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Monads for torsion-free sheaves on multi-blow-ups of the
projective plane

Amar Abdelmoubine Henni !

Abstract

We construct monads for framed torsion-free sheaves with fixed Chern character on the
multi-blow-ups of the complex projective plane. Using these monads we prove that the moduli
space of such sheaves is a smooth algebraic variety. Moreover we construct monads for families
of such sheaves parametrized by a reduced noetherian scheme S of finite type. A universal
monad on the moduli space is introduced and used to prove that the moduli space is fine.

1 Introduction

In this paper we are concerned with the construction of the moduli space MH; ., of framed torsion-
free sheaves of a fixed Chern character on a multi-blow-up of the complex f)rojective plane; 7 :
P — P2, by using monadic descriptions which lead to an ADHM data. The ADHM data will be
useful, at a first step, to give a presentation of the moduli space as a quotient ML, = P/G where
P is a space of some matrices satisfying certain conditions and which will be described below. At
a second step the monadic description is used to prove that the space Mﬂé,k is a smooth algebraic

variety of dimension 2r(k + @) — |@|®. This is done by generalizing Buchdahl construction for
holomorphic bundles [I], in order to extend it to torsion-free sheaves. An additional result is the
construction of a monad corresponding to a family F on a product P x S, where S is a Noetherian
reduced scheme of finite type on which F is flat. In particular, there is a universal monad on
P x /\/lﬂ;) - Using these monads we construct a natural transformation

ML, (o) — Hom(e, M)

which is a bijection for every reduced point s. Then using the ADHM presentation of the moduli
space M]g) , and the properties of the universal monads constructed, we prove that the scheme
/\/llg’,c is a fine moduli space.

Another way of treating the moduli space is to show that one can choose, on ]f”, a polarization
in a such a way that a framed sheaf (£, ®) is stable framed sheaf in the sense of Huybrechts and
Lehn, and using their result that the moduli space of such objects is a quasi-projective scheme
[4, 14]. The equivalence between the two approaches is established by the fact that in both cases
the moduli space is fine as we prove for the moduli space MH; , in this work. This generalizes
the result by Nakajima [4] and Okonek [6] et al in the cases of Hilbert schemes of points on the
projective plane, and rank-2 stable bundles on the projective plane, respectively. This comparison
also implies that /\/lﬂ;) & 1S quasi-projective.
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2 The construction of the monad

Let 7 : P — P2 be the blow-up of the projective plane at n distinct points. P is regular
(H'(P,©) = 0) and its Picard group is generated by n+ 1 elements, namely: Pic(P) = @, EiZ®
lZ, where every E; is an exceptional divisor with the following intersection numbers: E? = —1,
(E;-E;) =0fori#j, (B ls) =0 and where [ is the divisor which is given by the generic line
in P? and /2, = 1. The canonical divisor of the surface P is given by Kz = —3lo + X1 E;. The
Poincaré duals of these divisors are given by (Lo, €1, - - €5,) Where < Log, loo >=1, < €;, E; >= ;5
and also e; - e; = —0d;;. In terms of line bundles, a divisor of the form D = plo + X q; E;
has the associated line bundle O(D) = O(p, ¢) = O(ples) ® O(1E1) @ -+ @ O(gnEy) where
¢ = (q1,"* ,qn)- Then the canonical divisor is given by wz = O(—B,T), T = (1,---,1). The
Riemann-Roch formula for a line bundle O(p, ¢') is given by:

X0, T)) = 3o+ Dp+2) - [T +Taal]

where | ¢ |2 = ¥7_,¢?. We also use the fact that a line bundle O(p, ¢’) restricts to O(p) on the
linear system |O(l )| and to O(—¢;) when restricted to the linear system |O(E;)|.
2 — 2
For a torsion-free sheaf £ of Chern character ch(€) = r + (aloo + X710 E;) — (k — %)w,
twisted by a line bundle O(p, ¢’) the Riemann-Roch formula is given by:

a

2

r

5 [(p+1)(p+2) =X qi(qi — )]+ [ap— XL, aiqi].

X(EW, T)) =~k § (a+3)+ 5 D yai(a— 1)+

Now we restrict ourselves to the case of torsion-free sheaves £ with Chern character ch(€) =
r+ (X7 0. E;)—(k+ ‘72‘2 Jw which are framed on the generic line I i.e we have a fixed trivialization
(O3 5“00 — 0% The direct image m.£ of £ is semi-stable and torsion-free. Note that a torsion
free on P? is semi-stable if and only if H9(P2,£(—1)) = H°(P?,£*(—1)) = 0, and this is guarantied,
in our case, since 7,.€ is framed ([6], page 167).

From the natural injection of the sheaf £ in its double dual £**, we have the following exact

sequence:

(1) 0—E&—E&"—A—0
where £** has Chern character ch(E**) =r+ (870, E;) — (K — 1+ @)w, and [ is the length of
quotient sheaf A supported on finitely many points with suppA Nl = .

Proposition 2.1. Ho(ﬁf,ﬁ**(p, 7)) = Ho(ﬁf,ﬁ*(p, 7)) =0 Vg ifp<0 and

Proof. From the following exact sequence:
0— & (=(p+1),7) — & (-p. q) — &L (-p) —0

we take the resulting long exact sequence in cohomology. One can see that since £** is framed
then H°(lo, &% (=p)) = H(loo, O®"(=p)) which vanishes if p > 0. By Serre duality also
Hl(lw,ﬁﬁ;(—p)) = H%ls, 0% (p —~2)) = 0 for p < 2 in particular f~or p = 0,1. Then one
has HO(P, £ (—(p + 1), 7)) = HO(P,&"(—p, 7)) for p < 0 and H2(B,E™(~(p + 1),7)) =



H%(P,&**(—p,q)) for p < 2 and in particular for p = 0, 1. But for p large enough H°(P, £**(—p, 7)) =
~ —
0, thus the latter vanishes if p > 0, ¥¢'. By Serre duality one has H?(P,&*(p — 3,1 —q)) = 0 for
p=12.
The proof is the same for H°(P, £*(—p, 7)), and by Serre duality also H2(P, £**(p—3,1 — q)) =
0 for p=1,2.
O

Corollary 2.1. HO(}f’i,E(p, 7)) =0 Vg ifp<0 and
H2(Pag(pa 7)) =0 v? pr = _]-7 —2. O

We also use the following form of Serre-Grothendiek duality for coherent sheaves

Theorem 2.1. On a smooth algebraic projective variety X of dimension n over an algebraically
closed field K, and for every two coherent sheaves F and J, the following formula holds:

Ext'(F,J) = Ext" " (J, F @ wx)*
where wx is the canonical sheaf
Let us now start the program to construct the monad which describes the torsion-free sheaf £

as its cohomology. First define the spaces B; := Hom(&, Ojg,(—1))" and let By = ©_, B;(1, —E;).
Then the extensions of the form

0—&—Q — B —0

are classified by the group Ezt!'(B1,&) = &, B ® Extl(S,O(—2,T — E;))*. Applying the
functor Hom(€&, ) to the sequence

