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Abstract

Flat coordinates for Frobenius manifolds defined on the orbit space
of a Coxeter group W are specified through a certain system of gen-
erators of W-invariant polynomials. In this note, starting from basic
invariants proposed by M.Mehta, we calculate flat coordinates for the
exceptional groups of type F; and FEg, leading to a derivation of the
potentials for the associated Frobenius structures.

1 Introduction

A Coxeter group is a group W of linear transformations of a Euclidean space
generated by reflections. Irreducible finite Coxeter groups are labelled by
Ay, By, Dy, Es, B, Es, Fy, Go, Hs, Hy and I5(p) [Co34]. The orbit space
of such groups can be endowed with a structure of Frobenius manifold, due
to B.Dubrovin [Du96] and to the previous work by K.Saito, T.Yano and
J.Sekiguchi [Sa79l [Sa93|, [SYS80]. Flat coordinates, a key ingredient for the
structure, correspond to a particular choice of generators of the ring of W-
invariant polynomials. They have been calculated explicitely by Saito et al.
for all irreducible finite Coxeter groups but F; and Es. In the framework of
singularity theory, flat coordinates on the base space of universal unfoldings
of isolated hypersurface singularities have been calculated also for F; and
Es type [Ya80, KW8I]. The potentials for E7 and Eg type Coxeter groups
have been calculated in [DLZ93|, but without relating them to an explicit
construction of the flat generators. In this note, after briefly recalling the
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main ingredients of Frobenius manifold structures on the orbit space of finite
Coxeter groups, I consider the two cases not treated in [SYS80], deriving
explicit expressions for the Saito flat coordinates via generators of the ring of
E;- and Eg-invariant polynomials proposed by M.Mehta [Me88]. T am very
grateful to my supervisor, Prof. B.Dubrovin, for pointing out to me this
problem, for fruitful discussions about the subject and for his continuous
encouragement and support.

2 Frobenius manifolds and Coxeter groups

A Frobenius algebra (A, *) over a ring R is an associative R-algebra with
a unity and a symmetric non-degenerate R-bilinear inner product (,) such
that, for any a,b,c € A:

(axb,c)=(a,b*c)

A (complex) Frobenius manifold M is a C-manifold with a commutative
Frobenius algebra structure over each tangent plane, analytically depending
on the coordinates of the point and satisfying a few integrability conditions:

1. The metric 1,5 on M defined by the inner product (,) is flat;

2. The unity vector field e defined by the algebras is covariantly constant
with respect to the Levi-Civita connection defined by 7,5 (Ve = 0);

3. The tensor V., (u*v,w) is totally symmetric for any vector fields

u,v,w,z.

The metric 7,4 also defines a contravariant metric 7’ on the cotangent bun-
dle T, M, where another flat metric g’ can be constructed [Du96], giving
rise to a flat pencil of metrics ¢g® + A\n®%, X € C.

Locally a Frobenius structure can be described, in a suitable set of coordi-
nates t = (tq,ts,...,t,), named flat, by the third derivatives of a function on
the manifold F'(¢) called Frobenius potential. In such coordinates the metric
Nas is constant and is given by:

OPE(t)
Nap (t) = m,

'The definition of Frobenius manifold usually requires also the existence of a global
linear vector field F acting by conformal transformations on the metric and by rescalings
on the Frobenius algebras T, M.
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where t; is such that e = while the structure constants of the Frobenius

oty
algebras on T; M are given ll)y:
DPF(t)
1) =)
Caglt) =1 )8t58ta8tﬁ

A Coxeter group W is a group of linear transformations on a Euclidean
space V generated by reflections. The space of orbits V/W of a finite Coxeter
group is an affine variety; its coordinate ring coincides with the ring of W-
invariant polynomials on V' [Ch55]. The generators of such a ring are not
uniquely specified, but their degrees dy =2 < dy, < ... <d,_1 <d, = h are
invariants of the groupﬁ the highest degree h is called Coxeter number.
The complexification of the orbit space M = (V®C)/W can be endowed with
a structure of Frobenius manifold. The two marked flat metrics have been
worked out by K.Saito et al.[Sa79| [Sa93| [SYS80], while the full construction
is due to B.Dubrovin [Du96]. We refer to his article for proofs of the following
statements.

