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STRENGTHENED CONVERGENCE OF MARGINALS
TO THE CUBIC NONLINEAR SCHRODINGER EQUATION

ALESSANDRO MICHELANGELI

ABSTRACT. We rewrite a recent derivation of the cubic non-linear Schrédinger
equation by Adami, Golse, and Teta in the more natural form of the asymptotic
factorisation of marginals at any fixed time and in the trace norm. This is the
standard form in which the emergence of the non-linear effective dynamics of
a large system of interacting bosons is proved in the literature.

1. Introduction. In this work we revisit the derivation of the cubic defocusing
non-linear Schrodinger (CNLS) equation that provides an effective description of
the dynamics of a large system of bosons coupled with a repulsive interaction.

As we are going to recall later, the emergence of such an effective dynamics is
customarily controlled in a natural topology for the reduced density matrix of the
system.

Instead, in the recent work [1] by Adami, Golse, and Teta, fluctuations from the
effective dynamics are controlled in rather indirect sense, averaged in time, and it
is not apriori clear that their result can be restated in the standard form.

The present work answers this question affirmatively. We show that it is possible
to rewrite the conclusion of [1] as the convergence, in the trace class norm at any
fixed time, of the one-body marginal to the projection onto the limiting dynamics,
i.e., onto the solution of the CNLS equation.

This is possible thanks to the strong apriori estimate that can be deduced from
the assumptions of [1] (see also Remark 2). The role of such an apriori estimate is
to prove regularity in time of the fluctuations from the limiting dynamics, which is
at the basis of the rigorous derivation of the CNLS by Adami, Golse, and Teta. In
this work we use the regularity in time to localise at any fixed time the convergence
result given in [1].

The core of this work are Sections 2 and 3. In Section 2 we revisit the main
result of [1] and the scheme of the derivation of the CNLS equation. In Section
3 we state, prove, and comment our results. Further remarks and conclusions are
discussed in Section 4.

2. A derivation of the CNLS equation in dimension one. In this Section we
revisit the main result of [1] and the scheme of the derivation of the CNLS equation.

We consider the collection {Sy}37_5 of quantum mechanical systems described
as follows. Each Sy consists of NV indistinguishable spinless nonrelativistic bosons
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of mass m in one space dimension. Particles interact via a two-body repulsive
potential Vi given by

Vn(z) = NPV (NPr) (1)
where 3 € (0,1) is a fixed parameter and V' is a non-negative and even function in
the Schwartz class S(R). Thus, the system Sy is governed by the Hamiltonian

Hy=—--—Y ==+ Y N"'W(N°(x; —a;)) (2)

i= 1<i<j<N

acting on L2(RY). Particles being bosons, the physical Hilbert space is the bosonic
sector L2, (R™) only, that is, the closed subspace of L?(R") consisting of functions
that are symmetric under permutation of variables.

It is assumed that at time ¢ = 0 the system Sy is prepared in a pure state O

with no inter-particle correlations, i.e.,

On(zr,.. o on) = @(x1) - plan) (3)

for some one-body wave function (or one-body ‘orbital’) ¢. For the r.h.s. of (3) we
will also use the notation p®V. Note that ¢ is a fixed given function in L%(R), it
does not scale with N. Hence, the initial state of each system Sy has the same
spatial size, independent of N: the Sy’s are more and more populated but their
size is always ‘of order one’ in N.

Here the interest is in the time evolution of ®y under the dynamics generated
by (2), that is, the state @y, := e *HI¥'®y which is the unique solution of the
N-body Schrédinger equation

10:PN: = HnPnyt (4)

with the initial condition (I)N'rt|t=0 = ®y. Due to the symmetry of Hy, ®n, too is
symmetric under permutation of variables, but of course the initial factorisation of
P is lost at later times due to the interaction term in H .

