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Abstract

In this paper we compute gaugino and scalar condensates in N’ = 1 supersymmetric gauge
theories with and without massive adjoint matter, using localization formulae over the
multi-instanton moduli space. Furthermore we compute the chiral ring relations among
the correlators of the N' = 1* theory and check this result against the multi-instanton

computation finding agreement.



1 Introduction

The vacua of a non-abelian supersymmetric gauge theory (SYM) look very different ac-
cording to the number of supersymmetries (SUSY)[1]. While in the N' = 1 case a theory
with gauge group SU(N) has N vacuum states, for extended supersymmetry it happens
that the theory has flat directions. If SUSY is unbroken, the classical degeneracy is not
lifted by quantum corrections. The vacua of the quantum theory then form a moduli

space. Computations of non-perturbative effects must cope with these facts.

The strategy developed in [3] for the computation of correlators in N' = 1 SYM
with massive matter, m, in the fundamental representation is simple: first perform the
computation in the presence of a generic vacuum expectation value (v.e.v.), a, for the
scalar fields, then determine the v.e.v. by minimizing the quantum potential. In the
lectures in Ref.[2] a nice description of this procedure is given. Let us focus on the
computation of the quantum potential. In this example since all the gauge degrees of
freedom are massive due to the Higgs mechanism, the potential can only be a function
of the matter fields. By using R—symmetry arguments, in the SU(2) case one finds a
quantum F-term F' = ma — 22—:. Minimizing this potential one finds a? = +v/2A%2/\/m
in agreement with the previous statements concerning the number of vacua of a N =1
SUSY theory. To generalize this procedure to other types of massive matter is non-trivial:
for matter in the adjoint there are massless gauge degrees of freedom and R-symmetry
arguments alone do not determine the quantum potential. But the findings of Ref.[4] can
help in this respect: the structure of the quantum effective theory studied in this reference
is coded in the geometry of the Seiberg-Witten curve. Even more interestingly a picture
of confinement is obtained when the curve degenerates at some special points where the
monopoles are massless. These degenerate points lie in the moduli space of SYM and a

connection with the v.e.v.’s of the previous discussion is not straightforward.

In this paper we will show how the dramatic progress in the understanding of multi-
instanton corrections to SYM with extended SUSY, recently achieved [5, 6,/7,18,9,/10, 11,

12,13], can be used to provide the missing link. In turn, this will lead to the application



of these techniques to N' = 1 SYM. In particular we will focus on N' = 1 SYM obtained by
mass deformations of N' = 2 and N/ = 2* SYM theories. The deformations lift the moduli
space degeneracy and the A/ = 1 correlators can be read from the ' = 2 multi-instanton

results once they are evaluated at the minima of the quantum potential.

This is the plan of the paper: in the first part of section 2 we discuss localization
formulae in presence of the chiral observables associated to the superpotential. We show
how to express the chiral condensates of the N' = 1 theory in terms of correlators of the
parent N = 2 theory. The next task is to find the value of the v.e.v. of the scalar fields

in the N/ = 1 vacuum.

In section 3 we address this problem for A/ =1 SYM with an adjoint chiral multiplet
and a non-trivial superpotential or mass. We complement the discussion with the results
of [4], where a vacuum showing the signatures of confinement is exhibited. To do so one
must first break A/ =2 — N =1 SYM by adding a mass. In this vacuum the monopoles
are massless and this condition takes a nice geometrical form: it corresponds to the
degeneration of a Riemann surface in which the B-cycles are zero. The variable u(a) =
(tr ¢*) takes a definite value at this point. Inverting the series u(a) gives the value of the
v.e.v.’s in the minimum of the quantum potential. The corresponding condensates that
we find via multi-instanton calculus are then easily checked against chiral ring relations

along the same lines of [10].

In section 4 we discuss the N' = 1* case. The situation here is more involved. The
results of [14) 15] are not enough to carry our program out. So we supplement them by
computing chiral ring type equations and using the connection between the N'= 1* SYM
and integrable models [16,/17]. Also in this case we check the results of multi-instanton

calculus against chiral ring type relations.

Finally in section 5 we summarize our results.



2 Localization formulae for NV = 1 supersymmetric

theories

2.1 Equivariant forms

Let g = U(1)" be a group action on a smooth manifold M of complex dimension ¢ specified

by the vector field
0

ox?
Let Q(M) be the space of differential forms on M. The equivariant extension is given by

£=¢'()

the polynomial map « : g — Q(M) from g to the algebraof differential forms on M. «
may be regarded as an element of C[g] ® Q(M) with C[g] the algebra of complex-valued
polynomials on g. We define a grading in Clg] ® Q(M) by letting, for homogeneous
P e Clg] and g € Q(M),

deg(P ® ) = 2deg(P) + deg(p). (2.1)
Let us then introduce the equivariant derivative, d¢, and the Lie derivative, L,
de =d—i¢,  di = —di¢ —ied = —L¢
where d is the exterior derivative and i¢dx’ = d¢x’ the contraction with &. If « satisfies
dea=0 (2.2)

it is said to be equivariantly closed. Let z{ be the isolated critical points of the group
action ¢ i.e. points where &'(zf) = 0,Vi. The integral of an equivariantly closed form is

given by the localization formula

/M —or)! Z _aolep) (2.3)

det? Le(zf)

with Egg = 0,87 : TyyM — Ty, M the tangent space map induced by the vector field £. ag

is the zero form part with respect to the grading in Q(M).

The localization formula (2.3) is an extremely powerful tool to compute integrals

as for example volumes and Chern classes of complicate Riemannian manifolds (in our
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case the ADHM moduli space). As an example let us compute the integral of the form
e~ @) gy A dy via U(1) localization on R?. We choose £ to be the generator of SO(2)
rotations in the plane: & = h(yd/0x — x 0/0y) with critical point zyp = yo = 0. The

equivariant extension of the form given above is
—a(a?+?) R o y?)
a=e da:/\dy—ge =9 + (2.4)

With respect to the grading (2.1), « is a two-form which is made of two parts having
respectively degree two and zero in Q(M). Sending h — 0 we recover the starting form.