Let © = (x1,..,x,) be coordinates on V and p = (pg,,...,pas,) be local
coordinates on M, where p;, = pg, () are homogeneous generators of the
ring of W-invariant polynomials. The second order generator p, fixes a W-
invariant Euclidean metric Gy; on V via py(z) = 3 > i Gijwir;. This induces

2
a contravariant flat metric on T, M [Sa79, [Du96€] by:

n

9 (p) = < dpa,, dpa, >* =)

Opd,, OPds i

(1)

e 8:61 81’]'
where (G¥) = (G,;)~". On the other hand, n°? is defined by:
99°"(p)
af — )
i) = =5

The matrix of n*® becomes constant once we calculate (Saito) flat coordinates

(t1,...,t,). Dubrovin showed the existence of a relation between g®?(t) and
the Frobenius potential [Du96], given by:
o . (da+dg—2)
qg ﬁ(t) =< dtda,dtdﬁ > = (—hﬁ)n Anﬁ“&@uF(t). (2)

This formula will allow us to reconstruct the potential (and hence the full
Frobenius structure) from the knowledge of flat coordinates.

2In fact all inequalities are strict for all Coxeter groups but D,,.
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3 Generators of IV-invariant polynomials

Systems of generators of W-invariant polynomials are well known for all
irreducible finite Coxeter groups but the exceptional ones, labelled by FEj,
E., Eg, for which very few and often cumbersome examples exist in the
literature. In this note we use a construction due to M.Mehta |[Me88], that
has the advantage of being very natural to work out. For any W, we find a set
of linear forms that is WW-invariant, in the sense that, under the action of the
group on the algebra of polynomials, the elements of the set transform into
each other, leaving unchanged the whole set. Then we consider symmetric
functions on these forms in the required degrees.

3.1 Basic polynomials for Ej

The action of the group FEs on R® is generated by reflections in the six
hyperplanes x1 = x9, x5 = 3,...,05 = g and 1 + o + 3 + 7 = T4 + x5 +
r¢ + xg, all operating on the six dimensional subspace S5 = Z?:l r; = 0,
x7 +xg = 0. We first look for a set of polynomials in 8 variables, symmetric
in xq,...,x¢ and in x7, xg and invariant under reflection in the hyperplane
T1 4+ x9 + 13+ 17 = 14 + 75 + T6 + 3. Apart from the obvious choices of Sg
and x7 + xg, the following linear forms satisfy the above requirements:

1 1
:ti(x7_x8>_xi+6567 1<2<6
1 .
.flfi—i-xj—gSﬁ, 1§Z<]§6

So the polynomials of the form:
/1 1.\ 1 1.\"
Umzz<<§(x7—x8)—l’i+656> + <—§($7—5€8)—5L’i+656> )-l—

=1
1 m
([L’Z’ + €T — gSﬁ)

are manifestly invariant for any m. Restricting these polynomials to Sg = 0,
x7 + xg = 0 yields the standard realization of Eg [Me88]. We recall that
the Eg-invariant degrees are 2, 5, 6, 8, 9 and 12 [Co34]. It turns out [Cob51]
that wug, us, ug, ug, ug and wuis are algebraically independent and form a

1=
+
1<i<j<6



system of generators for the ring of invariant polynomials of the Eg type. We
normalize the second order polynomial as us/12 (we will continue to call it
ug for convenience), in such a way that it has as small as possible integer
coefficients.

