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Regular and singular component of a
point-interaction operator

1. Introduction

It is customary to refer to a singular perturbation of the d-dimensional Laplacian
as a self-adjoint operator on L%(RY) that acts as the Laplacian on sufficiently smooth
functions with compact support in R%\{zo} for a given o € R?. Apart from the trivial
case of the Laplacian defined on H?(R9), the constraint of self-adjointness induces a
non-trivial action on a larger domain of functions that do not necessarily vanish around
x, whence the terminology of singular perturbation at the point xy. More generally one
speaks of singular perturbations supported on a manifold ¥ C R?, a special case of which
is when ¥ is discrete and consists of finitely many or infinite points — in fact, the higher
the co-dimension of ¥, the more complicated the perturbation.

Singular perturbations arise naturally in the context of quantum systems of particles
subject to inter-particle interactions, or to interactions with certain fixed points or sur-
faces, which have an extremely short range, virtually equal to zero. They correspond to
formal Schrodinger operators —A + 0y, an idealisation of an ordinary Schrédinger opera-
tor —A+ Vs where the potential is very much peaked and shrunk around the manifold X.
Remarkably, this turns out to be a very realistic model of various systems under suitable
experimental conditions, such as ultra-cold gases with almost zero-range interactions or
quantum particles in interaction with wires or membranes.

Mathematically, however, although the replacement of an actual (and possibly very
complicated) potential Vs with a formal dx; results in a significant simplification of many
formal computations, yet the general theory is more involved than the theory of ordinary
Schrodinger operators.

The object of this work is the prototypical case of one-point perturbations in d = 3
dimensions, setting for concreteness xy = 0: thus, the formal operator of interest is
—A + 6(x), which can be thought of as the Hamiltonian of a two-particle system with a
delta-like interaction in the relative variable x = 1 — x5.

More rigorously, we deal with the self-adjoint extensions of the positive and densely
defined symmetric operator —A|Cgo (R3\{0}) ON L?(R3). This is today a well-known class
of operators, since the first rigorous attempt [3] by Berezin and Faddeev in 1961 and the
seminal work [2] by Albeverio and Hgegh-Krohn in 1981. It is in fact a one-parameter
family {—Aq|a € (—o0,+oc]} of self-adjoint extensions of —A[gee s\ (0}), the param-
eter o expressing, in suitable units, the inverse scattering length of the interaction
supported at x¢g = 0. The special extension relative to o = oo is the self-adjoint negative
Laplacian on L?(R3), with domain H?(R?), all other extensions representing non-trivial
operators of point interaction at zg = 0. We cast in Section 2 a detailed summary of the
main features and properties of the operator —A,.
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Each realisation —A,, is semi-bounded from below, and positive for « > 0. Thus, up to
a non-essential shift we can restrict ourselves to the case of non-negative —A,, namely,
non-negative a. In this respect, our concern for the present work is the qualification of
the fractional powers of the operator —A,,, primarily the domain and the action of such

powers. We therefore focus on the operators (—A,)%/?

, § € R thus denoting the number
of ‘singular fractional derivatives’, aiming at covering the regime of main relevance, that
is, s € (0,2) (the power s = 0 corresponds to the identity operator, the power s = 2
corresponds to the actual —A,).

Among the motivations for the interest on (—Ag)*/?

, central is surely the observation
that the domain of (—A,)®%/? provides a ‘singular-perturbed’ version of the classical
Sobolev space H*(R3) — we shall denote it with H2(R?) in our results. In turn, the
knowledge of such singular Sobolev spaces, of their induced singular Sobolev norms, and
of the mutual control between classical and singular Sobolev norms, constitutes a crucial
tool for the study of the well-posedness of semi-linear ‘singular’ Schrédinger equations

of the form

iOu = (—Ay)u+ N(u)

with non-linearities of relevance such as N (u) = |u["u or N(u) = |z|=7 * |[u|?, v > 0.
These are non-linear PDE’s that model, in a suitable regime, the presence of a localised
impurity. The analogue of the energy space would therefore be H(R?), and one would
like to address also a higher or lower regularity theory, whence the importance of the
understanding of the spaces HS(R3). Dispersive and scattering properties of the linear
propagator ¢t — e*®« have been the object of past, as well as recent extensive studies
[13,5,7,6], that include Strichartz estimates and LP-boundedness of the associated wave
operators, which would be then natural to combine with a systematic information on
the singular fractional Sobolev spaces.

This in fact already constitutes an ongoing line of investigation in the literature.
On the one hand, the study has started of the solution theory for certain non-
linear Schrodinger equation associated with —A, and with the regularity of various
HE (R3)-spaces, as for example in the case of the singular Hartree equation [9]. On the
other hand, a whole literature is flourishing on the mirror problem of linear and non-
linear Schrodinger equations associated with singular perturbations of fractional powers
(—A)*/2 of the Laplacian [11,8,12,15], and it would be of great interest to compare the
two problems.

On a more technical level, one of our main questions and of the crucial properties
in applications, concerns the structure of a generic function in the singular Sobolev
space HS(R?). Tt is indeed well known (and we review it in Section 2) that the domain of
— A, consists of functions that are decomposable uniquely into a ‘regular’ H2-part plus a
‘singular’ part that is a multiple of the Green’s function of the three-dimensional negative
Laplacian, i.e., (47|z|)~! exp(—|x|), with a very special constant of proportionality that
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qualifies the link between regular and singular part, and in fact is the precise signature
of the interaction supported at the origin.

In the first of our main results, Theorem 3.1, we determine the precise structure of
the singular Sobolev space HZ(R?), identifying regular and singular part of a generic
g € H:(R?) in all the regimes of s for which such decomposition is meaningful. In our
second main result, Theorem 3.2, we present a mutual control between classical and
singular Sobolev norms, and in our third main result, Theorem 3.3, we find an explicit
formula for the computation of (—A,)%/?u.

These results and related remarks are stated in Section 3. In particular, there arise
three natural regimes of increasing regularity, s € (0,3), s € (1,2), and s € (2,2):
the first is so low that no canonical decomposition between regular and singular part is
possible; the second is large enough to produce indeed a decomposition, however with
no constraint between regular and singular component; the third is so high as to induce
a constraint between the two components, which is completely analogous to what was

already known for the space H2(R?), i.e., the domain of —A,. The transition cases s = %

and s = % are discussed separately in Section 3 and then in Propositions 8.1 and 8.2.

In Sections 4 through 7 we develop an amount of preparatory material for the proof of
our main results, which is then the object of our concluding Section 8. In particular, in
Section 4 we establish a spectral-theorem-based canonical decomposition of the domain
of (—A4)*/? and in Section 5 we study the regularity of each term of such a decompo-
sition. This leads us to identify convenient subspaces of the fractional space H2(R?) in
Section 6, an information that we find convenient for the sake of clarity to re-cast in
an operator-theoretic language in terms of suitable fractional maps, Section 7. A final
Appendix contains the detail of a Schur-test bound that we used systematically for the
estimate of the norm of a number of integral operators.

2. Three-dimensional Laplacian with singular perturbation

The concise review in this Section is based on [1, Chapter I.1] and [10, Section 3].

The class of self-adjoint extensions in L?(R3) of the positive and densely defined
symmetric operator *A|Cg°(]R3\{o}) is a one-parameter family of operators —A,, a €
(=00, +00], defined by

D(-A,) = {g € L*(R?) ‘g = fa+ afjf% Gy with fy € HQ(RB)} (2.1)
and
(mAa+A)g = (FA+ )/, (2.2)

where A > 0 is an arbitrarily fixed constant and
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o~V 2l
G)\(x) = — 0 - (23)

4|z

The above decomposition of a generic g € D(—A,,) is unique and holds true for every
chosen \. The same formulas are valid also for A\ = —z2 for z € C, Jmz > 0.

The extension —A,— is the Friedrichs extension and is precisely the self-adjoint —A
on L?(R?) with domain H?(R?).

Thanks to the continuity of f), the boundary condition holding for a generic g €
D(—A4) reads g(z) = fr(0)(1 + (4ra+VX)"Hz|~1) as = — 0, and hence also, owing to
the arbitrariness of A > 0,

1 1
g(z) = const - (

mi_(TOO_l)ﬂ)u) as o — 0. (2.4)

The latter is the short-range asymptotics typical of the low-energy bound state of a
potential with almost zero support and s-wave scattering length a = —(47a) ™!, as was
first recognised by Bethe and Peierls [4] (originally in the form 0,.(rg) — 4warg — 0),
whence the name of Bethe—Peierls contact condition.

Clear consequences of (2.1) or (2.4) above are: on H?-functions vanishing at z = 0 the
operator —A, acts precisely as —A; moreover, the only singularity that the elements of
D(—A,) may display at x = 0 is of the form |z|~!. This suggests that —Ag fails to be in
L?(R3) by a distributional contribution removing which yields —A,g. This is precisely
what can be proved:

~Dag = ~Ag— (lm |elg(@)) do, g ED(-Aa). (2.5)

Identity (2.5) indicates that —A, g may be thought of a suitable renormalisation of —Ag:
in fact, in the r.h.s. there is a difference of two distributions which gives eventually a
L2-function.

Another relevant form of the boundary condition for ¢ € D(—A,) is available in
Fourier transform. The following limit is finite

€= lm / 3(p) dp (2.6)

im
R—+oo 4TR

peR?
[pI<R

and is customarily referred to as the charge of g, in terms of which one has the asymp-
totics

/ g(p)dp = 4né (R + 27%a) + o(1) as R — +00. (2.7)

peR?
IpI<R

The latter is the so-called Ter-Martyrosyan—Skornyakov condition, originally identified
by Ter-Martyrosyan and Skornyakov [14], and is in practice the Fourier counterpart of
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(2.4). One can show that imposing the Ter-Martyrosyan—Skornyakov condition at given «
to the functions in the domain of the adjoint of —A|ges(rs\ fo}) selects precisely D(—Aq).
The action of —A, in Fourier transform reads

— N N ) 1 N

(=Aug)(p) = p*glp) — € = p29(p)—RL1rfoom / g(p)dp, (2:8)
peER?
[p|<R

which is the Fourier counterpart of (2.5).

Arbitrarily close to each —A,, in the sense of resolvents, one finds an ordinary
Schrodinger operator —A + V| with a potential V' suitably peaked and shrunk around
x = 0. More precisely, it can be proved that if V : R? — R is measurable, (x)V € L'(R?),
V € Rollnik, and —A + V' is zero-energy resonant, then setting

Ve(z) = % V(z/e), 1 smooth and n(0) =1, (2.9)
one has
(A + Vo4 A1) —H (A, AD)! (2.10)

in the norm operator sense, for a value of a uniquely determined by the chosen V
and 7. (Without the zero-energy resonance the limit is the resolvent of the free (negative)
Laplacian.) Explicitly, the zero-energy resonance condition and the other assumptions
above on V imply the existence of ¢ € L*(R?) with

sen(V)V/VI(=8)'V/[V]e = —¢
and
U= (=A)|V]e € LERNLAR®), (-A+V)p=0 in D'(R%),

and in terms of such a resonance function the constant « emerging in the limit (2.10) is
given by

o = O] [vead " = )] [Vivieas] .

