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Stable determination of the surface
impedance of an obstacle by
far field measurements *

E. Sincich T

Abstract

We deal with the inverse scattering problem of determining the surface
impedance of a partially coated obstacle. We prove a stability estimate of
logarithmic type for the impedance term by the far field measurements.
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1 Introduction

We consider the scattering of an acoustic incident time-harmonic plane wave,
at a given wave number k > 0 and at a given incident direction w € S?, by an
obstacle D C R? partially coated by a material with surface impedance A. Such
a problem is modeled by the following mixed boundary value problem for the
Helmholtz equation

Au+k*u=0, in R®\ D,
u =0, onI'p,
5 (1.1)

% +iXx)u =0, onI'y,

where u = u® 4 exp (ikz - w) is the total field, that is given as the sum of
the scattered wave u® and the incident plane waves exp (ikx - w) and where
T';, T'p are two open and connected portions of the boundary 0D such that
oD =T;UTp.

Moreover, the scattered field u® is required to satisfy the so-called Sommerfeld
radiation condition

a S
lim,__r ( (;i —z’kzus) =0, =]z (1.2)

It is well-known, that the scattered field ©* has the following asymptotic behav-

() = SRR {um(:z) +0 (%)} , (1.3)

r
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as 1 tends to oo, uniformly with respect to & = ”T””” and where 1 is the so-called
far field pattern of the scattered wave (see for instance [I1]).

The inverse scattering problem that we examine here consists in the determi-
nation of the surface impedance A\(x) by the knowledge of the far field pattern,
provided some suitable a priori assumptions on the impedance are made.

Such a problem, in two dimensions, has been recently studied by F. Cakoni
and D. Colton in [7]. The authors have provided a variational method for the
determination of the essential supremum of the surface impedance when the far
field data are available.

In this paper, we shall deal with the stability issue, namely we will prove a
stability estimate of logarithmic type for the surface impedance by the far field
measurements.

Let us point out that a stability result for this type of problem has been proved
in [I5] by C. Labreuche under the assumption of an analytic boundary. The new
feature of the present paper consists in a reduced assumption on the regularity
of the boundary, namely we shall assume that I'; is a C1! portion of 9D. Thus
it turns out that the argument of analytic extension used in [I5] cannot be
applied.

The stable recovering of the surface impedance needs some a priori mild as-
sumptions on the impedance itself. The additional a priori information that
we require on the unknown surface impedance A, is an a priori bound on its
Lipschitz continuity, that is we assume that for a given positive constant A, the
following holds

IAllcorryy < A (1.4)
Moreover, we prescribe the following uniform lower bound
Az) = Ao, for every x € Ty, (1.5)

where )\ is a given positive constant.

In order to treat the inverse scattering problem we first need to analyze the direct
one. In Section 3, indeed, following the arguments of potential theory developed
in [B], we observe that the direct scattering problem is well posed (see Lemma
BD). The proof relies on the fact that the mixed boundary value problem (L)
can be reformulated as a system of boundary integral equations. Moreover, we
prove, (see Theorem B2, that the solution and its first order derivatives are
Holder continuous in a neighborhood of the portion I';, where the impedance
takes place. The proof is based on the Moser’s iteration technique. Finally in
Corollary B33 we obtain a uniform lower bound for the total field u on sets away
from the obstacle.

In Section 4, we deal with the inverse scattering problem. The underlying ideas
and the main tools that lead to the stability result can be outlined as follows.

i) As first step we evaluate how much the error on the far field can affect the
values of the field near the scatterer;

ii) in the second step we are concerned with a stability estimate of the field at
the boundary in terms of the near field;

iii) finally, as last step, we obtain a stability result for the impedance A by the
estimate of the field at the boundary.



Let us start the analysis of Section 4 illustrating the arguments introduced in
the step iii) of the list above.
By the impedance condition in ([[LI)) we can formally compute A as

i Ou(x)

o) = s T (1.6)

~

Since w may vanish in some points of I'7, it follows that the quotient in (ICH)
may be undetermined. In this respect, we found it necessary to evaluate the
local vanishing rate of the solution on the boundary. To establish such a control
we shall make use of quantitative estimates of unique continuation. We first
obtain, in Lemma EEX, a volume doubling inequality at the boundary, namely

/ |u|2 < const./ |u|2 , (1.7)
T'1,20(z0) I'rp(20)

where I'; ,(z0) and I'y 2,(z0) are the portions of the balls centered at the bound-
ary point zq of radius p and 2p respectively, contained in R3\ D, (see {ZIJ) for
a precise definition).

In order to obtain the formula in (), we have adapted the arguments devel-
oped in [2] for the more general setting of complex valued solutions which is
required by the boundary value problem ().

A further difficulty in dealing with such arguments is due to the fact that the
techniques used in [2] apply to an homogeneous Neumann boundary condition.
We overcome such a difficulty by performing a suitable change of the indepen-
dent variable, (see Proposition EJ), that fits our problem under the assumptions
required in [2]. Moreover, well-known stability estimates for the Cauchy prob-
lem [T7], allow us to reformulate the volume doubling inequality at the boundary
deriving in Theorem ELGl a new one on the boundary, that is a surface doubling
inequality

/ |u|2 < const./ |u|2 , (1.8)
Ar,20(z0) Ar,p(z0)

where Ay ,(zo) and Ay 2,(x0) are the portions of the boundary of I'7 ,(zo) and
I'72,(x0) respectively, which have non empty intersection with 9D, (see (I
for a precise definition).

The surface doubling inequality allows us to apply the theory of Muckenhoupt
weights [A] which, in particular, implies the existence of some exponent p > 1
such that |u|7% is integrable on an inner portion of I'y, see Corollary L7l This
integrability property, as well as the Hoélder continuity of the normal derivative,
justifies the computation made in ([CH) in the L77 sense.

Let us carry over our analysis by discussing the evaluation introduced in the step
i). Such an evaluation, introduced by V. Isakov [[3|, [[4], and then developed
by I. Bushuyev [6], concerns a stability estimate for the near field in terms of
the measurements of the far field (see Lemma ELTl). It means that if u; and us
are two acoustic fields corresponding to impedances A\; and Ay such that their
scattering amplitudes, 11 o and us o respectively, are close

1,00 = u2,00 [l L2(8B, (0)) < €, (1.9)



then u; and uo satisfy
s — ol 22 (51, 11 (0)\Br, (0)) < comst.eE), (1.10)

where Ry > 0 is a suitable radius such that Bg, (0) D D and a(¢) is the function
introduced in ZIJ).

As last step of this treatment we provide the stability estimate introduced in
ii). The proof is based on arguments of quantitative unique continuation, as the
three spheres inequality and leads to the following estimate

[ur = uslcrrey < const.| log (|Jur — UQ||Z;(BR1+1(O)\BR1 (0)))|—9’ (1.11)

where 6 > 0 and where I'} is a given inner portion of I'; (see ([ZIJ) for a precise
definition).