3.2 Basic polynomials for F~

The action of the group E; on R® is generated by reflections in the seven

hyperplanes xy = x9, T2 = x3,...,06 = x7 and x1+To+23+ T4 = T5+T6+27+
xg, all operating on the seven dimensional subspace S; = 22.8:1 x; = 0. We
first look for a set of polynomials in 8 variables, symmetric in xy, ..., zs and

invariant under reflection in the hyperplane x1+zs+x3+24 = x5+x6+27+1238.
Apart from the obvious choice of S7, the following linear forms satisfy the
above requirements:

1

So the polynomials of the form:

1 1 " 1 "
’Um:§ Z <<$i+$j—157) +<—S(3i—$j—157> )

1<i<j<8

are manifestly invariant for any m. Restricting the action of the group on
S7 = 0 yields the standard realization of E; [Me88]. We recall that the Er-
invariant degrees are 2, 6, 8, 10, 12, 14 and 18 [Co34]. It turns out [Me8§|
that vg, v, vg, V10, V12, V14 and vig are algebraically independent and form
a system of generators for the ring of invariant polynomials of the E; type.
We normalize the second order polynomial as v5/60 (we will continue to call
it vy for convenience), in such a way that it has as small as possible integer
coefficients.

3.3 Basic polynomials for Ejg

The action of the group Eg on RY is generated by reflections in the eight
hyperplanes 1 = x5, x5 = x3,...,07 = xg and 221 +2x,+2x3 = x4+x5+. ..+
Tg, all operating on the eight dimensional subspace Sy = Z?:l x; = 0. We
first look for a set of polynomials in 9 variables, symmetric in z1, ..., rs and
invariant under reflection in the hyperplane 2z, +2xo+213 = x4+w5+. . .+ 9.



Apart from the obvious choice of Sy, the following linear forms satisfy the
above requirements:

1

So the polynomials of the form:

wm:Z(l’i—xj)m—i— Z (%Sg—l’i—l’j—l’k)

i<j i<j<k

are manifestly invariant for any even m. Restricting the action of the group
on Sy = 0 yields the standard realization of Eg [Me88]. We recall that the Fs-
invariant degrees are 2, 8, 12, 14, 18, 20, 24 and 30 [Co34]. It turns out [Me8§]
that wq, ws, wio, wig, wis, Wo, wos and wsg are algebraically independent
and form a system of generators for ring of invariant polynomials of the Fg
type. We normalize the second order polynomial as ws/30 (we will continue
to call it wq for convenience), in such a way that it has as small as possible
integer coefficients.

4 Flat coordinates

We present the explicit calculations needed to find the Frobenius structure
for Fs. Analogous procedures will allow us to obtain the structures for F;
and FEg.

We first need to write the metric ({II) with respect to the generators proposed
by Mehta. For each matrix element < dug,,dug, >", we start finding all
possible monic monomials in (ug, ..., u;2) in the needed degree. Any such
monomial b must be written in the form:

— C1 Cs
b(m) = E udi1 .. 'udis’

Cldil +~~~+Csdis
:da—l—dﬁ—Q

where ¢ = (i1,...,is) and ¢ = (¢, . .. ,CS)E
The next step consists in finding the (rational) coefficients a . ’s of the linear

3Note that in general this set of parameters uniquely identifies b(i,c) for all Coxeter
groups but D,,.



combination:

< duda, dudﬁ > = Z a(c,i)b(ai), (3)
(cs)

where the sum is over all allowed sets of parameters (c,4). This calculation
is crucial from a computational point of view in our work; in fact, due to
the high degrees of the polynomials and to the number of variables involved,
standard computational software programs do not seem to be able to manage
easily such an amount of information, that increases in complexity much
more than linearly with the degree of the involved polynomialsH For this
reason, we evaluate the expressions () at points (x1,...,z,) € N such that
1 <z < ... <2, <n—2 It turns out that, for k£ generic choices of
the n-tuple (xq,.. ,xn)E this procedure gives a - much easier to manage
- determined linear system of equations in the a(;’s. In Appendix A we
present the matrix elements of the metric ¢*? with respect to the Mehta,
generators for Fg, from which we can calculate the elements of the matrix
n*¥ different from zero:

Ouyp < dug, dujs >* = 24 Ouyy < dus, dug >" = 168

Ouyp < dug, dug >" = 128 Oy, < dug, dugg >* = 27523

Ouyp < dug, dug >" = 896 us Ouyy < dug, dujs >" = % ug + @ us
Oura < dug, dug >* = 14112 u3 Oy, < dug, dujs >" = 742 usus

