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Monads for torsion-free sheaves on multi-blow-ups of theproje
tive planeAmar Abdelmoubine Henni 1Abstra
tWe 
onstru
t monads for framed torsion-free sheaves with �xed Chern 
hara
ter on themulti-blow-ups of the 
omplex proje
tive plane. Using these monads we prove that the modulispa
e of su
h sheaves is a smooth algebrai
 variety. Moreover we 
onstru
t monads for familiesof su
h sheaves parametrized by a redu
ed noetherian s
heme S of �nite type. A universalmonad on the moduli spa
e is introdu
ed and used to prove that the moduli spa
e is �ne.
1 Introdu
tionIn this paper we are 
on
erned with the 
onstru
tion of the moduli spa
e MP̃

~a,k of framed torsion-free sheaves of a �xed Chern 
hara
ter on a multi-blow-up of the 
omplex proje
tive plane; π :
P̃ −→ P2, by using monadi
 des
riptions whi
h lead to an ADHM data. The ADHM data will beuseful, at a �rst step, to give a presentation of the moduli spa
e as a quotient MP̃

~a,k = P/G where
P is a spa
e of some matri
es satisfying 
ertain 
onditions and whi
h will be des
ribed below. Ata se
ond step the monadi
 des
ription is used to prove that the spa
e MP̃

~a,k is a smooth algebrai
variety of dimension 2r(k + |~a|2

2 ) − |~a|2. This is done by generalizing Bu
hdahl 
onstru
tion forholomorphi
 bundles [1℄, in order to extend it to torsion-free sheaves. An additional result is the
onstru
tion of a monad 
orresponding to a family F on a produ
t P̃×S, where S is a Noetherianredu
ed s
heme of �nite type on whi
h F is �at. In parti
ular, there is a universal monad on
P̃ ×MP̃

~a,k. Using these monads we 
onstru
t a natural transformation
Φ : MP̃

~a,k(•) −→ Hom(•,MP̃

~a,k)whi
h is a bije
tion for every redu
ed point s. Then using the ADHM presentation of the modulispa
e MP̃

~a,k and the properties of the universal monads 
onstru
ted, we prove that the s
heme
MP̃

~a,k is a �ne moduli spa
e.Another way of treating the moduli spa
e is to show that one 
an 
hoose, on P̃, a polarizationin a su
h a way that a framed sheaf (E ,Φ) is stable framed sheaf in the sense of Huybre
hts andLehn, and using their result that the moduli spa
e of su
h obje
ts is a quasi-proje
tive s
heme[4, 14℄. The equivalen
e between the two approa
hes is established by the fa
t that in both 
asesthe moduli spa
e is �ne as we prove for the moduli spa
e MP̃

~a,k in this work. This generalizesthe result by Nakajima [4℄ and Okonek [6℄ et al in the 
ases of Hilbert s
hemes of points on theproje
tive plane, and rank-2 stable bundles on the proje
tive plane, respe
tively. This 
omparisonalso implies that MP̃

~a,k is quasi-proje
tive.1henni�sissa.it 1
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onstru
tion of the monadLet π : P̃ −→ P
2 be the blow-up of the proje
tive plane at n distin
t points. P̃ is regular(H1(P̃,O) = 0) and its Pi
ard group is generated by n+1 elements, namely: Pic(P̃) = ⊕ni=1EiZ⊕

l∞Z, where every Ei is an ex
eptional divisor with the following interse
tion numbers: E2
i = −1,

(Ei ·Ej) = 0 for i 6= j, (Ei · l∞) = 0 and where l∞ is the divisor whi
h is given by the generi
 linein P2 and l2∞ = 1. The 
anoni
al divisor of the surfa
e P̃ is given by K
P̃

= −3l∞ + Σni=1Ei. ThePoin
aré duals of these divisors are given by (L∞, e1, · · · en) where< L∞, l∞ >= 1, < ei, Ej >= δijand also ei · ej = −δij . In terms of line bundles, a divisor of the form D = pl∞ + Σni=1qiEihas the asso
iated line bundle O(D) = O(p,−→q ) = O(pl∞) ⊗ O(q1E1) ⊗ · · · ⊗ O(qnEn) where
−→q = (q1, · · · , qn). Then the 
anoni
al divisor is given by ω

P̃
= O(−3,

−→
1 ), −→1 = (1, · · · , 1). TheRiemann-Ro
h formula for a line bundle O(p,−→q ) is given by:

χ(O(p,−→q )) =
1

2
[(p+ 1)(p+ 2) − |−→q |2 + Σni=1qi].where |−→q |2 = Σni=1q

2
i . We also use the fa
t that a line bundle O(p,−→q ) restri
ts to O(p) on thelinear system |O(l∞)| and to O(−qi) when restri
ted to the linear system |O(Ei)|.For a torsion-free sheaf E of Chern 
hara
ter ch(E) = r + (al∞ + Σni=1aiEi) − (k − a2−|−→a |2

2 )ω,twisted by a line bundle O(p,−→q ) the Riemann-Ro
h formula is given by:
χ(E(p,−→q )) = −[k−

a

2
(a+3)+

1

2
Σni=1ai(ai−1)]+

r

2
[(p+1)(p+2)−Σni=1qi(qi−1)]+[ap−Σni=1aiqi].Now we restri
t ourselves to the 
ase of torsion-free sheaves E with Chern 
hara
ter ch(E) =

r+(Σni=1aiEi)−(k+ |−→a |2

2 )ω whi
h are framed on the generi
 line l∞ i.e we have a �xed trivialization
Φ : E|l∞ −→ O⊕r

∞ . The dire
t image π∗E of E is semi-stable and torsion-free. Note that a torsionfree on P2 is semi-stable if and only if H0(P2, E(−1)) = H0(P2, E∗(−1)) = 0, and this is guarantied,in our 
ase, sin
e π∗E is framed ([6℄, page 167).From the natural inje
tion of the sheaf E in its double dual E∗∗, we have the following exa
tsequen
e:(1) 0 −→ E −→ E∗∗ −→ ∆ −→ 0where E∗∗ has Chern 
hara
ter ch(E∗∗) = r + (Σni=1aiEi) − (k − l+ |−→a |2

2 )ω, and l is the length ofquotient sheaf ∆ supported on �nitely many points with supp∆ ∩ l∞ = ∅.Proposition 2.1. H0(P̃, E∗∗(p,−→q )) = H0(P̃, E∗(p,−→q )) = 0 ∀−→q if p < 0 and
H2(P̃, E∗∗(p,−→q )) = H0(P̃, E∗(p,−→q )) = 0 ∀−→q if p = −1,−2.Proof. From the following exa
t sequen
e:

0 −→ E∗∗(−(p+ 1),−→q ) −→ E∗∗(−p,−→q ) −→ E∗∗
|l∞

(−p) −→ 0we take the resulting long exa
t sequen
e in 
ohomology. One 
an see that sin
e E∗∗ is framedthen H0(l∞, E∗∗
|l∞

(−p)) = H0(l∞,O⊕r(−p)) whi
h vanishes if p > 0. By Serre duality also
H1(l∞, E∗∗

|l∞
(−p)) = H0(l∞,O⊕r(p − 2)) = 0 for p < 2 in parti
ular for p = 0, 1. Then onehas H0(P̃, E∗∗(−(p + 1),−→q )) ∼= H0(P̃, E∗∗(−p,−→q )) for p < 0 and H2(P̃, E∗∗(−(p + 1),−→q )) ∼=2



H2(P̃, E∗∗(−p,−→q )) for p < 2 and in parti
ular for p = 0, 1. But for p large enoughH0(P̃, E∗∗(−p,−→q )) =

0, thus the latter vanishes if p > 0, ∀−→q . By Serre duality one has H2(P̃, E∗(p − 3,
−−−→
1 − q)) = 0 for

p = 1, 2.The proof is the same forH0(P̃, E∗(−p,−→q )), and by Serre duality alsoH2(P̃, E∗∗(p−3,
−−−→
1 − q)) =

0 for p = 1, 2.Corollary 2.1. H0(P̃, E(p,−→q )) = 0 ∀−→q if p < 0 and
H2(P̃, E(p,−→q )) = 0 ∀−→q if p = −1,−2. �We also use the following form of Serre-Grothendiek duality for 
oherent sheavesTheorem 2.1. On a smooth algebrai
 proje
tive variety X of dimension n over an algebrai
ally
losed �eld K, and for every two 
oherent sheaves F and J , the following formula holds:

Exti(F ,J ) = Extn−i(J ,F ⊗ ωX)∗where ωX is the 
anoni
al sheafLet us now start the program to 
onstru
t the monad whi
h des
ribes the torsion-free sheaf Eas its 
ohomology. First de�ne the spa
es Bi := Hom(E ,O|Ei(−1))∗ and let B1 = ⊕ni=1Bi(1,−Ei).Then the extensions of the form
0 −→ E −→ Q1 −→ B1 −→ 0are 
lassi�ed by the group Ext1(B1, E) = ⊕ni=1B

∗
i ⊗ Ext1(E ,O(−2,

−→
1 − Ei))

∗. Applying thefun
tor Hom(E , ·) to the sequen
e(2) 0 −→ O(0,−Ei) −→ O −→ O|Ei −→ 0after a twisting by O(−2,
−→
1 ) one obtains