By combining the stability estimates listed in i) and ii), we obtain a stability
result for the total field at the boundary in terms of the measurements of the
far field, (see Theorem EL2).

Finally, as a consequence of Theorem and Corollary EE7 let us formulate
the main result of the present paper, that consists in a stability estimate of the
surface impedance by the far field measurements, (see Theorem EZl). Assuming
that (CH) holds, we have shown that the impedances A1, A2 agree up to an error

0

|log (5_0‘(5))‘7 . (1.12)

Moreover, let us observe that the rate of stability in ([CIZ) is intermediate
between a log and a loglog rate of stability.

2 Main assumptions and results

2.1 Main hypothesis and notations

Assumptions on the domain.

We shall assume through that D is a bounded domain in R?, such that diamD<d,
with Lipschitz boundary 0D with constants ro, M. More precisely, for every
xo € 0D, exists a rigid transformation of coordinates under which,

DN By (zo) = {(2',23) 1 23 > (2"}, (2.1)
where z € R3, z = (2/,x3), with 2/ € R?, 23 € R and
v: B (z0) CR? >R
satisfying v(0) = 0 and
|‘7|‘C°v1(3;0(z0)) < My,
where we denote by
() = ()|
Illeoa sy, @oy = Moy, @on + Tosup == ==
z,y€ By, (20) Ty
T#Y

and B, (zo) denotes a ball in R2. Moreover, we assume that the portion of the
boundary I';s is contained into a surface S, which is C!+! smooth with constants
To, M.



More precisely, for any xg € Sy, we have that up to a rigid change of coordinates,

S1 0 Bry(wo) = {(2/,23) : 23 = 91 (2")},
where
¢1: B (20) CR? = R
is a Cb! function satisfying
¢1(0) = [Ver(0)] =0
and
lerlleri(ay, (z)) < Mro,

where we denote

lerllcri, o) = letlie(sy, o)) +rollVerllL=(s, ) +
\Y% -V
+ ro?sup Vi (z) = Ver(y)l
2,y€ B, (20) |z =yl
z#yY

In particular it follows that, if
xo € T'; and dist(z,I'p) > 10 ,
then

D N By (z0) = {(2',23) € Byy(0) : 23 > @r(2')}

(2.2)

(2.3)

(2.4)

(2.5)

(2.8)

where ¢y is the Lipschitz function whose graph locally represents 0D. More-
over, since DN By, (29) N\T'p = 0, ¢ must also be the C!+! function whose graph

locally represents S;.

For a sake of simplicity we shall assume that 0 € D.
Fixed R > d, p € (0,79) and xg € T'y, let us define the following sets

Dt =R3\ D,

D} = Br(0)n DT,

D}, = {x € D :dist(z,Tp) > p},
Iy =0Dy ,NTr,

1 p(20) = Bp(wo) \ D,

App(zo) =T'1,5(20) NOD.

A priori information on the impedance term.

We assume that the impedance coefficient A belongs to C%!(T';,R) and is such

that

/\(:L') >X>0

(2.15)



for every x € I';. Moreover we assume that, for a given constant A > 0, we have
that

[Allcor ;) < A. (2.16)

From now on we shall refer to the a priori data as to the following set of
quantities: d,rq, M, Ao, A, k,w.

In the sequel we shall denote with 7(t) a positive increasing function defined on
(0, +00), that satisfies

n(t) < Clog(t= M)~ forevery 0 <t <1, (2.17)

where

1
~ 1+ log(log(t~1) +e)

a(t) , (2.18)

and C > 0,60 > 0 are constants depending on the a priori data only.

2.2 The main result

Theorem 2.1 (Stability for \). Let u;, i = 1,2, be the weak solutions to the
problem ([l with A\ = \; respectively and let u; oo be their respectively far field
patterns. There exist § > 0,69 > 0 constants only depending on the a priori
data, such that, if for some e, 0 < € < €9, we have

[u1,00 = u2,00 [l 22081 (0)) < €, (2.19)
then
A1 = Az[ Loo (proy < (), (2.20)

where 1 is given by ZI0).

3 The direct scattering problem
Let us introduce the following space
Hy, (DF) ={ve D*(D%): vlpt € HY(D},), for every R > 0s.t. D C Br(0)}

where D*(D™) is the space of distribution on D¥.
A weak solution to the problem ([TJ) is a function u = exp (itkw - x) + u®, where
u® € Hy (D*) is a weak solution to the problem

Au® + k?u® =0, in DT,
u® = —exp (thkw - x), on I'p,
ou® 0
(‘;,L/ + i)\(x)g:: ~ 5, P (tkw - z) — iX(z) exp (ikw - ), on T, (3.1)
lim, o7 < au (ré) — ikus(rzi")> =0, uniformly in Z.
r



Let us recall that a weak solution of (Bl is a function u® € Hlloc(DJr), with

u®|p, = —exp (tkw - z) in the trace sense, such that, for all test functions n €
HY(D7%) with compact support in R? and 7|r, = 0, the following holds

/ Vu® - V7 — k2/ u’ny = / <2 exp (ikw - z) + i\(x) exp (ikw - z)> n+
D+ D+ r; \Ov
+/ ikAu’T . (3.2)
Ty

Furthermore, u® satisfies the asymptotic condition (2.

Lemma 3.1 (Well-posedness). The problem Bl has one and only one weak
solution u®. Moreover, for every R > d, there exists a constant Cr > 0 depend-
ing on the a priori data and on R only, such that the following holds

Nl g2 (pty < Cr - (3.3)

Proof  For the proof we refer to [8, Theorem 2.5], in which the authors,
among various results, show that the exterior mixed boundary value problem
BI) can be reformulated as a 2 x 2 system of boundary integral equations. In
], Theorem 2.5 has been proved in two dimensions for a constant A, however it
can be verified that the same techniques can be carried over in three dimensions
and with A = \(z) € C%(T')). O

Theorem 3.2 (C1© regularity at the boundary). Let u be the weak solution
to (), then there exists a constant a, 0 < o < 1, such that for every R > d
and p € (0,r0), u € Cl’a(Dngyp). Moreover, there exists a constant Cr, > 0
depending on the a priori data, on R and on p only, such that

H“Hclya(pgm) < Cryp - (3.4)

Proof  From the weak formulation [B3), it follows that the total field u
satisfies

/ Vu- Vi — k2/ un = —i/ Az)u ,
Ty ra (wo) T} zo (xo) A ro (o)

where xg € I'; and 7 is any test function such that suppn C TL%O (20).
By I08) we have that

/ VU~V77‘ < k2/ |uﬁ|+A/ | (3.5)
T za (zo) I zo (wo) A rg (o)

and by a trace inequality (see [Il p.114]) it follows that

\ / w-w‘w [ alsen [ v, (36)
FI, I I

321(10) 17321(10) IY%;(IO)

where C' > 0 is a constant depending on the a priori data only.



By the standard iteration techniques due to Moser (see for instance [12]), we
obtain the following local bound for u

lull oo r, 2 (woyy < Cllul] (3.7)

H? (FI’%O (10)) ’
where C' > 0 is a constant depending on the a priori data only.
Let us denote by u; and ug the real and the imaginary part of u respectively.