The resolvent limit (2.10) is intimately connected with the following resolvent identity:

1
a+%

(=Ay + 1) = (mA+ 1)L+ |G (G - (2.11)

It says that the resolvent of —A,, is a rank-one perturbation of the free resolvent.
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Furthermore, the following equivalent characterisation of —A, has the virtue of show-
ing explicitly that the two operators —A, and —A only differ on the subspace of
spherically symmetric functions. The canonical decomposition

L*(R?) = HL*RY,r*dr) @span{Ys _¢,..., Yo} = @D LI(RY) (2.12)
£=0 =0

(where the Y7 ,,,’s are the spherical harmonics on S?) reduces —A, and for each ¢ > 1
one has —Aq[r2 = —A[zz2. On the sector £ = 0, namely the Hilbert space

1
L7_(R®) = UT'LARTdr) ® span{ E} ) (2.13)

where U : L2(RT, r2dr) = L2(RT,dr), (Uf)(r) = rf(r), one has
—Aulpz , = U hoaU) @1, (2.14)

and hg 4 is self-adjoint on L%(R* dr) with

d2
hO,a - *ﬁ
99" € AC10¢((0, +00)) (2.15)
D(hoo) = } g € L*(0,+00) g" € L?((0,+00))

—4rag(0t) +¢'(07) =0
From the above characterisation of —A,, it is possible to deduce the spectral properties
Cos(—Ba) = Guc(—Aa) = [0,400),  owe(~Au) = 0, (2.16)
and

0 if a € [0, 400

op(—Ay) = 2.17
( ) {{(4%(1)2} if € (—00,0). (2.17)

The negative eigenvalue —(47a)?, when it exists, is simple and the corresponding eigen-
function is |z|~tetmelel,

Last, we come to the quadratic form of the operator —A,. For each fixed A > 0 the
form domain is the space

D[-A,] = H'(R?) 4 span{G,}

= {g:f+cG,\ fe HY(R?), cc (C} (2.18)

and the quadratic form is given by
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(A +cGAl +Af +cGAll3 =

;\ (2.19)
= VA8 + AIFIE + (e + %) .

Analogously to the operator domain, also for the functions in the form domain the highest
local singularity is |z|~!, since G\ € H%’(R?’) and f, € H'(R?). Instead, as typical
when passing from the domain of a self-adjoint operator to its (larger) form domain,
the characteristic boundary condition of D(—A,,) is lost in D[—A,] and no constraint
between regular and singular component remains (actually functions in D(—A,) are not
necessarily continuous).

3. The fractional singular Laplacian (—A)*/?: main results

For a > 0, the singular perturbed Laplacian —A,, is a positive self-adjoint operator
on L?(R3) and the spectral theorem provides an unambiguous definition of its fractional
powers (—A,)*/2. Special cases are s = 0, yielding the identity operator on L?*(R?), and
s = 2, yielding the operator —A,, itself, whereas s = 1 (the square root) corresponds to
an operator whose domain is the form domain of —A,,.

For general s € (0,2) we are able to provide the following amount of information.

Our first result concerns the ‘fractional domains’, namely the domains of the fractional
powers of —A,. We find that for small s the fractional domain is the Sobolev space of
order s, whereas when s > 1 for each element of D((—A,)%/?) we retrieve a notion of a
reqular part in H*(R?) and a singular part proportional to the Green’s function G, thus
carrying a local |2|~! singularity. This is in complete analogy to what happens with the
operator domain D(—A,) and the form domain D[—A,] —see (2.1) and (2.18) above. In
particular, when s > % the singular part is also continuous, and its evaluation at x = 0
provides the proportionality constant in front of the singular part, the very same kind
of boundary condition displayed by the elements of D(—A,).

Theorem 3.1. Let o >0, A > 0, and s € (0,2). The following holds.
(i) If s € (0, %), then
D((—An)*?) = H*(RY). (3.1)
(ii) Ifs € (%,2), then
D((—Aq)*?) = H*(R®) +span{G,}, (3:2)

where Gy is the function (2.3).
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(iii) If s € (2,2), then

D((-Aa)*?) =
F(0)

_ {g € L2(R?) ‘g = Fy+ — Gy wilh Fy € HS(R?’)}.
OZ+E

(3.3)

Separating the three regimes above, two different transitions occur. When s decreases
from larger values, the first transition arises at s = %, namely the level of H?-regularity at
which continuity is lost. Correspondingly, the elements in D((—A4)3/*) still decompose
into a regular H2-part plus a multiple of G (singular part), and the decomposition
is still of the form F) + cp, G, except that now F) cannot be arbitrary in H %(R?’):
indeed, F has additional properties, among which the fact that its Fourier transform is
integrable (a fact that is false for generic H %—functions), and for such F)’s the constant
cr, has a form that is completely analogous to the constant in (3.3), that is,

1 1 / —~
cr, = ——= —— [ dpFa(p)
* o+ % (2m)2 RS

, : 3
(see (8.3) below). Then, for s < 3,

the link between the two components disappears
completely.

Decreasing s further, the next transition occurs at s = %, namely the level of
H*-regularity below which the Green’s function itself belongs to H*(R3) and it does
not necessarily carry the leading singularity any longer. At the transition s = %, the ele-
ments in D((—Aa)l/ 4) still exhibit a decomposition into a regular H %—part plus a more
singular H %7—part, except that H %7—singularity is not explicitly expressed in terms of
the Green’s function G. Then, for s < %, only H°*-functions form the fractional domain.

We shall discuss these transition points in Propositions 8.1 and 8.2.

Our next result concerns the ‘singular’ Sobolev norm induced by each fractional power
(—Aa)s/ 2 on its domain, in comparison with the corresponding ordinary Sobolev norm of
the same order. Recall that (—A, + A1)*/2 > A\*/21 and hence g — ||(=Aq + A1)*/ g2
defines a norm on D((—A)*/?), with respect to which the fractional domain is com-
plete.

Theorem 3.2. Let a > 0, A > 0, and s € (0,2). Denote by HE(R3), the ‘singular Sobolev

space’ of fractional order s, the Hilbert space D((—Agy)/?) equipped with the ‘fractional
singular Sobolev norm’

lgllzrs = (=2 +A1)*2glla, g€ D(=Aa)*2. (3.4)

The following holds.



10 V. Georgiev et al.
(i) Ifs€(0,3), then

lgllms = llgllas Vg€ D(=Aa)*? = H*(R?) (3.5)
in the sense of equivalence of norms. The constant in (3.5) is bounded, and bounded
away from zero, uniformly in c.

(ii) If s € (3,3) and g = F + cGy is a generic element in H5(R®) according to the
decomposition (3.2), then

IF+cGxlluy = [|Fllms + (14 a)ld. (3.6)

(iii) If s € (3,2) and g = F\ + Fi(\(/)l G\ is a generic element in HS(R3) according to

the decomposition (3.3), then

155+ 29 Gl g, ~ I1E- - (3.7)

The constant in (3.7) is bounded, and bounded away from zero, uniformly in c.

It is worth remarking that in the limit o — +o0 (recall that A,—o is the self-adjoint
Laplacian on L?(R?)) the equivalence of norms (3.6) tends to be lost, consistently with
the fact that the function G does not belong to H*(R?). Instead, the norm equivalences
(3.5) and (3.7) remain valid in the limit @ — 400, which is also consistent with the
structure of the space H2(R?) in those two cases.

Last, we examine the action of —A, on generic functions of its domain and in partic-
ular, when applicable, on the function G. We prove a computationally useful expression
of (=Aq + A1)*/2¢ in terms of the classical fractional derivative (—A + A1)%/%¢.

Theorem 3.3. Let o > 0, A > 0, and s € (0, 2).

(i) For each ¢ € L*(R3) one has the distributional identity

45/2 k() e~ VATt 2] (3.8)
dra+VA+t  4rlxl

+oo
= (A +A)*2p — 4sinsr [ dt

where

e~ VAttlyl
wolt) = [, (3.9)
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When ¢ € D((—An)*?) N H*(R3) (3.8) is understood as an identity between
L2-functions, whereas when ¢ € D((—Ay)*?)\H*(R?) the r.h.s. in the L?-identity
(3.8) is understood as the difference of two distributional contributions.

(i) The function Gy defined in (2.3) belongs to D((—As)*/?) if and only if s € (0,3),
in which case

(=Ay +A1)¥2Gy € HT(R?), o:=min{3 —s, 1}, s€(0,3). (3.10)
Ezxplicitly,
(=Aq + A1)¥2Gy = Jy, (3.11)

where Jy is the L%-function given by

“+o0
— sin £& t2=1o(t)
J = 2 / dt ———— | e R3, 3.12
A(p) (2n)? J AL P (3.12)
and
4 )
o) = ATt V2 £>0. (3.13)

dra+VA+t

Let us stress that the last Theorem applies to all the considered regimes of s, unlike
the separation into various regimes made in the previous main Theorems. This way,
formula (3.8) has the virtue to provide the explicit additional (distributional, in general)
correction in the action of (—A4+A1)*/2 besides the ‘classical’ contribution (—A-+A1)%/2.
Underlying (3.8), and in fact equivalent to it, we shall discuss in Section 4 another key
formula for the action of (—A, + A1)*/2, where, in complete analogy to (2.2) we express
such an action on ¢ as the classical action (—A 4+ A1)*/? on a suitable regular component
of .

As mentioned already, the proofs of Theorems 3.1, 3.2, and 3.3 are deferred to Sec-
tion 8, after developing the preparatory material in Sections 4-7; the only exception is
the integral formula (3.8), that for its technical relevance in our discussion will be proved
in advance, at the end of Section 4.

4. Canonical decomposition of the domain of (—A)%/?

In this Section we present an intermediate technical lemma that is crucial for our
analysis and gives a canonical decomposition of the domain of (—A,)%/? for powers
s €(0,2).