Hom(E ,O(−2,
−→
1 ))

r∗ // Hom(E ,O|Ei(−1)) // Ext1(E ,O(−2,
−→
1 − Ei))but Hom(E ,O(−2,

−→
1 )) = H2(P̃,O(−1, 0))∗ whi
h vanishes by the 
orollary above. Then the map

B∗
i

� � r∗ // Ext1(E ,O(−2,
−→
1 − Ei))is inje
tive. This implies that the map

Ext1(E ,O(−2,
−→
1 − Ei))

∗ r // Biis surje
tive. Thus there exists an extension Q1 whi
h is mapped to the identity in End(Bi) underthe 
omposition of the proje
tion on the ith fa
tor and the map r above.Let us now de�ne Ai := Ext1(E ,O|Ei(−1))∗ and A1 := ⊕ni=1Ai(−1, Ei). The extensions of theform
0 −→ A1 −→ X1 −→ E −→ 0are 
lassi�ed by

Ext1(E ,A1) = ⊕ni=1Ai ⊗ Ext1(E ,O(−1, Ei))Applying this time the fun
tor Hom(E , ·) on (2) twisted by O(−1, Ei) one have the followingexa
t sequen
e:(3) 0 −→ Ext1(E ,O(−1, Ei)) −→ Ext1(E ,O|Ei(−1))
︸ ︷︷ ︸

A∗
i

−→ Ext2(E ,O(−1, 0))3



where Ext2(E ,O(−1, 0)) = H0(P̃, E(−2,
−→
1 ))∗ = 0 also by the 
orollary above. Thus there existsan extension in Ext1(E ,A1) whi
h maps to the identity in End(Ai).To 
onstru
t a display of a monad one may apply proposition 2.3.2 in [7℄. In our 
ase one has

Ext2(B1,A1) = ⊕ni,jAi ⊗B∗
j ⊗H2(P̃,O(−2, Ei +Ej)) = 0, thus there exists a sheaf W1 and exa
tsequen
es

0 −→ A1 −→W1 −→ Q1 −→ 0

0 −→ X1 −→W1 −→ B1 −→ 0whi
h �t into the following 
ommutative diagram:(4) 0

��

0

��
A1

��

A1

��
0 // X1

//

��

W1
//

��

B1
// 0

0 // E //

��

Q1
//

��

B1
// 0

0 0and thus one has a monad
M1 : 0 −→ A1 −→ W1 −→ B1 −→ 0with 
ohomology the torsion free sheaf E .For further 
omputations one needs to know the Chern 
hara
ters of the sheaves involvedin the display. By standard 
omputations one, �rst, has χ(E ,O|Ei(−1)) = ai. If we put di =

ext1(E ,O|Ei(−1)) = dimAi and d′i = hom(E ,O|Ei(−1)) = dimBi then di− d′i = −ai. We also put
D = Σni=1di = rkA1 and D′ = rkB1 = Σni=1d

′
i, then D −D′ = −Σni=1ai := −ā. It follows that:

ch(A1) = D − [Dl∞ − Σni=1diEi]

ch(B1) = D′ + [D′l∞ − Σni=1d
′
iEi]By the additivity of the Chern 
hara
ter on exa
t sequen
es one has the following:

ch(X1) = ch(A1) + ch(E) = (r +D) − [Dl∞ − Σni=1(di + ai)Ei] − (k +
|−→a |2

2
)ω

ch(Q1) = ch(B1) + ch(E) = (r +D′) + [D′l∞ − Σni=1(d
′
i − ai)Ei] − (k +

|−→a |2

2
)ω

ch(W1) = ch(A1) + ch(Q1) = ch(B1) + ch(X1) = (r +D +D′) + āl∞ − (k +
|−→a |2

2
)ωThe monad we got has the disadvantage to have a middle term whi
h is not trivial, this 
ompli
atesthe 
omputations for getting expli
it ADHM data. We want to 
onstru
t another monad, fromthe one obtained above, with trivial middle term. This will be done in few steps, and �rst we needthe following:Lemma 2.1. W1 is trivial on every ex
eptional divisor Ei of the blow-upProof. Twisting the monad by O(Ei) and restri
ting on the ex
eptional divisor Ei one has

4



(5) 0

��

0

��
Ai(−2)

��

Ai(−2)

��
0 // X1|Ei(−1) //

��

W1|Ei(−1) //

��

Bi // 0

0 // E|Ei(−1) //

��

Q1|Ei(−1) //

��

Bi // 0

0 0The long exa
t sequen
e in 
ohomology of the right 
olumn in the display above gives:
0 −→ H0(Ei, Ai(−2))

︸ ︷︷ ︸

0

−→ H0(Ei,W1|Ei(−1)) −→ H0(Ei, Q1|Ei(−1))(6)
−→ H1(Ei, Ai(−2))

︸ ︷︷ ︸

Ai

−→ H1(Ei,W1|Ei(−1)) −→ H1(Ei, Q1|Ei(−1)) −→ 0but from the last row of the display above one has
0 // Ai // H0(Ei, Q1|Ei(−1)) // Bi

∼ // Bi // H1(Ei, Q1|Ei(−1)) // 0whi
h means that
H0(Ei, Q1|Ei(−1)) = Ai, H1(Ei, Q1|Ei(−1)) = 0and

H0(Ei,W1|Ei(−1)) = 0, H1(Ei,W1|Ei(−1)) = 0 ∀i = 1, n.Thus the lemma follows.This means that W1 is the pull ba
k of some sheaf on P2, namely, it is the pull-ba
k of itsdire
t image: W1 = π∗(π∗W1). As a 
onsequen
e R1π∗W1 = 0.It will be useful to see, from the display, to whi
h kind of sheaves the extensions Q1 and X1
orrespond. For this let us dualize the last row of the display:
0 −→ B∗

1 −→ Q∗
1 −→ E∗ −→ Ext1(B1,O)where Ext1(B1,O) vanishes sin
e B1 is lo
ally free. Dualizing again the resulting short exa
tsequen
e one gets:

0 −→ E∗∗ −→ Q∗∗
1 −→ B1 −→ 0and sin
e we have the natural sequen
es (1) and

0 −→ T −→ Q1 −→ Q∗∗
1 −→ ∆′ −→ 0

5



we 
an 
onstru
t the following diagram:
0

��

0

��
0

��

T

��
0 // E //

��

Q1
//

��

B1
// 0

0 // E∗∗

��

// Q∗∗
1

//

��

B1
// 0

0 // kerδ // ∆
δ //

��

∆′ //

��

0

0 0By the snake lemma one has2 T = 0, kerδ = 0, ∆ = ∆′. Then Q1 is torsion free with
∆′ = Q∗∗

1 /Q1 = E∗∗/E = ∆. Using a similar argument, one 
an 
he
k that X1 and W1 aretorsion-free and ∆X = ∆W , where ∆X = X∗∗
1 /X1, ∆W = W ∗∗

1 /W1.Now we need to go through some intermediate steps to 
onstru
t the right monad, starting by
onstru
ting a monad on P2. For this we need the following:Theorem 2.2. A torsion-free sheaf F on P2 is given by the 
ohomology of a monad with trivialmiddle term if
H0(P2,F(−1)) = 0, and H0(P2,F∗(−1)) = 0Proof. The Beilinson theorem ([6℄, 3.1.3 and 3.1.4) extends also to the 
ase of a torsion-free sheaf,hen
e on P2 there exists a spe
tral sequen
e Ep,qr with se
ond �rst term: Ep,q1 = Hq(P2,F ⊗

Ω−p(−p)) ⊗O(−p) whi
h 
onverges to :
Ep,q∞ =

{
F for p+q=0
0 otherwiseWe apply this to the sheaf F(−1) and use the vanishing 
onditions. Then this leads to a monad,with 
ohomology F(−1), given by

0 // E0,1
1

d
0,1
1 // E−1,1

1

d
−1,1
1 // E−2,1

1
// 0Twisting the 
omplex by O(−1) one has the monad:

0 // H1(P2,F(−1)) ⊗O(−1)
d
0,1
1 // H1(P2,F ⊗ Ω1)

d
−1,1
1 // H1(P2,F(−2)) ⊗O(1) // 0with 
ohomology the sheaf F .Proposition 2.2. The dire
t image π∗W1 of the sheaf W1 is given by the 
ohomology of a monadon P

2 with trivial middle termProof. It su�
es to verify the vanishing given in theorem 2.2.
H0(P2, π∗W

∗
1 (−1)) = 0:We know that W1 is trivial on every ex
eptional divisor. It follows that this is also true for thedual sheaf W ∗

1 , hen
e the dual is isomorphi
 to the pull ba
k of its dire
t image on P2, moreoverwe have π∗(W ∗
1 ) ∼= (π∗W1)

∗. We need only to prove that W ∗
1 (−1) has no global se
tions.2One 
an see that Q1 is torsion free by tensoring the last row of the display by kx = O/mx. This shows that

Tor2(Q1, kx) = 0 for i = 1, 2 sin
e E and B1 are torsion free.6



We start by dualizing the �rst row of the display, whi
h gives the exa
t sequen
e:
0 −→ B∗