On the other hand, one notes that NVx(z) — [|[V][10(z) in S'(R) as N — oc.
Thus, at large N the interaction Vy essentially behaves as 1/N times a d-function
which is effective at the spatial scale N~?. In other words, the larger N the more the
particles in Sy experience a short-scale repulsion, being essentially free whenever
their separation exceeds the very short range of the interaction. At large N’s this
mimics the typical experimental regime of cold atom systems, where a large number
of bosons (of the order of 102 to 1019) is prepared at very low temperature and high
dilution, [7]. In this regime it is reasonable to expect that the correlations certainly
forming in ®x,; at later times do not affect too much the initial factorisation.
An almost factorised structure @y (z1,...,2n) = @i(21) - @i(zn) is therefore
expected to persists, at least in some weak sense.

The factorisation in @y is sometimes referred to as the ‘chaos property’ for
®n. In a more physical context, this condition is a particular case of ‘Bose-
Einstein condensation’ (BEC). The persistence of an almost factorised structure
Dy i(z1,...,xn) =~ @r(x1) - - pi(xy) at later times goes under the name of ‘prop-
agation of chaos’ or ‘stability of condensation’, depending on the context.

BEC is a regime where the particles of the many-body bosonic system behave as
if they all were the same . Here the condensation is assumed to be exact at time
t = 0. In the general case it still has the meaning of an approximate factorisation,
i.e., absence of interparticle correlations, but in the weaker sense briefly discussed
here below (see [9] for a general discussion).
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First of all, the notion of marginal is needed. Given ¥y € L?(R"), we denote
by 71(\?) the so-called k-body reduced density matrix (or marginal) associated with
Uy. It is a density matrix (i.e., a positive trace class operator with trace equal to
one) acting on L?(R¥), whose integral kernel is given by

k
’7](\])(1'17“‘1.]6;2/17"-73/16) =

(5)
=/ UN (1, Ty Zhg1s - ZN)YN (Yoo Uy Zhg1s - - -5 2N) d2pgr - - dan
R

N—k

This means that 'yj(\f) is obtained by ‘tracing out’ N — k degrees of freedom from the

density matrix of the system Sy, the projection |¥y)(¥y| (in the Dirac notation).
Wy being permutation symmetric, it is irrelevant which N — k variables one inte-

grates out, and the kernel of 7](\],6) is permutation symmetric in each set of variables.

Also, it is clearly seen that Tr%(\l;) = |UN|lL2@n)-

The k-marginal associated with Wy is all what is needed to evaluate the expec-
tation value in the state ®5 of an observable on the N-body system which is not
trivial on k-particles only. In particular, the k-marginal of the completely factorised
state (3) has exactly the form |p®*)(¢©®F|  the projection onto the product state of
k copies of the same . Thus, if 'y]\’; is close in some sense to some [th®F) (k|
this has the natural interpretation that the k-particle subsystem behaves almost as
if it were an isolated system in the product state ®*. Furthermore, the condi-
tion 7%{“‘) ~ [p@F) (k| for any fixed k provides a reasonable and natural way of
expressing the quasi-factorisation of W .

Of course the fact that Wy is almost factorised at the level of all marginals is a
far weaker condition than the closeness of the two N-body states ¥y and ¥®V. On
the other hand, measuring how far a given ¥y is from a product state ¥®~ using
the norm distance in L2(R") is not useful in practice, when one is interested in very
large N’s. It suffices that one particle out of N is in an orbital 1) orthogonal to
to make the vectors ¢Y®V and (¢ @ p@N-1)  orthogonal in L?(RY). (Here the
subscript ‘sym’ denotes the obvious symmetrisation of the vector.) In this sense the
L?-norm is a too strong and detailed control on the many-body wave-function.

We are thus concerned with comparing 7](\]771, the k-marginal associated with

Dy = e HNtD N with some [pPF) (0PF|. We also want to identify the law for the

time evolution of ;. Both 'y](\l,c)t and |pP*) (0®*| being density matrices on L*(RY),

it is natural to study their distance in the trace norm, Tr|71(\];)t — | &Y (p®F] |. Also,
as a consequence of the permutation symmetry, if the above distance is small for
some k then it is small at any other level &’ in the following quantitative sense:

Ty, — e (erl| < Ty, — @) e8| < VBT, — e (el (6)

(see the remark after Theorem 1 in [8] and Theorem 7.1.1 in [10] for details). There-
fore it is enough to focus on the level k = 1 only.