* 6952 2 242 2 183656 ,,5
8u12< dulg, dugg >" = 1254 uguy — —9  UsUj + =" Uj + =3 U

To find a flat basis, we now write the general homogeneous polynomials of
degrees 2, 5, 6, 8, 9 and 12 belonging to our coordinate ring:

to = Ug ts = us t6:u6+k1u§’ t8:u8+k2u6uz+k3u§

tg = ug + ]{34 u5u§ tis = U1 + ]{35 u8u§ + ]f(; u% + ]f7 uﬁug + ]fg UE%UQ + ]{39 ug

where k; are free coefficients. Calculating the matrix elements of 7%’ with
respect to these new coordinates and asking for all the terms but the an-
tidiagonal ones to be zero, we find an overdetermined system of equations
that provides the coefficients needed to construct the Saito coordinates. We

4For example, < dwsg, dwsy >" is a 58th degree homogeneous polynomial in 8 variables
that has to be written as a linear combination of 163 polynomials of the same kind.
5For example, k = 163 for < dwsg, dwsg >*.



prefer to normalize some of the flat polynomials in such a way that all the
elements in the antidiagonal are equal, as usual in the literature.

to = Uy ts = Us t6:u6—15u§’
_ 3 7 385 1 42, 2
ts = 55 (us — § uguz + 53 2) ty = = (ug — T ususy)
_ 209 2 2050 3 121,2 6633, 6
tig = Uiz — Jg Ugly — 576 ug + Uty — 730 UsU2 — T35~ Uz

This result is already available in [SYS80] with different coefficients, because
of a different choice of coordinates on V' done by the authors.

At this point we can calculate the matrix elements of g®?(t) and, using (@),
the Frobenius potential:

Fg, (tg, ts, tg, ts, tg, t12) = o tists + 15 tiatste + 15 t12t9t5 + = tets + 2 tots+
4 4,3 8 5 24242

+ 86016 t6t2 + 38400 tels 12800t t @t t 2048 tﬁt ty Mt t5to+

+ 768 totgts + 1o totats + 384 S tstats + 52 t9t6t5t2 + o= tstity + 2 t2t4+

+ a5 tstetats + 22 totets + o tals + o tats + - tats + 1 totststs + £33

1757184
4.1 Frobenius structure for F-
Starting from the system of generators proposed by Mehta for E7, we obtain:

t2 = V2
t6 140 .3

I
&

|
5l
W5

— _ 112 10220 , 4
tg = Ug o7 Vgl + 243 Uy

— 9 5
th =70 (U10 -3 VgV + 7’061)2 — 42 ’02)

1 121 2 11,2 649, .3 _ 8998 6
t12 = 1350 (Ul? 1 V1002 + 2 28 UgUy — 43 Us — 162 V6V2 — 79 “2)

ha = g (V14— 3?? U120 + 5 V10t — 355y Usts — Yoo Vst +
+ B0 VU2 — e VU + gasrool U;)

1= i (o~ 28 108 — 38 o+ DB v — 3 v
+ Sosbp V10V6V2 — TR 010Uy + dgans Vsla + pgeier UsUsUs T
+ B8 ygv] + ATy — 22670 25 | SUSSIORTINO g —

_ 4178016043387 ,UQ)
1387061010 2



The resulting Frobenius potential is:

Fg, (ta, te, ts, tio, tr2, t1a, tis) = 55 t28t2 + o tistly + 1% tistiate + & tistiats+
+ 8041487, + 121&24151 — %t ot + R tygtiatiols + ggg 2.t 105 + —t 2. tets
+ 1 751475207“L2 6561 t30t4 405 7524755 + 4iggg3 t22t; + 4782969 7520759 + 243 t12t10t6+
+ 437415 oteta + 729 S tiatiatets — 1;gg3t ot6ts + 5ir tuatiotets + 233280 tiatstgts+

