On wave operators for Schrodinger operators
with threshold singuralities in three dimensions

K. Yajima*

Abstract

We show that wave operators for three dimensional Schrédinger
operators H = —A + V with threshold singularities are bounded in
LY(R3) if and only if zero energy resonances are absent from H and
the existence of zero energy eigenfunctions does not destroy the L!-
boundedness of wave operators for H with the regular threshold be-
havior. We also show in this case that they are bounded in LP(R3) for
all 1 < p < oo if all zero energy eigenfunctions ¢(z) have vanishing
first three moments: [ps 2V (2)¢(x)dz =0, | = 0,1,2.

1 Introduction

Let Hy = —A be the free Schrodinger operator on the Hilbert space H =
L*(R™) with domain D(Hy) = {u € H: 0°u € H, |a| <2} and H = —A+V,
V' being the multiplication with real measurable function V(z) such that
V(z)] < C{z)™° for some § > 2, (z) = (1 + |2[2)2. Then, it is well known
that wave operators W defined by the strong limits in # = L*(R™):

Wi _ tggéo eitHe—itHo (11)

exist, they are unitary from H to the absolutely continuous spectral subspace
Hae(H) of H for H and enjoy the intertwining property:

f(H)Pac(H) - Wif<HO)W:T: (12)

for any Borel functions on R, where P,.(H) is the orthogonal projection
onto Hy.(H). The intertwining property reduces the mapping properties
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of f(H)P,.(H) to those of f(Hy) provided that corresponding properties of
W, are already established. For this reason the LP-boundedness of W has
attracted various authors’ interest and many important results are obtained
(see [11] and references therein).

We recall here the results for three dimensions, restricting ourselves to
the case m = 3 in what follows. We omit R? from LP(R3) and etc. We write
L2 = [2(R?, (2)*dx) for 0 € R and

(f.9) = g f(x)g(x)dx

whenever the right hand side makes sense. Define for 1/2 < o < d —1/2 that
N={uel?, :u+(—-A)"'Vu=0} (1.3)

and
E={uel* u+(-A)"'"Vu=0} (1.4)

The space N is independent of o; all u € N satisfy
—Au+Vu=0;

E C N is the zero energy eigenspace of H; u € N belongs to & if and only if
(V,u) =0 and dim N'/€ < 1. Functions ¢ € N\ € are called resonances.

(a) If N'= {0} then, W, are bounded for all 1 < p < oo ([9]).

(b) If N # {0}, then W4 are in general bounded in L? for 1 < p < 3. They
are bounded in LP? for all 1 < p < oo if and only if all ¢ € N satisfy
(V,z%¢) = 0 for |a| <1 ([11]).

In this paper, being inspired by the approached employed by Goldberg
and Green ([3]) for proving the LP-boundedness of wave operators including
p = 1 for higher dimensional Schrédinger operators with threshold singulari-
ties, we prove the following theorem for the end point cases p =1 and p = oo
for three dimensions which are missing from the results mentioned in (b).

Theorem 1.1. Suppose that |V (z)| < C{z)”"°. Then, Wy are bounded in
L' if and only if N = E. They are bounded also in L> if all ¢ € N satisfy
(V,z%¢) for |a| < 2.

Incidentally, the method of the proof of the theorem may be used for
the proof of the “if” part of results in (b) which is different from the one
given in [11]. We present it here, however, only for 1 < p < 3 for avoiding



too much repetition. We think that the assumption on V of the theorem is
unnecessarily too strong, however, we do not pursue better conditions here.

We refer readers more about the I” boundedness of wave operators to
[11] and the literature therein and jump into the proof of the theorem imme-
diately. We recall that ¢ € N satisfies

o(z) + ﬁ /RB —V|§Cy)_¢§|ﬂ dy =0 (1.5)

and how fast ¢ € £ decays as |z| — oo depends on how many first moments

of V¢ vanish: For k =0,1,...,
(V,z%¢) = 0 for |o| < k = |¢(z)| < Clz) *™M, zeR? (1.6)
whereas for resonances
¢(x) = clz| " +O(|2[7%), c=—(V,¢)/4m #0. (1.7)

We shall often use Schur’s lemma that the integral operator

Ku(x):/yK(:v,y)du(y) (1.8)

is bounded from LP(Y,dv) to LP(X,du) for all 1 < p < oo if K(z,y) satisfies
sup [ |K(z,pldu(e) <oe, swp [ [Klzyldvly) <o (19
v Jx e Jy

We say that the integral kernel K(z,y) is admissible if it satisfies (1.9). We
often identify the integral operator K defined by (1.8) with its integral kernel
K(x,y) and say that K(z,y) is an LP-bounded kernel if K is bounded in L?.
We write x(F') for the characteristic function of the set I and a<,.; b means
al < I8,

Acknowledgement This work has been completed while the author is
on leave from Gakushuin University and is visiting SISSA in Trieste. He
would like to express his sincere gratitude to both institutions for making
such a visit possible and for the warm hospitality in SISSA, to Gianfausto
Dell’Antonio and Alessandro Michelangeli in particular.