An analytic or numerical knowledge of the solution @y ; of the Schrédinger equa-
tion 10, ® N+ = Hn®Pn ¢, and consequently of the marginals of @ 4, is definitely out
of reach when N is large. The reason why one considers the entire collection of
“similar” systems {Sny}%_, is to obtain some asymptotics in the limit N — oo
(this approach is discussed in some more detail in [11]).

The last ingredient to state Theorem 2.1 is to introduce a convenient Sobolev
space for density matrices. Let us denote by £' and £? the spaces of trace class
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and of Hilbert-Schmidt operators on L?(R) respectively, [13]. Recall that £ is a
complex Banach space with the norm

Al = TrlA],
£? is a complex Hilbert space with the scalar product
(A,B)2 = Tr(A*B).
If y(z,y) is the kernel of a Hilbert-Schmidt operator v then

bz = [ by dedy. 7)
RxR
Inside £2 we identify the subspace
Efeg = {yerL®: 5ySer?} (8)

where S :=4/1 — dd—;. /.Zfeg too is a Hilbert space with the scalar product

(A, B)gz, = ((SAS),(SBS)) . = Tr((SA*S)(SBS)) 9)
(note that S = 5*). If y(x,y) is the kernel of an operator y € L2, then
82 82 2
2 _ _ Y -2
iz, = [ |(1-52) (1= 52) @] dods. (10)

It is in the framework discussed so far that Adami, Golse, and Teta proved the
following.

Theorem 2.1 (AGT 2006, [1]). Consider the Hamiltonian Hy in (2), the initial
state (3) with ¢ € H'(R) and ||¢||r2x) = 1, its time evolution @y, = e~ NI Py,
and the associated marginal 75\}1 Let by = ||V p1(r). Assume further that ® is

such that any k-th moment of the energy per particle is uniformly bounded in N,
i.e.,

H k
JES0:VE>1 VYN >2 <<1>N,(TN) <I>N>L2(RN) < &k (11)
Then
1
W —le el asN oo (12)

weakly-+ in L=(R, L2,,) where ¢, € H'(R) is the solution of the initial value prob-
lem

. K2 02 )
Zhat(Pt = —Q—jgﬁt—‘v‘bl“@t‘ o
m Ox a3)
‘Pt|t:0 = p.
Remark 1. Convergence (12) in AGT theorem reads
+oo
I M _
Nim b (o v — ledted ) =0 "
Vp. e L'(R,LE,) -

Recall that
(e, 7y — loe) (el o,

= RXRdx dy pe(y, x) (1 - di;) (1 - (ii) (Vﬁ,)t(x,y) —oi(x) ee(y)) -
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Remark 2. It was Elgart, Erdés, Schlein, and Yau in [4] who first introduced the

growth assumption (11) and recognised that it yields a key apriori estimate on ’yj(\})t,

i.e., the fact that the sequence {75\}7)t}%:2 is N-uniformly bounded in a convenient
regularity (Sobolev) space for density matrices. We have already introduced the
regularity space Efeg for one-body density matrix. The generalisation to the regu-
larity space [Zfeg, i for k-body density matrices is obvious (see [1] for details), and it
follows from the growth assumption (11) that

(P, HOn)

£fcg,k < Nk (15)

for all times ¢, all sufficiently large NV, and all integers £k =1,..., N.

k
B

Remark 3. A necessary and sufficient condition on ¢ for the product state & =
©®N to fulfil (11) is unknown in general. If 3 € (0,3) Adami, Golse, and Teta
proved that it suffices ¢ to have a compactly supported Fourier transform. For
general 3 € (0,1) an approximation procedure is needed, introduced first by Erdds,
Schlein, and Yau in [5]: a high energy cut-off is taken in ¢® so to get a smoothed
state satisfying the growth condition (11), then the theorem is proved for such a
smoothed initial state, and finally the cut-off is removed leaving the conclusion (12)

unchanged.