2 6 2
708588 tiotets + 72 t14t12t6 + - t2 t6t2 + o t14t10t6t2 + 350z tiotiotats+

3,3 2
229582512 t10t6t2 + 1889568 1 0t6 + 2834352 t14t6t + 6480 ) lots — % tistiatsty+

3.5 3 3,46
tiotgty + ts t + 68024448 t12t6t2 + 110199605760 tstglat

102036672 111577100832

3 5,4 6
144000 tiaty + 528958107648 tets + 528958107648 t t2 +3 tl4t8t2 + % tiatiotste+

2916 tiatiotstets + 116640 ¢ 0t8t6t2 + 708588 t12t8t6t2 + 42515280 t10t8t6t2+

2,4 9
22674816 tiotststy + 13774950720 tStﬁt + 2519424 t12t8t6 + 50388480 t10t8t6t2+

2,6 2 2 2
31492800 tiotgty + 21045063600t t + 116640 tl?tStﬁt + 20995200 tiot t6t2+

2,2 2,25 6 3,2
55987200 tiotgls + 2267481600t tﬁt + 157464000 15141581561“L + 18139852800 1581“L tyt

I
+
+
I
+ 729 0 13,85t + 5o t14t10t8t2 + 5 t12t10t8t2 2 t22t8t6 m tatets+
+
4
+
L1
o ot — m t3tety + m 342t + m tats—

4 4,2 2
7464960000t te — 194400 7512158t2 + 181398528 tiotgly + 181312788852 ts t +

_|_

4,7 2,3 3,44

297538935552 tty + 314928t otgta + 76527504 tiatsta + 55019 59049 t12t10t6t2+
4 4 2,5 5

+ 10077696 tiats + 194400 t14t8t 262440 tl?t ty + 261213880320 tste+

tatats + t2 19

+

S F— R
58773123072 129600 10°8%2 91224740283363

4.2 Frobenius structure for FEg

Starting from the system of generators proposed by Mehta for Eg, we obtain:

tg = W2

tg = wg — 115& w2

t12 = Wiy — 31603 wgwg + 921429524 g

t14 = Wy — 1689 WyWs + 351)231 w8w§ 285;)5142 wg

t18 — % (wls 81617 ’UJ14U)2 + 163135051 w12w§ ?gg’g U)S’UJ 71170201013 wgwg+
+ 178?%2);)(3)697 wg)



t20 = ga01 (W0 — Fago Wiswa + 2o wigwy — 25030 Wi2Ws — Hgreg”t wigwy+
- LLAITS 2,2 | ITGSOTLITO 0 48TOI290603009 110)

o = 232 (o — 8 -+ TR ] — 438
— om0 WiaW3 — Tgusen Wia + Srigsane WizWsws+
+ 0000 W12W5 — 76515 Ws — “ggmsgtonon WstWa—
_ 102233301020629 8

34593750
tso = 2 (wzo — B )y — L09362799 1), gy + 3331LL0094332609 7, 1y

— o7 Wistwia + 2 wiswsw; — HUERETEET wisw; —

— SP0100 WiaWa + Tigagico WiaWiaWs — fgisis Wiawg+
im0~ WiatsWwy + ST Wi+
T V12t + S VU — S W
— 0 - W12 — Tigyssnizoon WsWs + “Esssiosonon-  WsWat
+ S iR amo000 - Wsty | — S o0 w2”)

288133137433526381 w12)
461250000 2

+ o+

The resulting Frobenius potential is:

Flg(ta, ts, tia, tia, tis, tao, toa, t30) = g5 t3gte + 55 taolaotiz + a5 tsotauts+

+ o taotistia + % tigt1at1s + s 13510 + oo tistiyts + gaos 5 tiaty+
+ 4182610t 81’L ol2 1 1300 1890 tist 4t12t§ + 10é§gzot 4t:2)) + 251)451?5 t18t14t12t2+

+ 391669%0 t24t%2tg + 11625725 15281514156 + 283%3?00 7542757 + 1?1))2?5 t28t12t; + ig?fé t24t;+
+ m t18t14t12t2 + 19%8@25 t 4%0 + 53(152225 t1 4t12t2 + % t12t2 +