(2) 0— 00,-E;) — O — O, — 0

after a twisting by O(-2, T) one obtains

— —

Hom(£,0(-2, 1)) > Hom(€,0\,(~1)) —— Ext'(£,0(-2, 1 — E;))
but Hom(&, O(-2, T)) = H?(P,O(—1,0))* which vanishes by the corollary above. Then the map
B> il (£,0(-2, T — E)))
is injective. This implies that the map
Ext'(£,0(-2, 1 — E;))* — B;

is surjective. Thus there exists an extension ()1 which is mapped to the identity in End(B;) under
the composition of the projection on the i*" factor and the map r above.
Let us now define A; := Eat(€£,0g,(—1))* and Ay := @], A;(—1, E;). The extensions of the
form
0—A — X —&—0

are classified by

Ext' (£, A)) = 07 A; @ Ext' (§,0(—1, E)))

Applying this time the functor Hom(&,-) on ([2)) twisted by O(—1, E;) one have the following
exact sequence:

(3) 0 — Ext'(£,0(—1,E;)) — Ext'(€,0/p,(~1)) — Eat*(£,0(-1,0))

A



where Ext?(E,0(—1,0)) = HO(P,£(~-2, T))* = 0 also by the corollary above. Thus there exists
an extension in Ext!(€, A1) which maps to the identity in End(A;).

To construct a display of a monad one may apply proposition 2.3.2 in [7]. In our case one has
Ext*(By, A1) = @} jA; © B} @ H? (P,O(—2, E; + E;)) = 0, thus there exists a sheaf W, and exact
sequences

00— A — W) — Q1 —0
0—>X1—>W1—>81—>0

which fit into the following commutative diagram:

(4) 0 0
Voo
A = A
Voo

0—=X; =W, —=B;—=0

1—>B1—0

o

l
O<—0Mn=<—

|
oe@e

and thus one has a monad
M1: 0—>A1—>W1—>81—>0

with cohomology the torsion free sheaf £.

For further computations one needs to know the Chern characters of the sheaves involved
in the display. By standard computations one, first, has x(&,Og,(—1)) = a;. If we put d; =
ext* (€, 0y, (1)) = dimA; and d} = hom(E, Oy, (—1)) = dimB; then d; — d} = —a;. We also put
D =37 ,d; =rkA; and D' = rkB; = ¥ ,d}, then D — D' = =%?_,a; := —a. It follows that:

ch(.A1) =D— [Dloo - EzlzldiEi]

ch(By) = D' + [D'loe — X7 d\E;]

By the additivity of the Chern character on exact sequences one has the following:

ch(X1) = ch(Ar1) +ch(€) = (r+ D) — [Dlew — X0 (di + a;) B3] — (k + WTP)W
ch(Qu) = ch(By) + ch(€) = (r + D) + [D'loc — S,y (d — a)Bi] = (k + a2|2 Jw
Ch(Wl) - Ch(.Al) + Ch(Ql) = Ch(Bl) + ch(Xl) — (r + D+ D/) +aly, — (k + |—>_|2)w

The monad we got has the disadvantage to have a middle term which is not trivial, this complicates
the computations for getting explicit ADHM data. We want to construct another monad, from
the one obtained above, with trivial middle term. This will be done in few steps, and first we need
the following;:

Lemma 2.1. W is trivial on every exceptional divisor E; of the blow-up

Proof. Twisting the monad by O(FE;) and restricting on the exceptional divisor E; one has



| |

0— X1|Ei(_1) — Wl\Ei(_l) — B, —=0

J H

1) — Qup,(-1) — B, —=0

|

(_

| |
0 0

0—>8\E

i

The long exact sequence in cohomology of the right column in the display above gives:

0 — H"(E;, Ai(=2)) — H(B;, Wyjg, (—1)) — H(E;, Qug,(-1))
—_———

0

— HY(E;, Ai(—2)) — HY(E;, Wy g, (—1)) — H'(E;, Qyg,(—1)) — 0
N—————

A;

but from the last row of the display above one has

0—= A; — HY(E;, Qyg,(—1)) B; —— B; H'Y(Ei,Qp,(—1)) —=0
which means that
H°(E;, Qg (—1)) = A, HY(Ei, Qg (-1)) =0

and
HO(Byy Wy, (~1) =0, H(Eiy Wy, (-1)) =0 Vi=1,n.

Thus the lemma follows. O

This means that Wi is the pull back of some sheaf on P?, namely, it is the pull-back of its
direct image: Wy = 7*(m.W1). As a consequence Rl7,W; = 0.

It will be useful to see, from the display, to which kind of sheaves the extensions 1 and X;
correspond. For this let us dualize the last row of the display:

0 — B} — Qf — & — Ext*(By,0)

where Ext!(By,O) vanishes since B; is locally free. Dualizing again the resulting short exact
sequence one gets:
0 — & — Q" — B —0

and since we have the natural sequences (Il) and

O—>T—>Q1—>QI*—>A/—>O



we can construct the following diagram:

N<—o

0—=E—Q1—B;1—=0

0—=&* —=Q" =B —0

b

0— kers — A —2= A’ —>0

o

0 0

<~ h=<=—0O=<—0O
-e@.e

By the snake lemma one has? T = 0, keréd = 0, A = A’. Then @, is torsion free with
A= Q7/Q1 = £/E = A. Using a similar argument, one can check that X; and W; are
torsion-free and Ax = Ay, where Ay = X/ X1, Aw = Wi /Wh.

Now we need to go through some intermediate steps to construct the right monad, starting by
constructing a monad on P2. For this we need the following:

Theorem 2.2. A torsion-free sheaf F on P? is given by the cohomology of a monad with trivial
middle term if
H°(P? F(—1)) =0, and ~ H°(P?, F*(-1)) =0

Proof. The Beilinson theorem ([6], 3.1.3 and 3.1.4) extends also to the case of a torsion-free sheaf,
hence on P? there exists a spectral sequence EP¢ with second first term: E}? = HY(P* F @
Q7P(—p)) @ O(—p) which converges to :

pra _ F  for p+q=0
® 1 0 otherwise

We apply this to the sheaf F(—1) and use the vanishing conditions. Then this leads to a monad,
with cohomology F(—1), given by

0,1 d71,1
1 E1—1,1 1 El—z,l 0

0 EY!

Twisting the complex by O(—1) one has the monad:

0,1

0—= H'(P2, F(~1)) ® O(—1) —2 = H'(P2, F © Q1) A H' (P2, F(~2)) ©® O(1) —=0

with cohomology the sheaf F.
O

Proposition 2.2. The direct image . W1 of the sheaf W1 is given by the cohomology of a monad
on P? with trivial middle term

Proof. 1t suffices to verify the vanishing given in theorem

HO(P?, Wi (—1)) = 0:

We know that W is trivial on every exceptional divisor. It follows that this is also true for the
dual sheaf W}, hence the dual is isomorphic to the pull back of its direct image on P?, moreover
we have 7, (W) = (m,W7)*. We need only to prove that Wi (—1) has no global sections.