AGT Theorem 2.1 is one among a number of analogous (and mostly recent)
results for a variety of similar many-body models. Such results involve different
settings (non-relativistic, semi-relativistic), dimensions (one, two, and three), more
singular interactions among particles, different scalings in the interaction, and dif-
ferent techniques for the proof. The general structure of each of them is the diagram

partial trace (k) N—oo k
oy ———— v —— o){el®
many-body .
linear dynamics l l lNLS equation (16)

tial t k N—
vy TS AN S e (@]
We refer to the reviews [15, 16] and to the references therein for a general discussion,
as well as to the more recent approach [6].
What we want to emphasise here is that typically the asymptotic factorisation

of marginals is not proved in the form (12). It has instead the more natural form
. 1
Jim Tr [y, — [ (@il = 0 (17)

at any fixed time ¢ (recall the relation (6)). In some cases (17) can be supplemented
with a quantitative rate in N of the vanishing of the trace norm, as well as with
a control of how the estimate deteriorates in ¢. Sometimes other indicators of
convergence are used, they are in any case equivalent to the control in trace norm,
[12].

It is then natural and interesting to ask whether AGT convergence (12) can be
put in the standard form (17). In the next section we answer positively to this
question.

To conclude this discussion on AGT Theorem, we present another result proved
in [1]. We put it in evidence since we use it in the proof of our main result.
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Lemma 2.2. Assume the hypotheses of Theorem 2.1, i.e., the Hamiltonian Hy
defined in (2), the initial state (3) with ¢ € H(R) and ||¢||2@®) = 1, the growth
condition (11), and the time evolution @y ; := e "HN'® . Define

on(z,y) = /Vx—z (xzy, z)dz (18)
where 'yﬁ)t is the two-body marginal associated with ® . Then, for all t and for
all sufficiently large N, G 4(x,y) is the kernel of an operator on 4 € L2, with

reg
(P, HY®n)

N2 '
As a consequence, it follows by scaling that for all t and for all sufficiently large N

cz. < 4IV|(w)

reg

1o ¢] (19)

oni(z,y) = (N — 1)/R [Vn(z —2) = Vn(y — 2)] 7](\2(:5, 2y, 2)dz (20)

is the kernel of an operator on + € Efeg with

(D, H? D)
lonllez, < 8V Niﬁ[ : (21)
Proof. Proposition 2.4, Remark 2.5., Proposition 2.1, and Remark 2.2 of [1]. O

Remark 4. In [1], estimate (19) is used to show that there is a unique solution,
precisely {|pP%)(02¥|}22 |, of the infinite hierarchy of evolutionary equations sat-
isfied by the limit of {*y](\’f’)t},lc\[:1 as N — oo. This is done by means of an abstract
version of the Cauchy-Kowalewski theorem by Nirenberg and Nisida (see Section 4
of [1] and Section 3 of [2] for details). It is also possible to show uniqueness in a
direct way, due to the regularity of the interaction V', by expanding the solution of
the infinite hierarchy in its Duhamel series and by controlling it term by term (see
the discussion in Remarks 4.3 and 4.4 of [1]). Thus, strictly speaking, the bound
(19) is not even necessary to prove Theorem 2.1.

Remark 5. We are going to use estimate (19) to obtain regularity in time for 7(1)
from the regularity in space given by the apriori estimate (15). The link is given by
the Schrodinger equation i0;®n+ = Hn Py ¢+, more precisely by

. h?
i@, y) = 5 (=02 + 0 (@) +

(22)
LV / [Vi( — 2) = Violy — 212y 211, 2) de.

This is the Schrodinger equation itself written after taking the partial trace (5). We
mention that (22) is the first equation of the celebrated BBGKY hierarchy (15]), a
hierarchy of equations coupling aw%“ with 'y(kH) k=1,...,N — 1, which is just
a different form of the Schrodinger equation for ® Nt

Remark 6. While regularity of ny follows from the growth assumption (11),
regularity for its limit point |¢;) (@] is a consequence of the global well-posedness
of the initial value problem (13). For future reference (3]), let us recall that given
up € HY(R) and « € R, there exists a unique ¢. € C(R, H'(R)) U C*(R, H~}(R))
satisfying the CNLS i0,p; = —aa—;cpt + alei?er in H7Y(R) for all t € R, and
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such that ¢;|,_, = ug. Moreover, the L?-norm is conserved and the H'-norm is
uniformly bounded in time for such a solution:

ez = llellLz(r) leilzrey <C VteR. (23)

3. Strengthened convergence for reduced density matrices. In this section
we state and prove our main results and we make a number of comments on them.
Here is our main theorem:

Theorem 3.1. Consider the Hamiltonian Hy defined by (2) and the initial state
(3) with o € H(R) and ||¢||2r) = 1. Assume the growth condition (11) for the

initial state. Consider the Schrédinger evolution @y, = e~ HIN'® and let 7](\}1 be
the associated one-body reduced density matriz. Then

J\}im Iy ‘7](\})1‘/ - |<Pt><<Pt|‘ =0 (24)
—00
at any fized t € R.

