ FegdH™™ (g¢No).
1Y)
The induced norm is denoted by || - |,

Putting together the definition of Ng and Theorem 2.3 we have the following
result

Proposition 2.5. Let ), I", and © be as in Theorem 2.3. Let ONS) be a Borel subset
of FQ. If F € N§ then the linear form defined in (7) belongs to GSBD3(;T)*.

Proof. Tt is enough to use inequality (6) to have
[ B () an <P FIS Tl < C2) Pl (Tl + 1€l )
N
O

Our choice of Neumann forces, in some sense, is natural. In fact looking at the
construction of ® made in [18], roughly speaking, it turns out that © measures
the “closeness” of I' to the boundary. From a physical point of view, this might
be interpreted as the fact that, when the elastic material between the Neumann
boundary and the crack is infinitesimally small, then the elastic reaction to the
traction force will be infinitesimal too; hence, in order to reach the equilibrium, the
traction forces have to decrease their intensity (proportionally to ©).

The following Proposition is useful to prescribe a Dirichlet boundary condition
on a certain portion of the boundary dp{2 ¢ FQ.

Proposition 2.6. Let Q, " be as in Proposition 2.5, let OpS) be a Borel sub-
set of FQ, and let g : OpQ - R be a measurable function. Then the set {u €
GSBD3(S:T) | Tr(u) =g on OpS)} is an affine closed subspace of GSBD3(;T)

Proof. The only non trivial fact is to show that it is closed with respect to the norm
induced by the scalar product (4). But it is a direct consequence of [18, Theorem
4.1]. |

Definition 2.7. Let 9pQ) € FQ be a Borel set. We define
GSBD3 (4T) = {ue GSBD5(;T) | Tr(u) =0, on 0Qp}. (8)

Thanks to our previous proposition, GSBD; p(Q:;T) is actually an Hilbert space
with scalar product inherited as a subspace of GSBD3(§;T).

Now fix T > 0, and fix I' ¢ Q a countable (H"™ !, n — 1)-rectifiable set with
H"1(T') < 0o. Consider for ¢ € [0,T] an increasing family of cracks ¢ ~ I'(t)

I(s)cT(t)cT if s<t,

For simplicity of notation, we denote GSBD3(£2;T) by V and GSBDSVD(Q; I'(¢))

by V;. The norm in V is denoted by |||, the norm in V; with |-||;. Note that for s < ¢

we have Vi ¢ V; c V, and as we already mentioned, since V' c H is densely embedded
in H, we have the embedding H c V* and the density of H in V*. Similarly H is a
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dense subspace of V;* for every ¢ € [0,T']. We denote the pairing between V* and V/
by (-,-), and the associated dual norm | -||*, we denote the pairing between V,* and
Vi by (-,)¢, and the associated dual norm | -|;. We note that these pairings are the
unique continuous bilinear maps on V* x V and V;* x V; such that (f,v) = (f,v)n
and (f,v¢)e = (f,ve)g whenever f e HveV v €V,

If s <t then V; is not dense in V; and so V;* is not embedded in V*. Anyway we
can introduce the projection operators from V,;* to V" as the following

Definition 2.8. Let s <t and let i: V; — V; denote the embedding V; c V;. Let f
be an element of V;*. Then we define the projection map P of V;* onto V" as

(Pstfyvs)s = (f,i(vs)); for any vg € V. 9)

Note that the projection maps defined above are continuous and in particular
|Pstfls < | flli- When there is no misunderstanding, we omit the notation Psf,
since the action of f € V;* on elements of Vi c V; is clear from the context.

Lemma 2.9. Let ue WH>(0,T; H) . Assume that there exists a positive function
g€ L?(0,T), such that for every s,t € [0,T] with s < t, we have

we W22(t,T; V), and |i(r)|: < g(r) for a.e. 7€ (t,T). (10)

Then there exists a set E c [0,T] of full measure, such that for every t € E there
exists w(t) € V;* with the following properties

lw®)l: < (), (11)
where g(t) =limsup;,_, ¢+ %ftmhg(r) dr, and

G ELI0)

Jim, o =w(t), weakly in V", (12)

and
lim u(t+h) —u(t)
h—0 h
In particular for every s € [0,T] the functions t — u(t) and t » Psyw(t), consid-
ered as a functions from < (s,T) to V., belong respectively to W22 (s, T;V}) and
L3(s,T; V), and satisfy ii(t) = Pow(t) in V. for a.e. te(s,T).

=w(t), strongly in V' for every s <t. (13)

Remark 2.10. Under the previous hypothesis on wu, for every ¢ € [0,T] u(t) is a
well defined element of H. More precisely the functions @ : [0,T] - H is weakly
continuous, i.e. for every t — t € [0,T] we have

u(ty) =~ u(t) weakly in H, as k — oo. (14)

In fact thanks to our hypothesis @(tx) — @(t) weakly in V;*. Moreover the sequence
(4(tr))ken is bounded in H uniformly in k, hence it is relatively sequentially com-
pact in H. Since H c V' is an embedding, then any weak limit of (4(t))key in H,
must be equal to the same element (¢).

Remark 2.11. In the proof of Lemma 2.9, we are able to show that the convergence
in (12) holds when we consider the incremental quotients only for positive h.