2 Reduction to the low energy analysis

We prove the theorem only for W_ and write W_ = W in the sequel. The
conjugation Cu(z) = u(z) changes the direction of time and results for W,
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follows automatically from the ones for W_. We write for A € C*, C* being
the upper half plane,

Go(\) = (Hy— N7, GO\ = (H - )™

The limiting absorption principle and the absence of positive eigenvalues
imply that, for ¢ > 1, boundary values of Gy(\) for A € R and G(\) for
A € R\ {0} exist in B(L2, L? ) and W can be represented via the boundary

values in the following form (e.g. [1, 7]):
Wu=u—— [ GOV (Go(N) = Go(—A)Jurd (2.1)

T Jo

We decompose W into the high and the low energy parts
W =W, +W.=WUY(H) + WP(H,), (2.2)
by using the cut off functions ® € Cj°(R) and ¥ € C*°(R) such that
PN+ (N =1, P(A?) =1near A=0and ®(A\?) =0 for |\ > o

for a small constant Ay > 0. We have proven in the previous paper [10]
that, under the assumption of this paper, Ws is bounded in LP(R?) for all
1 < p < oo and we have nothing to add in this paper for W-. Thus, in what
follows, we shall be devoted to studying the low energy part:

W. = ®(Hy) — / GOV (Go(N) — Go(—A)AB(H)dN.  (2.3)

Evidently ®(H,) € B(LP(R?)) for all 1 < p < co and we have only to study
the operator Z defined by the integral of (2.3), which we rewrite as

Zu= -2 [T GV (L + Go)V)(Go(N) — Go(—A)AF(NudA  (2.4)

i Jo
by using the resolvent identity G(A\)V = Go(A)V (1 + Go(A\)V) ™! for A > 0
and by defining F(\) = ®()\?).

2.1 Low energy behavior of (1 + Go(\)V)™L.

Following [5], we say that H is of exceptional type of the first kind if £ = {0},
the second if € = N and the third kind if {0} € € € N. The orthogonal pro-
jection in H onto the eigenspace £ will be denoted by P. We let Dy, Dy, ...
be the integral operators defined by

i1
Dju(x 47?]'/ |z —yl' u(y)dy, j=0,1,....
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so that we have a formal Taylor expansion

o0

u(y)dy = > (i) Dju.

J=1

1 etAlz—yl

Go(Mu(z)

:E R3 |x—y|

If H is of exceptional type of the third kind, —(Vu,u) is an inner product of
N and there exists a unique ¢ € N such that

—(Vipu) =0, Yue&, —(Vi,¢)=1and (1,Ve)>0.

We define
=1+ PVDVip e N (2.5)

and call it the canonical resonance ([5]). If H is of exceptional type of the first
kind, then dim A" = 1 and there is a unique ¢ € N such that —(V,p) =1
and (1,V¢) > 0 and we call this the canonical resonance. We have the
following result (see e.g. [10]).

Proposition 2.1. Let V satisfy |V (z)] < C(z)™° for some § > 3. Suppose
that H is of exceptional type of the third kind and let ¢ be the canonical
resonance and a = 4mi|(V,p)|72. Then:

PV PVDVPV  a

(I+ GV = S LNl +EO), (26)

where E(X) is the operator valued function which, when substituted for (1 +
Go(M)V)™t in (2.4), produces the operator which is bounded in LP for all
1 <p<oo. If H is of exceptional type of the first or the second kind, (2.6)
still holds with P = 0 or ¢ = 0 respectively.

3 Ll-unboundedness with resonances

If zero energy resonances are present, then Proposition 2.1 shows that their

contribution to the wave operator I is given via the canonical resonance ¢
by

Zou== [ GUVAVA(Gld) = Gol-Nu PN, 3.1

where a = 47i|(V, ¢)| 72 # 0. We show that Z, is bounded in L? for 1 < p < 3
but not for p = 1.