Based on the same argument, we then prove the integral formula (3.8) and hence part
(i) of Theorem 3.3.
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Proposition 4.1. Fiz a >0 and A > 0. Let s € (0,2) and g € D((—A4)*/?). Then

g = fgthg (4.1)
where f, € H*(R3) is given by
fg = (FA+ M) "2 (=Ay + A1)*/%g (4.2)
and hy € L%(R3) is given by
. i t—s/2 cq(t) e~ VAttlz]
hy(x) = 4sinsF [ dt JENIY> e A (4.3)
having set
e~ VA+tlyl o
t) = / dy o (ha + A1) 20)0). (1.4)

When g runs in D((—A4)%?) then the corresponding component f, in the decomposition
(4.1) spans the whole H*(R3). In terms of this decomposition,

(—Aq +A1)*2g = (A +A1)*/2f,. (4.5)

Proof. (4.5) follows from (4.2), so the proof consists of showing that (4.2) and (4.3) give
(4.1). Our argument is based on the identity

D((=An)*?) = D((=Aq + A\1)¥?) = (=Aq + A1)"*/2L2(R?), (4.6)

which follows from the spectral theorem, owing to —A, > O, and on the integral identity

in g™
o2 _ SInS3

€T
s

+oo
/dttS/Q‘ltJ%, >0, s€(0,2). (4.7)
0

By the functional calculus of —A,, (4.7) gives
(—Aq+A1)7%/2

. +OO
sinsZ

= 2 / dt t*/27 (= Ay + ML) T HE+ (—Aq + A1) 1)
T
0
+oo
sin s

= 2 /dttS/Q‘Q(—Aa—i—()\—i—t_l)]l)_l
7T

0
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and by means of the resolvent formula (2.11) and of (4.7) again one finds

1 s
SlIlS2

(—Aq +A1)7%2 =

s

+oo
/ dt 22 (<A + (A4t )1) !
0

-1
) G @]

T 47

3 us +Oo —
N sin s 3 /dtt5/2_2 (a—l— VA+t1
/ (4.8)

= (~A+A1)"/% 4+

“+o0o
i s , AftTy-1 G
+% /dttém—z (O‘JF%) G210 (G ]

0

Let now g € D((—A,)*/?): applying the operator identity (4.8) to the L2-function
(=A, + A\1)%/2g gives ¢ itself in the Lh.s. and two summands on the r.h.s., the first of
which is precisely f, defined in (4.2), whereas the second is

+oo
3 us VO t71 —1
Sk /dtts/272 (OH'L) G-t (Grget1, (—Aq + A1)/ %g)
i 4
0
—+oo
asinz [at— G (O (A A2 = b
= in =- _ , (— =
2 Ara+ VAL Tt AT e g g

defined in (4.3)—(4.4). This proves that hy = g — f, € L?*(R?) and yields (4.1).

Not only is f, € H*(R?) for given g € D((—A4)*/?), but also, conversely, given an
arbitrary f € H*(R*) the function (—Ag, + A)~%/2(—=A + \1)*/2f clearly belongs to
D((—A4)*/?) and its component fg is precisely f. Thus, f, does span H*(R3) when g
runs in D((—A4)*?). O

Proof of Theorem 3.3(i). We follow the same line of reasoning that has led to Proposi-
tion 4.1. By (4.7) and the functional calculus of —A,,

. T +Oo
(—Ay + A1)*2p = % / At 17271 (“ Ay + A (—Ag + (A + D)1) Y.
0

Taking the difference between the identity above for generic o and for & = oo (namely
for the operator —A instead of —A,), together with the resolvent formula (2.11), yields

(—Ag + A1) 20 — (A +A1)¥2p =

. P oo
_ _smﬂ-sg / gt 1572 ((_Aa O+ e — (—A+ ()\+t)]l)_1)90>
0
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“+oo
G T 1 =tz —VA+E
__sinsg /dtts/2(a+\/)\+t) 1e I/ ye ] olu).

T 47 47 || 47 |y|
0

which leads to (3.8), by means of the definition (3.9). O

5. Regularity properties

In this Section we discuss the regularity and asymptotic properties of functions of the

form hg, that emerge in the canonical decomposition of Proposition 4.1.
For given a > 0, A > 0, s € (0,2), and f € H*(R?), we define

e~ VATt |yl
ost) = [ ay e (CA AN )
R3

and

—+oo
/ q t—s/2 C(t) e~ VA+t ||

dra+ A+t Al

hy(xz) := 4sin 3

Equivalently, in Fourier transform,

2 s/2
#/d Mf(p)

t) =
es(t) (21)% P2 A+t
RS

and

+oo
—~ 4sin o t=5/2 ¢t 1
hp(p) = —2 /dt A _ .
dra+VA+t PP+

It is also convenient to introduce the function w; whose Fourier transform is

w(p) == —

+o0 N
1 4sin<f /dt 13 c(t) 1
PP+ (2m)2 Ara+VA+t PP+HA+E

Formally,
hf = qy G+ wy

where G is the function (2.3) and

“+ o0

t73 ¢ (t)

Ara+ VA +t

qy = 4sin 5 dt

(5.1)

(5.5)

(5.6)

(5.7)
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Lemma 5.1. For given a >0, A > 0, s € (0,2), and f € H*(R3), the function c(t) defined
in (5.1) is continuous in t € [0,+00) and satisfies the bounds

ey @) S I flle=(L+8)77 (5.8)

and

+oo

/ attHe, (O < LI+ NEFR ~ 1% - (5.9)

0

Proof. The continuity of ¢ — c¢(t) is immediately checked by re-writing (5.1) as ¢y (t) =
<G)\+t, (—A + )\]1)5/2f> From

1

Grsellz = BTVA+1) "2 < (87rf)*%
a Schwarz inequality yields

ler (O < N1Gasellz I(=A+ A2 f ]2 S 11l

and

ler ()] S 4 fllare

whence (5.8). Next, we consider the function

~

Nw(o) = 0(0®* +N)2f(o,w), o0€RT, weSs?,

~ ~

where we wrote f(p) = f(p,w) in polar coordinates p = (g,w), 0 := |p|, w € S?. Clearly,

—+oo
/ ol aas ap) = / du / do ?|(e® + V) Flow)?
0

S? S2?

1>+ NEFI3 = 11 e 5

and we estimate

+oo —+oo

-1 2 _ 22_L/ / p+/\f()2
/dtt ey (8)] 2/dt|cf(t W& =73 ’ TR AT
0 0
onw(o) |2
47T3 dt’/dw/ 7@2+A+t2‘

—/dt/dlem _ —/dw\|@nw||Lz(R+dt>,
0

/N
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where 1+ Qn is the integral operator on functions on R* defined by

Y
‘92+t2'

/Q (t,0)n(o)do, Q(t,0) =

We observe that ) has precisely the form of the operator Qg .5 defined in (A.7)-(A.8)
of Corollary A.3 with 3 = %, v =6 = 2. Then the Schur bound (A.9) yields

i
l@nll: < Il v € L*(R*,do).
Therefore,
1 2
det™ 2|Cf ) dWHan”L2 ®+,dt) S 3 dw||mwl 72 R+ d0)
SQ
= §||(P +NEfIE ~ (f11F

which gives (5.9). O

Let us now exploit the above information on the behaviour of ¢ (¢) in order to obtain
information about the regularity of the functions h and w defined, respectively, in (5.2)
and (5.5). To this aim, we shall make often use of the identity (see (A.1))

“+o0

/dt A S €(0,1), R>0 (5.10)
R+t  sinawr R—¢’ “ T ’ '

0
whence also the useful limit
o0

1 -1 a—1
lim (_” —_) /dtt =1, ac(01). (5.11)

R—+4o0o \sinam Rl

1

We start with the function hy in the regime of small s.

Proposition 5.2. For given a > 0, A > 0, s € (0,3], and f € H*(R3), let hy be the
function defined in (5.1)~(5.2).

(i) If s € (0,%), then hy € H*(R®) with
Whpllms < 11 fllae, s€(0,3). (5.12)

(i) If s = 3, then hy € Hz (R3), but in general hy ¢ HY?(R3).
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Proof. (i) Using (5.4) and setting ps(t) := t_%cf(t), we observe that

gl ~ /dp|<p2+x>%hf<p>|2

R3

Q

/d‘/ tacft) (p*+ Nz |2

P Ao+ VALt PPN+
0(0® + N2

/dgl/dt 43 o2 s g

1 “+o0
puy () / ’/
d +A)° [ dt == d dt t
/ ed(e” ) tita(A+1) ¢ (0 +t)“ (1)

0

:

A

2

S ||Mf||L2(R+,dt) + HQMf||2L2(R+,dg) .
the last step following by a Schwarz inequalities and by setting

Ql—i—s

(Qup)(e /dtQ pus®) Qet) = o

In fact, this defines an integral operator @) on functions on Rt which has precisely the
form of the operator Qg s defined in (A.7)-(A.8) of Corollary A.3 with § = —i -3,
v =2, 6 = 1. Then the Schur bound (A.9) yields

) HMf”%%R*,dt) :

) ™
Q < ——7—7———
I ufHLQ(R+’dQ) V2 cos(§ + &

This, together with the bound (5.9), gives

hfllzre S Nuplie@e an +1QullL@s ay S Mirlo@e an S 1 1% (es)

which completes the proof of (5.12) and of part (i).
(ii) When s = £, (5.4) reads

+o0 |

1 t = Cf(t) 1
h = dt .
(7) 7@0/ Ira+ VA+E P HATL

We consider the non-empty case of a non-zero f € H'/?(R?®) with positive Fourier

transform and hence with non-zero cy(t) > 0, due to (5.3). Owing to (5.8) and dominated

convergence,



18 V. Georgiev et al.

1
1 73 cp(t) 1 1
~ (1——— as — +o00
w%/ dra+VA+t pPPHA+E "2 |
0

with constant

1

TRt cp(t)
Cy = dt ———~ ¢ (0,+ ,
! / mar iy ¢ O+

namely a contribution to hy that is a H z -function not belonging to H2(R3). The
remaining contribution to h; is given by the integration over ¢t € [1, +00), and it is again
a positive function of p, which therefore cannot compensate the singularity of the first
contribution, i.e., it cannot make hy more regular than Hz (R®). O

Next we show that for given f € H*(R®) with s € (4,2) the corresponding hy is
a H2 -function given by the sum of the H = -function gsGy, that carries the leading
singularity of hy, and the more regular function wy € H $(R?). This is seen first discussing
¢r and then wy.