Thus by the elliptic equations in weak form satisfied by u; and ws, it follows
that

/ Vui -V — k2/ uin = / Az)uan (3.8)
I'; ra (@o) '} ro (wo) A, o (wo)
12 12 2
/ Vuy - Vi — kQ/ ugn = —/ AMz)urn (3.9)
Ty zo (2o) T} za (x0) A rg (o)

where 7 is any real valued test function such that suppy C T'; o (o).

By applying again the Moser method to the weak formulations (BX) and (B3),
we obtain the following bounds of the Holder continuity of w; and us, namely

lurlleo.er, ra o) < Cllutlze(r, r@o) +llu2llzer, ro @), (310)
luzllco.ar, r @o) < Clluallzer, r @) + I, @) (3-11)

where a,0 < a < 1,C > 0 are constants depending on the a priori data only.
Combining the two last inequalities with ([B), we obtain

lullenswr < Clhulgr o - (3.12)

where C' > 0 are constants depending on the a priori data only and R = d +rg.
By B3) we have that

4]l g2 () < C, (3.13)

where C' is a constant depending on the a priori data only. Moreover, since
u = exp (ikw - ) + v®, by BI2) and BIF), we have that

[ullco.er,) < C, (3.14)

where C is a constant depending on the a priori data only. By BI4) and by
E&I4), we have that

%(z) = —iXz)u(z) € CU(Ty). (3.15)

By well-known regularity bounds for the Neumann problem (see for instance [3]
p.667] ) it follows that, for every R > d,p € (0,79),u € CH*(D%, ,) and the
following estimate holds

o +||u||H1(D;R)> , (3.16)

ou
lullerapy ) < Crp | llull . 5 +Ha—
R,p o, (FI) 14 Cov“(FIZ)



where Cgr,, > 0 is a constant depending on the a priori data, on R and on p

u

only. We shall estimate the C%® norm of D in terms of the a priori data,
v

indeed

du(x)  duly) ‘

ou(x) P\ ‘ ov ov
8 = sup 3 + (5) sup T
Y COQ(FZ zEFI% v m,yel“}g Ty
« by _
< sup A@)u(x)] + (B) sup (@) [u(z) —u(y)] n
2 2 2 | — yl|
IEFIZ m,yEFIZ
n (/_)) sup [u)l[A(z) = Ay)|
2 P |z —y|®
z,yel'?
Combining ([ZI6) and BId) we obtain
H < A sup |u($)| +A (B) sup |U(£C) - U(gy)l +
Coe F2 zGF}g 2 z,yel‘}g |:C N y|
p)“ 1-a IA(z) — Ay)|
2\ . M) = MY«
H(5) Il ulloneqy sw So =

z,yel"l2
<G,

where Op > 0 is a constant depending on the a priori data and on p only.
Moreover, since u = exp (ikw - ) + u®, we have that B3) yields to

lull g1 (pg,,) < Chrs (3.17)

where C'g > 0 is a constant depending on the a priori data and on R only.

Thus, inserting BTd), BI7) and BID) in @IH), we obtain that
HUHCI’Q(DE,IJ) < Cry, (3.18)

where Cgr,, > 0 is a constant depending on the a priori data, on R and on p
only. ([

Corollary 3.3 (Lower bound). Let u be the weak solution to [LI)), then there
ezists a radius Rg > 0 depending on the a priori data only, such that

1
lu(z)] > 3 for every z, |x| > Ry . (3.19)

Proof Let us choose R = 4d + 4ry. By Theorem it follows that there
exists a constant C' > 0 depending on the a priori data only, such that

U <C. 3.20
il enno, ) (3.20)
In particular, by (B20), it follows that
R ou’®
|u | < Cl 5 8 < Cl on GBR(O), (3.21)
v




where C'; > 0 is a constant depending on the a prior: data only.
By the Green’s formula for the scattered wave u® (see for instance [T}, p.18]),
we have that

s(3) = ws(22@y) 0wy . .
ui(a) = /aBR@( ) o ,y>)d<y>, 2> R, (3.22)

ov(y) ov(y)

where
1 exp (ik|lz —y[)

P(z,y) = . TFY,

Am |z -y

is the fundamental solution to the Helmholtz equation in R? .
Thus, by BZZ) and by BZI) it follows that

99(x,y)
wl < 6 (RN y)ds) < (3:23)
oBr(0) | OV(Y)
kR R 1
< 01R2< + + ) . (3.24)
o[ = R> * |lz| = R[> [[z] - R
Straightforward calculations show that
1
[u®] < 3 for every z, |z| > Ry, (3.25)
where Ry = (k + 1)8R3C; + 2R .
The thesis follows observing that |u| > 1 — |u®|. O

4 The inverse scattering problem

Lemma 4.1 (From the far field to the near field). Let u;, u; 0, @ = 1,2,
be as in Theorem [ZJl Suppose that, for some e, 0 < e < 1, ZIDA) holds, then
there ezist a radius Ry > 0 and a constant C' > 0, depending on the a priori
data only, such that

lur — uallL2(Br, 11 (0)\Bxr, (0) < Ce™), (4.1)
where a(g) is the function introduced in [ZIF).

Proof  Let us choose R = 4d + 4r¢ and let us denote by u}, ¢ = 1,2, the
scattered wave of the problem ([Cl) with A = \; respectively. By ZI) it follows
that

[ui — usllz20Br0) < C, (4.2)

where C' > 0 is a constant depending on the a priori data only.

By the argument in [T4] (see also [@]), it follows that there exists a constant
C > 0 depending on the a priori data only, such that, for every r € (4R,4R+1),
the following holds

lui —u3ll 208, (0)) < Ce™®), (4.3)

10



Integrating ([EE3]) with respect to r over (4R,4R + 1), we obtain that

4 — US|l L2( By 0\ Ban(0)) < Ce™E), (4.4)

where C' > 0 is a constant depending on the a priori data only.

Thus the thesis follows with Ry = 16d 4 1679 and by observing that uf — u3 =
Uy — ug.

Let us stress, that Holder stability doesn’t hold, indeed, in [6, Section 4], it has
been proved that it is not possible to choose a independently on . (I

Theorem 4.2 (Stability at the boundary). Let u;, u; 00, ¢ = 1,2, be as in
Theorem [Zl. We have that there exists eg > 0 depending on the a priori data
only, such that, if for somee, 0 < e < go, @IU) holds, then for every p € (0,1¢)
we have

lug — U2||cl(r§) <n(e) (4.5)

where n is given by @ID), with a constant C' > 0 depending on the a priori
data and on p only.

Proof By the Lipschitz regularity of the boundary 9D, it follows that the
cone property holds. Namely, for every point @@ € 0D, there exists a rigid
transformation of coordinates under which we have @) = 0 and the finite cone

C{z:|z|<ro, x—.g>cos,9}

||
with axis in the direction ¢ and width 260, where 6 = arctanﬁ, is such that
CcDt.
Let @ be a point such that @ € I'}° and let Qp be a point lying on the axis £ of
the cone with vertex in @ = 0 such that dy = dist(Qo,0) < 3.