Lemma 3.1. Suppose that K (z,y)<.|C(z) " (y) {|z| — |y])~2~¢ for some
e > 0. Then,

Ku(z) = | K(z,y)uly)dy
R
1s bounded in LP for any 1 < p < oo ife >0 and, for 1 <p<oo ife =0.

Proof. For € > 0, the lemma follows from Schur’s lemma. When ¢ = 0, we
have

P2 e | M., (r)|dr
(@) (r) (el —r)? "

Since the right side is rotationally invariant, we have

N N i AG) AN
lrculy < </ PIGIESE )dp

)
(1 (o) ) (e | M (r))dr
= C/o </0 (p—1)? ) w0

. 21, \1-2 21 . 1—2 .
We may estimate (p)» " (r) "7 by C(p—r)» " if p < 2and C{p—r) "» if
p > 2. It follows that unless p =1 or p = co we have with v > 1 that

. . % dr P 1/p
||Ku||p§< / ( e Qfﬁ(r;ld) dp>

and Young’s and Holder’s inequalities imply

Ku(z)<., c/ooo M, (r) = /S u(rw)dw.

o 1/p
wal, < ([ Pnmpa) < Clal,
0

This completes the proof of lemma. n

Proposition 3.2. Let Z. be the operator defined by (3.1). Then, Z, is
bounded in LP for 1 < p < 3 but not for p = 1.

Proof. 1t is known that Z, is bounded in L? for 1 < p < 3 ([11]). Nevertheless,
we give the proof for 1 < p < 3 which is different from the one given in [11].
The integral kernel of Z,. is given by

Bay = T2 [ [ e WALV
n 0

1672z — z||w — y|

(3.2)



Since F' € C§°([0,00)), we immediately see that, with a constant C' > 0,

4 ¢)(w)|
(r,y <| C/ ‘x_sz dwdz < (3.3)

Y| (z)(y)
and x(||z| — |y|| < 1)Z.(z,y) and x(]|z|* — |y|*| < 1)Z,(x,y) are admissible
kernels. Indeed, we have

dx — su dy _ o
" /|x|—y||51 @ e /|x|—y|S1 (x)(y) C<oo,

(@) el = [yP] < Lllzl — lyll > 1} € {(z.9): 2] < Lly| < 1} and
C{x) " (y) ™" is obviously admissible on {(x,y): |z| < 1,|y| < 1}. Thus we
may and do ignore the parts of Z.(x,y) where ||x|—|y|| < 1 or [|z]*—|y[?| < 1
in the proof. We decompose the exponential functions e*=* and e** =¥l in
the form

eMe=zl = Mol 4 eiNalp () 2 2)) r(\z,2) = ¢ Mlz=zl=lzl) _ 1 (3.4)
eyl — gl Wl (X g w), (N, gy, w) = Myl 1 (3.5)

and write Z,(x,y) as a sum of four kernels:

e Z//Rﬁ 167r2|x — Z||w)(w) Fy(w, 2w, 2)dud:

yl’

where F}, j = 1,2, 3,4 are respectively given by
Fy = Fi(z,z,w,y) Zi/ A=D1 (X, 2, 2)7 (N, y, w) F(N)dA,
Fy = Fy(z,w,y) Z:I:/ A2l ED (L0, 47, w) F(N)dA,
Fy = Fy(z, 2,y) Zi/ AMzED (X, 2, 2) F(A)dA,
Fy = Fy(z,y) Zi/ A==l (X)) dA.

Here and hereafter the sum ) is taken for + and —. We estimate Fi, ..., F}
using integration by parts. We use the following properties of r(¢,z,y) for
k=1,2,3:

T(O,ZL’,y) = 07 a)\(T(:l:A,I7y))|)\:0 = :|:Z<|ZL’ - y| - |ZE|), (36)
hr(\ z,y) < |yl*.



(1) We first show that Z;(z,y) is an admissible kernel. We apply integration
by parts three times to Fy. Then, (3.6) and (3.7) imply

_Fi
SRCETTE
_Fr ooezA(\:vli\yl) BLr(N 2. %) w
EETE / R{r(A, 2, 2)r (N, y, w) F(A) }dA
(L [z + Jw)® _ (142 + [w])?
<\|ZC EESTIE <C =

Fi(z,z,w,y) = 8>\{7"()\ x, 2)r(£A, y,w)F(A\)}Ha=o

It follows that

(L4 [2] + [uw)* (V) () (V) (w)]
Zl(ﬁ’y)g"c/ﬂge Gl — ol —zlfw —g] %= (el ) )

and Z;(z,y) is admissible by virtue of Lemma 3.1 (recall that we are ignoring
(z,y) with [|z — [y[| < L or [Jz* —[y[*] < 1).
(2) We apply integration parts twice to Fy and write it in the form

Z—@(Iw yl = lyl) +Z:F/ Maltty BT (EA Y, W) PV} o

(I £ [y])? (] & [yl)?