1517824 42 43264 2 5234944 2 419 262668550144 31
+ 82265625 t St + 537890625 t 4t + 146084765625 oty + 180003021240234375 t +

+ 8}30 £y + s taotTytiats + s togtiyty + 255 15t T4t3 + 25 togtistiats+
+ 6875 t20t24t7 + 15512275 t20t22t9 + 68245 t20t12t5 + 8352633725 t20t + }?S;? t30t2+

- 3%9 togt1atss + g;g t24t Tsto + 22 t24t18t14t3 + I8 tostistioty + gor toath th+
_I_

298 toatiatiats + 4 325 S toataotis + ias t24t201514152 + 2 t24t14 + 22 13, tiato+

1573 3 3
+ 817981 t18t 12ts + 4191264 t14t12t8 + 564350976 t14t 12ts + 2000 t20t8t +

5929 43 169 42 42 1859 3 2 77 42 2

+ 70200 tigts + 2286144t atiotsts + 20575296 tiatyptsty + 1800t gt1atsty+
3 4

+ ST tgtiatsts + o2 tstiytsty + sres tistiatiolsty + s 19 tst5+

11011 2 4 46, 169 42 1859 2, 48 11858 12 4 49
+ 3380500 tigtiatsty + 125250 t 4t12t8t2 + 5103000 tiatiatsty + 759375 t 18tstyt

4004 11 44044 12, 338 3 743 14
+ 1265625 tigtiatsty + 34171875 tigtintsty” + 3796875 t7 1atsty” + 34171875 tiatiotsty +

10



128256128 27 7 77 2 3
8649755859375 tsty’ + 100 taotigtialsts + 900 taotistialsly + 3300 t20t 1atstat

_l_

+ 25 350 tootiatiatsts + % taotiststs + 80 = taotalsty’ + goos tagtiats+
+ o togtistiats + 5aos taatTytsts + oo t24t14t12t8t2 + 5}320 toat2ytato+

+ 16283725 toatiststs + S22 tostantsty + 18 13, t5t5 + s tistita+
+

_l_

_l_

169 2,2 | 1573 2,2 | 169 2,3
103680 t18t14t12t8t2 + 3661120 ) 1atsty + 2799360 t18t 1otgty + 933120 1 1at12tgty+
18592 4 20449 2,5 5929 2,5 1001 2,7
14696640 t14t 2t8t + 377913600 t12t8t2 + 270000 1 1ststa + 303750 tighiatgty+
11011 8 | 169 2,9 20449 2,10 20449 42 ;2,11
7290000 t18t12t8t + Si0000 t7 1atstz + 109350000 tiatiatsty” + 196830000 tolsty +

26026 2 286286 2,17 64128064 2,23
+ 51206875 t14t8t2 + 7638671875 tiatgty + 7368310546875 tgty” + 34560 t20t14t12t8+

10134%3230 taot 2t2t2 + 12330 t20t18t2t4 'I' 27%30700 t20t14t2t6 + 633(5)(1)0 t20t12t8t2jL

_l_
+ T togtistats + ohos tastiatity + 243000 t24t12t8t2 + 5o toatagtgtat

+ 101?%4113568 t 2t3t2 + 3151902500 t 8t3t2 + 1166400 t18t14tgt§ + 1617190611160 tlStl?tgt%""
41183 t24t3t5 4 13013 t14t12t8t6 4 143143 t%ztgt; 4847847 t18t3t10+

15552000 104976000 3779136000 3280500000
169169 3 1002001 3,13 1002001 ;3,19 | 539
+ 3280500000 tiaty t * 29524500000 tiatgty” + 115330078125 tsty + 345600 t?(]tl@ﬁ“LéﬂL

3,2 1001 3,3 , 7007 3,49
+ 172800 taotiatsts + 3110400 taotiatsty + 72900000 taotsty + 103680 152415141587L
11011 169 4,2 347633 2 44,3
+ To71954210 t18t12t8 + st 7 4t8t2 + 2149908480 tiatiotgty + 58047528960 tiotgly+