In the proof of Lemma 2.9 we shall use the following result on increasing se-
quences of subspaces of separable Hilbert spaces proved in [6, Lemma 2.3].

I
o}

1

I
o}
w

!

dd:

dd7



8 E. TASSO

Lemma 2.12. Let {X; | t € [0,T]} be an increasing family of closed linear sub-
spaces of a separable Hilbert space X. Then, there exists a countable set S c [0,T]
such that for all t € [0, T]\ S, we have

Xt = UXS

s<t

Proof. (Lemma 2.9) Let D c [0,7T] be a countably dense set. Choose s € D, then
thanks to (10) for a.e. t > s there exists ii(t) as an element of V.* and ||i(t) | < g(¢).
By the fact that D is countable we have a set E' c (0,T) of full measure, such that
if t € E' 4i(t) exists as an element of V' and |i(t)|* < g(t) for every s € (0,t) n D.
Moreover, by density, for any s; < ¢ there exists so € D with s; < s5 < ¢, and thanks
to the continuity of the projection map Ps,,, we have the relation between (t)
computed in V) and in V', given by

lim u(t+h) —u(t) _

h—0 h

a(t+h) - a(t)

Pt in V2, (1)

i(t) in V, = ;llii%
This means that for every t € E' and for every s <t

i(t) exists in V7, ()]} <3(0), (16)
and precisely two derivatives computed on different V' are related by (15). Hence

for every t € E’, ii(t) is well defined as an element of V* for every s < t.
The previous bound in (16) implies in particular

ue W2(s,T; V) for every s € (0,T). (17)
Now define
E=FEu{te[0,T]|JV:=V; and §(t) < oo}, (18)
s<t

By Lemma 2.12, Lebesgue’s Differentiation Theorem, and the definition of E’, it
holds that E has still full measure.

Now let ¢t € E. In order to prove (11), we notice that for every ¢ € V; there
exists an increasing sequence (s, )neny converging to ¢, and a sequence of functions
(s, )nen strongly converging to ¢ in V;. Hence we can define w(t):V; — R as

(w(t), ¢)t = T}gglo(u(t)a ¢Sn)sn for every ¢ € V. (19)

We have to show that the previous limit exists and does not depend on the approx-
imating sequence (¢s, Jnen. It is enough to notice that if n > m then

(u(t)a ¢sn>sn - (u(t)7 ¢sm>sm = (u(t)a ¢sn - (bsm)sn
< H’U,(t) ;,L (bSn - ¢sm
< g(t) ” ¢Sn - ¢S7n Ht

sn (20)

This defines a continuous linear functional on V; and moreover |w(t)|; < g(¢) .
This is exactly (11).
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To prove (12), we fix ¢ >0 and ¢ € V4, then we can find s < ¢t and ¢, € V; such
that |¢s — @[ < e. Hence

lim W_w(t)7¢> = lim <u(tﬂl)_u(t)_w(t)>¢s+(¢_¢s)>

h—0t ¢ h—0t h ¢
1 t+h
< limsup — (i(r) —w(t), ¢ — ds) dr
hoo+ hJt
. 1 t+h ~
tsup (1 [ o0y ar 30 Jlo-
h—0+ t
<2g(t)e,
(21)
where we used the fact that u € W22(¢,T;V,*) and the fundamental theorem of
calculus. The arbitrariness of € gives assertion (12) and concludes the proof. O

Definition 2.13. Under the assumption of Lemma 2.9, the element w(t) of V,*
defined in (12) for a.e. ¢t € [0,7T] is denoted by (t) .

Lemma 2.14. Let u be as in Lemma 2.9 and consider p € L?(0,T;V)nW2(0,T; H)
suh that ©(t) € V; for every t € [0,T]. Then the map t — (4(t),(t)) g is absolutely
contionuos on [0,T] and more precisely

(1), (020} = (i), (1)) = [ ), () + (), ¢ i, (22)
for every 0 <ty <ta <T.

Proof. By Remark 2.10 we know that ¢ — 4(t) is weakly continuous in H. There-
fore, since ¢ — (t) is strongly continuous in H, we deduce that ¢ = (u(t),o(t)) g
is a continuous real valued map.

First of all we prove our assertion for ¢(-);, := p(- - h) instead of ¢(-). Fix any
t € [h,T-h]. Since ¢(-—h) € V; on the time interval [¢,t+h] and u € W2 (¢, t+h; V;*),
we easily deduce that

(i(t2)s (1)) = it on (1)) = [ ()0} + (00, en()- dr, (29)

for every ti,ty € (¢t,t +h) (t1 < t2). Since t was arbitrary and (@(-),n(-)) g is
continuous, we can actually obtain (23) for every t1,ts € [h, T — h] (t1 < t2).
Finally thanks to the fact ¢ € W12(0,T; H) the left hand side of (23) converges
to (u(t2), o(t2))m — (u(t1),¢(t1))u as h — 0%, while using also » € L*(0,T;V)
(in particular the continuity of the translations in L?), the right hand side of (23)
converges to jt? (i(7),0(7))r + {(u(7),9(7))+ dr, and we are done. O