As an intermediate step towards Theorem 3.1, we need to prove the following.

Lemma 3.2. For anyt € R, let {yn}F_, be a sequence of density matrices acting
on L*(R) and ¢, be a function in L*(R) with ||¢¢||p2m) = 1. Assume further that

—+o0

li dt - =0
R i (e, Yt = loe) (el )Lgeg (25)

Vp. e LYR,L2,).

reg

Then, ¥V f € L'(R),

“+o0
Jim dt £ (1) |y — lee) (el |72 = 0 (26)
and also
“+o0
NliinOO dt f(t) H YNt — lpe) (el HU =0. (27)

Both (26), (27), and (24) provide a strengthened version of AGT convergence
(25). Lemma 3.2 is an abstract result: it does not require yx ¢ to be the one-body
marginal of a many-body function ®p. Instead, trace norm convergence (25) is
a consequence of the growth condition (11) on the initial state and of the apriori
estimate of Lemma 2.2.

Proof of Lemma 5.2. 1t is enough to take f > 0 and || f|[z1(r) = 1: indeed, once
(26) and (27) are proved under this restriction, the general case follows writing any
non zero f € L'(R) as the linear combination

J+

I S
Ml

where fy (z) := max{£f(x),0}. Define

pe = f(1)S™2|pe) (e S72. (29)

f

f=1f T
ol Sy

= [If=1ler( (28)
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One has
| S=2enters™ 7, = Tr[(SS™le (|5 ~28)" (S5 len) el S725)

- P P A 5,k 2dk ) (30)
= (got,S SOt)Lz(R) = ( . m|<ﬁt( )| )
< ”@t”%z(R) = ||90t||4i2(R) =1

since L?-norm of ¢y is conserved, (23). Then

+oo 400
[ o, = [ sl s aneds g, < 10 6D

that is, p. € LY(R, L Moreover,

reg)

(pes e =le el ) gy = T‘r{(SPtS)*<S(7N7t_ |¢t><@t|)5)}

(32)
F@&) Tr[ o) (el (yv,e — e (eel) ] -

Using that

e = o) (@el | 2e = Tr[ (vve)? = el eed (el — loe) (el + loe) (el ]

(33)
2 Tr[ o) (el (loe) (el — ) ]

N

one concludes that

+o0 e
[ dt f(1) ||’YNt* lo) (1] ||L2 < [m dt(pt, ) (o] *’YN,t)L?eg (34)

N—o0
— 0

by the assumption (25). This proves (26). To prove (27) we first split

||7N,t—|<Pt <Pt\||£1 = ||(\<Pt <Pt|+(]1—|€0t><@t|))(VN,t—|<Pt><<Pt|)Hgl

35
< eierl (e — lge) e [ + 1 (L= oo e Lo .

The first term in the r.h.s. of (35) is the trace norm of a rank-1 operator: then it is
the same as its Hilbert-Schmidt norm. Thus,

+oo
/ dt f(t H loe) (pe] (Y.t — lpe) (ot HU:
+oo
=/ dt f(t) || lee) (el (vavie = o) oel ) || oo
+oo
</ At f(t) || e = o) (el || 2

i (36)

/:odt VI VIO s = el | o
(/_J:odtf(t))l/Z(/_Jr at £ | e~ e el )

+oo 1/2 .
(f s lme—leaten ) =0

N
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by (26). The second term in the r.h.s. of (35) yields

1= Lo e o < 1100 = Ten o) ()2 | a - | Gov) 2
— (Tr[(]l — ) (el ) e (1 — Jeoe) (el ) ] )1/2 (37)