After another integration by parts we see that the integral terms are bounded
by C(1 + |w|)3(|z] & |y|)~* and, when inserted into Zs(z,y), they produce
admissible kernels bounded by C(z)"(y)"'(Jz| £ |y|)~®. Thus, modulo the
admissible kernel

m s Ar(lx| £ Jy|)? - lw — |

Note that this is bounded in modulus by C(z) ™" ()" (|z| — |Jy|)~2 and Z, is
bounded in L for any 1 < p < oo by virtue of Lemma 3.1.
(3) For Fy, we apply integration by twice as in (2):

Fy = Z:F i(lz — 2| — |z) +Z / M|z|£[y)) ,\{7”()\ xr Z)F()\)}d)\.

(] % [yl)? (=] £ [y])?

By applying integration by parts once more as in (2) we see that the integral
terms are bounded by C(1 + |2])3(]z| & |y|)™ and their sum produces the
kernel bounded by C/(|z|—|y|)~3(z) " (y) " when inserted into Zs(x,y), which
is admissible. Thus modulo the admissible kernel

o= DT [ EoA bR, ,

1672 (|| & [y])*[x — 2[[w — y]
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dalz||y|(y) 12]|(V ) (2)] C
—*w@u+WWMﬂ—mm2434ﬂx—4‘“3'@ﬂ+wmwﬂ—WW’

where we used (1.5) and (1.6) for £ = 0 in the second and the third step
respectively. Thus, Z3(x,y) is admissible.
(4) Again an integration by parts shows that

e =SSt o E T el
Fu(.9) Z%miww+ZQMiwné FdA

Here F' € C5°((0,00)) and the integral terms are bounded by C(|z| & |y[) =V
for any N. It follows that the sum of the integral terms produces an ad-
missible kernel C(|z| — |y|)¥(z)""(y)~" and, by virtue of (1.5), modulo the
admissible kernel

_ g E0(@)0()
Z@9) = T D

(5) We prove that Z, is unbounded in L'. The combination of (1) to (4)
implies that modulo admissible kernel Z,.(z,y) is equal to

a 1 1
et = 32 50) (s + ) (o)

a ((b(x)sﬁ(y) _ 9(@)9(y)
™\ lzl+ 1yl 2] =yl

) = e + Ralen) 59

where the constant ¢ # 0 is defined in (1.7). We prove that the operator Z,.q
defined by Z,.q(x,y) is unbounded in L' by contradiction. So assume that
Zyeq is bounded in L!. Take u € C§°(R?) such that u(x) > 0, u(x) = 0 for
|| > 1 and [, u(x)de =1 and, define

un(2) = ndu(nz), fu.(z) = /]RS Zrea(T,9)un(y)dy, n=1,2,....

We have ||u,|l1 =1, n=1,2,.... For any 2 < |z|, we evidently have
_ 2ac ¢(x)
lim f,(z) = — AL
am o) = ===

It follows by Fatou’s lemma that

2|ac| lo@)l < lim inf /2 | |\fn($)\dx

T Jo<|z| |z]? n—ro0

< lim inf HZredunHy < HZTedHB(Ll) < Q. (310)
n—00



By virtue of (1.7), |¢(x)| > C|z|™* for a constant C' > 0 for sufficiently large
|z| and (3.10) cannot happen. Thus, Z,.s cannot be bounded in L'.

(6) We finally prove that Z,.4 is bounded in L? for 1 < p < 3. We have shown
in (2) that Ry(x,y) of the right of (3.9) which is equal to (3.8) is LP-bounded
kernel for 1 < p < oo and it suffices to show that

_2a9(x)9(y)|y

2~ Jyf?

R2(may) =

is an LP-bounded kernel on {(z,y): |z]* — |y|* > 1} for 1 < p < 3. Since
o(z)|x| € L™, it suffices to consider

Tue) = [ )y

le2—yi2i>1 122 = y|?