3. THE DAMPED SYSTEM OF ELASTODYNAMICS

From now on we consider the following standing assumptions:
(a) © cR™ is an open set of finite perimeter;
(b) (F(t))te[o,T] is an increasing family of crack sets:
I(s)cT(¢) cT for s<t, (24)

where T' € ) is a countably (H"™!,n - 1)-rectifiable set with H" 1 (T") < oo;
(c) OpQ, ONQY are two disjoint Borel subset of F2, respectively the Dirichlet and
the Neumann part of the reduced boundary, such that dpQ u dNQ = FQ.
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(d) C,B e L*(Q, L(M"™™)) are two symmetric and uniformly elliptic tensor field

ie.:
Clz)§ - n=&-C(z)n, B(x)§-n=, -Bz)n V{neM™™, forae zeQ,  (25)
and
C(x)E- €2 ylé)?, B(x)€-€>mlé)?, VEe Mg, for a.e. x €, (26) |ellcon

for some constants ~yg,v1 > 0.
In this section we deal with the damped system of elastodynamics:

i(t) —div[CEu(t)] - div[BEu(t)] = f(1). (27) |sysedd
Now we shall give the precise definition of weak solution:

Definition 3.1. Assume (a), (b), (c¢) and (d). With the notation introduced in
Section 2, let f e L?(0,7;V*), let w € W*2(0,T; H) n WH2(0,7; H*(Q)") and
let F e L?(0,T; Ng) where O is the function relative to the crack set I given by
Theorem 2.3. We say that u is a weak solution to (27) on the time dependent
domain ¢t — Q \ T'(¢) with Dirichlet boundary condition w(t) on dpf?, Neumann
boundary condition F'(t) on dn{2, and homogeneous Neumann boundary conditions

on I'(t), if
we Wh=(0,T; H) nW2(0,T; V). (28)
For every ¢t € [0,T] u(t) - w(t) € V4. (29)
For every s € [0,T) u e W*2(s,T; V), and (30)
| Porii(t) |2 < g(t) for a.e. te(s,T), for some g e L*(0,T). (31)
hh_,%lJ, [hT la(t) - i‘}gt -h)|F dt = 0. (32)

For a.e. t€[0,T]

(i(t), o) + (CEu(t), Ed)m,, + (BEU(E),EP)m, — (F(1), Tr(d))e =

=(f(), ), for every ¢ eV, (33) [ds7dd
where i(t) is the one given by Definition 2.13.

Given u’ € Vy and u! € H, since ¢t ~ u(t) is strongly continuous in V the initial
value for u° is well defined as element of V{. Moreover we are able to prescribe the
initial conditions for 4 (0) asking

.1 ok 112 -
hhjg 7 Jo [@(t) —u'||7 dt=0. (34) |incondd

The work of the external forces on the solution u over a time interval [¢1,t2] ¢
[0,T] is given by

Wianaluita,t2) = [ (0, (0)) (3)

which is well defined by (28) and the fact f € L%(0,7;V*). One would expect that
the work on the solution u due to the varying Dirichlet boundary conditions w and
Neumann boundary conditions F over a time interval [t1,t5] c [0,7T] is given by

Wbdry (U, t1, t2) = Wb?lry(“? t1, t2) + lery(u; t1, t2)

= f: (faDQ Eutyy - (t) dH"_l)d“ LtZ (faNQF(t) Sa(t) d?—l"‘l)dt. (36)
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Unfortunately, under the assumptions (28)-(31) the trace of the normal derivative
Oyu(t) cannot be defined, not even in a weaker sense, because Eu(t) in general
belongs only to H,,. We decide to solve this problem following [9, Proposition 3.1],
by using the weak formulation of the work due to the Dirichlet boundary conditions:

Wiary (s t1,t2) =(0(ta), @(t1)) g — (@(t1), b (t)) o

to

. ftltg(ﬂ)(t),u(t))f[ dt - ft:2<f(t),w(t))t dt+ [ (CEu() +BEUE). Euit)),

(37)

With these notations, the energy balance that we are able to prove for the
solution u to (27) has the following form:

1 1 1 rt1l
SIa@®1 + Sleu®lhe + 5 [ 185y dr -

1 12 1 0 (38)
= 5”“ I + 5”“:“ | e + Wioad(u; 0,t) + Whary (u; 0,1).

Now we prove the main result:

Theorem 3.2 (Partial existence). Assume (a), (b), (¢) and (d). Let f, w and F
be as in Definition 3.1. Then, given two initial conditions u® € Vo and u' € H,
there exists a function u satisfying (28)-(31) and (33) of Definition 4.1, with initial
conditions u(0) = u® and (34). Moreover u satisfies the energy inequality

1

2 Jo

1 1
< §Hu1 I3 + §||5U0HH§ + Wioad(1;0,t) + Wiary (u;0,1)

1,. 1 t1 L.
SIa®1 + Sleu(®lde + 5 [ S1EUnIE, dr <

(39)

for a.e. t€[0,T].

Remark 3.3. Since I € L?(0,T; Ng ), by Proposition 2.5 we have that (F(t), Tr(¢))e
is actually a duality pairing between V,* and V;. Therefore we can absorb the Neu-
mann term into the forcing term defining

(F(£),0)e = (f (), 8)e + (F(£), Tr(9))e,

and we can reduce ourselves to prove the Theorem when (33) has the simplest form

(ii(t), o) + (CEu(t), €Y, + (BEU(E),EQ)m,, = (f (1), D).

