SISSA preprint 58/2018/MATE

Two-dimensional Schrédinger operators with point interactions:
Threshold expansions, zero modes and LP-boundedness of wave
operators

Horia D. Cornean*$, Alessandro Michelangeli’'¥ and Kenji Yajima®

*Department of Mathematical Sciences, Aalborg University,
Skjernvej 4A, 9220 Aalborg, Denmark

tInternational School for Advanced Studies — SISSA,
via Bonomea 265, 34136 Trieste, Italy

tDepartment of Mathematics, Gakushuin University,
1-5-1 Mejiro, Toshima-ku, Tokyo 171-8588, Japan
Scornean@math. aau. dk
Yalemiche@sissa.it
“kenj'é.yajima@gakushum.ac,jp

Received 4 April 2018
Accepted 23 October 2018
Published

We study the threshold behavior of two-dimensional Schrédinger operators with finitely
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1. Introduction and Main Results

Let Y = {y1,...,y~} be N points in the plane R? with 1 < N < oco. Let Ty be
the densely defined non-negative symmetric operator in the Hilbert space L?(R?)
defined by

Toi = 7A|Cg°(]R2\Y)7 A= 82/81'% -+ 82/31’3, xTr = (.’ﬂl,l'g) S Rz.

A Schrédinger operator on R? with point interactions at Y is any self-adjoint exten-
sion of Ty. In this paper, we are concerned with local point interactions at Y which
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are parametrized by the interaction strengths o = (a1, ...,ay) € RY. The corre-
sponding operators are denoted by H, y and are defined via the resolvent equation:

N
(Hayy —2°) ' = (Ho—2°) 7 = Y {Tav (@)} G- =) ®G(-— i), (1)
J.k=1

where z € CT = {z € C: $z > 0}; more details on the right-hand side of are
given next. G, () is the convolution kernel of (—A — 22)~! in L?(R?):

1 e dg¢
Gel) = (27)2 /R? £2 — 22 @)

and, in terms of the Hankel function of the first kind (see, e.g., [3} (10.8.2)]),

G.(r) = LHE(:lz) 3)

where

1 /1.2 1\ (1,2)2 11\ (1.2)3

N O G 14 = (42) 14+ 4= (42) — ],
27 \ (11)2 2/ (212 2 3] (32

and Jy(2) is the Oth order Bessel function

U EDE 2
2 =3 s () )

=0

I'yy(2) is the N x N matrix whose (j, k)-entry is the function of z € @+\{0}
given by
Tay () = (aj o-log(2) 1+ 21) O = G:(0; = vl (6)

where 0, is the Kronecker delta, Sjk =1— 6, and ~ the Euler constant.

Throughout this work, we shall make the following genericity assumption on
the set Y of singular points and on the coupling parameters a: the matriz I'n y (A)
shall be non-singular for A € R\{0}.

This is indeed reckoned to be the generic case, and the collection of parameters
a for which I'y y(A) becomes singular for some non-zero point on the real line is
expected to be a small (measure-zero) set, although an explicit proof of this claim
is still lacking. A first simple indication towards the validity of such claim can be
found by observing that if || is large enough, then I', y-(A\) is non-singular because
the Hankel function decays to zero as |A| — oo; as the map (a, A) — det ', y (A) is
holomorphic, its real zeros must be finite in number.
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The following facts are well known (see [2, pp. 163-165]).
(1) Equation ([1)) defines a unique self-adjoint operator H, y in L?(R?) with domain

N
u(z) =v(x) + [F%y(z)_l]jkv(yk)gz(x —yY;) v E H?(R?) (7)
jk=1

which is independent of z € CT whenever ',y (2) ™! exists.

(2) Given z, the function v € H?(R?) of (7)) is uniquely determined by v € D(H,.y)
and

(Hoy — 25)u= (—A — 2%)v.

(3) Hay is a real local operator, viz. Hy yu is real if u is real, and if w = 0 in an
open set U, then Hy yu=0in U.