Since Tu(x) is spherically symmetric, we have by using polar coordinates
and by changing variables

00 1 P
ITuly < 2tom [ bt ( = IMu<ﬁ>|dr> dp.
0 p

—r>1 P =T

where M,(r) = [, u(rw)dw. Here =1 < 1 -2 <p—1if1 < p < 3 and

p%% is an (A), weight on R. It follows by the weighted inequality (see e.g.
Theorem 9.4.6 of [4]) that

| Tul? < © / P ML (Vr)Pdr < © / P2 M, (r)Pdr < Clull,
0

0

This completes the proof. n
Remark 3.3. If ¢ € &, then |¢(z)| < C(z)~ and

|[Ri(, )| + R, y)| < Cla) ™ (y) " (2] = y]) >

Hence Lemma 3.1 implies both R; and Ry are LP-bounded kernels for all
1 < p < co. They are bounded also in L' because

dx > dr
su 47 su - 0.
y%uym P (e =) yp/o W — %
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4 Contribution of zero-energy eigenfunctions

The following proposition together with Proposition 2.1 and Proposition 3.2
proves Theorem 1.1.

Proposition 4.1. Let H be of exceptional type of the second kind. Then,
W4 is bounded in LP for 1 < p < 3 in general. If (V,x%¢) =0, |a| < 2, for
all p € N, then Wy is bounded in LP for all 1 < p < co.

If H is of exceptional type of the second kind, then

PV PVDsVPV

SO = 5 L4

(4.1)

where Dj is the operator of rank five with the kernel —i|x — y|?/47 and
all ¢ € & satisfy |p(z)| < C(z)~? for a constant C' > 0. We take the real
orthonormal basis {¢1, ..., ¢4} of £ and write Zsu = Zou+ Zgu, where with
ajp = ir~(¢;|VDsV|ér) € R,

Zau=3 ax [ " GoV65) (Vorl(GolN) — Go(—A)wF(NdA  (4.2)

Jik=1
and, with extra singularity A%,

Zau =3 2 [T GV IGN) ~ G- FNT.  (43)

Lemma 4.2. (1) The operator Zy is bounded in LP for any 1 < p < oo.
(2) If all ¢ € & satisfy [o x;V (x)P(x)dx = 0 for all j = 1,2,3 then, Zy is
bounded in LP for all 1 < p < oo.

Proof. Zg is the sum of Zy,;, 1 < 4,5 < d, whose kernels have the same
structure as Z,(x,y) of (3.1) with only change of the constant a by ima,; and
of the canonical resonance ¢ by eigenfunctions ¢; and ¢; € £, which satisfy all
properties of ¢ which are necessary for proving Proposition 3.2. Then, if we
proceed as in the proof of Proposition 3.2, all integral kernels which appear
there are admissible except Rj;j(x,y) and Rs;j(x,y) which correspond to
Ry(x,y) and Ry(z,y) of (3.9). If ¢;, ¢, € £, however, as remarked in Remark
3.3, they are estimated as

Ru (o) = Z;CU ¢E(fc)!y|¢>j(y) > @

e[ £ )2 =T A (a £ Jyl)2
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and likewise for Ry ;;(z,y). Thus, they are LP-bounded for 1 < p < oo. If
¢i, ¢; € & further satisfy the condition of (2), the right of (4.4) is bounded
by () (y) (x| — |y|)~2 and they are admissible kernels (recall that we are
ignoring the part {(z,y): ||| — |y|| < 1}). O

Lemma 4.3. (1) The operator Zs, is bounded in LP for 1 < p < 3.
(2) If all ¢ € & satisfy (V,x%¢) = 0 for |a] < 2. Then Zg is bounded in LP
forall 1 <p < 0.

Proof. Define for j =1,...,d that
Zagu="= [ GV Vel(Go(N) - Gal-X)wFA a4
0

so that Z,u = Z?Zl Zs1 ju. We prove the lemma only for Z,; 1, which we
denote by Z for short, as the proof for others is similar. As in the proof of
Proposition 3.2, we decompose Z as

Zu = Z1u+ Zou+ Zsu + Zsu

by splitting e?*¥ and etc. as eM*=U = el  eNelp(X 2 y) and etc. Thus

the integral kernels of 7y, ..., Z, are given respectively by
7, = Z E /°°/GM(x|iy|)r()\,x,z)r(i)\,w,y)V¢(z)V¢(w)F()\) dwdz@,
— ™ Jo 1672 |x — z||w — y| A

e F T ez T(EA w, 1) o) (Vo) (w) FI(A) - dA
Z2g7f/o /eA B dr|w — y| N

S F [T ey TNz 2) (V) (2)o(y) F(A) | dA
Z3—§7T/0 /e’\ * prp— dz)\,

N NC dA
Zu= [ oo F) T,

where we used (1.5) for simplifying Z5, Z3 and Z4 and put the sign > inside
the integral as it diverges separately. We write