For given a > 0, A > 0, s € (%,2), we introduce the L?-function Gy whose Fourier

transform is given by

—+oo
—~ 4sin t=s/2
g = - / dt . 5.13
Ap) = o ) Ura+ VAT + A+ 1) (5.13)
Lemma 5.3. For given o > 0, A > 0, s € (3,2), and f € H*(R®), the corresponding
constant q¢ defined in (5.7) satisfies
a5 = (Grn (FA+21)72f), (5.14)

where Gy is the function (5.13). In particular,

1
|(1f| S H—a £l (5.15)

and

=0 < (=A+XL)¥2f L Gy (5.16)

in the sense of L?-orthogonality.
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Proof. Because of (5.3) and (5.7),

+
4 sin &

0 = > /dt to/? » (* + V)% f(p)
T (@2n)3e Ao+ VAt PP+ A+t
0 R3

_ /dp Gr(p) (P2 + N3 F(p),

RS
whence (5.14). O
Proposition 5.4. For given o > 0, A > 0, s € (3,2), and f € H*(R®), the functions hy
and wy and the constant q; defined, respectively, in (5.2), (5.5), and (5.7), satisfy the
identity
hy = qr Gy +wy, (5.17)

where G is the function (2.3). Moreover, wy belongs to H*(R3) and

< = 1* + N2 fl2, (5.18)

whence also

lwellzs S 1 1ae- (5.19)

Proof. The decomposition (5.17) is an immediate consequence of the finiteness of gy,
namely of the bound (5.15). Using (5.5) and setting gy (t) := t_%cf (t), we observe that

I(p*+2) 2w ]l3 =

2si 2 s +oo 1—5 2
sin® & dp’/dt 172 cp(t) 1

w3 dra+VA+E PP +HNTE P2 H A+
R3
8sin2sx | 01173 pp(t) 2
< 5 2 /dg‘ /dt 1_3
7r (P+ N2 (2 +A+1)
0 0
8sin? 5T
< TQ 1QueslI72 e+ ag)

where for convenience we wrote

—+oo

@Que) = [ dtQenu(®.  Qet) =

0

Qs—l t%—%
0 +1
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In fact, this defines an integral operator @ on functions on R™ which has precisely the
form of the operator Qg s defined in (A.7)—(A.8) of Corollary A.3 with 8 = 2 — £,
v =2, 6 = 1. Then the Schur bound (A.9) yields

ol < .
2 (R+ 2 (R+ _—
LARE A L3R do) S 75 Sn(Z —2)
Combining the estimates above with (5.9) then yields

8sin? 5T 4sin? &

s
162+ NITFE < =2 |Quslaar a <z I e
Sin (T — Z)

2sin? & s~
< TQﬂ 1(* + )2 f]|3
sin®(%5 — §)

which is precisely (5.18). O

For the last noticeable property we want to discuss in this Section, as well as for later
purposes, it is useful to highlight a few features, whose proof is elementary and will be
omitted, of the function ¢ — ¢(t), t > 0, introduced in (3.13).

Lemma 5.5. For given o > 0 and A > 0, (3.13) defines a function ¢ € C*([0,+00)) with

dra + VA t

) = mariar (dra+VA+t) WA+t +VA) (520)
0 < ¢t) < ¢(0) =1, (5.21)

and
o) < (1+1)712, (5.22)

¢ s strictly monotone decreasing and decays as t — +o0o with asymptotics

dra+ VA _Ama(dra + V)
NG t

We turn now to the discussion of a relevant connection between the constant ¢y defined
n (5.7) and the function

o(t) = +O(t73)  ast——4oo.  (5.23)

Fr = f+wy. (5.24)

In fact, owing to Proposition 5.4, when f € H*(R?) so is wy, and hence Iy too. When
5> %, a standard Sobolev lemma implies that F is continuous. We shall now see that,
in this regime of s, Fr(0) is a multiple of ¢¢. Significantly, an analogous property survives

when s = 3 (see Proposition 6.5(ii) in the next Section).
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Lemma 5.6. For given a > 0, A > 0, s € (2,2), and f € H*(R3), let wy and gy be,
respectively, the function and the constant defined in (5.5) and (5.7), and let Fy be the
function (5.24). Then Fy is continuous and

F(0) = (a+¥)q. (5.25)
Remark 5.7. It is worth noticing that (5.25) is consistent also when s — 2. Indeed, when

s =2 and f € H*(R?), then wy = 0, owing to (5.5), whence F¢(0) = f(0). On the
r.hus. of (5.25), we re-write ¢y given by (5.7) as

. ST +OO s
sin =~ t72cy(t
a+ 47

0

As s — 2 the pre-factor in front of the integral vanishes asymptotically as (1 — 3),
whereas the integral diverges: indeed when s = 2 we see from (5.3) that c;(¢t) — f(0) as
t — 0, therefore when s — 2 the leading (i.e., divergent) part of the integral is given by
the integration around ¢ = 0, i.e.,

“+oo 1

t=2 cp(t) _ _
/dtif/\m ~ (a+ ) 1f(o)/dtt s/2
2 o+ 0

= (aJrg)*l(lf%)*lf(O) as s — 2.

Thus, (o + l/__[?)qu — Fr(0) as s — 2.

Proof of Lemma 5.6. We have already argued before stating the Lemma that F is

continuous.
Since f € H*(R?) for s > 2, then f € L'(R3) and

(0) = — / ap F(n)

3
et
+o0 s N
B 1 /d f( ) sin & /dtt_é(p2+)\)z
T omi ) I TS PP+t
R3 0
+o00

I
®
=}
v
\
jol
~
~
N
)
<
=
~—

having used (5.10) in the second identity and (5.3) in the third one.
Also wy € H*(R?) for s > 3, owing to Proposition 5.4, and hence w; € L'(R?); from
this fact and from (5.5) one obtains
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wy(0) = — /dpwf

+oo
4sin%/dt 172 ¢4 (1) dp
(27)3 dra+VA+t S (PPHAFHE+A)
RS

+oo

_ _sn¥g /d 73 ep(t)
m (Ama+ VA F 1) (VAFE+ V)

Sln_ Sn_
/dtt 2Cf /dtt 2Cf ()

where we used (5.20) for ¢(t).
Combining the last two equations, and using (5.20) and (5.7), one obtains

F(0)

+oo
sin 2 t72 ¢4 (t)
0) +ws(0) = (dra+ VA /dt -
£(0) f( ) ( A) / Ao+ VALt
= (a+ \/_)qf’
thus proving (5.25). O

6. Subspaces of D((—A4)%/?)

In this Section we show that in the regime s € (0, 2) the domain of the fractional oper-
ator (—A,)*/? contains two noticeable subspaces: the one-dimensional span of the Green
function G defined in (2.3) and the Sobolev space H*(R?). We also show that in the
remaining regime s € [2,2) none of these spaces is entirely contained in D((—A4)*/?) —
however, there is a proper subspace of H®(R?®) 4 span{G,} which is instead part of
D((—Aa)"7).

As a consequence, recalling that Gy € H2~(R3), we will conclude that

D((-Aa)*?) > H(R®) +span{G,}, se[i,3), (6.1)
and
D((-An)¥?) > H'(R®),  s€(0,1). (6.2)
The first two main results of this Section are formulated as follows.

Proposition 6.1. For given a > 0, A > 0, and s € (0,2), one has

(=D + M)*2Gy = Jy (6.3)
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in the distributional sense, where G is the function defined in (2.3) and Jy is the function
defined by (3.12)—~(3.13). In particular,

Gx € D((—A4)*?) & s€(0,2), (6.4)
in which case

[(=Aq +A1)*2Gy 2 < 1+4a. (6.5)

Proposition 6.2. For given a > 0,

(i) if s € (0,2), then H*(R®) is a subspace of D((—As)*/?) and for every A > 0 and
F € H*(R3) one has

I(=Aa +A1)*F |2 S IIF|a; (6.6)
(ii) if s € [2,2), then H*(R3) is not a subspace of D((—As)*/?).

The third main result of this Section will be discussed later, see Proposition 6.5 below.
In order to prove Proposition 6.1 we establish the following properties.

Lemma 6.3. For given o > 0, A > 0, and s € (0,2), the function Jx defined by
(3.12)~(3.13) has real and bounded Fourier transform that satisfies

— K‘/S

J)\(p) = m (1 + 0(1)), 0<s<1, (67)
R = m MEEAED o), s, (6:5)
Ia(p) = s (1+0(1)), l<s<?2, (6.9)

as |p| — +oo, where ks > 0 depends only on s (as well as on « and \). As a consequence,
Jx belongs to L?(R?) if and only if s € (0, %) When this is the case,

[Jxl2 S 1+a, (6.10)
and moreover
Jy € H°™(R?), o:=min{3 —s,1}, s€(0,2). (6.11)
Proof. In the case s € (0, 1), owing to (5.21)—(5.22),

. ) “+ o0 + o0
sin &

. ta—1
Ky = 2 /dtﬁ_l t) < /dt < 400,
m(27)3 J o) < ) (1+1)2
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whence

“+oo

9 —~ sin 2% P P24+ A |p|——+oc0
by = det2 t s
N hw) = 7 )/ 00— .

by dominated convergence, which proves (6.7).
In the case s =1,

1

— 1 t‘i t_’

Ia(p) = - dt dt

:p) 7T(27r)5(0/ p? +A+t / 2+>\+t)

1
/dt 72 (t) __ const.

A+t P2

0

by (5.21) and dominated convergence, and

“+oo
t72 ¢(t) / t=1 In(p? +/\+1)
t—— ~ (4 A dt ——— = 4 —_
/ PO (4ma 4+ VX) S (4ma +V\) s
1 1

by (5.23) and dominated convergence, which proves (6.8) with x; := dratyA

: : m(2m)3/2 "
In the case s € (1,2),

1 +oo
sin £&

— tg*lqs t571¢)
Hp) = - % /dtp+/\+t+/dt 2+/\+t)
0 1

As |p| = +o0,

1 1
/dt t72¢(t) _ const.

PPHA+t T P2

by (5.21) and dominated convergence, and

MIUA
le

+oo s
sin ¢ /dt t5 L g(t) ~ (47ra+\/_ in °F
7(2m)3 / PP+t

(47ra + \f

w\%
wlm
l\.?

\+ "\4—
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23), (5.11), and dominated convergence, which proves (6.9) with

by (5.
—(27) "% (47 + VX ) tan %“ >0.