(4) The spectrum of H, y consists of an absolutely continuous part [0, c0) denoted
in short with AC, and at most N non-positive eigenvalues. Positive eigenvalues
and singular continuous spectrum are absent.

(5) Huy is a rank N perturbation of —A and, by virtue of Kato—Birman—
Rosenblum theorem (|9]), the wave operators W, defined as the strong limits
in L?(R?),

Wi _ t_liimoo eitH(x,Ye_itHO (8)

exist and are complete in the sense that ran Wy = L2 (H,y ), the AC subspace
of L*(R?) for H, y. Hence

Wiy =1, WiWi = P,.(Hay),

where P,.(H,,y) is the orthogonal projection onto L2,(H, y). The wave oper-
ators satisfy the intertwining property

f(Ha,Y)Pac(Ha,Y) = W:I:f(HO)W:I: (9)
for any Borel function f on R.

The Hankel function has the following integral representation

1
2

6iz\x| 00 )
G.(a) = (/)H (Gla) = S [T et <§—m|) i, (10)

27
see [13, Formula (3), on p. 168]. From , we see that for any ¢ > 0,
G.(z) = e lw(zlz]), [ORw(N)] < CalN) 7271 XeR, N[ Ze,  (11)

viz. (1—x(A\))w € S~ (R) (i.e. the space of one-dimensional symbols of order —1/2)
whenever x € C§°(R) is such that x(A) = 1 near A = 0. Also, for purely imaginary
z =ia € C* with a > 0 we have that G;,(z) is positive, hence I'y y (ia) is real and
symmetric.

If o € R, let L2 = L2(R2,(2)*dx) be the weighted L? space and B, =
B(L2,L? ) the Banach space of bounded operators from L2 to L? .
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Let £ C i(0,00) denote the finite set of square roots of negative eigenvalues of
Hyy. Let 0 > % and z € CT\&. The celebrated Agmon—Kuroda theory |1} [10]
of limiting absorption principle for (—A — 2z2)~! and the properties of the Hankel
function , , imply that the B,-valued analytic function (H, y —2?)~! admits
a boundary value (H,,y — A?)~! for A € R\{0} which is locally Hélder continuous.
However, it can be singular at A = 0.

We shall show that (H,,y — A?)~! can either be continuously extended to the
whole @+\€ , namely the closed half plane minus the non-zero singularity set, in
which case we say H,y is of regular type, or it has singularities of one of the
three kinds associated with resonances of s-wave or p-wave types or zero energy
eigenvalue.

In the regular case, we then show that the wave operators are bounded in LP(R?)
for all 1 < p < co. We write A instead of z when we want to emphasize that A is in
@Jr\{O}, not only in C*.

For stating our main results, we need some more notation. We introduce the
vectors

Gr(z —y1) Go(z —y1)
Gry(z) = : . Goy(w)= : !
Gxr(z —yn) Go(r —yn)
where Go(x) is the Green function of the 2-dimensional —A:
1 _
Go(z) = ~or log|z|, (=A) 1u(gv) = Go(z — y)u(y)dy,
R2

so that the right-hand side of may be expressed as
D\ @.y) = Gy (2), Tay (N) ' Gry (1)), (12)
where (a,b) =) a;b; (without complex conjugation). Also:

1
1

=—1, 1i=|:]|, P=e®e, S=1-P. 13
Vi ~ 1)

e

1

Moreover, D = D(«,Y) and G1(Y) are N x N real symmetric matrices given by

~ S;k S‘k
D= (@‘k%‘ + ;7 log |y; — yk|>7 Gi(Y) =~ <4§\,|yj - ykl2>. (14)

For an integral operator K, we denote by K(z,y) its integral kernel and we often
identify K with K (z,y). We will use the function

g = —iw log <> cioa (15)



Two-dimensional point interactions

which appears in front of Jy(z) in as one of the scales for the asymptotic
expansions as A — 0, the other being A. We have for small |A||z| that