1
r(A\,z,y) =Mz —y| — |x))ri (N, z,y), 1= / eMlz=yl=1zD)f gg (4.6)
0

and etc. We have for k =0,1,...,

Oz, y) <)l O+ 1). (4.7)
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We estimate Zyu,...,Zyu individually in the following four lemmas. We
obviously have Z;(z,y)<|. (z)""(y) ™" for j = 1,2,3 and this holds also for
j=4as |o(y) (e — e WYX < |yl|é(y)| < Cly)~". Thus, their parts on

{(,9): Mal=lyll < BU{(z,y): [l2P=ly*] < 1HO{(2,y): Jo[+]yl <1} (4.8)

are admissible kernels and we again ignore this part in the following consid-
eration.

Lemma 4.4. Modulo an admissible kernel we have

Zi(z,y) = Z %M

7 (ol £ y])?

and Zy is an LP-bounded kernel for 1 < p < oco. If ¢ € € satisfies (V,2%¢) =0
for |a| <1, Zy(x,y) is admissible.

Proof. By virtue of (4.6), we have

Zi(z,y) = —%/ (%: /OOO e“(f”'iy”rl(A,x,z)rl(iA,w,y)AF(A)dA)

o =2 = |z[)(jw — y| — [y (V§)(2)(Vd)(w)

1672|x — z||w — ¥

_%/Wﬂx%w,y) (= 2l = 2D (jw = 9] = V)V )W)

16m2|x — z||w — y|

dwdz

where the definition of W should be obvious. We apply integration by parts
twice to Wi (x, z,w,y) and obtain

-1
Wiz, z,w,y) =Y s
— (x| £ [y])?

vi=>" <_—1 / MWD (1 (X, 2, 2)ry (X, w, Y AE(N))"dA.
T 0

+ Yi(z, z,w,y), (4.9)

|| & [y])?
By using [(V¢)(z)dz = 0 and (1.5), we have
/ (lz — 2| = =) (V9)(2)

Arr|x — Z|

dz = |z|p(x) (4.10)

and the like for the integral involving (V¢)(w). Thus, the contribution to
Z1(z,y) of the boundary term in (4.9) is given by

lallylo(@)ot)
Z CE |y\ (4.11)
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By virtue of Lemma 3.1 both + and — terms of (4.11) are LP bounded
kernels for all 1 < p < co and they are admissible if [, z;(V¢)(z)dx = 0 for
j = 1,2,3. Further integration by parts and (4.7) imply

(L +[2] + |w])®
(] £ [y])?

Y(:L’zwy<||CZ

Thus, the contribution of Y; to Z;(z, y) produces the kernel which is bounded
in modulus by

cz/'zl'“" (L+ 2] + )| (VA VA,

|z — ZHw yl(lzl £ 1y])?
<
Z |fL‘| + [y])?

and, hence, is admissible. This proves the lemma. O

Lemma 4.5. Modulo an admissible kernel

Zo(,y) = %—m‘ifﬂﬂzgy) (4.12)

and Zy is bounded for all 1 < p < oo. If ¢ € € satisfies [p5 x;(Vo)(x)dx =0
for j =1,2,3, in addition, then Zy(x,y) is admissible.

Proof. The proof goes in parallel with that of Lemma 4.4. Using (4.6), we
write Zy(z,y) in the form

M () a0 (jw =yl = lyho() (Vo) w)
-/ (Z | e, e y)F(A)dA) P .

Write Wy = Wy (x, w,y) for the function inside the parenthesis. By integra-
tion by parts, we have

AQ=lEWD () (20, w0, y) F (X)) dA.
Z\gz:|i|y| Zvalilyl !

The contribution to Zy(z,y) of the boundary term for W5 is given by

w— V 1 oz
Z (lw =yl = ly)o(x) (Vo) (w )dwzsz( )ylo(y)

(lz] £ [yl) - 4m|w — y] — |z £yl

14



which is equal to (4.12). Further integration by parts shows the integral term
for W5 is given by

o — 5 Flw =yl =) O+ Jw])®
) ; 2(|z] £ |y])? +O((|x|i|y|)3)'

The second term on the right produces in Z,(z,y) the admissible kernel
bounded outside (4.8) by

cle@ly)
N EEE

and, the boundary term in Y5 does in Zy(z,y) the kernel

¥l o) (Jw — y| — [y)2(Ve)(w) Clo()||ly]
Zzw + [y])? Jps Am?|w — y| WS Ty (al? — P

which is again admissible outside (4.8). If ¢ satisfies (V,z;¢) = 0 for j =
1,2,3, then |¢(z)| < C(z)~" and (4.12) also becomes admissible. This proves
the lemma. O]

Lemma 4.6. Modulo an admissible kernel

—2i |2|p(x)|y|o(y)

T [z = yl?