= (Tr[ o) (el (loe) (pel — )] )1/2 :

Note that the inequality above is just the £'-£2? Holder inequality in the form
|AB||z < || |A|"2]| 2] |A]"2B|| 2> (see, e.g., Chapter 2 in [17] for details), where
in this case A =7yn: > 0and B =1 — |¢;)(p¢]. Then

—+o00
[ dt fF() | (L = lpe){eel) vve || oo

1/2

< ([ Tas0)" ([ T asomlieoted Geted -wal) ” s)

—00

oo 1/2 N
= (/ dt (pe, |§0t><90t|7Nvt)[,§eg) 0

— 00

by (32) and by assumption (25). Now (27) follows from (35), (36), and (38). O

Remark 7. The only part of Lemma 3.2 that will actually enter our proof of
Theorem 3.1 is (26). The reason is that the Hilbert-Schmidt norm is easy to handle
in terms of kernels, see (7), which is not at all the case for the trace norm. We
shall prove that (26) implies ||’y§\})t — |ot){eelllz2 — 0 as N — oo, at any fixed
time. Although in general || - |[z2 < || - ||z1, in this case it is possible to lift the
Hilbert-Schmidt to the trace norm convergence thanks to the following inequality:

1 1
VG = letedlles < 2 17 = le (@il (39)

Bounds like (39) hold at various levels of generality (see Chapter 2 in [17]). For a

simple explanation in this case (see Remark 1.4 in [14]) note first that @) (@] is a

rank one projection, so that 'yl(v » — |o¢) (pe| can only have one negative eigenvalue

A_. Moreover, from Tr ('yNt li)(pe]) = 0 it follows that |A_| equals the sum of
all positive eigenvalues. Then

1 1 1
s = ledteellier = 221 = 2l — e (@illlop < 20N = e (il e
(Il - llop denoting the operator norm), whence (39).

Proof of Theorem 3.1. By Remark 7, it is enough to prove, at any fixed time, that
Gn(t) := Hv(l) le) (i) |22 — 0 as N — oco. We know from Lemma 3.2 that

Jr
2
0 = lim_ dt £(1) |7} — len) (el | -
o (40)
= lim dt f(t)Gn(t), Y feL*R).

Let £ be any fixed time, and I > ¢ a finite measure interval in R. Our strategy is to
prove

IGxlfnn = [ (IGNOF +IGxMF)dt < const (41)
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uniformly in N, for N large enough. (Here and in the following ‘const’ or C' will be
denoting a positive constant, independent of N and ¢.) If (41) holds, then {Gn}y
is a sequence of uniformly bounded functionals on H~1(I). Since L(I) is dense in
H~(I), then (40) reads

N—o0

lim [ dtft)Gn(t)=0, VfeH ). (42)
I

Choosing f(t) = §(t —t) one has Gy (t) — 0 (note that § € H? Vo > $). Since
t is arbitrary, the thesis follows.
To prove (41), the only non-trivial part is the derivative term, since

Gu(t) = 9% =l [[ze < 2 (170 5 + e ol [[72) < 4 (43)
and consequently

/\GN(t)|2dt < 16/1]. (44)
I

Here, and in the following, |I| denotes the measure of the interval I. So we are left
with proving

/|G'N(t)|2dt < const. (45)
I
One has
G(t) = 57 [ 1W2lew) — el Fda dy
= %/}RQ (71(51(93 )@, y) — 1@ y) o) e () (46)

— k@ @) + e @) Pl ) ) dady

The fourth summand in the r.h.s. of (46) does not contribute, because by (23) the
L?-norm of ¢; is conserved. We denote the others by

P
I;(N,t) = */ %(vl)t(x DRLS )(w,y)dxdy

dt
BN = G [ W) erla)arli) dedy (47)
BN = 5 [ e a@ad) dedy = B0

The first term gives

LV = | / (009, 9) 1) + 18w y) 9, ) o dy |

< 2‘/ th z,y) 3th(x,y)dxdy’