Proof. For k € N, we set 7, := T/k and ti = j7. For j=1,2 . . . k we define
fi eV by
) 1 ti+1
f=— [ 1@ ar, (40)
Ti Jtl
and
w] = w(t]), (41)

(we use w e W12(0,T; H'(2)™) implies that for every ¢ € [0,T] w(t) is well defined
in H1(Q)™). A
Inductively we define u) for j =-1,0,...,k by the following:

uf =00, upt =’ - Tt (42)

enined
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then, for 5 =0,1,...,k -1, the function ufl is the minimizer in V41 + wi of
k

j 12
-l ul -l
U -

ngHHC+ H(gu Eul ), —2(fl uhgen.  (43)

Tk

H

Thanks to the ellipticity hypothesis on C and B, at each step the above functional
is coercive in V,;+1 + wj, because it is greater then
k

exllulf + (o + )l €uldy, 1= 2 50 (ul e + [€ulm,) - o™ (44)

where ¢, == min{1,1/77}, aj+1 is a constant depending only on & j, and 7,71 > 0
are the ellipticity constants 1ntroduced in (26). Writing the Euler equation for the
minimizer u?l we have

g+l _ g J_,J-1
<“k Up Up—Up @

) +HCEu P, + (B(é’u]”—é’ui),gqﬁ)f]n:(f,z,¢)ti+1
H

Tk Tk Tk
(19

j+1 j :
7 —w]) € Vjn as ¢ we can write
k

) : j+1
for every ¢ € ‘/;;:1 . Then using u"" - uk (w],

Jj+1 J
Uy U

Tk

+

Tk ’ Tk

)

5 L - o . i ,
Gl _ g g0 G+l _ g Jo_ 0 j J
Y Uy Uy — U | Yk Up Uy U W Wy
H Tk Tk Tk H

H
+Eul ™ B —(CEL™ Eul)y, —(CEWLT™ EwlT — Ewl ), +—H€u7+1 Eul |3 +

1 . .
~—(B(Eu) - Eul), Ewl™ — Ewl)y, = (f, J“—ugc)tfl—(fk, witt - ARTES

Tk
(46)

Now using the identity ||a||? - (a,b) = 1

slal?+ 3la- b2 - 3[b]?, multiplying by 2
and rearranging, we get

wltt — 2 wltt — ~ wl —ul ™t 2 ~ 2( wl™ -l ~ u —up b wlt -] +
Th - Th Th - Tk ™ Tk -
+|\eu“1|\Hc + | Eul —6uk 7 +2CEu™ Ewl™ - Ewl), +
H5Uﬁ1 Eud |3, - (B(guﬁl Eui), Ewl™t - Ewl)p, =
e
ufc -, ;

# 1€l + 2008w =) g - 2wl =)y

(47)

H
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Summing from j =0 to i€ {1,...,k} and using (42), we get

2 2

J+1_ J Jj_,J-1
uk Uy T U

Tk

i+l _

7
Uy,

|5”H1HHL Z

H :

7
Uy,

+ 3 eu — Eup e +

H Jj=0

1 j 1 j
+2f Z |Eul! - EuglFy, = [t I + 1€6° | 5e +22( Lo =) gt
J=0 )

22 Flow]™ = wp) e +2 ch ul™t + B(w“ Eu), Ewl - Ewl )y, +

.01 J+1 . J-1 i+1 i i+l i 1 0 1 0
“k U wk wk “’k Wy Up = —Up Wy~ — Wy Up = Up Wi — Wy
-2 Z 2 -2
H H H

) )
Tk Tk Tk Tk Tk Tk Tk

(48)

We define the piece-wise affine discrete approximations ug, vg, wg, 2x:[0,T] = V
for t e (t],t27"] by

R ,
ui(t) =uf + Tk’“(ui“—u@, (49)
.t )
wi(t) =wj, + Tk"( wit = w}), (50)
uj . tj ﬁl u‘ —u
L A ) 61)
Tk Tk
j j-1 J J+1 Jo_ J 1
wl —w t ty, —wl w
O e e | (52)

Tk Tk Tk

Tk

and the piece-wise constant discrete approximations @y, Wk, fx:[0,T7] — V for
te(th /] by

(1) = w(t) = wl fult) = £ (53)
(54)
Rewriting (48) in terms of uy, wg, U, vk, 2, we get the discrete energy balance for
every te (t],t1°") :
2 j+1y 12 U 2 A 2
lin (O + 1€ W+ [ el drem [ &) dre
J+l j+1
k . k .
b [ 1By dr =t € e +2 [ ) i) s
j+1
+2 [ ()i + (CEMT), Ein (D), + (BEin(7),E0n(7))m, dr+

g+l
by

—2'/(; (0 (1), 26(7))H dT+2(1'Lk(t),u'}k(t)>H—2<u1,wk(0))H
(55)

Let My, := supye(o,1y |4k (t) |z, L := supyeo, 7y [€Uk(t)] me- By (55) we can give the
estimate

Mg + Li, + || 720 7,3y < a(My + Lig + [ Eie ]| 20 212 ) + b, (56)
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where a and b are constants that depends only on || f]z2¢0,7;v+), |wlwr2c0,7;v)
lwllw2.2¢0,7;#), |u1|m and on T. As a consequence we can deduce the followings