1 −→W ∗ −→ X∗
1 −→ 0After twisting by O(−1, 0) we obtain the following sequen
e in 
ohomology

0 −→ ⊕ni=1B
∗
i ⊗H0(P̃,O(−2,−Ei))

︸ ︷︷ ︸

0

,−→ H0(P̃,W ∗(−1, 0)) −→ H0(P̃, X∗
1 (−1, 0))Now we want to prove that H0(P̃, X∗

1 (−1, 0)) = 0; The dual sequen
e of the left 
olumn of thedisplay is
0 −→ E∗ −→ X∗

1 −→ A∗
1 −→ Ext1(E∗,O) −→ Ext1(X∗

1 ,O) −→ 0where Ext1(E ,O) = ∆ and Ext1(X1,O) = ∆X and both of them are supported on �nite sets ofpoints. We split the above sequen
e into :
0 −→ E∗ −→ X∗

1 −→ F −→ 0

0 −→ F −→ A∗
1 −→ G −→ 0

0 −→ G −→ ∆ −→ ∆X −→ 0From the third we 
an see that G is supported on points and from the se
ond that F∗ ∼= A1. nowwe take the sequen
es in 
ohomology indu
ed by the above exa
t sequen
es; from the �rst one has
0 −→ H0(P̃, E∗(−1, 0))

︸ ︷︷ ︸

0

−→ H0(P̃, X∗(−1, 0)) −→ H0(P̃,F(−1, 0))and from the se
ond one has
0 −→ H0(P̃,F(−1, 0)) −→ H0(P̃,A∗

1(−1, 0))but H0(P̃,A∗
1(−1, 0)) = ⊕ni=1A

∗
i ⊗ H0(P̃,O(0,−Ei)) whi
h is zero sin
e H0(P̃,O(0,−Ei)) = 0.Thus H0(P̃,F(−1, 0)) = 0 whi
h implies that W ∗

1 (−1) has no global se
tions.
H0(P2, π∗W1(−1)) = 0:The same argument as above 
an be used. Hen
e the torsion free sheaf π∗W ∗

1 is des
ribed asthe 
ohomology of a monad with trivial middle term.The monad whi
h has 
ohomology the sheaf π∗W1 is given by
M ′

0 : 0 −→ K0(−1) −→W −→ L0(1) −→ 0where K0 = H1(P̃,W1(−2,
−→
1 )), L0 = H1(P̃,W1(−1, 0)) and W is a trivial bundle, as we shallprove later. To see that the spa
es K0 and L0 yield the Chern 
hara
ter ch(W1) we shall 
omputetheir dimensions:Proposition 2.3.
H0(P̃,W1(−2,

−→
1 )) = H0(P̃,W1(−1, 0)) = 0and

H2(P̃,W1(−2,
−→
1 )) = H2(P̃,W1(−1, 0)) = 0Proof. The proof is given by using the display (4) twisted by O(−1, 0) and taking the indu
edlong exa
t sequen
es in 
ohomology.Corollary 2.2. The spa
es K0 and L0 have, respe
tively, dimension k + |−→a |2−ā

2 and k + |−→a |2+ā
2 .7



Proof. By using the Riemann-Ro
h formula we 
ompute the Euler 
hara
ters of W1(−2,
−→
1 ) and

W1(−1, 0). This gives(7) χ(W1(−2,
−→
1 ) = −(k +

|−→a |2 + ā

2
) and χ(W1(−1, 0)) = −(k +

|−→a |2 − ā

2
)The 
orollary follows from the vanishing of the groups in the proposition above.Lemma 2.2. The middle term W of the monad M ′

0 is trivial.Proof. We use the following result:Lemma 2.3. On a smooth regular surfa
e rational to a blow-up of P
2 in distin
t points, a sheaf

F is trivial if and only if c1(F) = 0, c2(F) = 0 and F|l∞ is trivialThe proof of the above lemma is similar to the one given in lemma 3.2.2 [7℄. We use thedisplay of M ′
0 and 
ompute the Chern 
hara
ter ch(W ). The triviality on the line at in�nity 
anbe 
he
ked by restri
ting the above display to this line, from whi
h one has H0(l∞,W|l∞(−1)) =

H1(l∞,W|l∞(−1)) = 0.Now we want to 
onstru
t the intermediate monad with trivial middle term and with 
oho-mology the original sheaf E . First we have to pull-ba
k the monad M ′
0 to a monad M0 on P̃:

M0 : 0 −→ K0(−1, 0) −→W −→ L0(1, 0) −→ 0Then we should lift the morphism A1 −→W1 to a morphism A1 −→ X ′
0 where X ′

0 = ker(W −→
L0(1, 0)) i.e.

X ′
0

��
A1

==|
|

|
� � // W1so we want a surje
tive morphism Hom(A1, X
′
0) −→ Hom(A1,W1). The obstru
tion to get thislies in the group Ext1(A1,K0(−1, 0)) whi
h is zero sin
e Ext1(A1,K0(−1, 0)) = ⊕ni=1A

∗
i ⊗K0 ⊗

H1(P̃,O(0,−Ei)) = 0. This means that all the extensions
0 −→ K0(−1, 0) −→ A −→ A1 −→ 0split, hen
e A = K0(−1, 0) ⊕A1. Furthermore we have a monomorphism A −→W .Dually we want to lift the morphism W1 −→ B1 to a morphism Q′

0 −→ B1, where Q′
0 =

coker(K0(−1, 0) −→W ) i.e.
W1� _

��

// // B1

Q′
0

>>|
|

|We also want a surje
tive morphism Hom(Q′
0,B1) −→ Hom(W1,B1), and in this 
ase theobstru
tion is in the group Ext1(L0(1, 0),B1) whi
h also vanishes sin
e Ext1(L0(1, 0),B1) =

⊕ni=1Bi ⊗ L∗
0 ⊗H1(P̃,O(0,−Ei)) = 0. This is means that all the extensions

0 −→ B1 −→ B −→ L0(1, 0) −→ 0split, hen
e B = L0(1, 0) ⊕ B1. Furthermore we have an epimorphism W −→ B. Now we have
M : 0 −→ K0(−1, 0)⊕A1 −→W −→ L0(1, 0) ⊕ B1 −→ 08



whi
h is a monad with the following display(8) 0

��

0

��
K0(−1, 0) ⊕A1

��

K0(−1, 0)⊕A1

��
0 // X //

��

W //

��

L0(1, 0) ⊕ B1
// 0

0 // F //

��

Q //

��

L0(1, 0) ⊕ B1
// 0

0 0from whi
h we 
ompute the Chern 
hara
ters, and get
ch(F) = ch(Q) − ch(L0(1, 0)) − ch(B1) = ch(X) − ch(K0(−1, 0)) − ch(A1)

= rk(W ) −D −D′ − k0 − l0 − [(D′ −D − k0 + l0)l∞ − Σni=1(di + d′i)Ei] −
(l0 + k0)

2
ωand sin
e we have the relations:

rk(W ) = r +D +D′ + k0 + l0, k0 + l0 = 2k + |−→a |2

Σni=1(di − d′i) = −Σni=1ai = −ā k0 − l0 = ā = −(D −D′)(9)then
ch(F) = r + Σni=1aiEi − (k +

|−→a |2

2
)ω = ch(E)One 
an use also the three displays of M1, M0 and M to prove that F ∼= E . Thus we have thefollowing :Theorem 2.3. Let E be a torsion free sheaf with Chern 
hara
ter ch(E) = r + Σni=1aiEi − (k +

|−→a |2

2 )ω on a multi blow up of P2 in distin
t points. Denoting by π : P̃ −→ P2 the blow-down map,the dire
t image π∗E of E is semi-stable. Then E is given by the 
ohomology of a monad:
M : 0 −→ K0(−1, 0)⊕A1 −→ W −→ L0(1, 0) ⊕ B1 −→ 0where
Ai := Ext1(E ,O|Ei(−1))∗, Bi := Ext0(E ,O|Ei(−1))∗

A1 := ⊕ni=1Ai(−1, Ei), B1 := ⊕ni=1Bi(1,−Ei)

K0 := H1(P̃, E(−2,
−→
1 )), L0 := H1(P̃, E(−1, 0)).Remark 2.1. I/ Using the display of the monad M1 we 
an write

K0 := H1(P̃, E(−2,
−→
1 )) ⊕H1(P̃,A1(−2,

−→
1 )) ⊕H1(P̃,B1(−2,

−→
1 ))

L0 := H1(P̃, E(−1, 0)) ⊕H1(P̃,A1(−1, 0)) ⊕H1(P̃,B1(−1, 0)).From the Riemann-Ro
h formula one has H1(P̃,A1(−2,
−→
1 )) = ⊕ni=1Ai⊗H