Ks 1=
It is clear from the above arguments that in all cases j;(p) is positive and uniformly

bounded. Immediate consequences of the asymptotics (6.7)—(6.8)—(6.9) are the fact that
Jx € L*(R?) if and only if s € (0, 2) and the gain of regularity (6.11). Then the point-wise

+oo
t3—1
(6.12)

bound
sin ¢
2 /dt
P +1+t)V1+t

RIS 0+ 22

yields immediately (6.10). O

We can now prove Proposition 6.1.
Proof of Proposition 6.1. By formula (3.8) of Theorem 3.3(i), re-written in Fourier trans-

form, we have
(A0 +AD)ZGA) " (p) = (A +A1)3G0) 7 (p) + Ta(p),
where for convenience we set
dsinzz [ t2 (t) 1
—~ sin 2£ 2 kg
T = — 2 / dt > ,
A(p) (2m)3 dra+VA+t pPHA+t
0
and kg, , given by (3.9), is now computed as
it = =L [ 1 T S
ST e ) PO AT TN T an AT+ VA

R3

(Formula (3.8) is indeed usable here, because it has been already demonstrated, in the

end of Section 4.) Thus,
o0 [e'e]
ta—1 sin &% /dt t2Lo(t)
m(2m)3 pPP+A+t’

L) = -2 [
m(2m)2 PP+ A+t
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ta—1
2 /dt ’
m(2m)2 J D

where ¢(t) is the function already introduced in (3.13) and (5.20). Owing to (5.10),
. +(X>
sin 2% B 1

2HAHE

1
(2m) (P2 + )12
whereas, according to our definition (3.12),

= (FA+AD)2GA) " (p),

sin 2%

T g0
m(2m)2 O/dt

Pt - )

Therefore, ﬁ( )= —((—=A + AL)5G5) " (p) + Jx(p), whence

(—Aa-‘r)\ﬂ)s/zG,\ = Jy,

(6.10).

that is, the identity (6.3). As proved in Lemma 6.3, Jy € L?(R?) < s € (0, 2): thus, G €
O

D((—Aa)¥?) & s €(0,2), and (6.4) follows. (6.5) is then an immediate consequence of
Let us now pass to the proof of Proposition 6.2. First, we establish the following
property.

defined in (3.9), namely

Lemma 6.4. For given X\ > 0, s € (0,3), and F € H*(R?), let kp(t) be the function

F(p)
= o) / a
Then

pPPHA+E
R3

oo 2
[ Jest
J (

g e L2

(6.13)

(6.14)
Proof. Passing to polar coordinates p = (o,w), 0 := |p|, w € S, F(p) = F(p,w), we see
that the function 7,,(0) := 0(0® + \)3 F(0,w) belongs to L?(R*,dp) with
s2

+oo
[l ay = [@ [ a0e@+ 03P = 1P
Moreover,

S2 0
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+oo 1

3 pl=s 2
/dt [<r(®) /dt/dw‘ / do e " (0) : (%)
J (t+)\*—5 B2+ Ni"z2(2 + A +12)

because

+0o0 +oo
2 2\|2
[ b2y [y thee®)
(t+ )27 ) (AT

0
1 / t / P>+ NP Fp) P
= —— dt ———— d 5
473 J (4N L (2 A+ 2)(p? + A3
R
) +00 +00 4 2 ( 2+/\)§ﬁ( w) 2
ol fo fa e
i ) ) @ NI @ AT 2) (@ N
1 tl 1—s " 2
<—2/dt/dw/ 219577(9) ‘
" (2 + N5 (2 + A+ 2)
There are two possible cases: s € [0, 2) and s € [% %) In the first case one has 71— 35€

(0, 1], and (x) yields

Heo s 1—s
O/dt# S /dt/dw‘/dgg:/\ﬂ? (0 )’2

0

2
/dt/dw|(an)(t)| = /dw Qw172 &+ ar) »
0 g

SZ
where Q is the integral operator on functions on RT defined by the kernel

5 Ql—s

t) = ———.
Qo) 2
In fact, @ has precisely the form of the operator Q3.5 defined in (A.7)—(A.8) of Corol-
lary A.3 with 8 = 1 — 5,7 = 0 = 2, where in this case 3 € (0, 1] and hence it is
admissible (the admissibility condition in Corollary A.3 is 8 € (=3, 3)): then the Schur
bound (A.9) yields

||77WHL2(]R+,dg) .

T
1Qnull L2t apy § —=————
( ) V2 cos(§ — %)

Therefore,
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+oo
ke () / 2
dt I < dw 1w
0/ (t+ )i 1Qn ||L2(1R+,dt)

S2

5/memwzwmwp
SZ

which proves (6.14) in the case s € [0, 1). In the second case, namely s € [, 2), one has
5 —1€/0,2), and (x) yields

+o00
2 % 2 5-1 1-s 2
g (A

0%+ A+ 12
0
ool s
N 0? +A+t2
0 S2 0
oo 1—s 2
< [at@+x° [ d ‘/dg—w ‘
N/(+)/w QQ2+)\U(Q)
0 §2 0
oo oo 5 1—s 2
o
/dt/dw‘/ e m(@)‘
1 S2
S /dw||nw||%2(R+7dg)+/dw ||Q77w‘|%2(R+,dt)7
S2 SZ

the integral operator @) being defined as in the first case. Here Q is of the form Qg.4.5
of (A.7)~(A.8) with # = 7 — 5, v = d = 2, where in this case § € (—

£,0] and hence f3 is
again admissible: the above inequality and the Schur bound (A

.9) then yield

/dtw S /dw\lmllizm do) +/dWHQ77w||2L2(R+ dt)
), (t+A)="° ’ ’

S? S?

s/mmmmm@zwmmw
S2

which proves (6.14) also in the case s € [1,3). O

We can now prove Proposition 6.2. To this aim, it is convenient to introduce the
function Ir whose Fourier transform is given by

+o00o
— 4sin X t2 kp(t) 1
I = — 2 /dt , 6.15
r(p) (2m)3 dra+VA+t PPHA+E (6.15)
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where

1 F(p)
kp(t) = (27?)3R[dp poa e (6.16)

Proof of Proposition 6.2. (i) By formulas (3.8)—(3.9) of Theorem 3.3(i), re-written in
Fourier transform, we have

(~Da +AD)IF)(p) = (A+ALIF) () + Tr(p), (6.17)

where the function I is given by (6.15)(6.16). By assumption, (—A+\1)3 F € L2(R?);
therefore, the fact that F' € D((—Aq)*/?) with [|[(=As + A1) 2 F|lo < ||F||g+ follows at
once from (6.17) if one proves that Ir € L?(R3) with ||Ir|/zz < ||F|lgs. To this aim,
setting pu(t) := (t+\) "3t 2kp(t), we observe that

t21<EF ) 1 2
I d ‘/dt
el < /p Ara+ VALt PPHA+L

t2 0 2
< / do| / e w0 S /1

where for convenience we wrote

—+oo

(@Qu)(o) = /dtQ(Q,t)u(t), Qo,t) =

0

In fact, this defines an integral operator () on functions on Rt which has precisely the
form of the operator Qg s defined in (A.7)~(A.8) of Corollary A.3 with 3 = —1, v = 2,
d = 1. Then the Schur bound (A.9) yields

1Qull2r+,d0) < 7 lllL2®t ar) -

Combining the estimates above with (6.14) yields

IFll2 < ||Q#||L2(R+,dg) < ||:u||L2(]R+,dt) S Eas,

which completes the proof of part (i).

As for part (ii), if for contradiction H*(R?) was a subspace of D((—A4)%/?), then
the canonical decomposition (4.1)/(5.17) g = fy + ¢, Gx + wy, of a generic element
g € D((—A4)*/?) for suitable functions f,, wy, € H*(R®) would imply that c;, Gy =
g— fq —wy, € D((—Aq)*/?). For those g’s with non-zero coefficient ¢, this would yield
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the contradiction that G too belongs to D((—A,)*/?), which was proved to be false in
Proposition 6.1. O

We move now to the third main result of this Section. It is formulated for s € (3,2),
but it is relevant for us in the regime of large s, namely s € [%, 2) (it provides no new
information for lower s). As seen previously, in this regime neither H*(R?) nor span{G}
are contained in D((—AQ)S/ 2). Nevertheless, we can identify a suitable proper subspace
of H*(R?) + span{G,} which is still contained in D((—A,)*/?), as we shall now show.

To this aim, given a > 0, A > 0, and s € (%,2), we introduce the subspace D(()S) -
H*(R3) defined by

1

FO = —— /dpf(p) < +oo
D = { Fe H R?) (27?0"; s : (6.18)
Ir + ofl‘-? Jy € L2(R3)
where Ip is the function defined by (6.15)—(6.16) for given F', and Jy is the function
defined by (3.12)—(3.13).

Proposition 6.5. Let o > 0 and A > 0.
(i) For s € (3,2) one has

F(0)

D((—AG)S/Q) D {F‘Fj
T o

G ‘ Fe pgs>}, (6.19)

the space D(()S) C H*(R?) being defined in (6.18). In particular, D(()s) contains the
Schwarz class S(R?), and

F(0
D((—A4)%?) D {F + ;} Ga ‘ Fe 8(R3)} . (6.20)
o+ Y2
4m
(ii) For s =3 one has
F(0) )
D((—A)*Y) = {F + G, ) Fe D(()‘W)} . (6.21)
o+ g

Remark 6.6. Formula (6.21) qualifies the fractional domain in the transition case s = 3

and implies the following interesting corollary: the only linear combinations F'+¢q G that
it is possible to find in D((—A4)?/*) for some H 2-function F must satisty [y, F(p)dp <
400; as such, F' cannot be a generic function in H%(RB). Such a loss of genericity of
the H 2-regular component in D((—A4)?/4) is the distinctive feature of the transition at

s = 2, since both below and above this threshold the regular part of an element in the

27
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fractional domain D((—A,)*/?) is indeed a generic H*-function. In fact, we can prove
this remarkable feature of the transition s = % independently of the present proof of
Proposition 6.5: in order not to break the flow of our discussion, we find it instructive
to cast an alternative proof in Appendix B.

Proof of Proposition 6.5. (i) Let F' € D(()S). In particular, F' € H*(R3) and F(© is finite.
In order to prove (6.19) one needs to show that (—A, + A)*/2(F + i(o) G)) is

4

square integrable. In fact, owing to (6.3) and (6.17),

FO) F(0)
(—Aq + A1)*/2 (F +—— GA) = (“A+MN)¥2F +Ip + —5 . (622)
a+t o+

which indeed belongs to L?(R?) because so do (—A + A1)*/2F and I + lj_( Jy, as a
47r
consequence of the fact that F' belongs to the space D((J S

Next, in order to prove (6.20) we combine (3.12)—(3.13) and (6.15)—(6.16) so as to get

— FO)
IF(P)‘Fm Jx(p)
(6.23)
4sin & /dt t2 1 (FO —trp(t)) 1
% dra+ VA +t pZHA+t
When F € S(R?) the finiteness of F(*) = F(0) is obvious, and
1 ~ p?+ A const(F)
FO —trp(t :‘ /dF < 6.24
PO )] = |Gy [P0 T s T 6
R3
whence
— FO const(F'
T+ w (6.25)

IO G| 5 D)
a+4—\/3 )\(p) p2+/\

This shows that Irp + i( _Jy € L?(R?) whenever F' € S(R?), thus concluding that

47r

S(R%) c DY,

[\Sl[98)

i1) One has to prove the opposite inclusion than (6.19) in the special case s = 5. Let
ii) One h h ite inclusion than (6.19) in th ial L
g € D((—Aa)*/*). Necessarily g = Fy, +qy, G for functions f,,wy,, Fy, € H?(R?) with
Fy, = fg+wy, and for a constant qy, € C, as prescribed by the canonical decomposition
(4.1)/(5.17). Let us suppress the index ‘g’ in the following.
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Now, we claim that

(0)
FO = o dpﬁ\(p) < 400 and qs = 4Ff (i)
4 (2m)3/2 g PN/

R3

(©
From this claim we deduce that Fy + oif—@ Gy = g € D((—A4)3/%); as a consequence,

4
(0)
(6.22) implies that Ir, + % Jx € L?(R3). This completes the proof, because the
T

(0)

finiteness of F(O) and the square-integrability of I, + % Jx amount to Fy € D(()B/ 2),
T

FO
and g has the form Fy + +£ G.