Zy(r,y) = (4.13)

and Zs is bounded for all 1 < p < oo. If ¢ € € satisfies [ys x;(V¢)(x)dx =0
for 7 =1,2,3 in addition, then Zs(x,y) is an admissible kernel.

Proof. The proof goes in parallel with that of Lemma 4.5. By using (4.6)
and (4.10) once more we write Z3(z,y) in the form

T At|x — z|

(x,2,y) Zj:/ Azl £yD - (X 2, 2) F(A)dA. (4.15)

Application of integration by parts shows that
Ys3( 4.16
5(7,2,9) Z|x|i|y|+ 5(7,2,9), (4.16)

(x,2 MlED () (X 2, 2 "d\. :
Y) Z |$| T ‘y’ (ri(A, 2, 2) F (X)) 'dA (4.17)

15



The contribution to Zs3(z,y) of the boundary term of W3 in (4.16) is given
by virtue of (4.10) by

Ziz / 2 =2 = LDV ), _ 5~ Z2lo@oly)

(] + ly)dm|e — 2| — 7 z[ ]yl

Further integration by parts implies

e Fille A fe) (14 ]2
Y 29) = 2 ST E +O(<|:zzuc|y|>3) (4.19)

and substituting Y3 for W3 in (4.14) produces an admissible kernel. Indeed,
from the boundary term on the right of (4.19) we have

v = /<yx—z|—r:c\>2<v¢><z>¢<y>dz< Clallyllé(y)
CETD

2(|z] £ Jy)? drlx — 2 = (a2 =y P2 ()

which is admissible and, from the second term the kernel bounded by

oL@l
N

which is also admissible. If ¢ € & satisfies [pq 2;(V¢)(x)dx = 0for j =1,2,3
in addition, it is obvious that (4.13) becomes an admissible kernel. This
concludes the proof of the lemma. n

For proving the following Lemma 4.8, we use the next lemma.

Lemma 4.7. (1) Suppose that K(x,y) satisfies
K(z,y)<|. C/ x| = Oly)y0dh, x,y R (4.20)
for some constants 6 > 1 and C' > 0. Then, K is LP-bounded kernel
for1 <p<3.

(2) If K satisfies (4.20) with (z)">(y) ™", k > 2 in place of () *(y)~", then
K is admaissible.

Proof. (1) Tt suffices show that K is bounded in L' and L? for 2 < p < 3 by
virtue of the interpolation theorem. By using polar coordinates, we estimate

[k <e [([T ) wiwscw a2
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and K is bounded in L'. We next let 2 < p < 3. Minkowski’s inequality
implies

(/R !K(a:,y)!”dw) v <Oy /01 (/OOO %w) l/p do.  (4.22)

We denote the integrand (- - - )'/? with respect to 8 by G(6|y|). It is obvious
that G(0|y|) < C if O|y| < 2, hence (4.22) < C for |y| < 2. Let 0|y| > 2 and
ly| > 2. We split as (0,00) = I U I,

I ={r>0:0y|/2 <r<30ly|/2} and Iy = {r > 0: |r — Oly|| > Oly|/2}

and estimate 72(r)=% < C{f|y|)2~% on I, and {r — ly|)~P° < C(O)y|)~*°
I5. Then,

com <{( [+ ) S} < oo+ o),

Since § > 1 and 2 < p < 3, we obtain for |y| > 2 that

Ammmmwmwg%/<mw2ﬂmww@gﬁ.

2/Jy| (y)

Thus, for 2 < p < 3, we have by Minkowski’s and Holder inequalities that

1/p
wal, < [ ([ i@npa) ks < €l 2olal, < Clal,

where the dual exponent p’ = p(p — 1) > 3/2.
(2) We have {z){Jz] — 6ly])~* < C{Olyl)~ ™" and

sup [ [Kwldy <€ [ )y < o
R

z€R3 JR3
This with (4.21) implies K is admissible. O
Lemma 4.8. (1) Modulo an LP-bounded kernel for 1 < p < 3,

do. (4.23)

(2) Zy is bounded in LP for 3/2 < p < 3.

17



(3) If (V,x%¢) = 0 for |a] < 1, then (4.23) holds modulo the kernel which
15 LP-bounded for all 1 < p < oo.