Let us define Ry = 2R +2, where R; is the radius introduced in the statement of
Lemma FTl Dealing as in Lieberman [I6], we consider a regularized distance d

from the boundary of D such that, d € C2(D} ) NC%' (D}, ) and furthermore
the following properties hold

. o< dist(z,0D)

LU 7{2@) ST
e |Vd(z)| > ¢, for every x such that dist(x,dD) < bro,
o [|d]cor < caro,

where 79,71, ¢1, ¢2, b are positive constants depending on M only, (see also [
Lemma 5.2]).
Let us define for every p > 0

DP ={xz € D}, :dist(x,0D) > p} , (4.6)
D ={z € D}, :d(z) > p}. (4.7)

It follows that there exists a, 0 < a < 1, only depending on M such that for
every p, 0 < p < arg, D is connected with boundary of class C' and

é1p < dist(x,0D) < &p  for every z € ODP, (4.8)

11



where ¢, ¢2 , are positive constants depending on M only. By(EX)) we deduce
that i ~ i

D c DP C D%* .

Let us now define pg = min{%, 2 sinf} and let P be a point in the annulus
Br,+1(0)\ Bg, (0)), such that By,,(P) C Bg,+1(0)\ Bg, (0)). Furthermore, let
~ be a path in D& joining P to Qo and let us define {y;}, i =0,..., s as follows
Yo = Qo Yi+1 = (i), where t; = max{t s.t. |v(t) —vi| = 2po} if |P —yi| > 2po,
otherwise let i = s and stop the process.

Let us introduce the function U € Hlloc(DJr) defined as follows

U(z) = ui(x) — ug(x). (4.9)

We shall denote with U; and Us the real and the imaginary part of U respec-
tively. Namely

It immediately follows that Uy, Us, are both real valued solutions to the Helmholtz
equation in DT.

Thus, by the three spheres inequalities for elliptic system with Laplacian prin-

cipal part, (see [B, Theorem 3.1]), we have that for every 51,02, 1 < 1 < O,

there exist 7 > 0,7, 0 < 7 < 1 and C' > 0 depending on the a priori data and

on 31, B2 only, such that for every x € DP2# the following holds

T 1—7
/ U <C (/ |U|2> . (/ |U|2> (4.10)
Bﬁlp(m) By (z) Bﬁ2p(l)

for every p € (0,7). By a possible replacement of py with 7 if pg > 7 and
choosing in (1) f1 = 3, B2 =4,p = po, T = Yo, we infer that

1—7

/ U? <C </ |U|2> : (/ |U|2> i (4.11)
B3y (yo) By (yo0) By (o)

As a consequence of Lemma Bl we have that
Vo, < C: (412)

where C' > 0 is a constant depending on the a priori data only.
Let us observe that By, (yo) C DF;, and B, (yo) C Bsp,(y1). Thus by @)
and ([EI2) we deduce that

/ MW<C</ |mﬁ-clf
BPU (yU) B3Po (yl)

An iterated application of the three spheres inequality leads to

s

/ |U|2 < </ |U|2> .01775 )
Bpo (y0) Bpg (ys)

Finally, since B,(ys) C Br,+1(0) \ Br,(0)), by @) we obtain that

/ U2 < L@V .
Bpo(yU)

12



We shall construct a chain of balls B,, (Qx) centered on the axis of the cone,
pairwise tangent to each other and all contained in the cone

C’{x:|x|<r0, :C|—.|§>C089/},
T

where ¢ = arcsin(s—g). Let B,,(Qo) be the first of them, the following are
defined by induction in such a way

Qri1 = Qr — (L +p)pré

Prt1 = HPk 5
dk+1 = /j/dk )
with
1 —sin¢’
B T e

Hence, with this choice, we have pr = p*po and By, ,, (Qr+1) C Bsp, (Qk).
Considering the following estimate obtained by a repeated application of the
three spheres inequality, we have that

U2, @) S UlL2Bsy,  (@uo1)) <

1—7

< WUz, @ Ulls,, | @)
k
k T8 T
< CHUsz(BPO(QU))<C{[€a(5)] } . (4.13)

For every r, 0 < r < dp, let k(r) be the smallest positive integer such that
dp < r then, since dy = p*dy, it follows

log()| _ . _ |los()|

<k(r) < 1, 4.14
log p log p - (4.14)
and by @I3) we deduce
’I’S Tk(r)
1125, @uen < O[]} (4.15)

Let z € 1"1g with p € (0,70) and let x € Bery—1 (Qi(r)—1). By Theorem B2 in
2
particular, it follows that U € C’l’o‘(D;g2 ») with

HUHCl,a(D;Z ) < Cp; (4.16)
' 4

where C,, > 0 is a constant depending on the a priori data and on p only. Then

[ET™) yields to
_ a 2 \“
U(@)] < |U@) +Cle —31° < [U()] +cp(;r) |

Integrating this inequality over B -1 (Qr(ry—1), We have that
2

2 472\
|U(.i‘)|2 < W/ |U($)|2d$+205 (LQ) (4.17)
WB( 2 ) BPkgrzg—l (Qk(r)—l H
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Being k the smallest integer such that dp < r, then di_1 > r and thus ([EI1)
yields to

C
< U)o+ e
(rsin®)” JBo ), (@1

By ([EIH) we deduce that

U @)

SR -1

U@ < 9{ [ga@f} + O (4.18)

T3
2 «
+C<—r> .
"\

Integrating over Bexi)-1 (Qp(ry—1) we deduce that
2

The estimate [IH) also provides us that
’8U (z) oU (z)

ov ov

< ‘

—_\ 2 2 2\ @
’aU(x) < 7f 3/ ’3[]@ dx+2c§(4i2) <
g W3(%) Bpk(g)—l (Qk(r)fl) ov w
2 4 2\ ¢
< 73/ |VU(x)|2dx+20,§(L2) .
W3(pk71) Bpk(g)—l (Qk(T)—l) %3

Applying the Caccioppoli inequality, we have
? C
< 5
(pk‘—l) Bpk(.,«),l(Qk(r)—l)

Dealing with the same arguments that lead to ([{I8), we obtain that

U(z)*dz + Cpr?> .