Euy(t) and £y (t) are bounded in H,, uniformly in ¢ and k, (57)
Uy (t) and v(t) are bounded in H uniformly in ¢ and & (58)
iy, is bounded in L*(0,T; H,,) uniformly in k. (59)

Note also that with the fact u® € H implies that uy is bounded in H uniformly in ¢
and k. This with (57) gives

ug(t) is bounded in V uniformly in ¢ and k. (60)
Furthermore, using (49)-(51) and (53), we can rewrite (45) for all ¢ € (ti7ti+1) as

(0k(t), oy + (CEUR(L), ED)mr,, + (BEUK(L), ED)m,, = (fk(t)»ﬁb)tg:l (61)

for every ¢ € ‘/;{:rl . The last equation leads us to write for all ¢ € (ti,t?l)
[0k @) 5r < €0k g + € (@) [, + [ fr ()] o1 (62)

In particular fix s € [0,T), then for every t1,ts € [s,T] with ¢; < to, we have

to t2
L 1Pl dt< [ (€Wl + 1€ Olm, + @) dt (63)

Using (57)-(59), and (62), there exist a constant M such that eventually passing
through a subsequence, if we call v a weak limit of vy in W2?(s,T; V), and § a
weak limit of ¢ — ||E1y(t) |z, in L*(0,T), we have

[ 1Pz dr<mpa -+ [CG@ O a6

for every t1,t5 € [s,T] with ¢; < to.
Now if we fix a dense set D c [0,T], using a diagonal argument we obtain a
subsequence, not relabeled, such that

ug, — u weakly in W2(0,T;V) (65)
v — v weakly in L*(0,T; H), (66)
vy, = v weakly in Wh2(s, T; V) for every s e D, (67)
and
to . . ta B .
[ IPai Iz dr <Mt -]+ [ @0+ 1FO12) d, (63)
1 1

for every t1,t5 € [s,T] with ¢1 < to.
Moreover using the continuity of the projection maps P, it follows that (67)
and (68) become

v = v weakly in W'2(s, T; V) for every s € [0,T), (69)
and
to . . ta 5 N
[Pz dr <Mt -]+ [ @0+ 1FO12) d, (70)
1 1
for every s € [0,T) and every t1,ts € [s,T] with ¢; < t5. In particular
[Pt ()]s < M +g(t) + | f(DI5, (71)

for every s €[0,7) and a.e. t > s.

bpdsid
bpds3d
bpds2d

bpds4d

dispdeld

bpdsbd

acestd

estlem3d
estlem2d

estlemld

estlem6d

estlembd

estlemd4d

pwestd
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By (58) it is easy to see that in fact
ue Wh=(0,T; H), (72)

and this with convergence (65) gives (28).
Now we want to show

u(t) =v(t) in H for a.e. t€[0,T]. (73)

First of all for ¢ € (t],t/"") we have w,(t) = vy (t,"") and so
J+1

. * j * k . * i
lex (%) —Uk(t)Htak‘ﬂ = oe (™) _Ukz(t)”tg-l < fﬁ Hvk(T)HtJ;:l dr<m2C,  (74)
i ,

where C'is a uniform bound on the L? norm of the right-hand side of (62). Then for
all s <t we have ||u(t) —vi(t)| < 7',% C, and this together with (66) implies <y — v
weakly in L?(s,T; V) for any s € [0,T). But also 7y, — @ weakly in L?(0,T; H)
by (65). So v(t) =u(t) in V¥, for every s € [0,T) and for a.e. t € (s,T"). Since v(t)
and u(t) belong to H, and H is embedded in V* for every s € [0,T] we finally get
that v(t) = u(t) as elements of H for a.e. ¢ € [0,7]. This together with (65) and
(70) allows to conclude that

ue W2(t,T; V) for every s,t € [0,T] with s <t. (75)
Let g(t) := M +g(t) + | f(¢)|; then by (71) we have
| Paii() ][5 < 9(2), (76)

for every s €[0,T) and for a.e. t > s.

Now we investigate the convergence of the constant piecewise interpolated .
Since by (65) wuy are Lipschitz with values in H uniformly in k, as before we get
that

@y, — u weakly in L?(0,T; H), (77)
and since by (57) &y, is bounded in L?(0,7; H,), we also obtain that up to subse-
quences

G — u weakly in L*(0,T;V) (78)
Furthermore, note that (¢t — 1) — Wx(t — 7% ) € V; for every ¢ € [0,T], and
(- = ) = Wk(- = Tk) = u—w weakly in L2(0,T;V). (79)

Since the linear subspace {v e L?(0,T;V) | v(t) € V; for a.e. t € [0,T]} is strongly
closed, it is also weakly closed in L?(0,T;V) . Therefore u(t) € V; + w(t) for a.e.
t € [0,T]. Moreover for every t € (0,7 there exist an increasing sequence t; € [0, 7]
converging to ¢ such that u(t;) —w(t;) € V4, for every i. Thanks to (65) we know
that ¢ » u(t) — w(t) is a strongly continuous map with values in V', and we obtain
u(t)-w(t) € V; for every t € (0, T]. Together with the initial condition u(0) = u® € Vj
we obtain (29). Moreover thanks to (75) and (76) we are in position to apply Lemma
2.12 to the function u — w and hence to deduce that for a.e. ¢ € [0,T]

w(t+h) —u(t)
h
Now we want to show that (33) holds for a.e. ¢ € [0,T] for every ¢ € V;. We

claim that there exists a negligible set W c [0,7] such that for s € D and for all
¢ € Vs, we have