4
Let us therefore establish (i). To this aim, we mimic the proof of Lemma 5.6: in that

case we had s > %, which made the manipulation of all the indefinite integrals harmless;
now, instead, s = % and a truncation scheme is needed. Moreover, thanks to the linearity,
let us assume, non-restrictively, that ]?(p) > 0, and hence also ¢z (t) > 0 and —wy(p) > 0,
as follows from (5.3) and (5.5).

First of all,

F}O) = lim / ﬁ'}(p) dp

o (gt [ Ty [ o)

Ip|<R

(if)

In general, each integral in the r.h.s. above is in divergent as R — 400, and we want to
show that a compensation among them cancels this possible divergence.
By inserting into the first integrand in the r.h.s. of (ii) the quantity

/ t_Zp —I—)\)‘
W\f P2+ A+t

(see (5.10)), it is immediately checked that dominated convergence and exchange of the

truncated integration over t and p apply, so one has

T

1 -~ i (P2 + N1
(27 /f(p)dp nf( )zTLHfoo / W fp /dt PP+ A+

[pI<R lp|<R 0

T —~
1 1 24\
o fari L [ @0
T2 T—+oo (2m)2 P2+ A+t
0

[pI<R

[SI5

wlw
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T

1 .
lim /dtt_% cr,f(t),

77\/— 2 T—+oco

where for convenience we denoted by
1 / ap PN @)
PPN+

CR,f(t) =
(2m) lpI<R

the finite-momentum truncation of the function cs(t) defined in (5.3)
An analogous use of dominated convergence and exchange of integration, using (5.5)

yields
1 _
(27‘()% wy (p) dp =
[p|<R
B 2[ / / tics(t) 1
- dra+VA+t (P2FN)P2+A+1)
1
2

tics(t)

2V2

el Sl [
(27)% T oo
lpI<R

T 1
2V2 /dt ties ()
dro+ A+t
[p|<R

(2m)3 Tooo
0

dp

0
P2+ NP2+ X +1)

It is convenient to re-arrange the r.h.s. above as

)

1 .
Ip|<R
= 5 Tl_lﬂloo/dtt Tep(t)o(t) (2 arctan\/ffrt

1

— —— lim
2 T—+oco

/dtt7 cr(t) (% arctan =)

0
T 1
2v2 tice(t
22 /dtLUx
(2m)? Toee ) dma 4 A+

dp
(p

X (f\pKR CZESY)

where we inserted the function ¢(t) defined in (3.13)/(5.20)

|p|<R
T
dp [ at
/p/ dra+vVA+t P2+ A)(p2+A+1t)

_ 4m
TR T VAT AICRAN i )
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Plugging (iii) and (iv) into (ii)

T
(0) _ . { 1 . 3 2 R
Fy REIEOO 1 TEToo/dtt 1 cr(t) ¢(t)(2 arctan A+t)
0

T
dt =% (cn g (1) — cp(t) (2 arctan —22)) ©

—— lim

2 T—+oco
0

T
2v2 t t
— LS lim /dt 4Cf( )
(27T) T—>+c><>0 47-‘—0[_’_,/)\_'_
dp 4
x (f\pmz TN agie/a Arctan m)}
can be thought of as an integration over t € R of the
t)(2 arctan m) Recalling that c;(t) < (141)"4
22)), and 2 arctan \/f—ﬂ < 1, we see that dominated

The first term in the r. h s.of (v) ¢
function t > Liieio,myt™ i Cf( ) o(
(

(see (5:8)), o(t) S :

(14+¢)"2 (see (5.
convergence applies twice and

e

i)

¢(t) (2 arctan A

plw

T oo
Ao, 71-\/_ /dtt i cs(t) ¢(t) (2 arctan )I:_t)

R—+o0 1 _3

—_— — dtt™a t) o(t
— 0/ e (1) 910

- dra + VA

dtt ™1 c¢(t) ————
! )47ra+\/)\+t

+

W

™

Il
&~
S e —0u

= (Oé+ 471-)qf7

having used (5.20) and (5.7) in the last two steps
From (v) and (vi) we find

FY = qr(a+ )+
T
dtt—1 (cR’f(t) —cf(t)(%arctan >1\%+t))

1
—— lim lim
7r\/§ R—+o00 T—+o0
0
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lim /dt twf
droe + A+t

V2 i
(2 )3 R—+o0 T~l>r£oo
dp 4 R
(f|P|<R [CEEDV I ) BV, ww ARV, arctan —A= )}

(

which implies (i) as long as one proves that
T
RLHEOO Tgr}rloo dett™ ( £(t) (2 arctan \/W) cRJ(t)) =0 (vii)
0
and
/ 0
. . ta cy
lim lim dt —————
R—+00 T—+00 ) dra+ VA +1 (viii)
d 4 —
. <f|p|<R NG arirya dretan m)} =0
Last, let us establish (vii) and (viii), thus completing the proof. One has
/ I 0 + 0 (p)
_3 _3 +A)2f(p
dt¢ - dtt / i
/ cr.s(t e / A+l
0 0 lpI<R
T— 400 -3 p + )\
dtt dp dtt— i
)3 / / PPN+t + t / cr.f (1)
lp|<R
by dominated convergence, thanks to the uniform-in-7" summable majorant function
t + const(R) - t~1 (A +£)~1. One also has
+oo
T—+oco _3
— / dt ™% cs(t) (2 arctan \/f—ﬂ)
and hence to the

2 R
(; arctan \/A_th)
0
VAt S VAFt
1
~2. Thus,

T
/dtt’% 0)

0
by dominated convergence, thanks to the bound arctan(
uniform-in-7' summable majorant function ¢ — Rt~ 1 (X + )

T
Rl_i)rilooTlirEoo det (f(t)( arctan \/W) CR’f(t)) =
0
+oo
/dtt 1 ( £(t) (2 arctan W)_ Rf(t)>

= lim
R—+o
0
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Now, since cg,(t) / cs(t) and 2 arctan % /' 1as R — 400, the functions

trstTd (cf(t)( arctan \/W) —CR’f(t)>

form a decreasing-in-R net of summable functions, whose point-wise limit as R — +oo
is the null function. Therefore, by monotone convergence,

“+o0
Rl_i)r}rloo/dtt’% (cf(t)(zarctan \/W) CR7f(t)> =0
0

and (vii) is proved.
Concerning (viii), with analogous bounds as above one takes the limit 7' — 400 based
on dominated convergence. In order to take the limit R — +o0 in the resulting quantity

t4Cf( ) dp 4 R
/ Sy Now <f|p|<R GG  Varer/a IOt I )
0
one observes that

__4r _R_ _ _dp ) _
(\/_A+t+ﬁ arctan 3= = [, g <p2+x><p2+x+t>) =

— %S R R
= ra arctan Wour i (\/)\ + ¢ arctan \/W — /X arctan ﬁ)

VA R R VA
= T(arctanﬁ—arctan m) < 5

which shows that the integrand vanishes point-wise in ¢t as R — 400 and is bounded by
a uniformly-in-R integrable function: then dominated convergence applies and (viii) is
also proved. O

7. Fractional maps
In this Section we revisit part of the results of Sections 4—6 relative to the regime
s € (%, 2) in terms of certain linear maps which it is very natural to introduce and which
provide a more compact formulation.
For s € (%, 2), we define the linear maps
Rs: H'(R*) — H*(R?),  Rf = f+uwy (7.1)

and

Qi HR’) = C,  Qif := gy, (7.2)
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where wy is the function defined in (5.5) and gy is the constant defined in (5.7), for given
5.3

a > 0 and A > 0. Owing to Lemma 5.3 and Proposition 5.4, both maps are bounded:

1
s < s < s . .
IRafllms < Ml 1Qufl S 7 Il (7.3)
As a consequence of Propositions 4.1 and 5.4,
D((—A0)"?) = {Rof +(Q /)G | [ € H*(RY)}, (7.4)

that is, when f spans H*(R3), R, f spans all possible regular components and (Q,f)Gx
spans all possible singular components of the elements of D((—Aa)s/ 2).
It is also convenient to write

Rs = 1—W,, Wef = —wy. (7.5)
The linear map W : H*(R3) — H*(R?) is bounded, because of Proposition 5.4.
Proposition 7.1.

(i) When s € (%, %), the maps Rs and Qg are surjective and not injective; moreover,

there are functions in ker R that do not belong to ker Qg and vice versa.

(ii) Ezplicitly, when s € (3,3), the non-zero H*-function

fo = (A4 21)7%2J,, (7.6)
where Jy is the function defined in (3.13), satisfies
Rsfs = 0, and O.f = 1. (7.7)
(iii) For any s € (3,2),
ker Qo = (=A+A1)"?({G:}") (7.8)

in the sense of L?-orthogonality, where Gy is the function defined in (5.13).

(iv) When s = %, R3/2 is injective and not surjective, whereas Qs is surjective and not
injective.

(v) Whens € (3,2), Ry is surjective and injective, hence a bijection in H*(R?), whereas
Q; is surjective and not injective.

Proof. (i) From (7.4) and from the fact that H*(R?) C D((—A4)*/?) (Proposition 6.2(i))
it follows that R, is surjective and Q, is not injective, and that there exist f’s in
H*(R3) for which Ryf # 0 whereas Q,f = 0. From (7.4) again and from the fact
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that span{G\} C D((—A4)*/?) it follows that Q is surjective and R is not injective,
and that there exist f’s in H*(R3) for which Q,f # 0 whereas Rsf = 0.
(ii) Owing to (4.5),

(—Da + A1) 205 = (—Aa + A1) A=A+ A1) 2 f, € D((—Aa)Y?),
whence also, owing to (6.3), as well as to (4.1), (4.2), and (4.5),

Gy = (An + A1) 72y = Ryfu + (Qsfi)Gr,

from which (7.7) follows.

(iii) The identity (7.8) is precisely equation (5.16) proved in Lemma 5.3.

(iv)—(v) The surjectivity of Q; is obvious, and its non-injectivity is proved in general
in part (iii) above.

For the injectivity of Ry when s € [%, 2) we exploit the fact, encoded in (7.4), that
if f € H5(R?), then g := R.f + (Qsf)Gx is an element of D((—A,)*?) and (4.5)
implies that f = (—A +A1)~%/2(=A, + A\1)*/2g. Therefore, if R, f = 0, then necessarily
Q,f = 0 (for otherwise G5 would belong to D((—A,)*/?) for s > 2, which is forbidden
by Proposition 6.1), whence also g = 0 and then f = 0: R is injective.

The lack of surjectivity of Rs/, is a consequence of Proposition 6.5(ii), as is evident
from comparing the expressions (6.21) and (7.4) for D((A4)?/*), taking into account
that D2 ¢ HE(R3).

When s € (%,2) one can prove the invertibility of Ry = 1 — W, as a bijection on
H*(R3) by means of the following argument. The bound (5.18) found in Proposition 5.4
in the present notation reads

— 2 sin 2%

IP* + X2 Wsflle € == 10>+ N3 fll Vfe H(R?).