’8U($)
ov

SR(m—1

2
< 9{ @17} + O (4.19)

rd

’ oU (z)
ov

The choice in [I4) guarantees that

k(r)-1 5 (1 :
Hos (1)

where v = — log (%) log 7. Thus, by (EIS) and by EIJ), it follows that
|U(Z)| < Cp{r—% [(50‘(6))75} N +7~0‘} , (4.20)
’aU(m) < Cp{r—% [(50‘(6))75} N +7~0‘} : (4.21)

v
Minimizing the right hand sides of the above inequalities with respect to r, with
r € (0,5), we deduce

2a

U(z)| < Cp(log (7)) 7+ (4.22)
’fﬁg(yx) < Cp(log (5*“(5)))_"2f ’, (4.23)
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where C,, > 0 is a constant depending on the a priori data and on p only. Thus,
L
since Z is an arbitrary point in I'?, by @22) and @23) we have that

”U(f)HLW(F?) < Cp(log (g—a(a)))fu_ﬁ , (4.24)
HaU—(x) L < Cp(log () TP, (4.25)
0 Mg~

By an interpolation inequality we have
1—
Vi@l ,) < CpIIUllﬁw(pl,g)||U||cm<r1,p> 7,

where 3 = aL-i-l and ¢, > 0 depends on the a priori data and on p only. Thus,

by EIH), we obtain
V@) crs ) < U, ) Co'

It follows that for every € < g, with €9 depending only on the a priori data,

oU
WOl < |55| 49O, <
Loc(rl,p)
< C,p(log(em0)) TH
< Cp(log (7)) ¥, (4.26)

where C), > 0 depends on the a priori data and on p only. Hence, by a possible
replacing of €y with a smaller one depending on the a priori data only, we have
that

2a3

Jur — wallerr, ) < Cp(log (7)) "7+ for every 6,0 <& < ep.  (4.27)

Thus the thesis follows replacing in @I4) C with C, and 6 with % O

Proposition 4.3. There exists a radius r1 > 0 depending on the a priori data
only such that, for every xo € I'}°, the problem

A+ k%) =0, in 7 (z0),
{ g—f +iXz)Y =0, on Ar, (7o), (4.28)
admits a solution ¢ € HY(T'y ., (x0)) satisfying
[(z)] =1 for every x € T, (z0). (4.29)

Moreover, there exists a constant ¢ > 0 depending on the a priori data only,
such that for every zo € I'}°

lllorry ., (zo) < V. (4.30)

Proof Let us consider a point zg € I';°. After a translation we may assume
that o = 0 and, fixing local coordinates, we can represent the boundary as a
graph of a C™! function. Namely, we have that

DY N B, (0) = {(z/,23) € By, (0) : 73 < ¢r(2')} , (4.31)
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where 5 is the C1! function satisfying (Z3),(Z3),(Z3H).
Let ® € C"'(Bro ,R?) be the map defined as follows

Dy’ ys) = (v, ys + 91(y')) - (4.32)

We have that there exist 61,602,601 > 1 > 03 > 0, constants depending on M and
ro only, such that, for every r € (0, 72-), it follows that

1AM
T7.0,-(0) C ®(B; (0)) CTr1,6,.(0) , (4.33)

where B, (0) = {y € R3: |y| < r, y3 <0} and furthermore we have
|det DB | =1 . (4.34)

The inverse map ®~1 € C11(I';,,(0),R?) and is defined by

(I)il(z/ﬂ z3) = (1"/’ L3 — 50](56/)) : (4.35)
Denoting by

o(y) = (0:(1)); j=1 = (D2T)(@(y)) - (D271 (2(y)) (4.36)
N(y) = AM2(y)) , (4.37)
Ao’ = N(0), (4.38)

it follows that
o(0) =1, (4.39)
||O',L'1j||co,1(1"1m0) <3, for i,5=1,2,3, (4.40)

1
§|§|2 < o(y)€-€ < C1€)?, for every y € B ., (0) and every € € R3, (4.41)

(#r)

[Nllcorcmr,, o) <A, (4.42)
o

4aM
where ¥ > 0,C; > 0, A’ > 0 are constants depending on M, rq, A only.

Claim 4.4. There exists a radius 12, 0 < 12 < 7% and a solution VNS
H'(B;,(0)) to the problem

{ div(oVy') + k' =0, in B (0), (4.43)

oV -V +iNyY =0, on B, (0),
where v' = (0,0,1) such that

[v'| > 1 in By, (0).
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Proof of Claim 4l
We look for a radius 7o > 0 and for a solution of the form v’ = 1y — s such
that, o € H'(B;,(0)) is a weak solution to the problem

Avpg + k%o =0, in B (0),
0 ) 4.44
% +iX/tho =0, on B.(0), (4.44)
satisfying 10| > 2 in B,_(0) .
Whereas s € H'(B;, (0)) is a weak solution to the problem
div(oVs) + k%s = div((c — I)Viby) , in B, (0),
oVs-v+iNs= (o —I)Vipo-v+i(N —X')tpo, on B, (0), (4.45)
s=0 ) on |y| = T2,

such that s(y) = O(|y|?) near the origin.
We can construct 1y explicitly as follows

Yo(y1, Y2, y3) = 8cosh (|A"* — k2|%y1) [sin (Ao'ys) +icos (Xo'ys)], if &2 < A%,
Yo(y1,y2,ys) = 8cos (|k* — >\ol2|%y1) [sin (Ao"y3) +icos (Ao'ys)], if &* > X%,
Yo(y1,y2, y3) = 8sin (Ao'ys) +i8cos (Ao'y3), if k? = o2

Denoting by

1 1

— (4:46)
k2 = 20" Ao

— min

il
I

it follows, by straightforward calculations, that vy € H 1(3; (0)) is a weak
solution of ([EEZ4)) with ro =7 and |¢g] > 2 in B (0).

Let us now look for a solution s to the problem (EEZH).

Fixed r € (0, g37), let us define the space

H)_(B; (0)) = {n € H'(B;(0)) such that n(y) =0on |y| =7},  (4.47)

T

endowed with the usual || - HH%(BZ (0)) norm. Thus the weak formulation of the

problem ([@ZH) reads in this way: find s € H)_ (B, (0)) such that, for every
n € Hy_(B;(0)), the following holds

/ UV5~V777/ kQSﬁ—/ iN i :/ (0 — )V - Vi +
B7 (0) By (0) BL(0) By (0)

+i /B (N — Ao )ho.(4.48)

7(0)
Let us introduce the following bilinear form
A 1 Hy(B;(0) x Hy-(B;(0)) — C (4.49)

such that

A, m2) = / oVm - Vi —/ k> nime —/ iN'm2 (4.50)
B (0) B (0) B! (0)
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and the following functional

F:Hy (B;(0)—C (4.51)
such that
Fo) = [ o=V vati [ 0= (4.52)
By (0) B1.(0)

It immediately follows that A and F are continuous on H,_ (B, (0)) as bilinear
form and as a functional respectively.

Moreover, dealing as in [I2, Lemma 8.4], we have that, by the Holder inequality,
it follows that for every n € Hy_ (B, (0))

1
[owe<ar(fwe) (1.53)
B (0) B7 (0)

where ¢; > 0 is a constant depending on the a priori data only. Hence by the
Sobolev Imbedding Theorem, (see [Il, Chap.4]), and by R3], we have that

/ nf? < e1r? / P, (4.54)
B, (0) B, (0)

where ¢; > 0 is a constant depending on the a priori data only.
Analogously, by the Holder inequality on the boundary, it follows that

1
[owr<ar( [ wf) (455)
B1(0) B1(0)

where ¢ > 0 is a constant depending on the a priori data only. By a trace
inequality (see for instance [I], Chap.5), it follows that

/ nl? < ear /
B/.(0) B,

r

: [V, (4.56)

where co > 0 is a constant depending on the a priori data only.