20ne can see that Q1 is torsion free by tensoring the last row of the display by k; = O/m,. This shows that
Tor?(Q1,kz) =0 for i = 1,2 since £ and B; are torsion free.



We start by dualizing the first row of the display, which gives the exact sequence:
0— B —mW"— X —0
After twisting by O(—1,0) we obtain the following sequence in cohomology

0 — @iy Bf ® H'(P,0(-2, - E;)), — H (B, W*(~1,0)) — H°(P, X{(~1,0))

0

Now we want to prove that H°(P, X} (—1,0)) = 0; The dual sequence of the left column of the
display is
0— & — X7 — A} — Ext' (£%,0) — Ext' (X],0) — 0

where Ext'(€,0) = A and £xt'(X;,0) = Ax and both of them are supported on finite sets of
points. We split the above sequence into :

0— & — X —F—0

0—F— A7 —G—0
0—G—A—Ax —0

From the third we can see that G is supported on points and from the second that F* = A;. now
we take the sequences in cohomology induced by the above exact sequences; from the first one has

0 — H°(P,£*(—1,0)) — H°(P, X*(—1,0)) — H°(P, F(—1,0))
0

and from the second one has

but HO(]f”LA*{(—l,O)) = @ Ar @ H(P,0(0, —E;)) which is zero since H°(P,O(0, —E;)) = 0.
Thus H°(P, F(—1,0)) = 0 which implies that W7 (—1) has no global sections.

HO(P2, 7w, Wi(—1)) = 0:
The same argument as above can be used. Hence the torsion free sheaf W7 is described as
the cohomology of a monad with trivial middle term.

O
The monad which has cohomology the sheaf 7, W; is given by
My: 00— Ko(-1) — W — Lo(1) — 0

where Ko = H'(P, Wl(—2,T)), Lo = H'(P,W;(—1,0)) and W is a trivial bundle, as we shall
prove later. To see that the spaces Ky and Lg yield the Chern character ch(W7;) we shall compute
their dimensions:

Proposition 2.3.
~ RN ~
HO(P, Wy (-2, 1)) = H°(P,W(—1,0)) = 0

and
H2(P,Wy(—2, 1)) = HX(P,W1(—1,0)) = 0

Proof. The proof is given by using the display @) twisted by O(—1,0) and taking the induced
long exact sequences in cohomology. O
@ |°~

_ —12, =
Corollary 2.2. The spaces Ko and Lo have, respectively, dimension k + Ta and k + WTM



Proof. By using the Riemann-Roch formula we compute the Euler characters of W1 (-2, T) and
W1(—1,0). This gives

(7) XWi(=2, 1) = —(k + and  y(Wi(~1,0) = —(k + "

3 )
The corollary follows from the vanishing of the groups in the proposition above. O
Lemma 2.2. The middle term W of the monad M)} is trivial.

Proof. We use the following result:

Lemma 2.3. On a smooth reqular surface rational to a blow-up of P? in distinct points, a sheaf
F s trivial if and only if c1(F) =0, co(F) = 0 and F;__ is trivial

The proof of the above lemma is similar to the one given in lemma 3.2.2 [7]. We use the
display of M}, and compute the Chern character ch(W). The triviality on the line at infinity can
be checked by restricting the above display to this line, from which one has H%(l, Wi (-1)) =
H'(loo, Wi (—1)) = 0. O

Now we want to construct the intermediate monad with trivial middle term and with coho-
mology the original sheaf £. First we have to pull-back the monad M} to a monad M, on P:

My: 0— Ko(—1,0) — W — Lo(1,0) — 0

Then we should lift the morphism A; — Wj to a morphism A; — X{) where X/, = ker(W —
Lo(1,0)) i.e.
Xo
"
7
/s
A — W,
so we want a surjective morphism Hom(A;, X)) — Hom(A;, W7). The obstruction to get this
lies in the group Ext'(A1, Ko(—1,0)) which is zero since Ext' (A, Ko(—1,0)) = &7 A7 @ Ko ®
HY(P,0(0,—E;)) = 0. This means that all the extensions
0 — Ko(-1,00) — A— A — 0
split, hence A = Ko(—1,0) ® A;. Furthermore we have a monomorphism A — W.

Dually we want to lift the morphism W7 — Bj to a morphism Q) — B, where Q) =
coker(Ko(—1,0) — W) i.e.

Wy —= By

J 7
Ve
/
Qo
We also want a surjective morphism Hom(Qg,B1) — Hom(W1,B1), and in this case the

obstruction is in the group Euxt!(Lo(1,0),51) which also vanishes since Ext!'(Lo(1,0),B1) =
@7 B; ® Ly ® HY(P,O(0, —E;)) = 0. This is means that all the extensions

0— By — B— Lp(1,0) — 0
split, hence B = Lo(1,0) & B;. Furthermore we have an epimorphism W — B. Now we have

M : 0—>K0(—1,0)@.A1—>W—>L0(1,0)@Bl—>0



which is a monad with the following display

(8) 0 0
b |
Ko(-1,00® Ay =— Ko(—-1,0) & A
| |
0 X W Lo(1,0)® By —=0
} I ||
0 F Q LQ(l,O)EBBl —(
| |
0 0

from which we compute the Chern characters, and get

ch(F) = ch(Q) — ch(Lo(1,0)) — ch(B1) = ch(X) — ch(Ko(—1,0)) — ch(A;1)

l k
=rk(W)—-D — D —ky—1p— [(D’ — D — ko +1o)loo — 7 (d; + d;)Ei] _ ww
and since we have the relations:
rk(W)=r+ D+ D'+ ko + lo, ko + lo = 2k + | @'|?
(9) Yii(di —dy) = -EiLia; = —a ko—lp=a=—(D—-D")
then s
Ch(]:) =7r+ E?ZlaiEi — (]f —+ | a | )w = ch(g)

One can use also the three displays of M7, My and M to prove that F = £. Thus we have the
following :

Theorem 2.3. Let £ be a torsion free sheaf with Chern character ch(€) = r + X7 ja:E; — (K +
— 2 ~
%)w on a multi blow up of P? in distinct points. Denoting by 7 : P — P2 the blow-down map,
the direct image m.E of £ is semi-stable. Then £ is given by the cohomology of a monad:

M: 0— Koy(-1,000 A — W — Lo(1,0)® B, — 0

where

A; = EBxt'(£,0,5,(-1))*,  Bj;:=Ext’(£,0/5,(-1))"
Avi= 0L Ai(-1L B, Bii= el Bi(1,—E))

Ko:=H'(P,&(~2,1)),  Lo:=HP,&(—1,0)).

Remark 2.1. I/ Using the display of the monad My we can write

Ko:= H'(B,&(-2, 1) @ H' (B, A1 (-2, 1)) ® H' (B, B, (-2, 1))

Lo :=H'(P,£(—1,0)) & H' (P, A1 (—1,0)) & H' (P, B1(—1,0)).