(i(t), d)s +(CEu(t), EQY,, + (BEU(E), EP)m,, = (f (1), P)s, (81)

— ii(t) weakly in V;* as h — 0". (80)

claim
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for every t e (s,T]\W.
To prove the claim, first we fix s € D and ¢ € V5. Using (61) we have for a.e.
t>s

(0k (1), @)s + (CEUL(L), EP)ma, + (BE (L), EP)ra, = (fr(t), P)s- (82)

Hence we have also
T
[ 000), 002+ (CER), ), + (BEin(0), £V, ~ ([x(1).0).) dh =0, (85)
By construction f;, — f strongly in L2(0,7;V*). We know that 9 — © weakly in

L3(s,T; V) by (122). Since 4 = v in W12(s,T; V), we also have that i = © in
L?(s,T;V}) . Using also (65) and (78), we can pass to the limit in (83) to have

LT(<ﬁ(t)v ¢>s + <C€u(t)a E¢>Hn + (]E gu(t)’5¢>Hn - <f(t)’ d))s) dt=0. (84)

By (82) we deduce that the integrand in (84) is zero for a.e. ¢ > s. Since Vj is
separable, the set N of ¢t > s for which (82) does not hold can be taken independent
of ¢. We set W to be the union over s € D of the sets N, so that W also has measure
zero. It follows that for every s € D and for every t € (s, 7]~ W (81) holds, and this
shows the claim.

Using Lemma 2.12 it follows that for a.e. ¢ and for every ¢ € Vi, there exist
s; # t with s, € D and ¢; € Vg, such that ¢; - ¢ strongly in V;. Now note that if ¢
belongs also to (0, 7]\ W, by our previous claim we have

(i@(t), i) + (CEu(t), i), + (BEWE),EPi)m, = (f(2), i)
=((t), gi)s, + (CEu(t), Edi)m, + (BEWEDi)m, = (f (1), bi)s; = 0.

The convergence of the ¢; to ¢ gives (33).
Since by construction

fx = f strongly in L?(0,T;V*), (
wy, - w strongly in W20, T; H'(Q)™), (
Wy, — w strongly in H for every t € [0,T1], (88
(
)

(85)

4 — L*(0,T; H) strongly in L*(0,T; H),

lower semicontinuity.
To prove (34), it is enough to show that for every sequence t; of Lebesgue points
for ¢ = () (7 + [ Eu(t)] ge with ¢; - 0, then

u(t;) - u' strongly in H, (90)

By (30) @ belongs to W12(0,T; V), so that, if t; - 0, then u(t;) » u' in V.
Since 4(t;) is bounded in H by (28) and Vy c H is dense, it follows that u(t;) — u'
weakly in H. Since u € W12(0,T; H) then u(t;) — u° strongly in H, and since
Eu(t;) is bounded in H,, it follows that Eu(t;) - Eu’ weakly in H,. Therefore
(90) is equivalent to

limsup |[a(t;) |3 + HEUOHHE < limsup |a(t;)|% + liminf 1Eu(t:)] me

<limsup [a(t:) ]+ [Eu(ti)] g (91)

< Jut o + 1€ e

incondmrd
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By (28) and (39) there exists a constant C' such that
la()% + 1€u() e < Ju' I3 + 1€ [Fe +0(1) (92)

for a.e. t € [0,T]. Inequality (92) holds for all Lebesgue points of ¢ ~ [u(t)||% +
HSu(t)Hzc, in particular for ¢ = ¢;, so that the last inequality in (91) follows from

(92). O

Proposition 3.4. Let u be the function given by Theorem /.2, then u satisfies
condition (32) and the energy balance (38) for every t Lebesgue point of [u(-)]%.

Proof. Let w be the Dirichlet boundary condition considered in Definition 3.1. We
note that for every h € (0,7) and for a.e. t € [0,7] the functions u(t) —u(t —h) -
(w(t) —w(t—h)) € V;. Hence if we define z(t) := u(t) — w(t) we can test equation
(33) with w and integrate on (h,T) to get

b 2(t)—z(t - h) t Ex(T)-Ez(T-h)
fh (u(r),h>7d7'+ fh (Cé’u(r), - )Hndr

+ft<1335u(r),52(7)_5z(7_h)) dr (93)
h i,

h

ot z2(t) —2z(T - h) t z(t)—z(T - h)
_[h (f(7)7h>TdT+fh (F(T),h)edr

Since u e WH2(0,T;V) and w e W22(0,T; H)nW2(0,T; V), we take the limit as
h — 0" on both side of the previous equality

lim ht<ﬂ(7),Z(T)_Zh(T_h))Td7'+/(;t((CS?l(T),Eé(T))HndT

h—0*

+fht(<csu(r),5z'(r)),{nd7:f(f(T),z(t))TdH[(F(T),z'(r))@df

In order to compute the limit of the first term in the left hand-side of (94), we
use Lemma 2.14 to write