1(P̃,O(−3,
−→
1 +Ei)) = 0sin
e χ(O(−3,

−→
1 + Ei)) = 0 and also

H1(P̃,B1(−2,
−→
1 )) = ⊕ni=1Bi ⊗H1(P̃,O(−1,

−→
1 − Ei)) = 09



The vanishing holds also for H1(P̃,A1(−1, 0)) and H1(P̃,B1(−1, 0)). Hen
e we have the forms of
K0 and L0 given in the theorem above.II/ Sin
e the monad in the theorem above has a trivial middle term, the kernel of the se
ondmap is lo
ally free. This 
an be seen from the display by dualizing the sequen
e 0 −→ X −→
W −→ L0(1, 0) ⊕ B1 −→ 0. As a 
onsequen
e the �rst map will vanish exa
tly on the singularityset of E sin
e this sheaf is the quotient (K0(−1, 0) ⊕A1)/X of two lo
ally free sheaves.In order to study the moduli spa
e we are interested in, we need to know if families of su
hmonads behave well in des
ribing families of torsion free sheaves; We start by reminding thefollowing4:Proposition 2.4. Let be M : A −→ W −→ B and A′ −→ W ′ −→ B′ two monads on a surfa
e
X with 
ohomologies E and E ′ respe
tively. The morphism H : Hom(M,M ′) −→ Hom(E , E ′) isepimorphi
 if

Ext1(B,W ′) = Ext1(W ,A′) = Ext2(B,A′) = 0Furthermore the kernel is identi�ed with Ext1(B,A′) if Hom(B,W ′) = Hom(W ,A′) = 0.In our 
ase it is easy to 
he
k that
Ext1(B,W ′) = 0 Ext1(W,A′) = 0 Ext2(B,A′) = 0

Hom(B,W ′) = 0 Hom(W,A′) = Ext1(B,A′) = 0.using Riemann-Ro
h theorem. Hen
e H : Hom(M,M ′) −→ Hom(E , E ′) is an isomorphism.The monad we 
onstru
ted des
ribes well families of torsion free sheaves and one 
an talkabout a moduli spa
e of su
h obje
ts but before we have to �x the problem of the 
ontrol on thedimensions of Ai and Bi; their di�eren
e is 
onstant dimAi − dimBi = ai, but ea
h dimension
an, a priori, jump. We do as in [1℄; We apply the fun
tor Hom(E , ·) to the sequen
e (2) twistedby O(−1, Ei) :
0 −→ B∗

i −→ Ext1(E ,O(−1, 0)) −→ Ext1(E ,O(−1, Ei)) −→ A∗
i −→ 0then there exists a splitting through V ∗

i = ker(Ext1(E ,O(−1, Ei)) −→ A∗
i ) i.e.

0 −→ B∗
i −→ Ext1(E ,O(−1, 0)) −→ V ∗

i −→ 0

0 −→ V ∗
i −→ Ext1(E ,O(−1, Ei)) −→ A∗

i −→ 0dualizing the sequen
es and using the fa
t that
Ext1(E ,O(−1, 0))∗ = Ext1(O(−1, 0), E(−3,

−→
1 )) = H1(E(−2,

−→
1 )) and

Ext1(E ,O(−1, Ei))
∗ = Ext1(O(−1, Ei), E(−3,

−→
1 )) = H1(E(−2,

−→
1 − Ei))whi
h have dimensions, respe
tively, k + 1

2Σnj=1aj(aj + 1) and k + 1
2Σnj=1aj(aj + 1) − ai, one hasthe isomorphisms :(10) Ai ⊕ Vi ∼= H1(E(−2,

−→
1 − Ei)), Bi ⊕ Vi ∼= H1(E(−2,

−→
1 )).On the other hand 
onsider the following extension(11) 0 −→ O(−1, Ei) −→W0 −→ O(1,−Ei) −→ 0The Chern 
hara
ter of W0 is ch(W0) = (1 − l∞ + Ei)(1 + l∞ − Ei) = 1 whi
h implies that

c1(W0) = 0 and c2(W0) = 0. Applying lemma 2.3 we get:4For the proof see [7℄ se
tion 2 or [6℄ 4.1.3 whi
h extends easily to the 
ase of torsion free sheaves10



Corollary 2.3. W0 is trivialProof. To show this it su�
es to show that H0,1(l∞,W0|l∞(−1)) = 0. We restri
t the extension(11) twisted by O(−1, 0) to the line l∞. We have the following sequen
e:
0 −→ H0(l∞,W0|l∞(−1)) −→ H0(l∞,O|l∞)

︸ ︷︷ ︸

O|l∞

−→ H1(l∞,O|l∞(−2))
︸ ︷︷ ︸

O|l∞

−→ H1(l∞,W0|l∞) −→ 0Thus H0(l∞,W0|l∞(−1)) = H1(l∞,W0|l∞) = 0What we have to do now is to twist again the extension (11) by Vi;(12) 0 −→ Vi(−1, Ei) −→ Vi ⊗W0 −→ Vi(1,−Ei) −→ 0and sin
e adding su
h exa
t sequen
es, for every i, to the monad in the theorem (2.2) will not
hange the 
ohomology E , then using the isomorphisms (10) one has the followingProposition 2.5. Let E be a torsion free sheaf satisfying the 
onditions of theorem (2.2). Thereexists a monad M , des
ribing E as its 
ohomology, whi
h is of the following form:
M : 0 −→ ⊕ni=0Ki(−1, Ei) −→W −→ ⊕ni=0Li(1,−Ei) −→ 0where we put E0 := 0 and

{

Ki = H1(P̃, E(−2,
−→
1 − Ei))

Li = H1(P̃, E(−2,
−→
1 ))

i 6= 0and where {

K0 := H1(P̃, E(−2,
−→
1 ))

L0 := H1(P̃, E(−1, 0))Remark 2.2. I/ The reader must be aware of the use, in the proposition above, of the samenotation as in theorem 2.3, while the spa
es and the monads are di�erent.II/ Sin
e the dimensions of our spa
es are as the following:
dimK0 = k +

|a|2 + ā

2
, dimL0 = k +

|a|2 − ā

2

dimKi = k +
|a|2 + ā

2
− ai, dimLi = k +

|a|2 + ā

2then
dimK0 + Σni=1dimKi = (n+ 1)k +

n+ 1

2
(|a|2 + ā) − āand

dimL0 + Σni=1dimLi = (n+ 1)k +
n+ 1

2
|a|2 +

n− 1

2
ā = (n+ 1)k +

n+ 1

2
(|a|2 + ā) − āthus the left and right terms in the monad have the same rank dimL0 +Σni=1dimLi. Hen
e rkW =

2(dimL0 + Σni=1dimLi) + r.III/ Using the display of the monad above one 
an see, straightforwardly, that the kernel K ofthe se
ond map, that we denote by β(x), is a lo
ally free sheaf. Then the fa
t that the 
ohomologyis a torsion-free sheaf will imply the vanishing of the �rst map, that we denote by α(x), on �nitelymany points. These are the singularity set of the torsion free sheaf that we are des
ribing. Vi
eversa if the map α(x) vanishes on some �nite set of points, then the 
ohomology of the monadwould be a torsion free sheaf with singularity set, exa
tly, the set of the points where α(x) vanishes.11



3 The ADHM dataTo des
ribe the ADHM data asso
iated to the 
onstru
ted monad, we redu
e the linear datain this monad by throwing away some of the extra degrees of freedom, using its symmetries(automorphisms). We now summarize Penrose notations introdu
ed by Bu
hdahl in [1℄, thenreview the steps of the redu
tion.On P2 we denote the homogeneous 
oordinates by (z0, z1, z2). The line at in�nity L∞ is givenby the equation z2 = 0. Let pi be one of the points in P2 in whi
h we perform a blow-up, andassume pi /∈ L∞ for all i. So we 
an 
onsider that all these points are in the 
hart [z0, z1, 1]and denote their inhomogeneous 
oordinates in this 
hart by pai = (piA, 1) where A = 0, 1 and
a = 0, 1, 2. Lo
ally, near every blow-up point, P̃ 
an be des
ribed by {([z0, z1, z2], [w0

i , w
1
i ]) ∈

P2 × P1/(z0 − p0
i z

2)w1
i = (z1 − p1

i z
2)w0

i }. If we put now λiw
1
i = z1 − p1

i z
2 and λiw0

i = z0 − p0
i z

2the equation
(z0 − p0

i z
2)w1

i = (z1 − p1
i z

2)w0
iof the blow-up is satis�ed. pAi z2 is a hyperplane in P̃ whi
h is in the linear system |l∞|, while

zA is a divisor in the linear system |Ei|. So that all together (zA − pAi z
2) gives a divisor in thelinear system |L∞ − Ei|, and we 
an think of zA − pAi z

2 = λiw
A
i as a se
tion of O(l∞ − Ei), i.e.,

wAi ∈ H0(P̃,O(1,−Ei)). The restri
tion of wAi to the ex
eptional divisor Ei gives the homogeneous
oordinates (w0
i , w

1
i ) of Ei. Finally we denote

{
wi0 := −w1

i

wi1 := w0
iIt follows that wAi wiA = 0.More generally if we have a pair of matri
es as mA = (m0,m1) we use the same two indexnotations as above, and we write mAmA = m0m1 −m1m0. For the dire
t sum V ⊕ V and themorphism (m0,m1) : V −→ V ⊕ V we use the notation mA : V −→ VA. Given a morphism

V ⊕ V −→ V where (v0, v1) −→ m0v0 +m1v1, this would be written as mA : V A −→ V .Now let us 
onsider a monad M as in the Proposition 2.5
M : ⊕ni=0Ki(−1, Ei)