= ‘/ YNh @, y) ( 02+ 02) 13} (2,9) + o (w,y)] dwdy |
(48)
< — / lax'yNtmy‘ +{6y7Ntxy)‘ )d;vdy
m
‘/ th z,y)on(x,y dmdy‘
< h .2 IS CO N .
< m||%v,t( ; )||H1(R2)+h||7N,t( s M2y lone(s )2 e
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where equation (22) has been plugged in (recall the definition (20) of on ;). We
now use

1 1 1
Vs ey = IGllee < Il = 1 (49)
lowe( 2@y = lloweler < lowelez, < const (50)
1
Vs I engey < Jlzz, < const (51)

for any time and for any N large enough. Estimate (49) is trivial. (50) follows from
(21) of Lemma 2.2. (51) follows from

| - 0% 1/2 82)1/271(\})t (z,y | dz dy

1
(AP

2
reg

- / VD, y) (1= 2) (1 — 02) 7 (2, ) dar dy

(52)
> [ AR 0= =) e drdy
= 5 C e
and from the apriori estimate (15). So
|I;(N,t)| < const. (53)
The second and third terms give
[I2(N, )] = [I3(N,t)] =
= | [ (3@ o) h(e0) + 2@ 0urly) 2 o)
R (54)
+ 2@) ily) B, y)) dady |
with
W0 = [ Fal@) ) 2w 9) dedy
R(N.0)i= [ 5@ i) 1) dady (55)
]RZ
J3(N,t) = / 2e(2) e (y) O\ h () dady .
]RZ
Pluggin the CNSE (13) into J; yields
B0 = | [ T ) 2w dady,
P s &
< 5| [ Ba@ ey i y) dady| (56)
m R2

] [ 1P 5@ o) o) de |
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Due to the conservation laws (23), (49), and (51),

‘/ 201() pi(y )7§V)t('r Y dxdy’

w@t )iy )aw’yg\},)t($7y)dxdy

10204l L2 r) H@t”L?(R) HaﬂN,t( 5 )22 (57)

<
< QY.
< leellmrwy vz )o@
< const

and
‘ /R? (@)% e (@) e (1) Y 4 (2, ) da dy

1
< NleelZo@ Il 7S5 llze@e) (58)
1
< el VS5, llzere)
< const

(where we also used the embedding LS(R) C H!(R)). The estimate of Jo is com-
pletely analogous. So

|J1(N,t)| < const
(59)
|Jo(N,t)| < const
We now estimate J3:
(V) = | / @) 01ly) D)y, )y |
h 2 o2
= h‘ oz 2 —(—0; +8) (a: Y) + on(z, y)]dmdy‘
R2
< o /R B le) 0.1, 0) ey | (60)

h
bon] [ 5@ 0,0 0,70 w.0) dedy
m R2

1
+ﬁ‘/ oi(z) pi(y) on (2, ) dxdy’
R2

where we plugged equation (22) in. Due to the conservation laws (23) and (51),

) /R | Oar() 1 (y) Buy\ () da dy ‘

< Wl etz 1080 e (1)
1
< leillm @ s (-l e
< const
and analogously
‘/]R? () Oypr(y) ay'y](\}?t(x,y) dzdy| < const. (62)

Due to the conservation laws (23) and (50),

| [ e@edn) onstam dody] < ol lows(-lzacey

< const.
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So
|J3(N,t)| < const. (64)
Plugging (59) and (64) into (54) yields
|[Io(N,t)| = |I3(N,t)| < const. (65)
We have thus obtained the bounds (53) and (65), which yield
IGN@®)] < (N O]+ [N )]+ (N, 1) < C (66)
and consequently
/|G§v(t)\2dt < 1. (67)
So (45) holds and this concludés the proof. O

Remark 8. The core of the proof was to show the boundedness of
—— 2
/]R ] | Y\ o (@) — ee(@)pe(y) | dady

uniformly in N and ¢. Note that d;¢; is L?-bounded too, uniformly in time. This
follows from the CLSE (13), and from the ‘higher regularity’ of ¢;: indeed, for
finite times ¢; can be proved to be uniformly bounded also in H? (Theorem 5.3.1

in [3]). However, the same cannot be said on 8257](\}7)75( -, +), for this regularity in time
would follow from the first BBGKY equation (22) if one knew that 8t7](\}7)t( -, -) s

uniformly bounded in H?(R?), while only uniform H!(R?)-boundedness is known
under the present assumptions.