From the Riemann-Roch formula one has H* (P, A, (-2, T)) =  AQH (P,0(-3, T—i—EZ)) =0
since X((’)(—Z’),T + E;)) =0 and also

—

H'B,Bi(-2, 1)) =&/ B; @ H'(B,0(-1, T — E;)) =0



The vanishing holds also for H' (P, A1(—1,0)) and H (P, B1(—1,0)). Hence we have the forms of
Ky and Ly given in the theorem above.

I1/ Since the monad in the theorem above has a trivial middle term, the kernel of the second
map s locally free. This can be seen from the display by dualizing the sequence 0 — X —
W — Lo(1,0) ® By — 0. As a consequence the first map will vanish exactly on the singularity
set of € since this sheaf is the quotient (Ko(—1,0) & A1)/ X of two locally free sheaves.

In order to study the moduli space we are interested in, we need to know if families of such
monads behave well in describing families of torsion free sheaves; We start by reminding the
following*:

Proposition 2.4. Let be M : A — W — B and A’ — W' — B’ two monads on a surface
X with cohomologies £ and &' respectively. The morphism H : Hom(M,M') — Hom(E,E’) is
epimorphic if

Ext'(B,W') = Ext' W, A') = Ext*(B,A') =0

Furthermore the kernel is identified with Ext*(B, A’) if Hom(B,W') = Hom(W, A") = 0.

In our case it is easy to check that

Ext!(BW')=0  Eat'!(W,A)=0  Exzt*(B,A)=0
Hom(B,W')=0  Hom(W,A') = Ext'(B, A) = 0.

using Riemann-Roch theorem. Hence H : Hom(M, M') — Hom(&,£’) is an isomorphism.

The monad we constructed describes well families of torsion free sheaves and one can talk
about a moduli space of such objects but before we have to fix the problem of the control on the
dimensions of A; and B;; their difference is constant dimA; — dimB; = a;, but each dimension
can, a priori, jump. We do as in [1]; We apply the functor Hom(&, ) to the sequence ([2)) twisted
by O(—1, E;) :

0 — Bf — Ext'(£,0(~1,0)) — Ext'(£,0(~1,E;)) — Af — 0
then there exists a splitting through V;* = ker(Ezt! (€,0(—1, E;)) — A}) i.e.
0 — B; — Eat'(£,0(-1,0)) — V" —0
0 — V* — Ext'(£,0(~1,E;)) — Af — 0
dualizing the sequences and using the fact that

Ext'(€,0(~1,0))* = Ext' (O(~1,0),£(—3, 1)) = H'(£(=2, 1)) and

Ext'(E,0(~1,E;))* = Ext'(O(~1,E;),£(~3, 1)) = H'(£(~-2, T — E}))

which have dimensions, respectively, k + %E?:laj(aj +1) and k + %Z?Zlaj(aj +1) — a;, one has
the isomorphisms :

(10) AoV HY(E(-2,T - E)), BieV,=HY(E(-2,1)).
On the other hand consider the following extension
(11) 0—>O(—1,El) —>WQ —>O(1,—El) — 0

The Chern character of Wy is ch(Wy) = (1 — loo + E;)(1 + loo — E;) = 1 which implies that
c1(Woy) = 0 and c2(Wp) = 0. Applying lemma 2.3 we get:

4For the proof see [7] section 2 or [6] 4.1.3 which extends easily to the case of torsion free sheaves

10



Corollary 2.3. Wy is trivial

Proof. To show this it suffices to show that H*!(ls, Wy, (—1)) = 0. We restrict the extension
(@) twisted by O(—1,0) to the line l.,. We have the following sequence:

0— H(loo, Woi. (—1)) — H(lso, Opp.) — H'(lss, Op1. (=2)) — H' (loo, Wop1..) — 0

Oligs Oliss

Thus HO(ZOO,WO‘IOQ(—I)) = Hl(loo,WO‘lm) =0 O
What we have to do now is to twist again the extension () by V;;
(12) 0 —Vi(-1LE) —V,@Wo — Vi(1,-E;) — 0

and since adding such exact sequences, for every 4, to the monad in the theorem (22 will not
change the cohomology &, then using the isomorphisms ([0 one has the following

Proposition 2.5. Let £ be a torsion free sheaf satisfying the conditions of theorem ([2.2). There
exists a monad M, describing £ as its cohomology, which is of the following form:

M: 00— @?:OKi(—l,Ei) — W — @?:OLi(l, —Ei) —0

where we put Ey := 0 and

K;=H'P,E(-2, 1 — E)) .
~ — 1 # 0
L= Hl(Pvg(_Za 1 ))
and where ~ .
Ky := Hl(]}bvg(_2a 1 ))
Lo := Hl(IPvg(_laO))
Remark 2.2. I/ The reader must be aware of the use, in the proposition above, of the same

notation as in theorem[2.3, while the spaces and the monads are different.

II/ Since the dimensions of our spaces are as the following:

dimKo = k + W# dimLo = k + |“|22_ a
dimK; =k + |a|2 ta_ a;, dimL; =k + |a|22—|— a
then
dimKo + S dimK; = (n + 1)k + = i 1(|a|2 +a)—a
and
dimLo + £ dimLi = (n+ 1)k + "?“|a|2+ ”;1a= (n+Vk+ "L aP +a)-a

thus the left and right terms in the monad have the same rank dimLo+ X} dimL,. Hence rkW =
2(dimLo + XP_;dimL;) + 7.

I1I/ Using the display of the monad above one can see, straightforwardly, that the kernel K of
the second map, that we denote by 3(x), is a locally free sheaf. Then the fact that the cohomology
is a torsion-free sheaf will imply the vanishing of the first map, that we denote by a(x), on finitely
many points. These are the singularity set of the torsion free sheaf that we are describing. Vice
versa if the map o(x) vanishes on some finite set of points, then the cohomology of the monad
would be a torsion free sheaf with singularity set, exactly, the set of the points where a(x) vanishes.

11



3 The ADHM data

To describe the ADHM data associated to the constructed monad, we reduce the linear data
in this monad by throwing away some of the extra degrees of freedom, using its symmetries
(automorphisms). We now summarize Penrose notations introduced by Buchdahl in [I], then
review the steps of the reduction.

On P? we denote the homogeneous coordinates by (2", 21, 22). The line at infinity L, is given
by the equation z2 = 0. Let p; be one of the points in P? in which we perform a blow-up, and
assume p; ¢ Lo, for all i. So we can consider that all these points are in the chart [2°, 21, 1]
and denote their inhomogeneous coordinates in this chart by p¢ = (pi,1) Where A =0,1 and
a=0,1,2. Locally, near every blow up point, P can be described by {([2° 21, 2%, [w?, w}]) €
P2 ><]P’1/( —p92Hw} = (2! — pr2?)w?}. If we put now \w} = 2t — plz? and)\wo z p?z2

the equation
(2% = piwi = (2! = pi2?)w}

of the blow-up is satisfied. p*2? is a hyperplane in P which is in the linear system ||, while
24 is a divisor in the linear system |E;|. So that all together (24 — p#22) gives a divisor in the
linear system |Lo — E;|, and we can think of 2 — pf'2? = \;w{* as a section of O(l — E), i.e.,
w € HO(P,O(1, —E;)). The restriction of w# to the exceptional divisor E; gives the homogeneous

coordinates (wY,w}) of E;. Finally we denote

It follows that w{‘wi 4=0.