Using the localization formula we get

2,2 h —a(z3+y3)
/ e~ ) do A dy = / o=t T (2.5)
R2 R2 2ah a

which is the result we would have obtained by performing the integral on the 1.h.s. Notice
that the right hand side does not depend on A. After this quick exercise we are ready to
write down the equivariant forms in C? = R* under a U(1) subgroup of SO(4) generated

by £ =ih(z'dzt — 2%dz* — h.c.)

ap = 1
o = dz' ANd2®+ihz'2?
Q2 = dz' ANdZ®—ihZ'Z’
Qpg = d2' NdZ? ANdZ'AdZ +ih(2'22dE AdE? —he) — B2 (2.6)

The subscripts are the gradings with respect to the complex structure. Notice that all

the forms in (2.6) are invariant under the U(1) action
2yl 22 ey (2.7)

)

generated by &.

2.2 Equivariant forms for supersymmetric theories

Here we consider N' = 1 SYM with gauge group U(N) coupled to an adjoint chiral
superfield ® with superpotential W (®)

Sp—1 = Snr—o + / d*xd*0 W () (2.8)
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In the multi-instanton calculus, we treat the chiral tree-level superpotential W (®) as the
insertion of a set of non—trivial observables. In this way, the correlators of the chiral ring of
N = 1 will be related to the correlators in the underlying N’ = 2 SYM. As it is well known,
in a saddle point evaluation of the functional integral with action Sy—; the quantum
fluctuation of the fields cancel among each other and one is left with the zero modes only.
Localization will then be performed in the N' = 2 universal moduli space M x C? where
M is the moduli space of gauge connections. Our first task is to introduce equivariantly
closed forms suitable for being integrated with the localization formula. These closed
forms will generate the set of non—trivial observables. The equivariantly closed forms are
given by a combination of the zero modes of the theory suitably deformed by the presence

of the torus action generated by &. Let us introduce the equivariant derivative
dg — d(c2 + dM - 7:5 (29)

dc: is the usual total differential in C2, d is the total differential on the moduli space
of gauge connections' with winding number &k and £ is the fundamental vector field gen-
erating the action of the group U(1), x U(1)Y x U(1)5. This group parameterizes the
Cartan of the group of symmetries of the ADHM manifold: the SO(4) Lorentz group,
the U(k)y symmetry of the ADHM constraints and the U(N),, gauge symmetry. In an
N = 2 theory the a,’s are free parameters describing the expectation values of the scalar

fields while in the N' = 1 gauge theory under study here they will describe the couplings

in the superpotential and the N' = 1 vacuum.

Following [18], let us introduce the universal equivariant connection A and the uni-
versal equivariant field strength F (see Sect.7 of [19] for a detailed description of the

geometrical framework). Given the kernel U of the ADHM matrix,? they can be written

Tt is well known that this space is obtained by starting from a flat space of real dimension 4k% 4+ 4kN,
subtracting 3k ADHM constraints and finally modding by the symmetry U (k). For our purposes it is

enough to take da as the total differential of the space of real dimension 4k2? + 4kN.
2The idea is that a non-trivial bundle of a certain dimension can always be mapped in a trivial one

of greater dimension. U is the map between the two bundles and P = UUT the projection operator.
It is then easier to find the covariant derivative on the non-trivial bundle as the projection of the flat
derivative of the trivial bundle i.e. V = PJ.



as

A = UdU=A+C

F = de(UdU)=F+T+o (2.10)
in terms of the zero modes

A = UdeU  C=UdyU
F = Fydatds” = dez (U de2U)
U = A\pd2™ + Ydz™ = de2 (UdpmU) + dum(U de2U)

o = (dpmU)(dpU) —U LU (2.11)

With respect to the grading of forms in the space C? x M, A is a (1,0) form, C a (0,1)
form, F'is a (2,0) form and ¥ a (1,1) form. U is a (0,0) form and therefore iU = 0.
Notice that only ¢ gets deformed by ¢ as expected [10]. In the limit # — 0 we recover
the gauge connection, field strength, gauginos and scalar field solutions in the instanton

background.

Notice that in (2.11) we decomposed the real one—form ¥ with respect to the complex
structure of C? as a complex (1, 0)—form A,,dz™ plus a complex (0, 1)—form t,;,dz™. These
two components can be identified respectively with the gaugino and the chiral matter field
of the N =1 theory in the topologically twisted formulation [20, 21]. This identification
allows us to write the basic operators of the N/ = 1 theory in an equivariant form in terms

of F and the ”"volume” forms described in the last section 3

/ d%trgpk :/ Q(2,2) A tr F*
R4 c2

/ d*x tr )\a)\acpk_Q = —ﬁ / Q(0,2) N tr F*
R4 C2

/ d'r d*OW (®) = / 2,0) A tr W (F) (2.12)
]R4

(CQ

3The authors of [10] have given arguments for the closure of the form . Their reasonings should be
replaced by the present analysis.



2.3 Correlation functions via Localization

Here we apply localization techniques to the computation of condensates in N’ =1 SYM

with various matter content. Correlators are defined as

1
<O>N:1 = = (’)exp —SNZQ —/ Q(2,0) N tr W(./T) (213)
VZ MxC2 C2
where O is any equivariant operator, Z = (Il) the partition function and V' the vol-

ume. As we said earlier, to apply the localization theorem M must be smooth and, as
a consequence, C? must be taken non-commutative. Let V' denotes the volume of the

non-commutative space-time

V:/ Qo,2) = 2020202 = (2.14)
Cc2

This integral is performed using the localization formula which instructs us to compute
at the critical points the zero form part of the equivariant form to be integrated. ( is the
non-commutative parameter?