Remark 9. Uniform L?-boundedness of 8,571(\3( -, - ) and dyp¢( - ) would have short-
ened the proof, because

d
Gy @1 = |8~ e el |2
< 4 H 6t7§\}7)t( ) ||L2(]R2) +4 || Oppe(+) ||L2(]R2) .

(Inequality (68) follows from

d
= [ [ loxato Paran]

(68)

d 2
L) e 2

= | [, (Ponale) pxcates) + o) oo () ) |

/N

2| dpne(-, ) ”L2(R2) [ onal-, ) HLQ(RQ)

where in this case pn; = 75\% — |pe){p¢].) Instead of estimate (68), our strategy
was to perform the full computation (46) and to estimate it term by term with the
insertion of the CNSE and BBGKY equations.

Remark 10. An equivalent strategy to that discussed through (40) to (42) is the
following. Once (44) and (45) are proved as above, one also has

Gy € WHH(I) = {u : u is absolutely continuous and u,v’ € Ly (I)} (69)

uniformly in N, since |I] is finite. Then {Gn }n is a sequence of uniformly bounded
functional on W1 1(I)*. Moreover, W(I) C C(I), and then

C(I)* = M(I) = the space of Radon measures C Wh!(I)*. (70)
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Since L(I) is a dense subspace of M(I), assumption (40) reads

N—o0

lim [ dtf(t)Gn(t) =0, VfeMI). (71)
I
Since 6 € M(I), the theorem follows.

4. Discussion. This work puts the rigorous derivation of the CNLS in dimension
one recently obtained by Adami, Golse, and Teta (Theorem 2.1 and [1]) into the
standard form of the asymptotic factorisation of marginals in the trace norm at any
fixed time (Theorem 3.1).

The model studied in [1] is a one-dimensional many-body system of N bosons
with short-scale repulsive interaction Vi given by (1), and initially prepared in a
completely factorised initial state ® = ©®V such that all the moments of the
energy are bounded, (®y, (Hy)*, ®xn) < EFNF.

More in abstract, our result applies to any d-dimensional many-body Hamiltonian

n &
Hy = —— Y (=A) + > Vn(zi—x)) (72)

2m 4 —
i=1 1<i<j<N

on L2(RNY) i.e., to any scaling in the interaction Vi, for which the apriori bounds

2, < const, lonellcz, < const (73)

hold uniformly in time and for all sufficiently large IV, where

on(z,y) = N/ VN(x—z)*y](\?,)t(x,z;y,z)dz. (74)
R
Assuming (73), our result says that if
+oo
li dt =0
N di(pr W= le(er ) s 75)
Vp.e L'(R,LL,)

then

Jim Trlyg) — led{ed| = 0 veeR. (76)

Let us comment on the converse implication, i.e., (75) < (76), although it is less
natural and less convenient in practice to express the propagation of chaos, or the
stability of BEC, in the form (75). From

e (1) e )
‘ / dt (pt7 TNt — lpe) (] )E?eg’ < / de HVN,t — | oe) (@t llop Tr[S? 152
— — 00

400
\ [ o= eted) | < [ amh = 1ot 15%5%)on
—o0

(Il - llop denoting the operator norm), one has (75) < (76) only for classes of p.’s
strictly contained in L'(R, £Z,). Such classes are also dense in L'(R,LZ.,), nev-

ertheless (75) cannot follow by a density argument because we do not know if in
general 7](\}) — o ){p.| € L=(R, £2,,) uniformly in N. On the other hand, from

reg

[(oes A0 = lodetl) s | < llodllez, 198 = e (il ez,
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it is clear that (75) would follow if || 75\2 = loe){pel ez, — 0 instead of || ’yﬁ?t -
[pe)(t] [|c2 — 0 as in (76).

Last, we want to underline that the original AGT result (75) was obtained as
a weak convergence result via a compactness argument. Hence, (75) could not be
supplemented with a quantitative rate of convergence in N. The same then holds
for our modified version (76) of AGT Theorem.

Acknowledgements. Enlightening discussions with G. Dell’Antonio and K. Ya-
jima are warmly acknowledged.
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