Ji t(a(r),W>TdT:<u(t),W>H < (. 2~ z(0)>

t. 2(r)-2(7-h)
- /h <u(7), — )HdT

Since t is a Lebesgue point of ||[i(-)|% and u satisfies the initial condition (34) we
have

i L
Jim <U(t)7

(94)

H

(95)

u(t) —u(t-h)

. 2 : . u(h) —u(0) 12
D) a0l ama i (a0 ) -l

h

Moreover using the identity (a(7),a(7) - (7 = h))g = |a(r = h)|3 - ]a(r)|3 +
$la(r) = a(r - h) |3, we can write

t, w(r) —a(r-h) 1tk 1 rh .
S i B e [ i - [l ar

1t . )
+ﬁfh la(r) - a(r - B) |2 dr.
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Again using condition (34) and the fact that t is a Lebesgue point of [u(-)|%, we
can write

. tl, w(t) —u(r - h) 1. P I
lim . (u(T),h>HdT—2||U(t)||H—2”U I

h—0*
t |4 Y _ 2
g L[ IO i ,
2 Jn h

h—0*
Finally using w € W22(0,T; H) we can take the limit on both side of (95)

. t . Z(’T)—Z(T—h) _]. . 2 1 112
hlirgh . <U(T),h TdT— iﬂu(t)HH_iHu (7

e (EOZICEG G Ly, e N
1

St i)+ L [ i), i) dr

Putting together (94) with (97) we obtain for every Lebesgue point ¢ of |[u(-)[%

1, . 1 o o1 rtu(r) —a(r - h)|?
LW+ SlEu®ly + [ 18 g i~ [ IHD U=y,

1 1
= 5”“1 HZH + §HSUOHHE + Wload(u; Oa t) + Wbdry(u; 07t)

(98)
But since we already know u satisfies the energy inequality (39), we immediately
conclude that both condition (32) and the energy balance (38) hold. O

Remark 3.5. At each time t we expect that any energy increment for the solution
u(t), is due to the external forces. By identity (98), which is true for every u
satisfying (28)-(31) and (33), the requirement (32) i.e.

t g Y _ 2
1mlf”M”TW'MMm:0
h—0+ 2 Jn h

is natural in term of energy balance, and allow us to deal with solutions whose
energy behavior is consistent from a physical point of view.

Remark 3.6. Since u(t) —w(t) € V; for a.e. t € [0,T], we can use it as test function
in (33) and integrate on (0,t) to obtain
b . 1 b
[ i), dr + Sleu®) i + [ 18I dr
1
= 5 ngouilg + Wload(u; O, t) + Wbdry(u; 0, t)

Comparing this last identity with the energy balance (38), we have for a.e. ¢t € (0,T)
that

1,. 1 b .
SIa(® - Sl = [ i), i), dr,
and since 7~ (ii(7), (7)), € L' (0,T) we deduce that |u(-)|% ¢ W1(0,T).
Putting together Theorem 3.2 and Proposition 3.4, we deduce the existence of
a solution u to the damped system of elastodynamic. Moreover using (98) we can

also obtain the uniqueness of weak solutions considered in Definition 3.1. This is
the content of the next theorem.

citrem
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Theorem 3.7 (Existence and uniqueness). Under hypothesis of Theorem 3.2 there
ezists a unique solution u considered in Definition 3.1. Moreover u satisfies the
energy balance

1

1,. 1 L S
SIa®1 + Sleu®lhe + 5 [ S1EUnIE, dr -

1 12 1 0 (99)
= St B+ 5180 g+ Whoaa(0:0,1) + Whary (150,1)

for a.e. t€[0,T].

Proof. The existence of a solution satisfying (99) is simply a consequence of Theo-
rem 3.2 and Proposition 3.4.

To show uniqueness, we notice that (28)-(33) are all preserved under linear com-
binations. Therefore, the difference v between two solutions is a solution with
Dirichlet and Neumann homogeneous conditions, with forcing term f = 0, and
satisfying v(0) = 0 and

tim & [ o2 de=0
m — v =VU.
h—0* h Jo h

Moreover using the same argument as in Proposition, since (32) holds for v, we
have

1 1 1 rtl1
Sl + S leu®lde + 5 [ S1€UnIE, dr =0,

for a.e. t € [0,T]. Therefore ©(t) =0 a.e. on [0,T]. Since v e W'>(0,T; H) and
v(0) = 0, we conclude v(t) =0 a.e. on [0,7T]. O

Finally, one can also prove that the energy balance (38) holds for every ¢ € [0, 7]
and that the map ¢ — u(¢) is strongly continuous in H. For the proof of this result
we refer to [8, Lemma 3.10].

Proposition 3.8. Under the assumptions of Theorem 3.2 | let u be the weak solu-
tion of the damped wave equation considered in Definition (3.1), with initial condi-
tions w(0) = u® and (34) . Then t — u(t) is continuous from [0,T] to H and the
energy balance (38) holds for every t € [0,T].

4. THE UNDAMPED SYSTEM OF ELASTODYNAMICS

In this section we study weak solutions of the undamped system of elastodynam-
ics
i(t) —div[CEu(t)] = f(1), (100)

on a cracking domain.