Thus, by EA), ER) and E2H), we deduce that

1
A > G - ear® —card’) [ vy,
B (0)

Denoting by

1
ry = min{l,g(clsz “FCQA),ST—](\}}, (4.57)
we have that for every r € (0,7r3)
1
[A(n,m)| = Z/ |Vn|?. (4.58)
By (0)

Thus it follows that, for every r € (0,r3), the bilinear form A is coercive on
H)_(B; (0)). Hence by the Lax-Milgram theorem we can infer that, for every
r € (0,73), there exists a unique solution s € Hj_ (B, (0)) to the problem [EZH).
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Fixing r € (0,r3) and choosing = s as test function in the weak formulation

[EZY), we obtain

/ JVS~V§—/ k2|s|2—/ iN|s|*> = / (o0 = I)Vipy - V5 +
B, (0) B (0) 7(0) B (0)

+ Z/ ()\/ - )\ol)wog. (459)
B;.(0)

By [LY), we have that

1/ [Vs|? < ‘/ (o0 — 1)V - Vs‘—i—‘/ - Ao’ wos‘ (4.60)
B (0) 4

By the Schwartz inequality, by 39) and by [@Z0) we have that

’/B(O)(a )V - V3

Analogously, we have that, by the Schwartz inequality, by @38) and by Z2)
it follows that

‘/ )\0 ’lﬂos‘ 1602A/7“2/ |’lﬂ0|2 / |S|2. (462)
1(0) B;(0) 16¢2 J5;(0)

Moreover, by the inequality [56) and by G2 we deduce

’// — X' )¢os| <

Hence inserting ([GI) and 53 in (B0 we obtain that

1

—/ |Vs|? < (162 + c316A )r / |Vabol? . (4.64)
8 JB; (0) By (0)

1
< 162r2/ |Vbol® + —/ |Vs|? . (4.61)
B; (0) 16 /B; )

1
r416A’/ |Vapo | + / |Vs|? . (4.63)
B; (0) 16" /5 0

Denoting by
Q = Sup |V’l/)0|2,

By (0)
8M
we have that
1 o 4 2 N5
= [Vs|® < -m(16% + ¢716A")r°Q . (4.65)
8 B*(O) 3

By standard estimates for solutions of elliptic equations (see for instance [12],
Chap.8) and observing that @ > 0 depends on the a priori data only, we can
infer that for every r € (0, %)
2
||5||Loo(B:(o)) <eqrs,

where ¢4 > 0 is a constant depending on the a pm’om’ data only.
Hence the Claim follows choosing ro = min{7, %, \/15—4} and observing that

Y[ > ol = |s| =21 in B, (0) .
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O

Let us notice that choosing r; = 6279 and ¥(2', z3) = ¥'(®~1(2’, x3)), we have
that ¢ € H*(T'7 -, (0)) is a weak solution to the problem @Z8) and is such that
|| > 1in 'y, (0).

Finally, we conclude the proof of Proposition observing that [E3M) follows
dealing with the same argument used in the proof of Theorem (|

Lemma 4.5 (Volume doubling inequality). Let u be the solution to the
problem (), then there exists a radius T > 0 such that for every xo € I'}° the

following holds
[ owp<os [ (4.66)
F]J;T FI,T

for every r, B such that 3 > 1 and 0 < Br < 7, where C > 0, K > 0 are constants
depending on the a priori data only.

Proof Let z9p € I'}° and let r; and 9 be, respectively, the radius and the
function, introduced in Proposition EE3. Denoting by

u

it follows that z € H*(T',, (o)) is a weak solution to the problem
Az + QE -Vz= 0, in F],Tl (.’L‘0),
¥ (4.68)
0z
5 = 0, on AI,h (:L'())

Dealing as in Proposition B3, we may assume that, up to a rigid transformation
of coordinates, zop = 0 and, by local coordinates, we can locally represent the
boundary as a graph of a C1! function as in @31]).

Following [2, Theorem 0.8], (see also [4, Proposition 3.5]), we have that there
exists a map ¥ € CH1(B,,(0), R?) such that

U (B, (0)) C By, (0), (4.69)

U(y',0)= (v, 01(y)), for every y' € B;,,(0), (4.70)

L2 CW(B,(0)) CLyep, forevery p € (0, p2), (4.71)
1

= <[detD¥| < ez, (4.72)

where p1,0 < p1 < 79,p2 > 0,c1 > 0,c9 > 0 are constants depending on ro, M, A
only. Denoting by

Ay) = |det D (y)|(DT ) (¥ (1)) (DT )T (¥ (y)), (4.73)
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B(y) = 2|detDW (y) (DY) (¥(y)) 2w (4.74)
v(y) = 2(¥(y)), (4.75)
it follows that
A0) =1, (4.76)
A(y',0)(y',0) - e3 = 0, for every ¥, |y| < pa, (4.77)

csl€]? < A(y)€ - € < eq|€)?, for every y € B,,(0) and for every £ € R3, (4.78)
|A(y1) — A(y2)| < cslyr — w2, for every yi1,y2 € B, (0), (4.79)

|B(y)| < cg, for every y € B, (0), (4.80)

where ¢4 > 0,¢5 > 0,¢6 > 0 are constants depending on rq, M, A only.
Let us observe that v € H'(B,,(0)) is a weak solution to the problem

{ div(AVv) + BVo =0, in B,,(0), (4.81)

Ay ,0)Vuv -/ =0, on B}, (0).

Hence we are under the assumptions of Theorem 1.3 in [2] and thus we can infer
that there exists a radius ps3,0 < p3 < p2, depending on the a priori data only,
such that

/ v]* < CBK/ of* (4.82)
B, (0) B; (0)

P

for every p, such that § > 1 and 0 < (p < ps, where ¢ > 0 is constant
depending on the a priori data only, and K > 0 depends on the a prior:i data
and increasingly on

fB; (o) AV -V + Re(v div(AVv))

N(ps) = ps T e HIoP , (4.83)
r3 p3(0)
where we denote
w(x) = %, for every z € B, (0). (4.84)
By 1) it follows that
c3 < p(x) < ey, for every z € B, (0). (4.85)

Let us observe that the proof of Theorem 1.3 in [2] needs, in this context, a
slight modification due to the fact that we deal with complex valued functions.
We omit the details.
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Denoting by

- _ fB;B(O) p3IVol? + [l

N(ps) 5 , (4.86)
f B, (0) |v]
we notice, following the arguments in [B, Lemma 3.3], that
N(p3s) < CN(ps), (4.87)

where C' > 0 is a constant depending on the a priori data only.
By D), it follows, that for every r and 8 > 1 such that 0 < r < fr < £

/ L2 <C of? | (4.88)
I'r,5-(0) B, 4,.(0)

where C' > 0 is a constant depending on rg, M, A only. Moreover, by {X2) and
by T we have that