α(x) // W
β(x) // ⊕ni=0Li(1,−Ei)with 
ohomology a framed torsion free sheaf E . Following [2℄ one 
an 
hoose a basis for W su
hthat W = ⊕ni=0LiA, then the maps α(x) and β(x) take the form:(13) α =












a00zA + a00Az
2 a01w1A a02w2A · · · a0nwnA

a10λ1w1A a11w1A 0 · · · 0
a20λ2w2A 0 a22w2A · · · 0... ... ... . . . ...
an0λnwnA 0 0 · · · annwnA
CB0 zB + cz2 cB1 w1B cB2 w2B · · · cBnwnB












(14) β =










zA + bA00z
2 bA01z

1 bA02z
2 · · · bA0nz

n dz2

0 w1A 0 · · · 0 0
0 0 w2A · · · 0 0... ... ... . . . ... ...
0 0 0 · · · wnA 0










α(x) is of maximal rank ex
ept at some �nite set of points. aij ∈ Hom(Ki, Lj), a0iA ∈ Hom(K0, Li),
cBi ∈ Hom(Ki,C

r), c ∈ Hom(K0,C
r), bA0i ∈ Hom(Li, L0) and d ∈ Hom(Cr, L0).12



The monad 
ondition β ◦ α = 0 will give the following equations:
−aA00 + bA00a00 + Σni=1b

A
0iai0 + dcA0 = 0(15)

bA00a00A − Σni=1b
A
0iai0piA + dc = 0(16)

(pAi + bA00)ai0 + bA0i + dcAi = 0.(17)Using the lemma 2.3.4 in [7℄, the framing 
ondition is equivalent to the non-singularity of thematrix(18) a =










a00 a01 a02 · · · a0n

a10 a11 0 · · · 0
a20 0 a22 · · · 0... ... ... . . . ...
an0 0 0 · · · ann








To put the equations into a simpler form, we shall use the available symmetry to �x someof the extra degrees of freedom. We use the transformation gW a
ting on the spa
e W andthus a
ting on the monad by gWα, βg−1

W for some gW of the form gW =

[
δAB 0
−cAa−1 δAB

], where
cA :=

[
cA0 cA1 · · · cAn

]. This transformation repla
es all cAi by zero for i ≥ 0 in the equations(15),(16) and (16).Now let us de�ne the following obje
ts, whi
h will provide useful notation to write the lineardata in a more 
ompa
t way;
a0• :=

[
a00 a01 · · · a0n

], a•0 :=








a00

a10...
an0







, aA :=

[
aA00 0 · · · 0

], bA :=
[
bA00 bA01 · · · bA0n

],and(19) pA =










0 0 0 · · · 0
0 pA1 0 · · · 0
0 0 pA2 · · · 0... ... ... . . . ...
0 0 0 · · · pAn








Using the notations above one 
an write (15) and (17) as(20) bAa+ a0•p

A = aA00(= aA)while the se
ond equation (16) takes the form(21) bA00a00A − bApAa•0 + dc = 0From (20) we have bA = (aA − a0•p
A)a−1. By repla
ing in (22) one 
an write(22) bA00a00A − aAa−1pAa•0 + a0•p

Aa−1pAa•0 + dc = 0Using the 
ommutator [pA, a] in the ralation (22), the monad 
ondition takes the form(23) (qAa−1qA)00 + dc = 0where we de�ned the matrix qA as(24) qA =










−aA00 pA1 a01 pA2 a02 · · · pAna0n

pA1 a10 pA1 a11 0 · · · 0
pA2 a20 0 pA2 a22 · · · 0... ... ... . . . ...
pAna0n 0 0 · · · pAnann








13



If now we 
onsider another monadM ′ of the same form whi
h satis�es the same 
ondition abovewith respe
t to the data (a′, q′A, c′, d′), where the asso
iated matrix a′ is invertible, and su
h thatits 
ohomology E ′ is isomorphi
 to E , the 
ohomology of M , then there exist transformations
g ∈ Aut(⊕ni=0Li) and h ∈ Aut(⊕ni=0Ki) of the form:(25) g =










g00 g01 g02 · · · g0n
0 g11 0 · · · 0
0 0 g22 · · · 0... ... ... . . . ...
0 0 0 · · · gnn










, h =










h00 0 0 · · · 0
h10 h11 0 · · · 0
h20 0 h22 · · · 0... ... ... . . . ...
hn0 0 0 · · · hnn








whi
h relate the two 
on�gurations by the a
tion (a′, q′A, c′, d′) = (g, h)(a, qA, c, d) given by

a00 −→ g00a00h00 + Σni=1g0iai0h00 + g00a0ihi0 + g0iaiihi0(26)
aA00 −→ g00a

A
00h00 − Σni=1(g0iai0h00 + g00a0ihi0 + g0iaiihi0)p

A
i(27)

aii −→ giiaiihii, a0i −→ g00a0ihii + g0iaiihi0(28)
ai0 −→ giiai0h00 + giiaiihi0, c −→ ch00, d −→ g00d.(29)The set of transformations that �x the 
on�guration (a, qA, c, d) are of the form g = 1 + am,

h = (1 +ma)−1, where the matrix m is of the form(30) m =










0 0 0 · · · 0
0 m11 0 · · · 0
0 0 m22 · · · 0... ... ... . . . ...
0 0 0 · · · mnn










∈ Hom(⊕ni=0Li,⊕
n
i=0Ki)Fixing an isomorphism Ki

∼= L0, one 
an 
hoose the matrix a so that ai0 = 1 ∀i > 0. Topreserve this form of a, the transformation h must be of the above form and su
h that hii =
(g00 + g0iaii)

−1. One 
he
ks that with a of the above form, every matrix g su
h that g00 + g01a11is non-singular and there exists a matrix D of the form D = diag(d00, d11, · · · , dnn) su
h that
g = D(1 + am). The expli
it form of these matri
es is given, by they entries, as the following:







d00 = g00
mii = g−1

00 g0i
dii = giig

−1
i0 g00(g00 + g0iaii)

−1g0i.Finally, the moduli spa
e of framed torsion-free sheaves E , on P̃, with Chern 
hara
ter ch(E) =

r + Σni=1aiEi − (k + |~a|2

2 ), is identi�ed with the spa
e of 
on�gurations (a, aA00, c, d), su
h that theelements a0i of the non-singular matrix a are all equal to 1 for i > 1 and su
h that the 
ondition(23) is satis�ed, modulo the a
tion of the group of non-singular transformations of the form and(31) g = diag(g00, g11, · · · , gnn), h =










h00 0 0 · · · 0
h10 g−1

00 0 · · · 0
h20 0 g−1

00 · · · 0... ... ... . . . ...
hn0 0 0 · · · g−1

00










.Their a
tion is expli
itly given by 14



a00 −→ g00(a00 + Σni=1hi0h
−1
00 )h00, aA00 −→ g00(a

A
00 − Σni=1(hi0h

−1
00 p

A
i )h00

aii −→ giiaiig
−1
00 , ai0 −→ gii(ai0 + aiihi0h

−1
00 )h00, i > 0

c −→ ch00, d −→ g00d.The above free a
tion of the group, obtained from the redu
tion of the monad, with isotropysubgroup GC = {Id} for every 
on�guration C = (a, aA00, c, d), will give a nonsingular quotient aswe shall prove in the next se
tion. One 
an 
he
k, from the data above, that the dimension of thismoduli spa
e is dimMP̃

~a,k = 2(k + |~a|2

2 ) − |~a|. The spa
e MP̃

~a,k is represented as:
MP̃

~a,k = P/Gwhere
P =

{

(a, aA00, c, d)/ (23) is satis�ed, a is non-singular and su
h that the asso
iated morphism
α(x) 
an have a non-maximal rank only on a �nite set of points }and the group G is the one de�ned by (g, h) of the form given in (31).4 Smoothness of the moduli spa
e MP̃

~a,kWe want to prove the smoothness of the moduli spa
e MP̃

~a,k = P/G where P is the spa
e of theADHM data ρ := (a, qA, c, d) and G is the symmetry group a
ting on this data. First let E and
E ′ be two framed torsion-free sheaves with the same �xed Chern 
lass, and let α : E −→ E ′ be amorphism preserving the framing up to a homothety, i.e., the diagram(32) E //

α

��

E|l∞
Φ //

α|l∞

��

O⊕r
|l∞

λ
��

E ′ // E ′
|l∞ Φ′

// O⊕r
|l∞
ommutes. λ ∈ O∗

|l∞
and r is the rank of the sheaves E and E ′. Sin
e Φ and Φ′ are isomorphisms,one gets the following relation(33) α|l∞ = λΦ′−1Φand sin
e supp|l∞| is open dense in P̃, the morphism α is 
ompletely determined by its restri
tion

α|l∞ . De�ne HomΦ(E , E ′) to be the subgroup of Hom(E , E ′) whi
h 
ontains the morphisms pre-serving the framing up to a homothety. Φ′−1Φ being a �xed element of End(O⊕r
|l∞

) and λ ∈ O|l∞ ,the dimension of HomΦ(E , E ′) as a subspa
e of Hom(E , E ′) is 1.Let us 
onsider the universal monad on P × P̃ whi
h will be introdu
ed in se
tion 5;
M : ⊕ni=0OP̃