[27,2"] = ¢ §Y (2.15)
The integrals over M can be written as a sum over N Young tableaux Y labelling the
fixed points of £ on the instanton moduli space [8, 9, 10]

O) = EE—
< > Z Z det2£§Y

z = S—) (2.16)
where Sy and Oy are the zero form parts of the action S and of the operator O.

If O is taken to be a2 A trF7, since Sy = —1 25 25 W(p) — 0 at the fixed points,
we see that the superpotential term can be always discarded and therefore the NV = 1

amplitude reduces to a scalar correlator in N' = 2

<tI‘ QOJ >/\/:1 = <tr @Je_ Je2 @0 N W(F) >N:2 = <tr (]pJ >N:2 (217)

4Given our choice below we have Z1,2 = ( 0/0z1,2. While the notion of critical point for a commutative

space is clearly well defined, when a coordinate becomes an infinite dimensional operator this notion
becomes slippery. In all of this work we never need to deal with these type of problems though, and
(2.14])) is just taken as a suitable regularization.



To obtain a bona fidle N = 1 correlator we then have to fix the value of the v.e.v.’s by

minimizing the quantum potential as we will discuss in the next section.

If O is taken to be a2 Atr F/T2, a power of Sy is needed in order to compensate for
the unbalanced o sy form in O. After this power is extracted the superpotential term

can be discarded leaving again an N = 2 amplitude to compute

1
¢,V 01,075

an(TZU?TJ)’Tw:TJ:O
(2.18)
with c¢; = (J +2)(J + 1) and

Z(Tw,Ty) = / exp |:_SN2 — Tw/ a0 ANWI(F) — TJ/ Q,2) N tr]—"‘]“} (2.19)
M C2 c?

As for (2.17), also this amplitude has to be evaluated at a minimum of the quantum
superpotential. In writing the gaugino correlator in the form (2.18) we use the fact
that in the limit # — 0 only the term proportional to a(20) A ao,2) contributes since for
unbalanced powers of a ;o) there is no way to properly contract the fermionic zero modes.
The equations (2.17), are the generalisation of the result of [21], where the mass
deformation of N' = 2 theory has been studied.

Let us now compute the scalar correlators

{tre’)y = / ArF! = trpd —— ¢
D= VE Jye M Z Y det2£§y
1
= Z Z Zy tr oy " (2.20)
%
with ¢/ = eJZer and
h2
Zy = <ﬂ> =—
det2£§Y
N kla
troy = trol + Z Z [(aa + B(K) = jo+ 1)) = (aa — B(jo — 1))’
a=1 jo=1
— (o + (K, = ja))” + (aa — T ja)”] (2.21)

Here a,, are the v.e.v’s, j, runs over the rows of the Y, tableau, &}  is the number of boxes

in the column j, and k;, are the number of rows in Y.
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The case J = 2 is particularly simple: (2.21) depends only on the number of boxes, k,

(which is the instanton winding number) in the Young tableaux
tro? = tro? + 2k h? (2.22)
Plugging into (2.20) one finds the Matone’s relation [10]
1, 2 1 ko[l 2 1, 2 k
(5tro®) = = Z Zid" [Stro+ kR = Ltrol + = Z kZ.q
k k
= 3tr9a—q0, F(q) (2.23)
with
2() =) Zud’s  Flg)=-1"In Z(g) (2.24)
k

In a similar way one can compute higher point functions. Again correlators involving

tr ¢? are particularly simple. For example

1 2 1?
(tr*teg”) = = D (trof+2k0) @) Zy " =trgli (r”) + a0y Y oy Zv "
Y Y

_ 2 J 2 J QZI(Q) J
= tro;(tro’) +2h7°q0, (tre’) + 2R 7(trgp )

= (tr¢?) (tro’) +2h%q0, (tro”) (2.25)
Notice that in the limit 7 — 0 the correlator factorizes as expected. Curiously it is the
second term which is relevant to the computations of the gaugino condensate below.

Now let us consider correlators involving the gaugino condensate. For concreteness we

choose the superpotential W(®) = 1m ®?. Applying the localization formula to (2.19)

one finds
1 02 m
2 (s W) rrmo = g [0 77 — () {17 )]
= 2mq0, (tro’*?) (2.26)

Now comparing (2.18) with (2.26) we get
(tr M@” ) je1 = — e 40, (tr 72 (2.27)

For J = 0 one finds
(tr AN) = —m q 0, (tr ¢?) (2.28)



3 Pure N=2SYM down to N =1

Very recently the effective superpotential of N' = 1 gauge theories obtained via deforma-
tions of theories with extended supersymmetry has been computed with matrix model type
arguments [22]. Following this work a general strategy, based on the Konishi anomaly,
has been devised to carry out these computations in various phases of the A" = 1 theory
23]. See Ref.[24] for a nice review. The results are summarize by the so called “chiral
ring relations”. The elements of the chiral ring are those gauge invariant operators that
are annihilated by the Q4 supersymmetric charges. The notable properties of this set of
operators are at the heart of supersymmetric instanton calculus and are responsible for
this class of operators to be independent from space-time variables [25]. In [10], it was
already shown by a direct multi-instanton computation that A” = 2 correlators of the type
(tr p7) satisfy the chiral ring relations predicted by Konishi anomaly arguments. In this
section we extend this result to scalar and gaugino condensate correlators in the confining
phase of N'=1 SYM. In these theories gaugino condensates are evaluated via equations
of the type of (2.27). Following [23] we then introduce generating functions (resolvent)
T (2), R(z) for the correlators { tr¢”) and (tr A\p”) respectively

11 F\*
T(z) = /d%trz—go = gg /a(gg) A tr (;) (3.1)

1 1 7\ k2
R(z) = /d%tr A\ = _;Z (k+2)1(k+1) /a(0,2) A (;) (3:2)
K

Z—(,D_

The form of (R(z) ), (F(z) ) is highly constrained by the cancellation of Konishi anomaly.