Since

is continuous and strictly monotone decreasing, attaining the value 1 at s = %, then

for s € (3,2) the map FW,F~! (where F : L?(R? dz) — L*(R*,dp) is the Fourier
transform, inherited also on H*(R?,dx)) is bounded on the space L?(R?, (p? + \)*dp)

with norm strictly smaller than 1. As a consequence, FR,F ' = 1 — FW,F ! is

o~

a bijection on such space. Using an obvious isomorphism L?(R3, (p? + A\)*dp) +—
L2(R3, (p? + 1)*dp) = FH*(R3 dz), one then concludes that the map R, is a bijec-
tion on H*(R?,dz). O
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8. Proofs of the main results and transition behaviours

Proof of Theorem 3.1. (i) Case s € (0,3). Let g € D((—A4)*/?). Owing to Propo-
sition 4.1, g = f, + h, with f, € H*(R?) given by (4.2) and h, given by (4.3). In
Proposition 5.2 we established that h, € H*(R?) too, therefore D((—A,)%/?) C H*(R?).
Conversely, in Proposition 6.2(i) we established that D((—A4)*/?) D H*(R?). The con-
clusion is the identity (3.1).

(ii) Case s € (%,2). Again, owing to Proposition 4.1, a generic g € D((—A,)*/?)
decomposes as g = f, + h, with f, € H*(R3) given by (4.2) and h, given by (4.3). In
Proposition 5.4 we established that hy, = qy, G\ +wy, for some gy, € C and some wy, €
H?(R®). Therefore, D((—A4)*?) € H*(R?)+span{G,}. Conversely, in Propositions 6.1
and 6.2(1) we established the opposite inclusion (6.1). The conclusion is the identity
(3.2).

(iii) Case s € (2,2). Owing to Propositions 4.1 and 5.4, D((—A4)*/?) consists exactly
of elements of the form f+¢qfGx+wy, obtained by letting f span the whole H*(R?) and
by taking w; and g according to (5.5) and (5.7). (With the same argument as in the
proof of part (ii), this allows one to deduce again D((—A4)%/?) € H*(R?) + span{G,},
however the latter is now a strict inclusion, as established in Propositions 6.1 and 6.2(ii).)
It follows from Proposition 5.4 that Fy := f+w; € H*(R?) and it follows from Lemma 5.6
that F) is a continuous function on R?® with Ff(0) = (a + 4—\/5)qf. Thus,

F(0
D((-A,)*?) c {F + #GA ‘ Fec HS(RS)} .
VA
a+ 4r
Conversely, we established in Proposition 6.5 that

D((~Ag)¥?) > {F + %GA ( Fe HS(R3)} :
41

because in this regime of s the space D(()S) used in Proposition 6.5 is the whole H*(R?)
and F(©) = F(0). The conclusion is the identity (3.3). Alternatively, in the equivalent
language of the fractional maps introduced in Section 7, one argues as follows: according
to (7.4),

D((—Aa)*?) = {Rof + (Quf)Ga | f € H*(R)},

Lemma 5.6 reads

(Rs/)(0)

st: ;
a+\2/7§

and Proposition 7.1(v) establishes that R, : H*(R3) — H*(R3) is a bijection, which all
together gives precisely the representation (3.3) for D((—A4)*/?). O
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Proof of Theorem 3.2. (i) Case s € (0,3). The bound ||g|lg: < |lgllrs was proved
in (6.6) of Proposition 6.2(i). As for the opposite bound, Proposition 4.1 implies that
g = fg+hgand |gllgs = [[(-A + M)*2f,|la & || fyllzs, Proposition 5.2 implies that
hgllzze S 1Ifgllzre, therefore |lgllms S | follzs = llglas -

(ii) Case s € (1, 2). By means of the decomposition of Propositions 4.1 and 5.4, as
well as the surjectivity of the map f — f + wy on H*(R?) (Proposition 7.1(i)), one has
g = Fy, +a5,G with Fy, = f, +wg,, and gllug = [(=A + D2, 2 ~ [1£, -
Combining this norm equivalence with the bounds ||Fy, |7+ < [|fyllm: and (1+a)|gr,| S

e+ (1 +a)las| S
| Ff + qr,Gxllus . For the opposite inequality we write ||Fr, + qr,Gxllus < ||Fy,llms +
<

| fgllzrs (Lemma 5.3 and Proposition 5.4, i.e., eq. (7.3)) one has || F¥|

a5, IGA|lirs and we use ||Fy, [|gs < ||Fy, |+ (eq. (6.6) in Proposition 6.2) and ||Gx| s
(14 ) (eq. (6.5) in Proposition 6.1), whence the conclusion.

(i) Case s € (2,2). Arguing as in part (ii), for F) + F*(O

Rsf, Fi(of = Q.f, and ||F) + F* 9 a, HHS ||f||Hs. Since in the regime s € (2,2)

the map R; is invertible on H S(R3) (Propos1t10n 7.1(v)), and hence also with bounded
inverse, then || f|lgs = ||Rsf||ms = ||Fx|| s, which completes the proof. O

G one has F = f+wy =

Proof of Theorem 3.3. Part (i) was proved already in the end of Section 4. Part (ii) is
entirely proved in Proposition 6.1 and Lemma 6.3. O

The transition cases s = % and s = % are characterised as follows.
Proposition 8.1 (Transition case s = ) Let o 20, A >0, and s = 5. Then
D((—A)'*) = {f+hs|f € H?(R®)}, (8.1)

where, for given f, hy is the H: -function defined in (5.1)—(5.2) and discussed in Propo-
sition 5.2(ii). Moreover,

H?(R%) 4 span{Gr} & D((-Aa)"/*) C H? (R%). (8.2)

Proof. The first statement is an immediate consequence of the canonical decomposition
(4.1) of Proposition 4.1 and of the definition (5.1)~(5.2). The inclusion D((—A4)'*) C
Hz (R3) of (8.2) follows at once from the decomposition (4.1) and from Proposi-
tion 5.2(ii), whereas the inclusion HY2(R3) + span{Gyr} C D((—A4)Y*) is precisely
the inclusion (6.1) for s = , which follows from Propositions 6.1 and 6.2(ii). Last, in
order to see that the latter 1nclus1on is strict, we observe that in course of the proof of
Proposition 5.2(ii) certain non-zero functions f € H'/2(R?) were considered for which
hAf(p) ~ (p)~?In(p) as |p| — +oo, which is logarithmically more singular than G, and
than an H2-function. O
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Proposition 8.2 (Transition case s =3 ). Let « >0, A >0, and s = 3. Then

F0) 3/9
D((-Aa)"Y) = {F+ —5 G ‘ Fepf?}, (8.3)
4
where
(0) 1 2
FO)':= —— [ dpF(p) < +o0
DY = {FeH?RY (2m)2 C H2(R®), (84)

Ir + L0 gy e I2(RY)

A7

I is the function defined by (6.15)—(6.16) for given F and s = %, and Jy is the function
defined by (3.12)~(3.13) for s = 3.

Proof. An immediate consequence of Proposition 6.5. O

Remark 8.3. Let us elaborate further on the two conditions

/dpﬁ(p) < +00 (%)
R3
and
F© ,
Ir+ ———Jy € L*(R?) (%)
a+ 4—\/5

that characterise D(()g/ %) and hence the fractional domain D((—=A4)%/*). The constraint
() is actually a cancellation condition, as was seen in the proof of Proposition 6.5,
formulas (6.23)—(6.25), in the special case of F' € S(R3). In general, because of the
asymptotics (Lemma 6.3)

K

In(p) = m + R(p) as |p| — +o0

for some L?-function R, one must have

Kk EF©) 1

. + R(p) as |p| — +oo (k)
at P PPN

Ir(p) = —

for some L2-function R in order for a cancellation to occur and then for (%) to hold.
One can see that the inverse Fourier transform of (p? + /\)’% belongs to the Besov space
BY (R?) 2 L*(R®) = Bj,(R?). Therefore, if Ir satisfies the asymptotic expansion
(), the cancellation property is equivalent to the vanishing of the BS’OO(H@)—term in
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£

Ip+ —+J.
a+%§

Moreover, a closer inspection of the argument in formulas (6.23)—(6.25) shows that
condition (), equivalently (xkx), follows as soon as one assumes for F a slightly better
large-p decay than the one imposed by (x), for example

/ Flp)p)dp < +oo

R3
for arbitrary € > 0.
Appendix A. A general Schur bound

In this Appendix we establish, by means of the Schur test, the boundedness of an

integral operator appearing frequently in our analysis.
We start with the following useful identities.

Lemma A.1. Fora € (0,1) and R > 0 one has

) oo ja—1 oo ja—1 oo 2a—1 -
R ¢ dt = dt = 2 dt = . Al
/ R+t / 1+¢ / 1+4+¢2 sin am (A1)
0 0 0

Proof. Upon obvious changes of variables, it suffices to prove

+oo
o1 T
/ dat - T
1+t sin amw
0
From the representation
+oo
1
AT = / dttv e M, A>0,
I(a)

0

derived by the integral representation of the Gamma function

+oo
L(a) = /dtt“‘le_t,
0

and from
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we find
—+o0 tafl +oo —+o0 —+o0 +oo
/dt = /dtt‘kl /dAe*m“) = /d)\e”\/dtt“’le”\t
1+t
0 0 0 0 0
“+oo
- T AAe A% = T(a)(1—a) = —
(a)/ ¢ (@)L (1 —a) sinam’

0

which completes the proof. O

Based on the above integral formula and the Schur boundedness criterion, we establish
the following.

Proposition A.2. For a given constant 8 € (f%, %) and a measurable function f on RY,
let

B,—B
Kolo.t) = 2. 01>0, (A2
and
+oo
@) = [ dtKs(e.n) 1), (4.3)
0
Then
+oo 9 +oo
[ del@ner < (55) [ alrer, (A1)
0 0

therefore Ty defines a bounded linear map on L*(RT) with norm

s

I1Tsll2®+y—»2@®t) < g (A.5)
Proof. If we prove
+o0
[ deKatety o) < et
0 . (A.6)
and /dtKB(Q,t)go(t) < cos7r,6’7r ¢(0)

0
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for some measurable ¢ on RT with ¢(r) > 0, then (A.5) follows by a standard Schur
test. With the choice () := r~1/2 we find

o5 T 1 mot)

+o00 +oo —p-1
Q 2
do Kz(o,t =9 / d ’
/ 0 Kp(o,t) 0(p) 0 o+1 sin(3 — B)m tB+3 cos B
0 0

where we used (A.1) with @ = § — 3, and analogously

+00 1
- A3 1 i 1 mo(0)
so,t) (1) e o+t 08 sin(% +B)m 028 cos fm

O\Jgr

where we used (A.1) with a = 1 + 3, therefore we obtain precisely (A.6). O

The form in which we actually apply Proposition A.2 in our analysis is given by the
following Corollary.