More generally if we have a pair of matrices as ma = (mg, m1) we use the same two index
notations as above, and we write mAm4 = momi — mymg. For the direct sum V @ V and the
morphism (mg,m1) : V. — V &V we use the notation m4 : V — V4. Given a morphism
V @V — V where (vg,v1) — m%vqg + m vy, this would be written as m4 : VA — V.

Now let us consider a monad M as in the Proposition 2.5

Ot(r) W B(z)

M : O Ki(—1, By) —— ©oLi(1, —E;)

with cohomology a framed torsion free sheaf £. Following [2] one can choose a basis for W such
that W = @7 L; 4, then the maps a(x) and §(z) take the form:

_ 5 -
00ZA T GpoAZ”  Ap1W1A  Ap2W24 - GopWnA
101 W14 ajiwia 0 e 0
A20A2W24 0 agaW24 - 0
(13) o=
CLnO)\nu}nA 0 0 te ApnWnA
i Cé?zB—i—czQ c{?wlg CQBUJQB cfwnB
AL b2t b2t bgh2? - b d2?
0 w40 e 0 0
2A ..
(14) B= 0 0 w 0 0
0 0 0 cw™ 0

a(z) is of maximal rank except at some finite set of points. a;; € Hom(K;, Lj), aoia € Hom(Ko, L;),
cB € Hom(K;,C"), c € Hom(Ko,C"), bi: € Hom(L;, Lo) and d € Hom(C", Ly).

12



The monad condition § o a = 0 will give the following equations:

(15) —apo + bjoaoo + iy bya + deg =0
(16) b()AoaOOA — Z?:lbfﬁvaiopm +dc=0
(17) (p + bik)aio + b + de = 0.

Using the lemma 2.3.4 in [7], the framing condition is equivalent to the non-singularity of the
matrix

apo apr ao2 " aon

aio ail 0 tee 0
(18) a = azo O azx -+ 0

ano 0 0 e Ann

To put the equations into a simpler form, we shall use the available symmetry to fix some
of the extra degrees of freedom. We use the transformation gy acting on the space W and
5A

thus acting on the monad by gw«, ﬁg;‘,l for some gy of the form gy = BcAa*1 gA , where
- B

A= cf cf --- ¢! ]. Thistransformation replaces all ¢;* by zero for i > 0 in the equations
(I3),(@6) and (I6).

Now let us define the following objects, which will provide useful notation to write the linear
data in a more compact way;

@00
o L. o @10 A . _ A 0 --- 0 bA o bA bA
Ape :— [ apo aol QAon },a.o = . , a4 = [ apo ], = [ 00 01
an0
and
0 0 O 0
0 pt 0 0
00 0 e p;;l
Using the notations above one can write (D) and (I7) as
(20) bAa 4 apep™ = alh(= a™)
while the second equation (I6]) takes the form
(21) boaooa — b padey +dc =0
From (20) we have b? = (a” — agep?)a'. By replacing in (22) one can write
(22) bonaooa — a’a " paae + agep?a ' paael + de = 0
Using the commutator [p”,a] in the ralation ([22)), the monad condition takes the form
(23) (¢Parqa)0 +de=0
where we defined the matrix ¢* as
—%40 pf%l pfaoz T pf%n
piaio pitan 0 - 0
(24) = piaz 0 piazy -+ 0
Ppaon 0 0 e phann

13
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If now we consider another monad M’ of the same form which satisfies the same condition above
with respect to the data (a’, ¢'4, ¢/, d’), where the associated matrix a’ is invertible, and such that
its cohomology &’ is isomorphic to &, the cohomology of M, then there exist transformations
g € Aut(®]_oL;) and h € Aut(®]_,K;) of the form:

goo go1 Yoz ' gon hoo 0O 0 e 0

0 gi1 0 cee 0 h10 h11 0 e 0
(25) g= 0 0 go --- O  h= hoo O hog - 0

0 0 0 - gum hno 0 0 oo

which relate the two configurations by the action (a’,¢'4,¢’,d’) = (g, h)(a, ¢, ¢, d) given by

(26) aoo — gooaoohoo + Xi=190i@i0hoo + gooaoihio + goiaiihio
(27) adhy — gooaghoo — St (goiaiohoo + gooaoihio + goiaiihio)ps:
(28) ai; — GiiQii N, ag; — gooaoihii + goiaiihio

(29) ajo — giiaiohoo + giaiihio, ¢ — choo, d — good.

The set of transformations that fix the configuration (a,¢?,c,d) are of the form g = 1 + am,
h = (1 +ma)~!, where the matrix m is of the form

00 0 - 0
0 mi1 0 0
(30) m=|00 myp - 0 € Hom(®?_yLi, &7 K;)
00 0 -

Fixing an isomorphism K; = L, one can choose the matrix a so that a;o =1 Vi > 0. To
preserve this form of a, the transformation A must be of the above form and such that h;; =
(900 + goz'au)_l. One checks that with a of the above form, every matrix g such that goo + go1a11
is non-singular and there exists a matrix D of the form D = diag(doo,d11, - ,dnn) such that
g = D(1 + am). The explicit form of these matrices is given, by they entries, as the following:

doo = goo
mi; = Q&Jlgoz‘
dii = 9i959" 900(g00 + Goiaii) " goi-

Finally, the moduli space of framed torsion-free sheaves £, on P, with Chern character ch(&) =

2
r+ X" 0, B — (k+ %), is identified with the space of configurations (a, ajy, ¢, d), such that the
elements ag; of the non-singular matrix a are all equal to 1 for ¢ > 1 and such that the condition
23)) is satisfied, modulo the action of the group of non-singular transformations of the form and

hoo 0O 0 - 0

hio 959 O o 0
(31) g:dia‘g(9007g117"' 7gnn)7 h = hQO 0 960 0

hwo 0 0 oo gol

Their action is explicitly given by
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ago — goo(aoo + Ej=yhiohgg Jhoo,  ago — goo(agy — Sy (hiohog pi ) hoo
Qi — Gii®iiGgy » @io — Gii(aio + aiihiohgy Yhoo, >0

¢ — choo, d — good.

The above free action of the group, obtained from the reduction of the monad, with isotropy
subgroup G¢ = {Id} for every configuration C = (a, a}, ¢, d), will give a nonsingular quotient as
we shall prove in the next section. One can check, from the data above, that the dimension of this
moduli space is dim/\/lﬂ;,k =2(k+ @) — |d@|. The space Mﬂg,k is represented as:

M, =P/G
where

@3) is satisfied, a is non-singular and such that the associated morphism
a(z) can have a non-maximal rank only on a finite set of points

P= {(a,ag‘o,c,d)/

and the group G is the one defined by (g, k) of the form given in (3IJ).