Indeed they are determined up to two arbitrary polynomials of order n — 1, n + 1, via

(R(z)) = W'(2) = VW) + f(2)

1 c(2)
T(z)) = —3
(7(2)) T )

The relation (3.3) is understood in the A — 0 limit. W (z) is the superpotential and

(3.3)

f(2),c(z) are arbitrary polynomials of order n — 1, n + 1 given by

n+1

W= tadt f&) =S fit o)=Y o (3.4)
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Different phases of the theory correspond to different choices of the constants ¢, fr and
account for partial or total breaking of the gauge group. More precisely for a generic
choice of the 2n parameters cg, fx, the gauge group is broken down to [[_, U(N;) with
¢k, fr parameterizing the n ranks N; and the n gaugino condensates .S;. Here we consider
the two extreme cases where the gauge group is completely broken to U(1)Y or completely

unbroken.

3.1 U(1)" completely broken phase

To break completely the gauge group the superpotential should have N different minima

and therefore W (z) should be a polynomial of order N + 1. We write
N

W'(z) = Py(z) = [ (2 — aa) (3.5)

a=1

with a, parameterizing the couplings in W(z). The functions f(z),c(z) appearing in
(3.10) are given in terms of an associated Seiberg-Witten like curve
y? = W(2)*+ f(2) = Py(2)® — 4 AN
c(z) = Py(z) (3.6)
i.e. f(z) = —4A?N. Plugging in (3.6) into the chiral ring relations one finds

Py
(T6) = e

This is precisely the form of the chiral ring relations for a pure N' = 2 theory with gauge

(3.7)

group U(N) and vev’s a,. In [10] these relations have been shown to hold for N = 2
SYM with gauge group SU(2) by explicit evaluation of the multi-instanton determinants.
According to (2.17) these results imply that the same chiral ring relations hold for the
N =1 as well .

3.2 U(N) unbroken phase

Now we consider the case where the gauge group is completely unbroken. For concreteness

we choose W (z) = %sz, i.e. a mass deformation of pure N' =2 SYM

W(z) = tmz2? f(z)=fo c(z) = co (3.8)



At the leading order % one finds

Jo
g = 20
2m
Co
= —— 3.9
yi (3.9)
i.e. the coefficients fy = 2mS and ¢y = —4mN parameterize the gaugino condensate and

the rank N of the gauge group respectively (N should not to be confused with n, the

order of W(z)). Plugging into (3.3]) one finds
25
R(z)) = 1y f14+ 22
RE) = m: ( + m)

(T() = — (3.10)

z\/l—l—rifQ

Expanding in %, equations determine all the correlators in the chiral ring in terms

of the gaugino condensate S and the rank N of the gauge group.

Notice that for N = 1, (3.10) is of the form with P(z) = 2z, A2 = —2. In

2m

general, (3.10) can be always put in the “A = 2 form” (3.7) by choosing

N S
-3 .
P(z) = —a): L =2A 2 _1,.N 311
(2) O1:[1(2 Ao); a COS T N j ( )
This follows from the identity
P’ N

() - (3.12)

VP(2)2 — 4 AN o)1 — 42

22

satisfied by (3.11). Therefore the chiral ring relations for A/ = 1 SYM theory in the
unbroken phase coincide with those of a pure NV = 2 gauge theory with vev’s a, given by
(3.11). The values a, are at the minima of the quantum potential [26]. They represent
those points of the moduli space of vacua of the mass perturbed N’ = 2 theory at which
the monopoles are massless. From the geometrical point of view they are those degenerate
points at which the elliptical Seiberg-Witten curve has two zeroes of the first order and

all the other ones are of order two.

Actually there are N different possible choices for the v.e.v.’s in (3.11]), which are
obtained sending

A — Ae™TH/N oy — 0 N —1 (3.13)

12



each choice corresponding to a different vacuum of the N' = 1 theory. All of this is very

much in line with the computational strategy in [2].

Finally it is interesting to notice that the chiral ring observables (tr ©7) for the mass

deformed N = 2 SYM with gauge group U(N) are N times the result for the U(1) case.

3.3 Multi-instanton tests

U(1) case

We start by considering N' = 1 SYM with gauge group U(1) and an adjoint chiral
multiplet with mass m. By U(1) instantons we refer to instanton in the non-commutative
theory, but the non-commutative parameter will never enter in our formulae. This non-
commutative extension is also needed in order to compactify the moduli space of U(N)
instantons and will be always understood. The result for the commutative theory follow

from the limit where the commutative parameter is formally turned off.

According to (2.17) and (2.18) scalar correlators and gaugino condensates in this
theory are related to those in pure N'= 2 SYM. Scalar correlators in pure N' = 2 SYM
are given by (2.20) and (2.21). The instanton partition function Zy for pure N' = 2 is

given by
1
Zy(h) = 14
o0 =11z (3.14)
seYy
Evaluating (3.14) one finds
{trp?) = 272
{tro!) = 6A*
{trf) = 20A°
(tro®) = TOA® (3.15)




i.e.

(3.17)

SU(2) case

The chiral ring relation for scalar correlators in pure A" = 2 SYM with gauge group
SU(2) were tested in [6] against multi-instanton calculus. Here we recall these results
and extract from them the scalar correlators for the mass deformed N = 1 theory. The

Seiberg-Witten SU(2) curve is given by the equation

u

y* = P(2)* —4A\* = (Z—E)—4M (3.18)
so that expanding the resolvent
1 P’
(tr ) = 2) (3.19)
Z—p P(z)2 —4 A4

we find u =< tr¢* >. The minima of the quantum potential associated to the SU(2)
unbroken phases, i.e. the points where two zeros of the Seiberg—Witten curve are colliding,
are given by u; o = +4A? that correspond to u = +(a? + a3) with a, given by (3.11) for
N =2.

By a direct computation in the A" =2 SYM one finds [6]

2 3
_ 2 _ 2 q 5 4 9 ¢
—<tl"30> = 2a +?+E$+§W+“.