Ga(@) = g(A) + Go(z) + O(N?|z[*g(AJa]). (16)

The representation of any point x € R? in polar coordinates will be 2 = rw,
where r = |z| > 0 and w € S'. For u,v € L?*(R?), u® v denotes the rank-1 operator
f — u(v, f), where (-,-) is the usual scalar product in L?(R?), anti-linear in the
first entry and linear in the second. The notation (f, g) will also be used whenever
the dual product is meaningful, say for f € S and g € S’. For the Fourier transform
in R%, we use the convention

~ 1 )
FIE =T = oyars [, e Sw)ae

We often write f <|.| g when |f| < |g|. When not specified otherwise, C' denotes a
universal positive constant and 1 is the identity operator on the space that is clear
from the context. Since the centers Y and the strengths a will be fixed through-
out the paper, we shall often omit them from the notation whenever we think no
confusion can occur.

Here is our first main result.

Theorem 1.1. Let o > 1. Then, as a B,-valued function of X € @+\(5U {0}), the
resolvent (Hy.o, — A?)™! satisfies the following properties:

(1) The linear map SDS in SCN is non-singular if and only if (Hy.o — X))~ can
be extended to a continuous function on C' and
(Hy,a =27 (z,y)
= Go(z —y) = N ((Goy(2),1) + (1,Go v () — N7*(1,Di)
+([SDS] ' S(Go,y (x) = N7'D1), S(Go,y (y) = N7'D1)) + O(g(N) ),

where O(g(A\)™1) satisfies 10(g(N) " Hlls, <Clg(N\)7Y as A — 0.
(2) Suppose that Kergen SDS # 0 and let T be the orthogonal projection in SCN
onto Kergen SDS. Then rank TD?*T < 1. Moreover,

(a) If TD2T is non-singular in TCN | then rankT = 1 and, if we write T =
f@f, £ =1(f1,...,f~n) and (£,D*f) = 52, v > 0, then

(Hy.a =A) ' =12529Ne@e+0(1) (A —0), (17)
where p(x) € R satisfies —Ap(x) = Z;v:l fié(x —y;) and as |x| — oo

A Di a1T1 + a2 1
p(r) = <f7 GO,Y(x) - N> =b+ % +0 (W) (18)

where a1, as are real constants and

b= —N"Yf,D1) #0. (19)
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(b) If TD?T is singular in TCN, then TD*T = 0 and TD = DT = 0. If
TG (Y)T is non-singular in TCN | then
(Hy.a =) H(z,9)

= —(Ng\?) "M TGoy (), [TG (V)T ' TGoy (y)) + O(A72).

= —(NgA\) ™) 0i(@)e;(y) + 0N 2 (A= 0), (20)
j=1
where n = rank T, (aj1,a52) # 0, j = 1,...,n are real constants and, as
|z| — o0
121 + Q272 _
pjx) = % +0(|z]7?). (21)

(¢) Both above operators TD>*T and TG (Y)T are singular in TCN if and
only if Hyy has an eigenvalue at zero. More precisely, let T1 denote the
orthogonal projection onto Ker TG1(Y)T and denote by:

5
Go(Y) = — (8;?\7% — yx|* log (|y—eyk|>> (22)
J

Then Ty1Go(Y )Ty is non-singular in TyCYN and

(Hy,o —2*) " (z,y)
= —(NXA) YTy Goy (2), [T1G2(Y)T1] ' ThGo v (1))

Lo (23)
= —(NX)7) (@) (y) + O %g™h), A—=0,  (24)

j=1
where m = rank T1Go(Y)T1 and 91, ..., 1, are zero energy eigenfunctions

Of Ha’y.