4 Smoothness of the moduli space /\/l];,€

We want to prove the smoothness of the moduli space ./\/lgk = P/G where P is the space of the

ADHM data p := (a,¢?,c,d) and G is the symmetry group acting on this data. First let £ and
&’ be two framed torsion-free sheaves with the same fixed Chern class, and let o : £ — &’ be a
morphism preserving the framing up to a homothety, i.e., the diagram

(32) £ —=E. =0

|l b

!’ Br
& —=E&, — O

commutes. A € Ol*loo and r is the rank of the sheaves £ and £’. Since ® and ®’ are isomorphisms,
one gets the following relation

(33) oy, = AP

and since supp|loo| is open dense in P, the morphism « is completely determined by its restriction
). - Define Hom®(£,£') to be the subgroup of Hom(&,£') which contains the morphisms pre-
serving the framing up to a homothety. ®~!® being a fixed element of End((’)lef;) and A € Oy,
the dimension of Hom® (€, £’) as a subspace of Hom(&,&') is 1.

Let us consider the universal monad on P x P which will be introduced in section 5;

M: B O0s(—1L,E)RK; ® Op —= O ®W ® Op ——= &7 (O03(1, —E;) K L; ® Op

with cohomology the family that we denote by §; which is P-flat and for every point p € P, the
fiber is given by §, = £(p), a framed torsion-free sheaf of . On P x P x P consider the following
projections:

pris
PxPxP__PxP
pr23
PHQi

PxP
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Consider the sheaf Hom(prisT, priz%) on P x P x P. Since the sheaves pri,§ and pri;§ are flat
on P x P, then is Hom(prisS, priss).
Let us use the following notation: We omit the pull-back symbols, and consider (§,¢) :=

5 N Ol@; where the morphism ¢ is given by the triangle

F— .

N

Br
o’

and define

3:—0‘>3:/

such that \L(P (o} lw }

A
O —= 0]

Hom((§,9), (3, ¢)) == { 3:65(91_) s

We know also that supp|lo| is open dense in P, and if we denote it by Us. Then for every open
set U € P has non trivial intersection with Us. In this way, for any sheaf G, the restriction on an
open set U can be also restricted to U N Us. Now define the pre-sheaf Hom((F, ¢), (§,v)) as

(34) U— Hom((S|U7¢\U)7(%’TU/‘/HU))v
i.e., to every open subset U we associate the diagram

Ot‘U

(35) Sjv ——=3|v

¢\U\L O lww

br A ®r
OUﬁlw OUﬂloo

one can easily show that this is a sheaf. The sheaf axioms for are inherited from the sheaf properties
of §, § and the commutation of the square diagrams.

We want to show that this sheaf defined by (34 is flat over P x P. Since the question is local
on P x P, one can consider an open affine W = SpecA C P x P and work with A-modules. Then
we can show that Hom((F, ¢), (§',1)) is A-flat. Let

(36) 0— M —M-—M"—0

be an exact sequence of A-modules, and let § be an A-flat family of framed torsion-free sheaves
on P. One has the short exact sequence

0 —=FOAM —FaM—Fa M — 0.
The restriction of § to any open U being also an A-flat module one has the sequence
0—Fu@aM —Fy®s M —FyesM' —0

The same situation is true for an other family §’, and if we consider any morphism oy : i —
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MU in Hom((3v, éyv), (SiUﬂ/)w)), we get the following diagram:

0 Fuv ®a M’ Siv ®a M Flu®aM' —>0
/ /
¢‘U®Alﬁ ‘ Plu®alnr Plu®alpyr
e = e
0 > O;‘?;zm ®a M’ O;‘?;zm ®a M > O;‘?;zm ®a M 0
A® Iy “U%IM/ AR I ajy®Ing A® Iy ajy @Iy
0 Flo ®a M’ v ®aM Fop®aM' —>0
= —
w‘U®A§/ "P)_/U®AIIVI "P\U®AI]\4//
e e
0 ———> OFf,, ®a M’ O8N, @AM —— > O @M 0

where by I3; we mean the identity morphism on M and the same is true for I/, ;. Equivalently
this means that the sequence

0——=Hom((Sju ®a M, ¢ju ®a Int), (8], ®a M, by ®a Ingr)) ——Hom((Sju @a M, éju @a Inm), (8, @a M,y @4 Iar))
——Hom((Fjy ®a M",$jy ®a Inr), (§jy ©a M,y @4 Ingr)) —0
is exact. But one has also

Hom((F v ®@a M, ¢u @4 In), Sy @a M, Yyu @4 In)) = Hom((F\v, ¢y0 ) Fvs o)) @a M

this can be seen by twisting the sequence ([B6). So we get the sequence

Hom((§|v, $jv), Sju» Yjv))®aM’ — Hom((Sjv, d|v), |y, Yjv))®@aM — Hom((F v, ¢jv), (8| ¥w))®aM” — 0
and we have only to prove that the first map, that we call Z, is injective. If we denote the first
map in [B6) by 0, then ZE: ¥,a; ® 4 m; — X, ® 4 0(m;). To do this we construct the diagram

0—JjwoaM —Fjv®s M —Fy@aM"—0

ai®AIM/l/ l/ai®AIM l/

00—y ®a M LsFy@0a M —=Fy 04 M —

By commutativity of the diagram one can see that if a; ® 4 Ipy = 0 then o a; @4 Ip =0 but 0 is
injective, hence a; ® 4 Iy = 0. Thus = is injective. After gluing sections of the involved sheaves,
one gets an exact sequence

OHHOTI’L((S, QS): (3/7 1/’)) ®a M/%Hom((g7 ¢)7 (%/7 7/1)) ®a M
—>H0m((g7 ¢)7 (%/7 1/’)) Xa M”%O
Hence the sheaf Hom((F, ¢), (§',v)) is flat over P x P.

Let us remark that since the group G acts freely on the non-singular space P, with trivial
stabilizer for any point p € P, then the quotient is smooth if the graph of the group action is
closed, i.e., the image I' := I'm~ of the morphism

y:GXxP—PxP

is closed (see [I8]). In our case the pair (p, o) is in the graph I if and only if dimHom® (€(p), (o)) =
1, in other words

(37) L = {(p,0) € P x P/h°(priy (p, ), Hom® (prisF(p), pr3s&(o))) > 0}

Since the sheaf Hom® (pri; 3, prisT) is flat on P x P, then from semicontinuity theorem it follows
that I is closed analytic space. Hence the quotient P/G is smooth.
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5 Moduli functor and universal monads

In the following we want to prove, using the monadic description, that the moduli space Mg & 18
fine. This will be done in a few steps by constructing families of such framed torsion free sheaves,
parametrized by some scheme S, and building a monad M on the product Px S with cohomology
the family we started with. But before starting our program let us give some definitions and set
some notations for our moduli functor problem.