@
4

3
q
{troty = 2a4+6q+%a —8

+i gt

¢
2 6
The a here should not be confused with its quantum analog a, entering in the Seiberg-
Witten curve and given by (3.11). The right variable for a comparison is not the classical
v.e.v. a but the “quantum” coordinate u. Therefore, inverting the first of these equations,
we get

15 105
a=/2 7 — Sy (3.21)

q
2 \/5 4\/§u% 4\/§u%

Substituting back in (3.20) we get®

2

U
(trg04> = 4q+ 5

5For the sake of conciseness in (3.20) we did not write the gravitational corrections to the results.

They can be found in [6] together with the corrections to the formula below.
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ud
<tI‘ ¢6> = 6qu + Z )
u
{tro®y = 12¢* + 6qu* + T (3.22)
which are exactly the chiral ring relations. We draw the reader’s attention on the fact that
even if the expansion parameter in (3.20)) is close to 1, since we are in the strong coupling
region, still all our manipulations are safe being the relations (3.22) exact. Plugging
up9 = +£4A% in and comparing with one easily see that the SU(2) scalar
condensates are twice the U(1) ones, in agreement with the chiral prediction (3.10). We

stress that this procedure is just the extension of the strategy of Ref.[2].
U(N) case

According to (3.10) U(V) scalar correlators are given by N times the result for U(1)

i.e.

by _ a2k (2K)!

These results follows from those of N = 2 choosing vev given by (3.11). For this choice
of vev, the chiral ring relation (3.3) for R(z) becomes

R(z) = (tr ( A )) = mz (1 —/1- 4—A2> (3.24)

zZ—p 22

By comparing the expansion of the above formula with (3.23)) we get the relation

(trp?+2) = — m Andy, (trp?+2)  (3.25)

(trMg™) = - (2k + 1)(2k + 2)

m
(2k+1)N
with Ay = AYN. This result matches with the computation via localization presented in

(2.27) with J = 2k and ¢ = A%

In the limit m — oo, in which the massive particles decouple, from (3.25) we can

recover the results for pure N' =1 SYM.

4 Chiral ring relations for N’ =1* SYM

In this section we consider the N = 1* gauge theory, defined as a mass deformation of

N = 4 where all three chiral multiplets have mass m. Alternatively the A" = 1* theory
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can be defined as a mass deformation of N' = 2*. According to the discussion in Sect.2
scalar correlators and gaugino condensates in N' = 1* are related to scalar correlators
in ' = 2* via (2.17)), (2.18). As before the N' = 2* amplitudes should be evaluated at
the v.e.v. specifying the N' = 1 vacuum, i.e. the points in the moduli space where the

Seiberg-Witten curve degenerates and the SU(N) symmetry is unbroken.

4.1 U(1l) group

Here the situation is particularly simple since the v.e.v. of the scalar field can be shifted

to zero by a redefinition since the theory has only one vacuum. Using the results of [7]

(and setting for simplicity €, = —ey = h) one can write
2 h’ k
(tr (@)= = — kZyq (4.1)
Z(q) ;

where 7 is the k—instanton partition function given by

ZH[1— D } (4.2)

{Yk} SEYk

Here E(s) = —hL(s), with L(s) the length of the hook centered in the s—box of the
Young tableau and stretched between the top and left end of the tableau. For the first

few instanton numbers one finds:

Zq = 1——

m? m?
2Zm = 2 (1—@) (1_ﬁ>
m? m?> m?
220m = 2 (1_W> (1—472) (“ﬁ)
m? m2\ >

The factor 2 in the second and third equations come from the identical contributions of

a diagram and its transpose. Putting them together we obtain

(tro®)v=r- = (m2—ﬁ2)(1+q+3q2+4q3+7q4+...)
= (m* = 1) Y dq"=—3 (m*— 1) Ex(q) (4.4)
dk
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This formula is exact and includes the gravitational corrections: the term multiplied
by h? is the only gravitational correction to this correlator. Finally, taking the A — 0
limit, applying (2.28) and using the relation 9. Es(7) = T (E3 — E4) we get the gaugino

condensate

m3

AN Imge =
(Aol = 3713

(E3(q) — Eu(q)) (4.5)

4.2 Scalar correlators in SU(2)

The situation in this case is more subtle since some extra work is required to find out the
exact value of the v.e.v. in the N' = 1 vacua. The Seiberg-Witten curve for the SYM with
gauge group SU(2) is given by a genus one Riemann surface. Indeed the case in which
matter gets massive was analyzed in [14] with methods similar to those in [4]. For gauge
groups of higher rank we need some other input which was provided by the connection
with integrable models [16, 17, 15] and will be the subject of one of the next subsections.
Let us start with the so called N' = 2* theory [14] and its Seiberg-Witten curve

3
y* = H@ — &) & = €ig + Zefm (4.6)
i=1
Following [27], the e;’s are given by
2\ 2
€1 = % (Q—WI) ["93(0’(1) + 793@"])}
2
s
er = (5 [0l - 040l
2
T
e = =4 (5% ) [240k)+ o30la) (@7)

2T T = wy/w; and w12 the semi-periods 6. Notice that e; + es +e3 = 0. To

with ¢ = ¢
simplify the computations in this subsection we choose the semi-period w; = 7/2. Given
this choice, the g-expansion of the e;’s is given in (A.8) in the Appendix. The variable @

is related to the physical one, u = (tr ¢?), by

1 o
~ 2 n
u=u—m (6 + 321 ang ) (4.8)

6 Apart from this choice of ¢ we adopt the notation in [27].
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In [14] a guess is given for the form of the coefficients a,, which does not seem to agree
with an explicit instanton computation of winding number one [28]. Our first task in this

section is to compute all the a,’s.