(−1, Ei) ⊠Ki ⊗OP
// O

P̃
⊠W ⊗OP // ⊕ni=0OP̃

(1,−Ei) ⊠ Li ⊗OPwith 
ohomology the family that we denote by F; whi
h is P -�at and for every point ρ ∈ P , the�ber is given by Fρ ∼= E(ρ), a framed torsion-free sheaf of . On P × P × P̃ 
onsider the followingproje
tions:
P × P × P̃

pr12
��

pr13 //

pr23
// P × P̃

P × P 15



Consider the sheaf Hom(pr∗13F, pr
∗
23F) on P × P × P̃. Sin
e the sheaves pr∗23F and pr∗23F are �aton P × P , then is Hom(pr∗13F, pr

∗
23F).Let us use the following notation: We omit the pull-ba
k symbols, and 
onsider (F, φ) :=

F
φ // O⊕r

l∞
where the morphism φ is given by the triangle

F
r //

φ   @
@@

@@
@ Fl∞

Φ
��

O⊕r
l∞and de�ne

Hom((F, φ), (F′, ψ)) :=

{

α : F −→ F′

λ ∈ Ol∞

∣
∣
∣
∣
∣
su
h that F

�

α //

φ
��

F
′

ψ
��

O
⊕r
l∞

λ // O⊕r
l∞

}

We know also that supp|l∞| is open dense in P̃, and if we denote it by U∞. Then for every openset U ∈ P̃ has non trivial interse
tion with U∞. In this way, for any sheaf G, the restri
tion on anopen set U 
an be also restri
ted to U ∩ U∞. Now de�ne the pre-sheaf Hom((F, φ), (F′, ψ)) as(34) U −→ Hom((F|U , φ|U ), (F′
|U , ψ|U )),i.e., to every open subset U we asso
iate the diagram(35) F|U

�

α|U //

φ|U

��

F′
|U

ψ|U

��
O⊕r
U∩l∞

λ // O⊕r
U∩l∞one 
an easily show that this is a sheaf. The sheaf axioms for are inherited from the sheaf propertiesof F, F′ and the 
ommutation of the square diagrams.We want to show that this sheaf de�ned by (34) is �at over P ×P . Sin
e the question is lo
alon P × P, one 
an 
onsider an open a�ne W = SpecA ⊂ P × P and work with A-modules. Thenwe 
an show that Hom((F, φ), (F′, ψ)) is A-�at. Let(36) 0 −→M ′ −→M −→M ′′ −→ 0be an exa
t sequen
e of A-modules, and let F be an A-�at family of framed torsion-free sheaveson P̃. One has the short exa
t sequen
e

0 −→ F ⊗AM
′ −→ F ⊗AM −→ F ⊗AM

′′ −→ 0.The restri
tion of F to any open U being also an A-�at module one has the sequen
e
0 −→ F|U ⊗AM

′ −→ F|U ⊗AM −→ F|U ⊗AM
′′ −→ 0The same situation is true for an other family F′, and if we 
onsider any morphism α|U : F|U −→

16



F′
|U in Hom((F|U , φ|U ), (F′

|U , ψ|U )), we get the following diagram:
0 // F|U ⊗A M

′ //

α|U⊗I
M′

��

φ|U⊗AIM′
mmm

vvmm

F|U ⊗A M //

α|U⊗IM

��

φ|U⊗AIM
nnn

wwnn

F|U ⊗A M
′′ //

α|U⊗I
M′′

��

φ|U⊗AIM′′
mmm

vvmm

0

0 // O⊕r
U∩l∞

⊗A M
′ // O⊕r

U∩l∞
⊗A M // O⊕r

U∩l∞
⊗A M

′′ // 0

λ ⊗ IM′

��

λ ⊗ IM

��

λ⊗ IM′′

��

0 // F′
|U ⊗A M

′ //

ψ|U⊗AIM′
nn

vvnn

F
′
|U ⊗A M //

ψ|U⊗AIM
nn

wwnn

F
′
|U ⊗A M

′′ //

ψ|U⊗AIM′′
mm

vvmm

0

0 // O⊕r
U∩l∞

⊗A M
′ // O⊕r

U∩l∞
⊗A M // O⊕r

U∩l∞
⊗A M

′′ // 0where by IM we mean the identity morphism onM and the same is true for IM ′ , IM ′′ . Equivalentlythis means that the sequen
e
0 //Hom((F|U ⊗AM

′, φ|U ⊗A IM′), (F′
|U

⊗AM
′, ψ|U ⊗A IM′)) //Hom((F|U ⊗AM,φ|U ⊗A IM ), (F′

|U
⊗AM,ψ|U ⊗A IM ))

//Hom((F|U ⊗AM
′′, φ|U ⊗A IM′′), (F′

|U
⊗AM

′′, ψ|U ⊗A IM′′ )) //0is exa
t. But one has also
Hom((F|U ⊗AM,φ|U ⊗A IM ), (F′

|U ⊗AM,ψ|U ⊗A IM )) = Hom((F|U , φ|U ), (F′
|U , ψ|U )) ⊗AM ;this 
an be seen by twisting the sequen
e (36). So we get the sequen
e

Hom((F|U , φ|U ), (F′
|U , ψ|U ))⊗AM

′
−→ Hom((F|U , φ|U ), (F′

|U , ψ|U ))⊗AM −→ Hom((F|U , φ|U ), (F′
|U , ψ|U ))⊗AM

′′
−→ 0and we have only to prove that the �rst map, that we 
all Ξ, is inje
tive. If we denote the �rstmap in (36) by θ, then Ξ : Σiαi ⊗A mi −→ Σiαi ⊗A θ(mi). To do this we 
onstru
t the diagram

0 // F|U ⊗AM
′ //

αi⊗AIM′

��

F|U ⊗AM //

αi⊗AIM
��

F|U ⊗AM
′′ //

��

0

0 // F′
|U ⊗AM

′ θ̃ // F′
|U ⊗AM // F′

|U ⊗AM
′′ // 0By 
ommutativity of the diagram one 
an see that if αi⊗A IM = 0 then θ̃ ◦αi⊗A IM ′ = 0 but θ̃ isinje
tive, hen
e αi ⊗A IM ′ = 0. Thus Ξ is inje
tive. After gluing se
tions of the involved sheaves,one gets an exa
t sequen
e

0 //Hom((F, φ), (F′, ψ)) ⊗AM
′ //Hom((F, φ), (F′, ψ)) ⊗AM

//Hom((F, φ), (F′, ψ)) ⊗AM
′′ //0Hen
e the sheaf Hom((F, φ), (F′, ψ)) is �at over P × P .Let us remark that sin
e the group G a
ts freely on the non-singular spa
e P , with trivialstabilizer for any point ρ ∈ P , then the quotient is smooth if the graph of the group a
tion is
losed, i.e., the image Γ := Imγ of the morphism

γ : G× P −→ P × Pis 
losed (see [18℄). In our 
ase the pair (ρ, σ) is in the graph Γ if and only if dimHomΦ(E(ρ), E(σ)) =
1, in other words(37) Γ =

{
(ρ, σ) ∈ P × P/h0(pr−1

12 (ρ, σ),HomΦ(pr∗13F(ρ), pr∗23F(σ))) > 0
}Sin
e the sheaf HomΦ(pr∗13F, pr

∗
23F) is �at on P ×P , then from semi
ontinuity theorem it followsthat Γ is 
losed analyti
 spa
e. Hen
e the quotient P/G is smooth.17



5 Moduli fun
tor and universal monadsIn the following we want to prove, using the monadi
 des
ription, that the moduli spa
e MP̃

~a,k is�ne. This will be done in a few steps by 
onstru
ting families of su
h framed torsion free sheaves,parametrized by some s
heme S, and building a monad M on the produ
t P̃× S with 
ohomologythe family we started with. But before starting our program let us give some de�nitions and setsome notations for our moduli fun
tor problem.Let MP̃

~a,k : Sch −→ Set be the 
ontravariant fun
tor from the 
ategory of noetherian redu
eds
heme of �nite type to the 
ategory of sets, whi
h is de�ned as follows; to every su
h s
heme Swe asso
iate
MP̃

~a,k(S) =






[F ]/ F is a 
oherent sheaf on S × P̃ �at on S and su
h that

F ⊗ k(s) ∼= E is a framed torsion-free sheaf on P̃ with
ch(E) = r + Σni=1aiEi − (k −

|~a|2

2
)ω





where [F ] stands for the 
lass of the sheaf F .De�nition 5.1. A s
heme MP̃

~a,k is 
alled a 
oarse moduli spa
e if the following 
onditions aresatis�ed:
• There is a natural transformation

Φ : MP̃

~a,k(•) −→ Hom(•,MP̃

~a,k)whi
h is a bije
tion for every redu
ed point s.
• For every s
heme R and every natural transformation

Ψ : MP̃

~a,k(•) −→ Hom(•,R)there is a unique morphism of s
hemes f : MP̃

~a,k −→ R su
h that the diagram(38) MP̃

~a,k(•)
//

''OOOOOOOOO
Hom(•,MP̃

~a,k)

f∗
��

Hom(•,R)
ommutes.De�nition 5.2. A s
heme MP̃

~a,k is 
alled a �ne moduli spa
e for the fun
tor MP̃

~a,k(•) if the naturaltransformation Φ above is an isomorphism.Given a noetherian redu
ed s
heme of �nite type S, let F be a 
oherent sheaf on P̃× S whi
his �at on S and for every point s ∈ S, Fs = F ⊗ ks is a framed torsion-free sheaf E on P̃ withChern 
hara
ter ch(E) = r + Σni=1aiEi − (k − |~a|2