539539 4,46 13013 4,8 11022011 4,9 1002001 44415
+ 1199040000 tigtgty + 466560000 tiatgty + 453496320000 tiatgly + 92264062500 tgty +

49049 4,5 | 1001 4,3 77077 5,2 91091 5,4
+ 522080000 taotgty + 37324800 tatgty + 7166361600 tigtsts + 21499084800 tiatgtyt
1002001 5,5 13026013 5,11 7007 5 13013 6
+ 241864704000 tiotgty + 2519424000000 tgty + 1990656000 taolsta + 515978035200 tiatg+
+ 143143 t12t6t2 4 11022011 tﬁt; + 1002001 tgt?’

933120 t24t12t8t2 + 1857520926720 0674588160000 18575209267200

A Matrix elements of ¢*’ for Ej

In this Appendix we present the explicit calculations of g®’(us, ..., u;) for
FEg with respect to the coordinates corresponding to Mehta polynomials.

< dug, duy, >" = 2k uy,
< dus, dus >* = 120 ug — 320 uguy + 2400 u;

< dus, dug >* = 730 Ug — 360 u5u2
< dus, dug >* = 9;?0 uguy + 180 u6u5 — 3680 usus
< dus, dug >* = 168wy — 1092 usuy — 2 ug + 1792 uguj + 2 uiui — 9072uf

11



< dus, dujg >" = 3§0 6+ 5 53600 U u2 + 537 uglsUo—
3896 65
- T3 u6u5u2 —|— 6 u5 — 15900 U5u2

< dug, dug >* = 144 uguy + 576 u6u2 + 28 uZ — 3456 u)
< dug, dug >* = 128175 — 448 u8u2 + 24 e+

+ 24 Gu;” 1288 0 203 — 16128 uj

< dug, dug >* = 1752 u9u2 + &2 819 ugls + =2 2856 Uglsly — 9828 u5u2

< duﬁ, due > = 2752 ulgug 1674 UgUsUY —l— @ u% + 10504 UgUgUog—
— 22976 uguy — 22288 u6u2 - 21556 u6u5+
+ M0 vguy — 5214512 uZui — 301248 uf

< du8, dug >" = 896 u19uUs —|— o u9u5 + 112 ugug — 8960 u8u§ 4§8 U6UQ—|—

+ 20160 uguy — o u5u2 — 130560 u

3
< dug, dug >* = 88 ugug + 4352u u2 + == 10374 UgUs Uy —
— 2% wgusus + Lup — 31752u5u2
< dug, dugy >* = u12(1064 g + 25376 25376 :2),) 600 u? 4 576 67576 Ugus U2+
+ 245ﬁ g 2 7748504 gl u2 43 113 8U§ _ 264??16 u8ug—
— 28414 34 16304 éug + zllgg u6u5u + % UgUS—
- 751;*26 u5u2 — 1281408 u}
< dUQ, dug >* = % U12U 2 + 31 2 Ug’lL5U2 + 5= 1323 u§ — % UgUgUg —
_ 1285772 44 72854 2 4 147 gt 2 4 2495312 UGS —
— 4116 uu} 1553848 u§
< d’ng, dus > = 742 U2U5Uo + S13 UgUgUs + w u9u6u§ + 21 Ung—l—
+ 23412 u9ug + 2056 ugUGgU5 — M u8u5u§ 13%9 u6u5uz—
3;22 u6u5u;1 — % u5u2 — 193032 u5u2
< dulg, dus >* = u12(1254u8u — % UgUsy —|— 242 U, —l— 183656 Ug)—f—
+ 160 u9u2 + B ugugus + 4510 UgUgls s + 188210 4y usuy+
+ 55 231 u8u6 — 2068 u8u2 2227 u8u(23uQ 58398 ugu u2—|—
+ 6424 u8u5u2 @ ugul + ?;10254 ugus + g% ugui+
+ 53372 w2 52> 8320772 u6u5u§’ + 10469% ugul — }gg wup—
- 63355332 U u2 8443104u
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