Corollary A.3. For given constants 3 € (—%7 %) and 7,9 > 0, and a measurable function
f on R, let

(=B =1 (34851

QB ,s(u,v) = e , u,v >0, (A.7)
and
+oo
(@asDw) = [ doQas(u0) Fl0). (A5)
0

Then Qp.~.5 defines a bounded linear map on L*(R™) with norm

1 s
76 cosfBm’

||Qﬁm5

(A.9)

lL2r+)—L2@®y) <

Proof. Setting

1—d

gv) = JpvE f(vd),

the change of variable v — v? yields

“+o0 “+o0
dwlf@)P = [ dvlg(v)]®
[t =]

and the change of variable u — u?, v — v° yields
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—+oo —+oo

[ aul@ushl = [ ol @,

0 0

where T : L*(RT) — L?(R™) is the operator defined in (A.2)—(A.3). From this and from
Proposition A.2,

1Qs.x5fll2@ry = A5l Tsgllrzmey < 5 corgr 9l

1 s

= 75 wnpr I ll2@sy

and (A.9) follows. O
Appendix B. An alternative proof for the transition s = %

We re-demonstrate in this Appendix, independently of the proof given for Proposi-

tion 6.5, the following remarkable feature of the transition at s = %

Proposition B.1 (Loss of genericity of the reqular component for s = %) Fiz a 2 0,
A >0 and s = 3. Suppose that F + k Gy € D((—Aa)%*) for some F € H¥?(R?) and
k € C. Then F©) defined in (6.18) is finite.

Proof. Owing to the decompositions given by Propositions 4.1 and 5.4, F = f 4+ w for
some f € H3?(R?) and the corresponding w given by (5.3)—(5.5). Thus,

FO = F(p)d
RHHEOO (277)% (p) P
[p|<R
and
1 " £ c(t) 1
~ ~ 1c
F(p)dp = d - | a
(p) dp / v\ /@) Wg(pQ—i—)\)/ dra+ VAT P2+ A+
[pI<R lpl<R 0

2 2
A (P*+ )i
+oo 1 9 3 -~
I / dp /dt t 1 /dq (¢® +N1f(q)
(272)3 PP+ dra+ VA +EPEH A+ @A+t
IpI<R 0 R3

= (1) —(II).
Since the above expression is linear in f, it is not restrictive to assume f(p) > 0. The
term (IT) consists of an integration over a ball in the p variable of the Fourier transform

of a function that is surely in H3/2(R®) (since so is w, Proposition 5.4): therefore, the
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p-integration is obviously finite and by dominated convergence the result equals the limit,

as K — +o0, of the same expression when the integration over ¢ is truncated on |¢| < K.
The double integration in p and ¢, both truncated to finite balls, can then be exchanged,
and the limit K — 400 can again be taken. Thus,

(i) =

2\ 32
@)t )

—+oo

1 PN ta 1
/dqf(q)(q +A) O/dt

X
dra+VA+t @2+ A+t

‘p|<B

Upon renaming the variables p <> ¢ in (II), one therefore obtains

—+oo

Ip|<R R3
where
1 dgq
Q =
)= e / @+
lg|<R

ti

O/dt (Ara+ VAP + X+ (2 + A +1)

In the p-integration above the function p — f(p) (p> + A)% belongs to L2(R3), since

f € H3/2(R3).

Our strategy will be the following. First, we split

N ey~ 0 = 0 (0 4T 1) 0

(2)

for four L2-functions Qr7, Fg), Fg), and Fg), and then we prove that

R—4o00

Q) Lzt
Fg) R—+o0
Fg) R—+00
F%) R—+o00

02

®
0
0

strongly in L?*(R?)
strongly in L*(R?)
weakly in L%(R?)

weakly in L?(R?)

for some L2-functions Q) and T®. As a consequence of (i) and (ii) we then conclude

the convergence of the quantity
IpI<R R3

as R — +oo.

Fo)dp = ~ [ apFe) 0+ 0T (200) + TP )+ 17 0) + 1 )
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Let us start with re-writing

Qr(p) = Q1)+ 927 (®), (iii)
where
1 dg [ t i
QW () — / q / q 1
w v (2n2)3 ¢ + X P*+A+1)(> + A+ 1)
lal<R 0
+o0 1
Q@) = / dg / di t=1(VE— VA +t—dra)
T em e (ra + VAT D@ + A+ 0@+ A+1)
q|<R

Moreover, by means of the identity

+o00
ti B )
/dt (C+t)(D+t)  Ci(J/C+D)(Ci + D%)Di (C,D >0)

0

we re-write

Wy 1
W) = St
y / dg
r (VP2 H X+ V@ (02 +N)F + (2 +N)5) (2 + N)F
q
= A2 1, g(A),

having set A := 1/p% + X and

1 dg
I)\,R(A) = o2 / (A+ \/m)(\/z+ (q2 +)\)%)(q2 +>\)% .

lg|<R

Let us then split

QL) (p) = A3y R(A)
= LA o 4o0(4)
+ 1(p1emy A7 (I 4o (A) = Io, 0o (A))
+ 1pemy A7 (Inr(A) = I 1oo(4))
+ 1>y A2 I R(A)
= 1@ +TP0) + TP 0) + T8 ).
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Since

+oo

. L dg _ g dr
o) = 27r2R[<A+q><¢Z+ﬁ>q3 " / A+ VATV VT

+oo

-2 dr _1
1A J (1+r)(1+r)vr A

and hence
FP0) = LipemA Hopo(d) = 2T
R {Ipl<R} s+oo (p2+)\)%7
then an exact cancellation yields
_3 .
(P* + N Lpery — QF = —(0FB) TR @) + TR ). (iv)

Thus, (iii) and (iv) prove (i).
Let us proceed proving the statements in (ii). Since

WVt —VA+t —4ral < VA+4na

and
CHATE 2 (PN
then
1 i 1
0P < = /R T [ T S
q|I<

This, and the positivity of Q) shows at once (by dominated convergence) that Q(?) be-
longs to L?(R?) and converges strongly to a L2-function as R — +oco. The first statement
in (ii) is proved.

Next, we analyse Fg). We find

_1
Lipl<ry A2 (Io,400(A) — In oo (A))
_ Ypi<ry 1

T R[d (<A+q><f+f>3

2
1% (p)

1
AV ENVA+ (2 + N2 +A)3)




49

V. Georgiev et al.

_ Ypi<ry /Nl(A,q
272 D(4,q)
]Ri’»
where
Ni(A,q) = A? ((q2+>\)§ —qf), Na(A,q) = AP+ N —¢?),
NS(Aaq) = AE((q2—|—)\)Z _q§>7 N4(A7q) = (q2+)‘)2_q47
and

D(A,q) == (A+ V@ + NVA+ (@ +N)A+(VA+ Q) (¢ +N)ig?

ot

Clearly, D(A,q) > 0 and N;(A,q) >0, j € {1,2,3,4}. From
Ha)t, D(A,q) 2 A3 q)

Ni(A,q) SA%(q)2, No(A,q) S Alg), N3(Aq) S A% )2,
we deduce
/N1<A,q>+N2(A,q>+N3<A,q> a0 < /AB<q>%+A<q>+,4;<q>g d
D(4A,q) ~ A3q3(q)3
R3 R3
<at [ S < oat
g, 1%a)
and from
D(A,q) > A%q3(q)?

Ni(A,9) 5 (0)°,

we also deduce

/N4(A7Q) dq 5 A—Q/ 5dq . 5 A_2.
D(A,q) q2{q)>
R3 R3

Therefore,
) S Lpery 0P+ N

~

This bound shows, again by dominated convergence, that Fg) belongs to L?(R3) and
converges strongly to a L?-function as R — oo, thus proving the second statement

in (ii).
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Let us now analyse l"g’). One has

PR O = Lpem A (I oe(4) = Iy r(4))

+oo 9
_ Lpi<ry 2 redr

(PPN T Iz (VP2 F A+ VIZE ) (P2 + N5 4+ (P2 + N)3)(r2 + M) F

+o00
< Mpl<ry 2 / dr
P A (R (R VONG
Ljp<r) R
(PN L Zm)
having set
2 [ d 2 11, (1+5)?
T S
L(s) == = = Zarctan — — —In — Y
O =2 T T e s

S

It is straightforward to see that s +— L(s) is strictly monotone for s € [0,+o0), with
L(0) = 0 and with the asymptotics

L(s) = %3*1 — % s73 4+ 0(373) as s — +00.
Therefore
L(s) < L € [0, +o0)
S ~Y S + 1 ) 8 b m b

and plugging the latter bound into the above estimate for |Fg)(p)| yields

1

{lp|<R}

rY ) < :
R P2+ N (R+ P2+ N

This implies
d

(3) 2 _ p
R['FR RN N ST =,

[p|<R

R
r 1
< 47T/md7“ = 471'(11’12—5)7
0
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which shows that I‘g) belongs to L?(R?) with norm uniformly bounded in R. Moreover,
I‘g) (p) — 0 point-wise as R — +o00. These two properties together imply that Fg) —0
weakly in L2(R?). The third statement in (ii) is proved.

Last, let us analyse Fg). By definition Fg) (p) = 1{|p|>R}A_%I,\7R(A) — 0 point-wise
as R — 4-00. Moreover,

4 _1
rYp) = 1qp>ry A" 21\ R(A)

R
Lipl>r) 2/ r’dr
P+ N TS PPV EN N2 N2+ 0

R

Jon
o tpry 2 / dr
TS (L+7)(1+/r)vr
0
_ Lyp>my R
= m(l—f:( =) -
From
2 1 1 2
1—-L(s) = —zaurctan\/g—i——lnM
s T 1+s

it is straightforward to see that s — 1 — L(s) is strictly monotone increasing for s €
[0, +00), with asymptotics 1 — L(s) — 1 as s — +o00 and

ot

1—-L(s) = %s%— —&—o(s%) as s} 0.

3o

s+ % s
In particular,

4
1—L(s) < —+/s, 0<s<2.
™

Now, since Fg) has support in |p| > R > \/RTZ — A (having taken R eventually large
enough), whence s = ﬁ < 2, the above lower bound for 1 — L(s) reads

4R
m(p% + A)

; Ipl > R,

=

which implies that the estimate on Fg) can now be completed as

1
< VR {£p|>R} .
P24+ A

(4) Ljpl>ry
Ir(p) < m (1= L(7)
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Therefore,

—+o0

(4) 2 dp dr
1_‘ < - < —_— = 1,
R3 R

lp|>R

The latter estimate shows that I‘g) belongs to L?(R3) with norm bounded uniformly
in R. This, together with the fact that I‘%) — 0 point-wise in p, implies that I‘g)
unique weak limit in L#(R?) and this limit is 0. The fourth statement in (ii) and hence
the whole (ii) is then established, and the proof is concluded. O

has a
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