2 )ω. We want to 
onstru
t a monad M on P̃ × Swhi
h is asso
iated to the sheaf F , i.e., the 
ohomology Coh(M) = F . We have(39) F

��
P̃ × S

p̃

}}zz
zz

zz
z q̃

!!D
DD

DD
DD

P̃ SFor every two sheaves, F on P̃ and G on S, we use the following notation F ⊠G := p̃∗F ⊗ q̃∗G.We 
onsider also for a morphism f : X −→ Y of noetherian redu
ed s
hemes of �nite type, andde�ne the i-th right derived fun
tors of the fun
tor Homf (G, •) := f∗ ◦Hom(G, •), for more detailssee for example [15℄. Before pro
eeding we want to introdu
e the following useful result, whi
h isa kind of "relative lo
al-to-global" spe
tral sequen
e:18



Proposition 5.1. Let f : X −→ Y be a morphism of noetherian redu
ed s
hemes of �nite typesu
h that there is a 
overing Y of Y for whi
h f−1(Y) is a 
overing of X. For a �xed 
oherentsheaf G �at on Y we 
onsider the fun
tor Hom(G, •). Then for any sheaf J on X �at on Y ,there exists a spe
tral sequen
e Ep,qr of E2-term Ep,q2 = Hp(Y, Extqf (G,J )) whi
h 
onverges to
Ep+q∞ = Extp+qX (E ,J )Proof. Let J −→ I• be an inje
tive resolution of the sheaf J , and 
onsider a Cartan-Eilenbergresolution given by the Če
h 
omplex asso
iated to the 
omplex of sheaves Homf (G, I•) for asuitable open 
over Y of Y . This de�nes a double 
omplex C•(Y,Homf (G, I•)) with di�erentials

{
δ1 = d the di�erential asso
iated to the inje
tive resolution of J
δ2 = δ the di�erential asso
iated to the Če
h 
omplex.There are two spe
tral sequen
es asso
iated with this double 
omplex [16℄, with E2-terms:

′Ep,q2 = Hp
d [H

q
δ (C

•(Y,Homf (G, I
•)))]

′′Ep,q2 = Hp
δ [H

q
d(C

•(Y,Homf (G, I
•)))]Lemma 5.1. For an inje
tive obje
t I, the sheaf Hom(G, I) is �asque.The proof is given in ([17℄, II. 7). The E1-term of the �rst spe
tral sequen
e is given by:

′Ep,q1 = Hq
δ (C

•(Y,Homf (G, I
p)))

= Hq
δ (C

•(Y, f∗ ◦ Hom(G, Ip)))

= Hq
δ′(C

•(f−1(Y),Hom(G, Ip)))Then ′Ep,q1 =

{
Hom(G, Ip) q = 0

0 q 6= 0sin
e the sheaf Hom(G, Ip) is �asque for every term Ip of the inje
tive resolution. We also usedthe 
ondition on the open 
overing given in the statement. This spe
tral sequen
e degenerates atthe se
ond step and 
onverges to ′Ep+q = Extp+qX (G,J ).The se
ond spe
tral sequen
e has E2-term:
′′Ep,q2 = Hp

δ (C
•(Y,Hq

d(Homf (G, I
•))))

= Hp
δ (C

•(Y, Extqf (G,J )))Then ′′Ep,q2 = Hp(Y, Extqf (G,J )).This proposition will be used in the next step to prove the existen
e of a display of a monadon P̃ × S asso
iated to every family of framed torsion-free sheaves on P̃. Consider the followingextensions:
0 −→ U −→ K −→ F −→ 0(40)
0 −→ F −→ Q −→ V −→ 0(41)where U = ⊕ni=0O(−1, Ei) ⊠ Ui, with

{
U0 = R1q̃∗(F ⊗ p̃∗O(−2,~1))

Ui = R1q̃∗(F ⊗ p̃∗O(−2,~1 − Ei))and V = ⊕ni=0O(1,−Ei) ⊠ Vi with
{

V0 = R1q̃∗(F ⊗ p̃∗O(−2, 0))

Vi = R1q̃∗(F ⊗ p̃∗O(−2,~1))19



The sheaves U and V are lo
ally free on P̃×S; To see this let us 
onsider, for the moment, thesheaves U0 and Ui. By Grauert's theorem ([9℄, III. 12. 9), for every point s ∈ S, there are maps :
q̃∗(F ⊗ p̃∗O(−2,~1))) ⊗ k(s) −→ H0(P̃, E(−2,~1)) = 0

q̃∗(F ⊗ p̃∗O(−2,~1 − Ei))) ⊗ k(s) −→ H0(P̃, E(−2,~1 − Ei)) = 0

R2q̃∗(F ⊗ p̃∗O(−2,~1))) ⊗ k(s) −→ H2(P̃, E(−2,~1)) = 0

R2q̃∗(F ⊗ p̃∗O(−2,~1 − Ei))) ⊗ k(s) −→ H2(P̃, E(−2,~1 − Ei)) = 0(42)Sin
e all of these maps go to zero, the sheaves in the left-hand side have rank zero at all s ∈ S,thus they vanish identi
ally. By the Riemann-Ro
h theorem, the dimensions of H1(P̃, E(−2,~1))and H1(P̃, E(−2,~1−Ei)) are 
onstant, hen
e U0 and Ui are lo
ally free. In the same way one 
aneasily see that V0 and Vi are lo
ally free.The two extensions, (40) and (41), �t into the display of a monad on P̃ × S if and only if7
Ext2(V ,U) = 0. To show this vanishing property we use the "relative lo
al to global" spe
tralsequen
e that we 
onstru
ted above; we have

Ep,q2 = Hp(S, Extqq̃(V ,U)) =⇒ Extp+q
P̃×S

(V ,U)The spe
tral sequen
e terms whi
h 
ontributes to Ext2(V ,U) are
H0(S, Ext2q̃(V ,U)), H1(S, Ext1q̃(V ,U)) and H2(S,Homq̃(V ,U))so we have to prove that all these terms are zero.

H2(S,Homq̃(V ,U)):
Homq̃(V ,U) ⊗ k(s) = ⊕ni,j=0q̃∗[Hom(q̃∗Vi, q̃

∗Uj ⊗ p̃∗O(−2, Ei + Ej))] ⊗ k(s),Again by the Grauert's theorem there is a map
⊕ni,j=0q̃∗[Hom(q̃∗Vi, q̃

∗Uj⊗p̃
∗O(−2, Ei+Ej))]⊗k(s) −→ ⊕ni,j=0Hom(q̃∗Vi(s), q̃

∗Uj(s)⊗O(−2, Ei+Ej))sin
e Vi are sheaves on S, then the pull-ba
k q̃∗Vi(s), of the stalk Vi(s) at a point s, is just thepull-ba
k asso
iated to the map P̃ −→ s = speck, hen
e q̃∗Vi(s) is 
onstant on P̃. This is also truefor the pull-ba
ks q̃∗Uj(s) of Uj(s). Thus
⊕ni,j=0Hom(q̃∗Vi(s), q̃

∗Uj(s)⊗O(−2, Ei+Ej)) = ⊕ni,j=0[q̃
∗Vj(s)]

∗⊗q̃∗Uj(s)⊗H
0(P̃,O(−2, Ei + Ej))

︸ ︷︷ ︸

0whi
h implies the vanishing of Homq̃(V ,U) identi
ally. Hen
e H2(S,Homq̃(V ,U)) = 0.

H1(S, Ext1q̃(V ,U)):
Ext1q̃(V ,U) = ⊕ni,j=0Ext

1
q̃(q̃

∗Vi, q̃
∗Uj ⊗ p̃∗O(−2, Ei + Ej)) ⊗ k(s)We have a map

⊕ni,j=0Ext
1
q̃(q̃

∗Vi, q̃
∗Uj⊗p̃

∗O(−2, Ei+Ej))⊗k(s) −→ ⊕ni,j=0Ext
1(q̃∗Vi(s), q̃

∗Uj(s)⊗O(−2, Ei+Ej))7see [7℄ se
tion 2 20



but
⊕ni,j=0Ext

1(q̃∗Vi(s), q̃
∗Uj(s)⊗O(−2, Ei+Ej)) = ⊕ni,j=0[q̃

∗Vi(s)]
∗⊗q̃∗Uj(s)⊗H

1(P̃,O(−2, Ei+Ej))and 





χ(O(−2, Ei + Ej)) = 0

H2(P̃,O(−2, Ei + Ej)) = 0

H2(P̃,O(−2, Ei + Ej)) = 0ThusH1(P̃,O(−2, Ei+Ej)) = 0, implying Ext1q̃(V ,U)⊗k(s) = 0. Hen
eH1(S, Ext1q̃(V ,U)) = 0.