Proof. We have

Z4(w.9) = Zota)oty) [ e - e

F(\)
e

= —%qb(q;)gb(y)(;y‘ /_ 11 < /0 ) e””'*""y)F(A)d)\) df. (4.24)

By inserting 1 = x(||z| + 0|y|| < 1) + x(||z| + fly|| > 1) in front of df of
(4.24), we split Z,(z,y) into two parts:

We clearly have

Ziw)= 2 [ 1o@owlylxlie] - iyl < o

and Lemma 4.7 implies Zf is bounded in L? for 1 < p < 3 in general and,
is admissible if ¢ satisfies |p(z)| < C(x)~>. We next consider ZZ(z,y). By
integration by parts, we have that

0o . 0o oiA(|z|+0lyl) f A

/ M= P\ = — L 4y / c Moy (@)
0 | + 0]y] 0 |z + 0y

and, as I € C§°((0,00)), the integral term is bounded for any N =1,2,...

by C(|x| + 0)y|)~" when ||z| + 0|y|| > 1. Tt follows that its contribution of
to Z7 (z,y) produces the kernel bounded in modulus by

Yo(x)p(y)| |yl
0/1 Tl + 0lyH~ “

and Lemma 4.7 implies it enjoys the same property of Zf stated above.
Since the contribution of the boundary term in (4.25) to Z; (x,y) is given by
(4.23), statements (1) and (3) of the lemma are proved.

(2) Since Zy(z,y)<|.| Cly|o(x)o(y), it is obvious that x(|y| < 2)Z4(x,y) pro-
duces bounded operator in L? for 3/2 < p < 3 and we may ignore the part
{y € R3: |y| < 2} of Zy(x,y). We estimate

1 |z[+]y|
JRCCELTIES . NUERY

1 2| + 0y| Tyl || —y| 0
|z|+]y|
< 1[0 o) o) (4D
Iyl J1 0 |y |y
Then we have Zy(x,y)<;.|C(log(z) + log(y))o(x)é(y) and log (z)p(x) €
LP(RP) for any 3/2 < p. Statement (2) follows. O

18



Completion of the proof of Lemma 4.3. Combining the results of pre-
vious four lemmas and observing that the boundary terms in (4.12) and (4.13)
cancel each other, we see that Z(z,y) is modulo the kernel which is bounded
in L? for 1 < p < 3 equals to the sum Ky(x,y) = Ko1(x,y) + Koa(z,y) where

@ xUlzl = [yl = Diz[lylo (=)o (y)

Hules) =27 (] £ o] 20
and
Kualoy) = = o@otll - [ XTI Dan

Since Lemmas 4.4 and 4.5 already prove that K is bounded in L? for 3/2 <
p < 3, it suffices to show by virtue of interpolation ([2]) that K, is also
bounded in L'. We write |z| = |z| £ |y| F |y| in (4.27). Then,

Kunle.9) = 3 %X“'fl - |y||g|c\i1|2f"¢(x)¢(y) 120)
i Ax(lfx] =yl > DlllyPola)e(y)
™ (lz| + |y))2(|=| — |y])? . (4.30)

We denote (4.30) by K,(x,y). It is then evident that

1z — |yl = De()llyl*é(y)
(I = [yl)?

and it produces a bounded operator in L!. Thus, for concluding the proof of
Lemma 4.3, it suffices show that

K.(o9) = L 6(@)0(u)lu] (Z xllel — Iyl = 1) / x| + 6yl > 1>d9>
+

7T ] £ [y —1 Jl 0yl

Ko(z,y)<)| o

is an L'-bounded integral kernel. We first remark that

YCETE
¢(I)¢(y)'y‘< EET <|x|i|y|>>
) @) ly(lle] - ]l = 1) e £l < D
CECE N CEr R CE R e

is an L' bounded integral kernel. We can likewise show that

/_1¢<I>¢(y)|y| <x(||56| Hoyll>1) 1 >> "

] + 6ly] (lz] + 0ly]
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is an L'-bounded kernel. Finally, observing that

1 1 (b) — {a) v —a? < b —al

(@ ) (@) (@®){a)+ )" @)

we estimate

i ! df
el (Z EET <|x|+e|y|>) 43
7 1 1
2; y”y'/ (|x|i|y| S rE ) CANCES

)|y
§ )l '/ TR T (433)

IA
31~

Then, we have

o(2)d(y)|y|? . > dr
/Rs EETNCELI C/o CEIEr
C [ 1 1
=3 /_oo <<r T E 0|y\>2) dr = nt

This shows that (4.31) is an L'-bounded kernel and we conclude the proof
of the lemma. ]
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