T'7,-(0)

/ vf* < C(2ﬁc1)K/ v < O(wcl)K/ 1212, (4.89)
B5,(0) B%(O)

where C' > 0 is a constant depending on rg, M, A only.
Combining [ER8Y) and (X)), we have that

/ |22 < 0(2501)K/ |22 . (4.90)
Lr.pr

FI,T(O)

Finally the last inequality, @29, E30) imply that

U2 K U2 .
/| 2 <) / ul? | (4.91)

FI,T(O)

where C' > 0, K > 0 are constants depending on a priori data and on N (ps)
only. Thus the Lemma follows with

ps

> (4.92)

r =

It only remains to majorize the quantity [R0) by a constant depending on the

a priori data only. Let us observe that by ZI), by 29) and by E30), we
have that

/ Vo2 + o2 < C / Yl + ul?. (4.93)
) r

r3 I,p3cy (0)

where C > 0 is a constant depending on the a priori data only. Moreover, by
the above inequality and by Bl), we can conclude that

/ |Vol? + Jv]? < C, (4.94)
B, (0)

where C' > 0 is a constant depending on a prior:i data only.
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On the other hand, we have that choosing Py = ﬁy and py = 3% %pg,
where v is the outer unit normal to D at 0, it follows that By, (Py) C I'y 22 (0).
Thus, by X)) and by E30) it follows that

/ W > C / f? > / l? (4.95)
By, (0) P, 55 (0) By, (Po)

where C' > 0 is a constant depending on the a priori data only.
Let us consider a point @ € R*\ D, such that

Bip,(Q) C R*\ Dyp,, (4.96)

where Ry is the radius introduced in Corollary Dealing as in the proof of
Theorem EE2 we cover a path joining Py to @ by a chain of balls of radius py4
pairwise tangent to each other. Hence, by an iterated use of the three spheres
inequality, we have that the following holds

||U||L2(B%4(Q>) S CH“HEZ(BM(PO)) ) (4.97)
where C' > 0,s > 0 and 7,0 < 7 < 1 are constants depending on the a priori
data only. By the last inequality, by [38) and by [BId), we can infer that

3\ 7%
TPy
lullz2(m,,ry) = (@) : (4.98)
Hence, by EO]) and by [E9H), we have that
/ > > C, (4.99)
B,y (0)

where C > 0 is a constant depending on a priori data only. Hence, by &)
and by [39), we can majorize N(p3) by a constant depending on the a priori
data only and thus the Lemma follows. (I

Theorem 4.6 (Surface doubling inequality). Let u be the solution to the
problem ([I), then there exists a constant C > 0 depending on the a priori data
only such that, for every xo € I'° and for every r € (0, 2), the following holds

/ |u|?*do < C |u|?do . (4.100)
Ar 2r(z0) Ar,r(z0)

Proof Let zp € I')° and let 2 € H(I'y,, (z0)) and 7 be, respectively, the
solution to the problem (68) defined by L) and the radius introduced in
(EXD). By a regularity estimate at the boundary, (see for instance [, p.777])
we have that, for any r € (0, %), the following holds

1 T k
/ Vo2l < C —/ V22 —2/ =2 (101
Ar r(z0) T JT 2 (x0) T JAr e (zo)
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where C' > 0 and 0 < v < 1 are constants depending on the a priori data only
and where Vi z represents the tangential gradient.
Thus, by the Young inequality we have that for every € > 0 the following holds

1
Cet—~ C
/ Va2 < &5 / V2?4 — / 22, (4.102)
Ap(z0) r 720 (z0) €712 JAr - (20)

where C' > 0 is a constant depending on the a priori data only.
Moreover, by a well-known estimate of stability for the Cauchy problem (see for
instance [I7]), we have that

1-6
/ 2> <Cr / |z|2+r2/ V2|2 : (4.103)
FI,%(IU) AI,T(IU) AI,T(IO)
b
. / |z|2+7“2/ |Vtz|2+7“/ Vz)? |
Ar,r(20) Ar,r(z0) I1,r(z0)

where C' > 0 and 0 < § < 1 are constants depending on the a priori data only.
Hence, by [(EI3) and by the Young inequality, we have that for every 5 > 0
the following holds

c
/ 22 < -9 7“/ |z|2+7°3/ Viel2) 4 (4.104)
Ty z (o) €1-s Ar,r(z0) Arr(zo0)
ox r/ |z|2+7°3/ |Vtz|2+r2/ v,
Arr(z0) Arr(z0) Tr,r(z0)

where C' > 0 is a constant depending on the a priori data only.

Choosing § in ([@I04) such that g = %7 and inserting (E102) in @I04), we

obtain

Cr
/ o < —r / 2 4 Cer? / V22,
FI,%(IU) e 11— Apr(wo) I'r.2r(wo)

where C' > 0 is a constant depending on the a priori data only. By the Cac-
cioppoli inequality we have that

Cr
/ o < —f / |22 + Ce / 22,
Fl’g(xg) g (1=7) AI,r(fﬂO) FI,47~(10)

where C' > 0 is a constant depending on the a priori data only.
Thus by EZJ) and E3) we can infer that

Cr
[owP<—e [ wPees [ i
Tr,r(wo) e - JAr2-(20) Tr,8r(x0)

where C' > 0 is a constant depending on the a priori data only.
By (L4 it follows that

C
/ uf? < —2r / ul? + O(8)"e / W, (4.105)
Trz (z0) e~a—n JAr(z0) Fz,g(mo)
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where C' > 0 is a constant depending on the a priori data only.

Hence, choosing ¢ in [ZI05) such that € = W, we obtain that

/ lu|? < Cr/ |ul|?, (4.106)
Fl’g(IU) Ar,r(wo)

where C' > 0 is a constant depending on the a priori data only.
By applying again (EE60) on the left hand side of (EEI0H), we obtain that

/ luf? < c?«/ lul?, (4.107)
Tr2r(z0) Ar,r(z0)

where C' > 0 is a constant depending on the a priori data only.
Moreover, by a standard Dirichlet trace inequality, we have that

/ lul* < C |ul?, (4.108)
Ag 2r(z0) Ar,r(z0)

where C' > 0 is a constant depending on the a priori data only.

Corollary 4.7 (A, property on the boundary). Let u be the solution to the
problem (L)), then there exist p > 1, A > 0 constants depending on the a priori
data only, such that, for every xo € I'}° and every r € (0, E), the following holds

p—1
1 1 2
B ufPdo | [ ———— "7 ido | < A.(4.109)
<|Al,r($o)| Ao Bl Jap e

Proof  Let zp € I'}” and let € (0,%), then by a trace inequality, (see for
instance [I], Chap. 5), it follows that

lullaa; . (zo)) < Cllullmr(ry . (z0))s (4.110)

where C' > 0 is a constant depending on the a priori data only. By the Cac-
cioppoli inequality we deduce that

C
lullLaar (zo)) < ?HUJHLQ(FI;T(IO))' (4.111)

Applying the Doubling inequality ([G0) on the right hand side of [EILI), we
obtain that

C
[ull L2t (20))s (4.112)

lull Laas,, (z0)) < 7|

where C' > 0 is a constant depending on the a priori data only. Combining

(EI04) and EITA) we have that

C
lullzaar, (zo0)) < 7;||u||L2(AI,2T(mo>>a (4.113)
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where C' > 0 is a constant depending on the a priori data only. Thus by the

doubling inequality IO0) we have
(4.114)

C
lullzaar,, (z0)) < 7;||U||L2(AI,T(%>>-

1
2

holds L
1 e
[t} < (5 we)
Agr r Arp

r2

Hence, we infer that for every r € (0, %) and for every zo € I'}°, the following

obtaining a reverse Holder inequality.