The variable @ is related to the vev a in such a way that % and % reproduce the

periods of the Seiberg-Witten curve (4.6), i.e. via the differential equations’

do _ 1 _K() dap _ 1 _K(K)
ou  2m\E — & ou  2m\E — &

with k2 = (&3 — &) /(&1 — &) and k2 = (& — &) /(& — &) and K(k?) is the complete
elliptic integral of first kind . Expanding in ¢ one finds

(4.9)

da
i 1z imP 2 (44+3mP2%) ¢+ Som® 2 (644 128m* 27 + 35m° 2°) ¢ (4.10)
+o5m” 2% (1024 + 4608 m® 2° + 1600 m* z* + 6720 m® 2° — 1260 m® 2° + 1155 m' 2'%) ¢° + ...

with z = (54 + %mQ)_%. In order to find @ we integrate (4.10)) (fixing the integration

constant to zero to satisfy monodromies) and invert this equation. One finds

2 4 6 4 3 6 5 8
u = 2a2—m—+(4m2+%)q+(12m2+ mo_2m + m)q2

6 a? at 16 a®
12m*  24mS 15m® 7Tm!®  9m!2
a? at ab 2a8 32 al0

+ (16m2+ ) ¢4 (411)

This can be compared with the results in [7, 10] for u = (tr ¢?). In the limit A — 0

u = (tre?) =2a*+ (—4m? + TZ—;)q—l— (—12m?* + 6;24 - 3216 + fgj;)qQ
+ (= 16m?+ 12;4 = QtTﬁ + 15;?8 = 7;7;;0 + ggzli)q?’ +... (4.12)
Comparing (4.11)) and (4.12) one finds
i =u—itm®+8m? quk:ujtémg—%mQEQ(q) (4.13)

dlk
To extract from the N = 2* result (4.12) the result for the N/ = 1* theory we need to

specify the value of @ which corresponds to the points in the moduli space where two

"The dictionary between the variables employed here and those in [28] is vpram = V2a, uprm = u/2.
Moreover these authors follow the notations of [29] in which es and ez are interchanged with respect to

our choice. Finally their w; is the period and not the semi-period.
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solutions of the cubic (4.6) are coincident i.e. u = %2@. Plugging this back into (4.13)

and using the identities (A.9) displayed in the Appendix one finds

m2

U = ?(4572(92)—1)
uy = (B~ 1)
ug = %(EQ(\@—D (4.14)

uy gives the result in the Higgs phase, while in the confining phase u = %(uz — ug), with
ug 3 the contributions coming from the two vacua. The results for pure N' = 1 gauge
theory can be read from this by sending m — oo keeping A3_; = mzq% in the confining

phase: ugz = £4A%,_;.

In a similar way one can consider higher scalar correlators. Once again following [7, 10]

we find

18m8f 9ms
<tr(p4> =92a* — 6m? (4@2—m2) g+ (—72a2m2—|—48m4— m m ) q2

a? 8 at
156mS  72m®  55mlY  Tm!?
—I—(—96a2m2+152m4— R e e P g ) ¢’ +... (4.15)

Inverting (4.12) we find

\/ﬂ m V2 m? g —15m8+6\/§m6 4\/§m4+3\/§m2
a = /54 - q -
2 V2u3 Vu 42us us us Vu

—105m'?  245m!®  90v2m® 53v2mb  12v2mt  4/2m?
+¢° T+ L O SVt R ANEE
4/2uz 2v2uz uz2 u2 u2 Vu
(4.16)
Finally plugging this inside (4.15) we get
2
(trpty = % —8m*(q+ 3¢ +4¢* + .. Ju—dm*(—q+F +28¢° +..) (4.17)

In the next section we will express the terms multiplied by m? and m* in (4.17) in terms

of known functions using the chiral ring relations of N’ = 2* SYM.

4.3 Chiral ring relations

In this section we will derive the chiral ring relations for the A/ = 1* scalar correlators

and test them against the multi-instanton results in the previous section. Here we focus
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on the SU(2) case. Higher rank groups will be studied in next subsection exploiting the
connection between SYM and integrable models. Following [9] we define the following
generating function for correlators with arbitrary powers of the scalar fields®
) = (i ﬁ> (i ﬁ> (4.18)
G(z) is an analytic function with branch cuts in [a; + tm., o £im.], i =1,...,N. Let
U be its domain of definition?. Out of G(z) we can build the function [30]
w() = 5 | Gludy (4.19)
21 Jo
a map from U to the cover, Cy, of an elliptic curve, C. C is obtained identifying the
points (w + 1,2) ~ (w, 2), (w+ 7, 2) ~ (w, z +im,.). In [35] a function f(z,w) with this

double-periodic property was introduced

f(z,@) = . 1 Z%awnﬁl(wh) <_im0$) H(z)

1(@|7) =
= Zh":'ﬂ (—imc%) H(z) (4.20)
with
h, = L o v, H(z) = 1 4.21
= 5 7 e () =T] - =) (1.21)

=1

and z; free parameters specifying the vacuum. In the above formulae and in the following

computations we choose w; = % When comparing with the results of the previous
subsection we will take care of reintroducing the suitable factors of 7. It is then natural

to define w(z) as the solution of

f(—=2miz,w) =0 (4.22)

8In our notations ¢. = diag{a, —a} and tr1 = 2.