We say that H,y is of regular type in the case (1) and that H, y has zero
energy resonance of s-wave type in the case (2.a) and p-wave type in the case (2.b).
Note that in all cases the leading term as A — 0 of (H,,y — A?)™! is an operator of
finite rank. The behaviors of ¢(z) in the s-wave resonance or ¢1(z),...,@,(x) in
the p-wave resonance case are similar to the corresponding resonance functions of
Schrodinger operators with regular very short range potentials (cf. [85]).

Remarks. (1) If N = 1, H, vy is always of regular type. This directly follows
from where the log A singularity cancels identically.

(2) Let N = 2. Then:
(i) H,,y is of regular type if and only if ay + aa # 7~ L log |y1 — yal.
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(ii) Ha,y has a resonance of s-wave type if and only if
a1 +ay =7 tlog|y: —y2| and
(a1 — (2m) " loglyr — y2[)? + (a2 — (2m) " log [y1 — y2|)* > 0.
(i) Ha,y has a resonance of p-wave type if and only if
ar = ap = (2m) " tlog ly1 — .

(iv) H,,y cannot have a zero energy eigenvalue.

(3) If N > 3, we shall prove that both TD2T and TG, (Y )T can be singular and a
zero eigenvalue can exist. A similar argument also applies to the three dimen-
sional case, thus the statement on the absence of zero eigenvalue for point
interactions in [2] is incorrect.

More precisely, we have the following result:

Proposition 1.2. Let N > 3. Assume that a = (a1, ...,ay) € RNV\{0} satisfies

N N -
Y a;=0, Y ay; =0, and Da=0. (25)
Jj=1 Jj=1
Then the function
N
W(x) == o logle — | (26)
j=1

belongs to the domain of H,y and H,yvy = 0. Moreover, the converse is also
true: any eigenfunction which obeys Hy vy = 0 must be of the form where

a € RM\{0} obeys .

For N = 3 and yi,%s2,y3 € R? which are collinear or for N > 4 and arbitrary
Y1,...,yn € R? there exists a € RV\{0} which satisfies the first two equations
of . Then we can always find « such that Da = 0 and, hence, H, y has an
eigenvalue at zero. We will also prove in Lemma that a zero mode (if it exists)
is always non-degenerate when N < 4 and we conjecture that this is always true.

The third main result of our paper is the following theorem:

Theorem 1.3. Suppose that H, y 1is of reqular type. Then the wave operators Wi
are bounded in LP(R?) for 1 < p < cc.

It has been long known (see |7]) that the wave operators for one-dimensional
Schrédinger operators with point interactions are bounded in LP(R!) for all 1 <
p < o0 and, in three dimensions it was recently shown ([4]) that they are bounded
in LP(R3) if and only if 3/2 < p < 3. Thus, there is a sharp contrast between
the results in dimensions one or two compared to dimension three. We also note
that for Schrodinger operators with multiplicative short-range potentials it has

7



H. D. Cornean, A. Michelangeli €& K. Yajima

been recently proved [6] that the wave operators remain bounded in LP(R?) for all
1 < p < o0 even when there is an s-wave resonance or an eigenvalue at threshold.
The intertwining property @[) reduces the mapping properties of the AC part
of the functions f(Hay) of Ha,y to that of f(Hy) and there is a large body of
literature on the LP mapping properties of the wave operators (for this we refer to
the reference of [4,(14]). The same intertwining property @ and the well-known L?-
L9 estimates for the free propagator imply the corresponding property of e~ #Ha.v,
We write ||ul|, = [Ju||Lr®2) for 1 < p < oo and p’ is the dual exponent of p defined
by 1/p+1/p =1.
Corollary 1.4. For any 2 < p < oo, there exists a constant C, such that
le™ oY Poe(Ha,y Jullp < Cplt|"/P7 2 |fully,  we LP(R®) NLA(R?).  (27)
An immediate corollary of the LP-L9 estimates are the Strichartz estimates
in two dimensions: We say (p,r) is a two-dimensional Strichartz exponent if it
satisfies
1 1 1
-—+-==, 2<qg<o0.
P oq 2
Corollary 1.5. Suppose that Hyy is of reqular type. Let (p,q) and (s,r) be 2-
dimensional Strichartz exponents. Then there exists a constant C > 0 such that:

1/q
(/Re_“Ha’yuH%P(]Rﬂdt) < Cllull2,

t
/o e mIHay Py (Hoy ) u(s) ds < Cllull o g, 2 (m3))-

La(Ry,LP(R3))

For more about Schrédinger operators with point interactions we refer to the

monograph [2], while for L boundedness of wave operators we refer to our previous
papers |4, 14] and references therein.
The structure of the remaining text is as follows:

e In Sec. |2} we give a detailed analysis of the behavior of T'(A\)~! near A = 0 and
we classify its possible singularities.

e In Sec. [3] we prove both Theorem and Proposition [1.2] results which com-
pletely characterize the threshold behavior of the class of zero point interactions
we consider here.

e Finally, in Sec.[d we give the proof of Theorem[I.3|concerning the L? boundedness
of wave operators.

2. The Small A Behavior of I'(\) ™!

We begin with the study of the small A behavior of I'(A\)~!. In this section, the
notation O(g(A\)?A¥), 7 € Z and k € N, represents a scalar or a matrix-valued
function which has an asymptotic expansion when A — 0 as

O(g(\)NF) = Cjg(N)INF + Cj_1g(N)? AR 4.0 mod O(NFF) (28)
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which may be differentiated term by term. For simplicity, we will often omit the
variable \ from various functions and write, e.g., g for g(\), F for F(\) and so on.
The expression (a;j) will denote an N x N matrix with entries a;.

We shall repeatedly use the following lemma due to Jensen and Nenciu ([§]) in
the case when # is finite dimensional.

Lemma 2.1. Let A be a closed operator in a Hilbert space H and S a projection.
Suppose A+ S has a bounded inverse. Then, A has a bounded inverse if and only if

B=S—-S(A+8)"'s

has a bounded inverse in SH and, in this case,

A=A+ 8) '+ (A+9)'SBTIS(A+ 957 (29)
From () and (5)) and the definition of g()\), we have as A — 0 that

) 1 1

SHP ) = g(V) - 790N — A%+ 0(A () (30)

4 4 8

and, for j # k,
1 A2 9
=GO (y; —yk) = —g(\) + 2. log ly; — il + ZQ(A)\% — Yk

A2 9 e
+—ly; —y 10g<)+0)\4g. 31
Sl og ([ ) +00t) (31)
It follows from @ and that as A = 0
1 ... 1
- 5.
L) = —g(\) |+ - +D+9(A)/\2<f|yj—yk|2>
1 ... 1

2/ e

+ ;7 <5jk|yj — yk|* log (|yj m—— ))jk +0(Xg)

= —Ng(P = N"'g(\)7'D + NG (Y) + Xg(\) ' Go(Y) + O(\Y))

= —Ng(A\)A(N), (32)

where D and G;(Y) are defined in and G»(Y) in (22).
We apply Lemma [2.1]to the pair consisting of the operator A appearing in
and S = 1 — P in the space H = CV. For simplicity we write

F(A\)=-N"'g(\)"'D (33)
so that as A — 0
AN+ S =1+F(\) + R, +00\Y),
Ri=Ri(\Y) = NG1(Y) + M g(N)'G(Y) (= O(N%)).
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For small 0 < A\ < A, the inverse (1 + F)~! exists and
AI+F) " '=1-F+ -+ (-F)"*+0(@g™), A—=0. (34)
Moreover, A(\) 4 S is invertible and
A+t =1+F) 1+ R +00H)) 1+ F)H?
A+F) 1+ F)'RA+F)"'+ 00\
(1+F)™' = Ry + O(N2g(N)7?), (35)

where
Ry = X2G1(Y) + A2g Y NTIG(Y)D + N7I1DG (V) + Go(Y)) (= O(N?)). (36)
From ([35)), we have