H0(S, Ext2q̃(V ,U)):By the relative Serre duality [15℄ we have
Ext2q̃(V ,U) = ⊕ni,j=0{q̃∗[Hom(q̃∗Uj , q̃

∗Vi ⊗ p̃∗O(−1,~1 − Ei − Ej))]}
∗ ⊗ k(s)There is a map

⊕ni,j=0{q̃∗[Hom(q̃∗Uj , q̃
∗Vi⊗p̃

∗O(−1,~1−Ei−Ej))]}
∗⊗k(s) −→ ⊕ni,j=0Hom(q̃∗Uj(s), q̃

∗Vi(s)⊗O(−1,~1−Ei−Ej))
∗but

⊕ni,j=0Hom(q̃∗Uj(s), q̃
∗Vi(s)⊗O(−1,~1−Ei−Ej))

∗ = ⊕ni,j=0[q̃
∗Uj(s)]

ast⊗q̃∗Vi(s)⊗H
0(P̃,O(−1,~1 − Ei − Ej))

∗

︸ ︷︷ ︸

0whi
h implies that Ext2q̃(V ,U) = 0 and hen
e H0(S, Ext2q̃(V ,U)) = 0.By this, the vanishing property Ext2(V ,U) = 0 is proved, implying the existen
e of sequen
es
0 −→ U −→ W −→ Q −→ 0(43)
0 −→ K −→ W −→ V −→ 0(44)su
h that the diagram(45) 0

��

0

��
U

��

U

��
0 // K

��

// W

��

// V // 0

0 // F

��

// Q

��

// V // 0

0 0
ommutes, and we have a monad(46) M : ⊕ni=0OP̃
(−1, Ei) ⊠ Ui −→ W −→ ⊕ni=0OP̃

(1,−Ei) ⊠ Viasso
iated to the family F on P̃. One 
an show that the restri
tion to the �bers of q̃ gives a monadisomorphi
 to the one in Proposition 2.5 and, using the display, one 
an show that the se
ondterm W of the monad M is trivial along the �bers of q̃.Another useful monad we now introdu
e is the universal monad on P̃ × P ;(47)
M : ⊕ni=0OP̃

(−1, Ei) ⊠Ki ⊗OP
// O

P̃
⊠W ⊗OP

// ⊕ni=0OP̃
(1,−Ei) ⊠ Li ⊗OP21



whi
h has as 
ohomology a family that we denote by F, and where the ve
tor spa
es Ki and Liare given by Proposition 2.5.Using the monads above we now pro
eed to prove that MP̃

~a,k is a 
oarse moduli. We start by
onstru
ting the following natural transformation
Φ : MP̃

~a,k(•) −→ Hom(•,MP̃

~a,k);this goes as follows: for any 
lassifying s
heme S, ξ ∈ M(S), and a family F of torsion-free sheaveson P̃, with Chern 
hara
ter r + Σni=1aiEi − (k − |~a|2

2 )ω, 
lassi�ed by S, one has a monad given asin (46) whi
h is 
anoni
ally asso
iated to F . If we 
onsider an open 
overing {Sj}j∈J , then onevery open a�ne Sj the restri
tion M|Sj is isomorphi
 to a monad of the form:
M(αj , βj) : ⊕ni=0OP̃

(−1, Ei) ⊠Ki ⊗OSj

αj // O
P̃

⊠W ⊗OSj

βj // ⊕ni=0OP̃
(1,−Ei) ⊠ Li ⊗OSjwhere

αj : Sj −→ H, βj : Sj −→ F.The spa
es H, F are de�ned by
{

H = ⊕ni=0Hom(Vi, Hom(Ki,W ))
F = ⊕ni=0Hom(Vi, Hom(W,Li))and Vi is su
h that V ∗

i = H0(P̃,O(1,−Ei)). Then from the monad 
ondition, we have a map
fj = (αj , βj) : Sj −→ P and by 
onstru
tion these morphisms satisfy

fi(s) ∼G fj(s)for s in the interse
tion Si ∩ Sj, where G is the group de�ned in page 14. The maps fj glue toform a global morphism
f : S −→ MP̃

~a,k.This de�nes the natural transformation by:(48) Φ : MP̃

~a,k(•)
// Hom(•,MP̃

~a,k)

ξ // Φ(ξ) := f

f depends only on the 
lass ξ = [F ]. Taking a redu
ed point s ∈ S, and using the resulting monadon P̃ it is easy to see that Φ : MP̃

~a,k(spec(k(s))) −→ Hom(spec(k(s)),MP̃

~a,k) is a bije
tion. Nowlet R another parametrizing s
heme su
h that there is a natural transformation
Ψ : MP̃

~a,k(•) −→ Hom(•,R).If η is a universal family on P̃ × P parametrized by P su
h that Φ(η) = π : P −→ MP̃

~a,k, forthe natural transformation Ψ we have Ψ(η) : P −→ R.Proposition 5.2. Ψ(η) is 
onstant along the �bers of the proje
tion π : P −→ MP̃

~a,kProof. Let p = spec(k(p)) ∈ P and let ρ1, ρ2 ∈ Hom(p, P ) su
h that π(ρ1) = π(ρ2); we 
onsiderthe pull-ba
k(49) ρ∗i η

��

ηoo

��
P̃ × p

(Id
P̃
×ρi)//

P̃ × P22



Then Φ(ρ∗1η) = Φ(η)(ρ1), and by de�nition we have Φ(η)(ρ1) = π(ρ1). Also by assumption
π(ρ1) = π(ρ2) = Φ(η)(ρ2) = Φ(ρ∗2η), and sin
e the natural transformation Φ is a bije
tion forevery redu
ed point, it follows that

ρ∗1η = ρ∗2ηOn the other hand we have
Ψ(η)(ρ1) = Ψ(ρ∗1η) = Ψ(ρ∗2η) = Ψ(η)(ρ2).Thus Ψ(η) is 
onstant along the �bers of π : P −→ MP̃

~a,kThe proje
tion π : P −→ MP̃

~a,k, lo
ally, has se
tions, so one 
an 
onstru
t lo
al mappings
φ̄ : MP̃

~a,k −→ R, but sin
e Ψ(η) is 
onstant along the �bers of π, then the map φ̄ 
an be lifted toa global map φ su
h that the following diagram 
ommutes:(50) P
Ψ(η) //

Φ(η)=π
��

R

MP̃

~a,k

φ

=={{{{{{Now for any parametrizing s
heme S and a family ξ on P̃ × S, one has Ψ(ξ) : S −→ R. Let
{Si}i∈I be an open 
over of S. The diagram

S

  A
AA

AA
A Ψ(ξ)

""
P // R

Si
?�

gi

OO

>>~
~

~

77oooooooooooo
ommutes, and we have ξ|Si = g∗i (η). From the 
ommutativity of the diagram, we also have
Ψ(ξ)Si = Ψ(ξ|Si)

= Ψ(g∗i (η))

= g∗iΨ(η)On the other hand Ψ(η) = φ ◦ Φ(η), hen
e
Ψ(ξ)Si = g∗i (φ ◦ Φ(η))

= φ ◦ Φ(g∗i (η))

= φ ◦ Φ(ξ|Si)

Ψ(ξ)Si = [φ ◦ Φ(ξ)]|SiThese maps glue together to form a global map
Ψ(ξ) = φ ◦ Φ(ξ)on S. Sin
e MP̃

~a,k is redu
ed, the map φ is uniquely determined. By this we showed the following:Theorem 5.1. The s
heme MP̃

~a,k is a 
oarse moduli spa
e.
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The �nal step is to show that MP̃

~a,k is �ne. To do this we shall des
end the universal monadi
des
ription on P to a well behaved monadi
 des
ription on MP̃

~a,k. This is due to the fa
t that thespa
e P̃ × P is a G-spa
e sin
e there is a natural a
tion
G× P̃ × P //

P̃ × P

(g, (x, C)) // (x, g · C)This indu
es a G-a
tion on the universal monad M, in (47), whi
h des
ends to an a
tion on its
ohomology F, but sin
e the a
tion is free and the isotropy subgroup is trivial at all points, wehave a well de�ned family F/G −→ P̃ × P/G. We put U := F/G whi
h is a 
anoni
al family
U −→ P̃ ×MP̃

~a,kparametrized by MP̃

~a,k.Proposition 5.3. For any noetherian redu
ed s
heme S of �nite type, the mapping
Hom(S,MP̃

~a,k)
// MP̃

~a,k(S)

φ // φ∗[U] = [(Id
P̃
× φ)∗U]is bije
tive.Proof. Inje
tivity:Let φ1, φ2 : S −→ MP̃

~a,k su
h that
(Id

P̃
× φ1)

∗U ∼= (Id
P̃
× φ2)

∗Uthen for every point s ∈ S, one has U(φ1(s)) = U(φ2(s)). Sin
e the bundle U(φi(s)) is the onegiven by the ADHM data asso
iated to the point φi(s) ∈ MP̃

~a,k, then φ1(s) = φ2(s) for every point
s ∈ S, thus φ1 = φ2.Surje
tivity:For a family F parametrized by S one 
an asso
iate the morphism φ = Φ(F) given by thenatural transformation (48), then by 
onstru
tion it is the pull-ba
k of a family U parametrizedby MP̃

~a,k.This �nishes the proof of the followingTheorem 5.2. The s
heme MP̃

~a,k is a �ne moduli spa
e.
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