9To compare with [9] we should replace m by its analytic continuation im,.
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For the SU(2) case we have H(z) = z? — 2} and!"
f(z, @) = 2% — 2im.zhy (@) + (im)*he(w) — 27 (4.23)
The resolvent G(z) then follows from (4.19
G(z) =2miw(z) (4.24)

To find an explicit expression for (4.24) we should first compute w(z) from . We

need
Vi (w|7)’ =~ " 1 — 2
h =~ - 4 E 2 -
1(@) 91 (w|7) mcot mwo + 47 2 T sin 2mnw = + 3
4 4 6 6
2 - 16 f3(q)m 3 —2m 16 f5(q)m 5
+8f1(Q)7T)w+(45 3 w’ + O + 15 @+ ...
ho(w) = 2y k() (4.25)
V1(w|7)

with f,(q) defined by (A.4)). Out of the two roots of (4.22) we choose that one with a pole

at w = 0. Expanding around @ = 0 one finds

- % <—mch1 - \/m) s {EZW + (% - 2f1(q)) mcﬂ} @
E?r? E*m? mAr? c 2
{ (=1+24fila) +—5 + ;20 (1—240 f1(q) + 2880 f1(q) —960f3(q))]
4 6 m 2
{EZ(l—;O — 2 fi(q) + 24 f1(q)* — 8 f3(q)) — vl +12 fi(q)) + if; + 302640

me2 2
5_5

b (B0 2o + 1000 + 250~ 16 200) ) + ML) | T

7Tw3

me

+

(4.26)

where E? = z7/(47?). Inverting (4.26) we find

me  mS

w(z) =

12 E? 1 . E? ,
e (Frr A - ) - S B = T (L 20 0) me

5
. TZ
5

+ (3= 80 fulg) + 960 £1(0)* + 320 fo(g)) 5

0This form of the equation can be immediately compared with that of [15]. In this last reference
the equation for Cp is given in the form Py + AsPy_2 + ...+ AxyFy = 0. The P; are polynomials in
2, p(w). Setting 2mit = —27iz —im.hi(w) we find 0 = f(2mit, @) = —4n2t2 + (im.)?h} — 23 = —4n2t% —
(ime)?p(w) — (ime)* 2 Ea(q) /3 — 23 = —Am?[t? + 2+ (im.)? Ea(q) /12+ 22 /47?]. The two last terms in this
equation give an explicit expression for the Ay introduced above. In turn, according to [15], Ay should
be identified with —a/2 thus giving (we revert to using the physical mass) @ = —m?F»(q)/6 — 2% /272.

+.. (4.27)

This relation will also be found from the chiral ring relations later on.
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Taking the derivative and comparing the result for G(z) = 2miw’(z) with the expansion

of (4.18)

G(z) = ZZZZC % <(Wgc) + 3im.(tr 902>) —I—Z—16 ((W;C) - g(imc)?’(tr ©?) + bime(tr g04)) +...
(4.28)
one finds
(tro?) = 4 filg)m? — ;—ﬂi (4.29)
et = S s e )+ mt () - 32007+ 300 Ja0)

and so on. Formula (4.30) agrees with (4.17) (once we take im. — m) and confirms the
multi-instanton result. Formula (4.29) relates z; to w. Substituting (4.13) in (4.29) we
find

2 2
Zl ~ c
—2 = —Uu —
2m 6

+ 4m02f1(Q)’ (431>

which is the result obtained in the footnote of the previous page from the definition of the

Seiberg-Witten curve. In the remaining of this section we compute the z; corresponding

to the SU(2) N = 1* vacua.

The SU(2) unbroken vacuum is given by choosing z; such that the corresponding

Seiberg-Witten curve degenerates. Solving for z in (4.23), we find

22 , 22 g2
2z =m, | —hy(w) = _mcz —hi(@) | =me | —hi(w) £ _mcg + ?EQ(CD + p(@)
(4.32)
The positions of the end points of the cuts are defined by!!
d /
27Td—z =m, | —hj(w) £ - o(@) =0 (4.33)
@ 2/~ + 2 Eag) + p(0)
or
2 2 /
G, 7 ¢ (@)
— —F = . 4.34
\/ L+ )+ o) = F (4.34)

' The cuts are the regions where there are the allowed values of the spectrum. At the end points of

this regions the velocity must be zero.

22



The condition that the branch points collide should imply that the square root vanishes

which according to the last equality is equivalent to
@ (@) =0 (4.35)

w = w, w and w + W' are the zeroes of ©'(w) and at these points p(w) takes the values

m2ey, m2es and wley respectively'?. Thus at degenerated points we have

2 2 2
2] me me .
27T2 == 6 EZ(Q) + 9 €i, 1= 17 2a 3. (436)

Plugging this into (4.29) we get
mZ  mg2 2

5 " 3 (Q)—2

= (try?) = e; (4.37)

in agreement with (4.13) after replacing im. — m and using u; =

4.4 SU(N) case and Integrable models

The general SU(N) case can be studied exploiting the description of N' = 1* in terms of
the Calogero-Moser integrable system. This system is defined by the Hamiltonian

2Zpl+ m? Zp 7)) (4.38)

1<J
At equilibrium p; = 0 and ©'(2; — ;) = 0. This generalizes the condition (4.35)) for SU(2).
As in the SU(2) case we can introduce a curve Cy, an N-fold branch cover of C, via

0 = f(z w) = f(A+mhi(w),w)) = det(A Lyxny — L(w))

= AV Z Te(@M =T = N) (4.39)

k=1
For each value of @ in (4.39), which is the spectral parameter of C, we find N values of A
which describes Cy. The matrix L(w) together with a matrix M (w), form a Lax pair for

the Calogero-Moser system with spectral parameter (@) [31]. Their explicit form is [32]
MlJ(W) = m(SZJ Z p — .fL'k (1 — (Szj)q)/(flfl — Iy, W) (440)

k#i

12Gince we compare with a result in the previous subsection, we must take care of the difference in our

two choices of semi-period (w; = 7/2 then and w; = 1/2 now. See the appendix for more details
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where

o) = o(w — x) (@)
O(z, @) o (=)o (@) (4.41)

o is the standard Weierstrass function [27]. The coefficients Ji’s in (4.39) are connected

with the integrals of motions

1 WSS
I = tr (LF) = . (Zl A,-) (4.42)
I5 is the Hamiltonian of the classical system and it is connected with the variable u in
133, 134].