Let ME, : Gch — Get be the contravariant functor from the category of noetherian reduced
scheme of finite type to the category of sets, which is defined as follows; to every such scheme S
we associate

: F is a coherent sheaf on S x P flat on S and such that
mE (S) = [F F @ k(s) =2 £ is a framed torsion-free sheaf on P with
a,k
ch(&)=r+ X a;E; — (k — %)w

where [F] stands for the class of the sheaf F.

Definition 5.1. A scheme Mgk is called a coarse moduli space if the following conditions are
satisfied:

e There is a natural transformation

P : mg,k(.) - Hom(.ng,k)
which is a bijection for every reduced point s.
o For every scheme R and every natural transformation

v S)ﬁgk(O) — Hom(e,R)

there is a unique morphism of schemes f : ./\/lg,C — R such that the diagram

(38) ML, (¢) —= Hom(e, ME )
\ lf*
Hom(e, R)
commutes.

Definition 5.2. A scheme Mgk is called a fine moduli space for the functor 93?3,@(0) if the natural
transformation ® above is an isomorphism.

Given a noetherian reduced scheme of finite type S, let F be a coherent sheaf on P x S which
is flat on S and for every point s € S, Fs = F ® ks is a framed torsion-free sheaf £ on P with
Chern character ch(€) =r + X0 a; E; — (k — @)w We want to construct a monad M on P x S
which is associated to the sheaf F , i.e., the cohomology Coh(M) = F. We have

(39) F

|

PxS
7N
P S

For every two sheaves, F on P and G on S, we use the following notation F X G := p*F ® ¢*G.
We consider also for a morphism f : X — Y of noetherian reduced schemes of finite type, and
define the i-th right derived functors of the functor Hom¢(G, e) := f.oHom(G, e), for more details
see for example [I5]. Before proceeding we want to introduce the following useful result, which is
a kind of "relative local-to-global" spectral sequence:
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Proposition 5.1. Let f : X — Y be a morphism of noetherian reduced schemes of finite type
such that there is a covering Y of Y for which f=*())) is a covering of X. For a fived coherent
sheaf G flat on Y we consider the functor Hom(G,e). Then for any sheaf J on X flat on Y,
there erists a spectral sequence EP'? of Ep-term Ey? = HP(Y,Ext%(G,TJ)) which converges to

Erta = Exth(E, T)

Proof. Let J — I*® be an injective resolution of the sheaf 7, and consider a Cartan-Eilenberg
resolution given by the Cech complex associated to the complex of sheaves Hom¢(G,I°) for a
suitable open cover Y of Y. This defines a double complex C*(), Hom¢(G, I*)) with differentials

01 = d the differential associated to the injective resolution of J
02 = § the differential associated to the Cech complex.

There are two spectral sequences associated with this double complex [16], with Es-terms:
"By = Hg[H (C* (Y, Hom(G,1*)))]

"By = HJ[Hi(C*(Y, Homy (G, I°)))]
Lemma 5.1. For an injective object I, the sheaf Hom(G,I) is flasque.
The proof is given in ([I7], II. 7). The F;-term of the first spectral sequence is given by:

'EYT = Hi(C*(Y, Homy(G,17)))
= HJ(C*(Y, .« o Hom(G, I7)))
= H3,(C*(f~1(Y), Hom(G,17)))
Hom(G,I?) q=0
0 q#0

since the sheaf Hom(G, I?) is flasque for every term I? of the injective resolution. We also used
the condition on the open covering given in the statement. This spectral sequence degenerates at
the second step and converges to ' EPt4 = Extht(G, 7).

The second spectral sequence has Es-term:

Then 'EPY = {

"By = H(C*(Y, Hi(Hom (G, I%))))
_ (O (. E012(G. 7))
Then "EPY = HP(Y, Ext$(G,T)).

O

This proposition will be used in the next step to prove the existence of a display of a monad
on P x S associated to every family of framed torsion-free sheaves on P. Consider the following
extensions:

(40) 0—U—K—F—0
(41) 0 —F —Q—V—0

where U = @7_,O(—1, E;) X U;, with

Uy = R1G(F ®@ p*O(-2,1))
U = R'G.(F @ p*O(-2,1 - E)))

and V = &"_,0(1, —E;) B V; with

{h=miirero-y)
Vi = RUG(F 0 5°0(-2.1))
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The sheaves U and V are locally free on P x S; To see this let us consider, for the moment, the
sheaves Uy and U;. By Grauert’s theorem ([9], III. 12. 9), for every point s € S, there are maps :

G (F @ pr0(=2,1))) @ k(s) — H(P,E(-2,1)) =0

G (FRp*O(=2,1-E))) @ k(s) — H(P,E(—2,1—E;)) =0
R2G.(F @ prO(=2,1))) @ k(s) — H*(P,E(-2,1)) =0
R2G(F@p*O(=2,1— E;))) @ k(s) — H*(P,E(-2,1— E;)) =0
(42)

Since all of these maps go to zero, the sheaves in the left-hand side have rank zero at all s € S,
thus they vanish identically. By the Riemann-Roch theorem, the dimensions of H(P,&£(—2, f))
and H'(P,&£(~2,1 — E;)) are constant, hence Uy and U; are locally free. In the same way one can
easily see that Vy and V; are locally free.

The two extensions, @Q) and @I), fit into the display of a monad on P x S if and only if”
Ezt?(V,U) = 0. To show this vanishing property we use the "relative local to global" spectral
sequence that we constructed above; we have

EP? = HP(S, Ext(V,U)) = Ext? (V,U)
The spectral sequence terms which contributes to Ext?(V,U) are
HO(S,ExtZ(V,U)), H'(S,Exty(V,U)) and H?*(S, Homg(V,U))
so we have to prove that all these terms are zero.

H2(S, Homgz(V,U)):

Again by the Grauert’s theorem there is a map

Oirj=0dx[Hom(§"Vi, §"U;@p" O(=2, B+ E)))|0k(s) — & jmgHom(q"Vi(s), ¢ U;(s)00(=2, Ei+ Ej))

since V; are sheaves on S, then the pull-back ¢*V;(s), of the stalk V;(s) at a point s, is just the
pull-back associated to the map P — s = speck, hence ¢*V;(s) is constant on P. This is also true
for the pull-backs ¢*U;(s) of U;(s). Thus

&7 o Hom(§"Vi(s), 0" U; (5)00(=2, Ei+Ej)) = &7 _o[d"V; ()" ®3"U; (s)2 H (P, O(=2, E; + Ej))

0

which implies the vanishing of Homg(V,U) identically. Hence H?(S, Homg(V,U)) = 0.