Definition 4.1. Assume (a), (b), (c¢) and (d). With the notation introduced in
Section 2, let f € W12(0,T;V*), let w e W22(0,T; H) n W12(0,T; H*(2)"™) and
let F e WH2(0,T; No) where © is the function relative to the crack set I given by
Theorem 2.3 . We say that « is a weak solution of (1) on the time dependent domain
t » Q\T'(t) with Dirichlet boundary condition w(¢) on dp§?, Neumann boundary
condition F'(t) on dn€, and homogeneous Neumann boundary conditions on I'(¢),
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if
we L0, T;V)nWh=(0,T; H). (101)
For every t € [0, T] u(t) - w(t) € V4. (102)
For every s € [0,T)ue W??(s,T; V) and (103)
| Psrii(t)|Z < g(t) for a.e. te(s,T), for some g e L*(0,T). (104)

For a.e. t€[0,T]
(i(t), )¢ + (CEu(t),EQ)m, — (F(t), Tr(¢))e = (f(t), ), for every p e Vi (105)
where i(t) is the one given by Definition 2.13.

Given u" € Vj and u' € H, since t ~ u(t) is strongly continuous in H the initial
value for u° is well defined as element of H. Moreover we are able to prescribe the
initial conditions respectively for Eu(0) and u(0) asking

3 1 h 02
Jim — fo |Eut) - Eu°|2, dt =0, (106)
and
. 1 h . 112
hlirél+ 7 s [w(t) —u |7 dt = 0. (107)

Since in this case, u(t) is in general only an element in H, we need to consider
also a weakened formulation of the work due to the Neumann boundary conditions.
More precisely we define

Wlf\éry(UQtl’t?) = A QF(tQ) -u(tg) d’H"*l _ fa . F(tl) -U(tl) danfl

- fmtz ( fam F(t)-u(t) dH"_l)dt

for every time interval [t1,t2] c [0,T7].
This is the main result:

Theorem 4.2. Assume (a), (b), (c) and (d). Let f, w and F be as in Definition
4.1. Then, given two initial conditions u® € Vy and u' € H, there exists a solution
u of (1) with initial conditions (106) and (107). Moreover u satisfies the energy
inequality

(108)

1. 1 1 1
5““@)“%14“5”5“(75)“?1% < §HU1 |‘%I+§|‘£UO‘|HE+Wload(u§Oat)+Wbdry(u§07t) (109)
for a.e. t€[0,T].

Proof. Since the argument is similar to the one given for Theorem 4.2, we simply
give a sketch of the proof. ' ‘

For k €N, we set 73, :=T'/k and t] := jm,. For j=1,2,. . ., k we define f] e V*
and wj, € H'(Q)™ by . . ' .

Fi= FE), wl = w(t)), (110)
using that f € Wh2(0,7;V*) and w € WH2(0,7; H'(Q)"), so f and w are well
defined elements of V* and H ()", respectively, for every t € [0,T]. Inductively
we define u) for j = -1,0,...,k by the following:

uf =00, upt =’ - Tt (111)

ds2
ds3

dsb

ds7

incondl

incond

enine

condin
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then, for 5 =0,1,...,k -1, the function ufl is the minimizer in V41 + wi of
k
J J J=12
uU—u; U — U ,
U k_ k& + | Eul3e = 2(f u) g (112)
Tk H n k

Then if we define uy, g, wg, Wi, vk, and zi as in (49)-(53), then proceeding exactly
as in 3.2, we deduce the following bounds

Eug(t) and Ety(t) are bounded in H,, uniformly in ¢ and k, (113)
U (t) and v (t) are bounded in H uniformly in ¢ and % (114)
uy(t) is bounded in V uniformly in ¢ and k. (115)

Furthermore, using the Euler equation for u{:l we can write for all ¢ € (ti, t{:l)
(0 (), )b +(CEUk(E), ED)h,, = ([ (t), P)ysn (116)
for every ¢ € ‘/;_17‘:1 . The last equation leads us to write for all ¢ € (ti,t{:l)
Ji(0)]por < €0 i + 170 (117)

In particular fix s € [0,T), then for every t1,t9 € [s,T] with ¢; < to, we have

to to
[Pz dt< [ g ® g + 1A 012) d. (118)
1 1
Again following exactly 3.2 we deduce that up to subsequences
ug — u, weakly in W2(0,T; H), (119)
i — u, weakly in L*(0,T;V) (120)
v, — v weakly in L2(0,T; H), (121)
v = v weakly in W52(s, T; V). (122)
Moreover u € L= (0,T; V) nWh(0,T; H), u(t) = v(t) a.e. on [0,T], and
| Paii(®)[; < M+ [£OI5, (123)

for every s €[0,7") and for a.e. ¢ > s.

Now the proof that u is a solution, and that satisfies the energy inequality (109)
proceeds as in the damped case. Finally, it remains to prove that w satisfies the
initial conditions (106) (107). It is enough to show that for every sequence t; of
Lebesgue points for ¢ = |u(t)[% + HSu(t)Hf{% and t; - 0, then

u(t;) - u' strongly in H, (124)

and
Eu(t;) - Eu strongly in H,. (125)

Again this can be achieved following the same argument as in the damped case [

bpds1
bpds3
bpds4

dispdel

bpdsb5

acest
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estlem6
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estleml
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