The result in [9] assures the existence of some p > 1 and A > 0 depending on
the a priori data only such that ([EEI0J) holds. O
Let 2 be a point in I'}°. Let us pick r = g, thus

Proof of Theorem 211

by EITG) with u = ug it follows that
/ |ug|?do > C/ lug|?da,
Ap,z(@o) Tr & @o)

(4.115)

where C' > 0 is a constant depending on the a priori data only.
Let Py and ps > 0 be, respectively a point and a radius, such that B,, (Py) C
I} 2 (20)- By rephrasing the argument leading to I8) we deduce by (EITH)

(4.116)

that
/ |U2|2d0 > C,
AI,%(IU)

where C' > 0 is a constant depending on the a priori data only.

Combining @INY) and EIIH), we have that for every zg € I'}° the following
p—1
(4.117)

holds
/ |u2|_%do < C,
Aj’g (10)

where C' > 0 is a constant depending on the a priori data only.

Let us now consider z € Ay = (x0), then it follows that
(auQ(x) B aul(:n))’ <

Pae) = Aol = ’_M(m)m%ﬂf@) m;m v v
|ur(x) — uz(x)] 1 dus(z)  dua(z)
< @I ua(@)] | ov o

1

Then by Theorem and by [ZI0) we have that, if 0 < e < g¢, then
A1 (@) = Az ()| < (A+1)n(e) - (4.118)
|ua ()]
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Hence denoting by § = 2=, [EIIR) yields to

p—1’
A

By ([EITD) and by a possible replacement of the constant C' in {I7), we have
that

1 1
B B}

M-l <@arme | [

T@P (4.119)

1,L(20) 1,L(xg

J m@-x@r) <. (4.120)

1,§(=0)
By the a priori bound [ TH), we can infer that
s _s
M (z) = Xo(@)] < M) — Aa(z)|2(2A) 72 . (4.121)
Integrating the above inequality with respect to x over A 1,Z(z) W€ have

2

@) = Re@lza, 50, < (24)1F / (@) = do(@)F | (4.122)

Al,g (z0)

Hence, by a possible further replacement of the constants C, 6 in [ZI1), we can
infer that the last inequality and I20) yield to

IAa(@) = Ae(@)lL2a, o () < 0E) - (4.123)
By an interpolation inequality, see for instance [, p.777], we have that

A = Ralliqa, o) SClIAM = AallFaa, sl = A2||g(,,1ml,§(x (4.124)

§(Io))| 0))

where C' > 0 is a constant depending on the a priori data only. Hence by (216,
it follows that

||A1 - )\QHLOO(AL%(I())) < C(2A)§ ||)\1 - )\2||[§/2(A (4125)

I,g(ﬂ:o))'

Combining [ETZ3) with [ZIZH) we obtain, by a possible further replacement of
the constants C, 6 in [ZIT), that

(A1 — Aglle(AI%(%)) < n(e). (4.126)

Let us cover I'7° with the sets ALg(xj), j=1,...,J, with z; e I'°.
Let ¢ be an index such that

A1 = Xalleqa, £, = 1A = A2llpoc(pro)- (4.127)

1,L(x;

Thus, by a further possible replacement of the constant C, 6 in ([2I), we deduce

&20) by combining EI21) and EI26) with z¢ = ;. O

27



References

1]

2]

8]

[9]

[10]

[11]

[12]

R.A. Adams, Sobolev Spaces, Academic Press, New York, San Francisco,
London, (1975).

V. Adolfsson, L. Escauriaza, CY'* Domains and Unique Continuation at
the boundary, Comm. Pure Appl. Math, Vol. L, (1997), 935-969.

S. Agmon, A. Douglis, L. Nirenberg, Estimates Near the Boundary for Solu-
tion of Elliptic Partial Differential Equations Satisfying General Boundary
Conditions. I., Comm. Pure Appl. Math., 12, (1959), 623-727.

G. Alessandrini, E. Beretta, E. Rosset, S. Vessella, Optimal Stability for
Inverse Elliptic Boundary Value Problems with Unknown Boundaries, Ann.
Sc. Norm. Super. Pisa - Scienze Fisiche e Matematiche - Serie IV. Vol XXIX.
Fasc.4 (2000).

G. Alessandrini, A. Morassi, Strong unique continuation for the Lamé sys-
tem of elasticity, Comm. Partial Differential Equations 26 (2001), no. 9-10,
1787-1810.

I. Bushuyev, Stability of recovering the near-field wave from the scattering
amplitude, Inverse Problems 12 (1996), no. 6, 859-867.

F. Cakoni, D. Colton, The determination of the surface impedance of a par-
tially coated obstacle from far field data, STAM J. Appl. Math. 64 (2003/04),
no. 2, 709-723.

F. Cakoni, D. Colton, P. Monk, The direct and inverse scattering problems
for partially coated obstacles, Inverse Problems, 17, (2001), 1997-2015.

R.R. Coifman, C.L. Fefferman, Weighted norm inequalities for maximal
function and singular integrals, Studia Math. 51 (1974), 241-250.

D. Colton, R. Kress, Integral equation methods in scattering theory, Pure
and Applied Mathematics (New York), A Wiley-Interscience Publication,
New York, 1983.

D. Colton, R. Kress, Inverse Acoustic and Electromagnetic Scattering The-
ory, Appl.Math.Sc. 93, Springer-Verlag, Heidelberg, (1992).

D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second
Order, Second edition, Springer-Verlag, Heidelberg, (1977).

V. Isakov, Stability estimates for obstacles in inverse scattering, J. Comp.

Appl. Math. 42, (1991), 79-89.

V. Isakov, New stability results for soft obstacles in inverse scattering, In-
verse Problems 9, (1993), no. 5, 535-543.

C. Labreuche, Stability of the recovery of surface impedances in inverse
scattering, J. Math. Anal. Appl. 231, (1999), no. 1, 161-176.

G.M. Lieberman, Regularized distance and its applications, Pacific J. Math.
117, (1985), 329-353.

28



[17] G.N. Trytten, Pointwise bound for solution of the Cauchy problem for el-
liptic equations, Arch.Ration. Mech. Anal.13 (1963), 222-224.

29



	Introduction
	Main assumptions and results
	Main hypothesis and notations
	The main result

	The direct scattering problem
	The inverse scattering problem