H'(S, Extp(V, U)):

Exty(V,U) = &7 ;_oEaxty(§"Vi, §U; © p*O(=2, Ei + Ej)) © k(s)
We have a map

@ =o€ty (T Vi, U P O(=2, Eit E))@k(s) — &7 j_gEat' (7Vi(s),§"U; (5)0O(~2, B+ Ej))

7

see [7] section 2
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but

and

( Ej)) =0

(-2,E
H2(P,O(— 2E+E))=0

H?*(P,O(-2,E;+ E;)) =0
Thus H(P, O(—2, E;+E;)) = 0, implying Sxté(V,Z/{)@k(s) = 0. Hence H'(S, Sxté(V,Z/{)) =

HO(S, ExtZ(V, U)):

By the relative Serre duality [I5] we have
Exti(V,U) = B} ,_o{@[Hom(§"U;, Vs @ p*O(—1,1 — E; — E;))|}* @ k(s)
There is a map
&7 jmo{0:[Hom (3" Uy, FViep O(= 1, 1-Ei— E;))|} ®k(s) — &} j_Hom(G*U;(s), §*Vi(s)©O(~1,1-Ei~E;))"
but

o Hom(§U;(s), G Vi(s)00(~1, 1= E;—E;))* = @, [q"U; (s)) '@ Vi(s) HO(P,O(— 1,1 - E; — E;))*

0

which implies that £xtZ(V,U) = 0 and hence H°(S, ExtZ(V,U)) = 0.
By this, the vanishing property Ext?(V,U) = 0 is proved, implying the existence of sequences

(43) 0—U—W-—Q—0
(44) 0 —K—W-—V—0

such that the diagram
(45)

|
!

}

o
|
|
|

}
|

Tt ==

!

commutes, and we have a monad
(46) M : EB?:OOI@,(—I, Ei) XUy — W — 69?:00[@(17 —El') X V;

associated to the family F on P. One can show that the restriction to the fibers of ¢ gives a monad
isomorphic to the one in Proposition 2.5 and, using the display, one can show that the second
term W of the monad M is trivial along the fibers of g.

Another useful monad we now introduce is the universal monad on P x P ;
(47)
M: O Op(—1, ) R K; ® Op —= O3 RW © Op — @I Op(1, —E;) K L; ® Op
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which has as cohomology a family that we denote by §, and where the vector spaces K; and L;
are given by Proposition 2.5.

Using the monads above we now proceed to prove that ./\/lg & is a coarse moduli. We start by
constructing the following natural transformation

D M (o) — Hom(o, M5 ,);
this goes as follows: for any classifying scheme S, £ € 9(S), and a family F of torsion-free sheaves

on P, with Chern character r + X a; E; — (k — ‘a?‘ Jw, classified by S, one has a monad given as

in (@0) which is canonically associated to F. If we consider an open covering {S;};cs, then on
every open affine S; the restriction Mg, is isomorphic to a monad of the form:

M(Oéj,ﬁj) : @:‘L:QOHB(—LEi)'X’Ki@OSj aJ—>OH3|EW®OS _’61>@n 00 ( )X’L ®OS
where

aj :S; — H, B S — F.
The spaces H, F are defined by

H =& Hom(V;, Hom(K;, W))
F =& Hom(V;, Hom(W, L;))

and V; is such that V;* = HO(P,O(1,—FE;)). Then from the monad condition, we have a map
fi = (a5, B85) : S; — P and by construction these morphisms satisfy

fi(s) ~a fi(s)

for s in the intersection S; NS}, where G is the group defined in page [4 The maps f; glue to
form a global morphism

fiS— Mz,
This defines the natural transformation by:

(48) o: k(o) —> Hom(e, ME )

f—B(O) = f

f depends only on the class £ = [F]. Taking a reduced point s € S, and using the resulting monad

on P it is easy to see that ® : zmg w(spec(k(s))) — Hom(spec(k(s)), Mg ,) is a bijection. Now
let R another parametrizing scheme such that there is a natural transformation

U mtﬂ;,k(.) — Hom(e, R).

If 7 is a universal family on P x P parametrized by P such that d(n)=n:P — Mgk, for
the natural transformation ¥ we have ¥(n) : P — R.

. ) " . B
Proposition 5.2. U(n) is constant along the fibers of the projection m: P — Mk

Proof. Let p = spec(k(p)) € P and let p1, po € Hom(p, P) such that w(p1) = m(p2); we consider
the pull-back

(49) pin <——1

.

. (Id
Pxp—=PxP
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Then ®(pin) = ®(n)(p1), and by definition we have ®(n)(p1) = m(p1). Also by assumption
m(p1) = w(p2) = ®(n)(p2) = P(p3n), and since the natural transformation ® is a bijection for
every reduced point, it follows that

pin = pan
On the other hand we have
W(n)(p1) = ¥(pin) = ¥(pzn) = ¥(n)(p2)-
Thus ¥(n) is constant along the fibers of 7 : P — Mﬂg,k O

The projection 7 : P — Mﬂg’k, locally, has sections, so one can construct local mappings

o Mﬂ;k — R, but since ¥(n) is constant along the fibers of 7, then the map ¢ can be lifted to
a global map ¢ such that the following diagram commutes:

(50)

Now for any parametrizing scheme S and a family € on P x S, one has U(¢) : § — R. Let
{S;}icr be an open cover of S. The diagram

commutes, and we have g, = g;(n). From the commutativity of the diagram, we also have

= U(g; (n))
=g;¥(n)

On the other hand ¥(n) = ¢ o ®(n), hence

U(&)s, = g (¢ o P(n))
=¢o2(g; (1))
=¢o®(¢s,)

U(€)s, = [po®(&)]s,

These maps glue together to form a global map
() =g o(¢)
on S. Since Mﬂg,k is reduced, the map ¢ is uniquely determined. By this we showed the following;:

Theorem 5.1. The scheme Mgk is a coarse moduli space.
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The final step is to show that MH; . is fine. To do this we shall descend the universal monadic
description on P to a well behaved monadic description on ./\/lg - This is due to the fact that the
space PxPisa G-space since there is a natural action

GxPxP—>PxP
This induces a G-action on the universal monad M, in ([@7), which descends to an action on its
cohomology §, but since the action is free and the isotropy subgroup is trivial at all points, we
have a well defined family §/G — P x P/G. We put i := §F/G which is a canonical family
— ﬁb X Mg,k
parametrized by Mg o

Proposition 5.3. For any noetherian reduced scheme S of finite type, the mapping

Hom(S, ./\/lﬂ;k)

mE L (S)

¢

¢ [U] = [(Idp x ¢)"Y]
is bijective.
Proof. Injectivity:
Let ¢1,¢2: S — /\/lg,C such that
(Ids x ¢1)"U = (Ids x ¢2)" U

then for every point s € S, one has (¢1(s)) = U(¢=2(s)). Since the bundle $(¢;(s)) is the one
given by the ADHM data associated to the point ¢;(s) € ML, | then ¢1(s) = ¢2(s) for every point
s €S, thus ¢1 = ¢s. ’

Surjectivity:

For a family F parametrized by S one can associate the morphism ¢ = ®(F) given by the
natural transformation (@8], then by construction it is the pull-back of a family 4 parametrized

by ME,. O
This finishes the proof of the following

Theorem 5.2. The scheme Mgk is a fine moduli space.
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