The relation between the parameters z; and z; can be found at equilibrium, where
pi = 0, using (4.20). In the SU(2) case, we have N = 2 in and (4.41). It is

therefore easy to compute

A — —md —
det Py m((@1 = 23, ) = —m?® (2] — 19, @) P (1 — 21, ) + A2
—m®(xy — 21, ™) A—Dp2
—|—p1p2 — )\(]?1 +p2) = m2h'1(w) — mzhll(:cl — xg) + )\2 — )\(]?1 +p2) +p1p2 (4.43)

In the last equality of the above equation we used the following identity for the odd

function o [27]
oA = (21 — 22))o (A + (11 — 22)) = —0*(N)o? (21 — 22)[p(N) — g1 — 22)]  (4.44)

and the explicit form of the Weierstrass function given in the Appendix , egs.(A.5) and
(A.6).

Then comparing with f(\ + mhy (@), @) = m?h} (@) — z# + A\* one can see that the
dependence on the spectral parameter w cancels. This is a general feature which is
valid for arbitrary values of N. The general relation between the parameters z; and the
momenta and positions of the Calogero-Moser system was found in [36]. The vacua of the
N = 1* theory , whose quantum potential is given by the Weierstrass p-function [33], are

given by the equilibrium positions of the associated Calogero-Moser system. Solving the
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equation @'(z; — z3) = 0 [33] we then find 3

2 —
T;=Tvac ~ —meTe; —

22 = mPhi(z) — x5)

E(q) (4.45)

in agreement with (4.36) after the replacement im, — m.

5 Summary of Results

Here we summarize our results. We consider V' = 1 gauge theories with or without adjoint
matter. The two main examples are mass deformations or pure N’ = 2 and N' = 2* gauge
theories down to N/ = 1. The later one is refereed as N' = 1*. For the chiral correlators

and gaugino condensates one finds

(tro” Yo = (trgle Je2eecortt WOy ) = (ol ) vy
(tr M vt = — gt €0 (tr e’ )= (5.46)

where the r.h.s. correlators are to be evaluated in the parent N' =2 or N’ = 2* SYM and
then their v.e.v.’s have to be chosen so to minimize the quantum potential. For instance
for the N’ = 1 descending for pure N’ = 2 gauge theory with gauge group SU(2) in the
SU(2) unbroken phase one finds u; 5 = (tr ¢? ) = £4A? and higher order scalar correlators
are given by the (3.22).

For N' = 1* with gauge group SU(2) one finds
m? )
w = —(@Ex(¢) - 1)
2
up = —(Ea(—vq) —1)
2

us = ?(Ez(\/f_l)—l) (5.47)

2ol o

uy gives the result in the Higgs phase, while in the confining phase u = %(Ug — ug), with

ug3 the contributions coming from the two vacua. The results for pure N' = 1 gauge

13We scale by a factor of minus four the result found for the confining vacuum in [33]: @(z; —
22)|zi=zeon; = N?/24(E2(q) — 1/NE5(¢*/™)) , due to the different choice of the semi-period w; = i
used in that paper.
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theory can be read from this by sending m — oo keeping A3_; = m2q? in the confining

phase: ug3 = £4A%,_;.
The scalar correlator with the next higher power is given by
(tro?) = gu +gm*(Ea(q) — Du+ gm® (5 + Baq) — Ba(q)* — 3Eu(q)) (5.48)

In a similar way one can study gravitational corrections. For instance for NV = 1* with

gauge group U(1) one finds

tro)pv—r- = (M?* =R (1 4+q+3¢*+4¢* +7¢* +..)
= (m’— 1) Y dq" = -3 (m® - h’) Ex(q) (5.49)
d|k

The term A? represents the only gravitational correction to u! We remind the reader that
even if our focus in this paper was on gauge theories and, in order to keep our formulae
down to a manageable size, we have omitted gravitational corrections, they are easily
accounted for and could be compared with analogous results obtained for the topological

string [37, 38, 39]. The U(N) case of (5.49) can be easily extracted from [6].
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A Elliptic functions

Here we collect some useful formulae and definitions:

Theta functions

Jap(vlg) =Y g3t 5)° 2rit=$)(=3) (A.1)

nel
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with ¢ = e*™". We adopt the standard shorthand notation: ¥, = 9,1, Y2 = Y19, U3 = Yoo,

¥4 = ¥91. At v = 0 the theta functions satisfy the Riemann Identity

95(0]q)* — V2(0]q)* — ¥4(0[g)* =0 (A2)

Einstein series

Eay(q) = 1-24fi(q)

Ey(q) = 1+240f3(q)

Eg(q) = 1—504f5(q) (A.3)
with N
OEDD 1”?; (A.4)
n=1
Weierstrass Function
1/ 7\
p(z, wi, wa) = —3 (Q—M) Ey(q) — 92 logth (ﬁ@ (A.5)

with 7 = w;/wy and wy o the half-periods. Typical choices for the periods are (wy,ws) =
(3,%) or (wi,w2) = (%, ZF). The two notations are related by p(tz|tws, tws) = ¢t %p(z|wy, wo).
In particular one finds p(%|%, %) = e; and p(3]3,%) = 721 In the main text we use the
shorthand notation

p(2) = p(2l5,3) (A.6)
The complete elliptic integral of first kind

o 1 dt
K(k”):/o A=) (1 - RP) (A7)

For the reader’s convenience we collect here the g-expansions of the e;’s given in

2
e = 3 +16g+16¢*> +64¢° +16¢* +96¢° +64¢° +128¢" +16¢° + . ..

1
e = -3 — 8¢ =8¢ —32¢%? —8¢* —48¢°* — 324> —64¢7* —8¢* — 104¢°* — 48¢°

—96¢'/? —32¢° —112¢"/? —64¢" —192¢"? — 8¢ + . ..

1
es = —3+ 8¢ — 8q + 32 ¢¥? — 8¢* + 48¢°/* — 32¢° + 64¢"* — 8¢* +104¢°* — 48¢°
+96¢1 /% — 32¢° 4+ 112¢"3/% — 6447 + 192¢"/? — 8¢° + . .. (A.8)
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and the following identities

e = == (Balg) — 2B:(¢")

o = -3 (B - 3500

o = =3 (B0 - 3E-Va) (A.9)
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