B=S(1—-(A+8)™HS=SF(1+F)™'+ Ry +0(\g?)S. (37)

2.1. The case when SDS is invertible in SCN
Suppose that SDS is invertible in SCV. Since

FA4+F) '=F—F>4+F—...= —N"'g7'D+ 0(g7?),
by absorbing Ry + O(A\2g~2) of into O(g~2) we have:
B =S(—N"1g7SDS] 4+ O(37?))S. (38)
Thus, B is invertible in SC¥ for small |A| > 0 and
B™l = —Ng(\)S[SDS] 1S 4+ SO(1)S. (39)
Combining (29), and (39), we see that
At =14+ F)"' = Ng(1+ F)"'S(SDS] ' +O(¢~1)S(1 + F)~*
+0(g\?). (40)

Lemma 2.2. T'(A\)~! is bounded as A — 0 if and only if SDS is non-singular in
SCN. In this case,

A t=-N1gl1+F)!
+(1+F)7IS(SDS] T +0(g7)SA+ F)T +0(N)  (41)
= [SDS|"' +0(g7 ). (42)
There exists a constant \g > 0 such that all entries of T~1(\) satisfy
RO TNk <| O £=0,1,... 0< A< . (43)

10
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Proof of the “if’ part. We substitute for AinT=!(\) = —N"1g7tA~1 and
pick up the leading (bounded) term. Recall that the asymptotic expansion for
may be differentiated term by term and

(d/d)\)70(g7") <. CAF, j=0,1,....

This proves by virtue of .

The proof of the “only if” part of Lemma [2.2] can be completed only when we
finish proving all other lemmas in this section.

As we shall see in Sec. is sufficient for studying the LP-boundedness of
the wave operators, however, we need the more detailed structure and in
Sec. [3] for studying the behavior of (H,,y — A?)~! as A — 0.

2.2. The case when SDS is singular in SCN

Suppose that the leading term SDS in is singular in SCV. We expand (1+F)~!
in up to the order O(g—3) as

F(1+F) ' ==N"'g "D+ N?¢*D* =N °Rs, Ry=0(1), (44)

where the definition of R3 = R3(\) should be obvious (see (34))). We introduce the
operator

B=-N"1'g"YSDS - N 1g71SD?S + S(N"2g 2R3 + NgR,)S)  (45)

(recall from (36) that Ry = O(A\?)). In order to find the small A behavior of B~}
in SCV we introduce the pair (A1, T) where

Ay = SDS+ N~1¢g718D%S — S(N~2g 2R3 + NgRy)S (46)

and T is the orthogonal projection in SCV onto Ker SDS. Then we again apply
Lemma to the pair (Ay, 7). Since (SDS + T)~*! is invertible in SCV and A; =
SDS + O(g(A\)~1), then Ay + T is also invertible for small 0 < |\| and

(A +T1)7"
= (SDS+T) 1+ (N"tg~tSD2S + SO(972)S)(SDS + T)~ )~
= (SDS+T) ' —N~1g Y(SDS +T)"1SD?S(SDS +T)~* + SO(972)S.

Since T'S = ST = T and T(SDS +T)~' = (SDS + T)~'T = T, the operator B,
which corresponds to B when A; = A satisfies

By =T —-T(A +T)"'T = N“Yg7'TD*T + TO(g72)T. (47)
Here we state the following lemma:

Lemma 2.3. The matriz TD?T has rank 1. It is singular in TCYN if and only if
DT =TD =0 and, if it is non-singular, then dimTCN = 1.

11
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Proof. Choose an orthonormal basis {es,...,eyx} of SC¥ so that {e,ez,...,ex}
is an orthonormal basis of CV = (e) ® SC, where (e) denotes the linear span of e.
Let K denote the matrix of SDS. Let

M = (a K) (48)

be the block matrix representation of D in this basis with respect to the decompo-
sition CV = (e) @ SCV. Then

2 a?+ |a*> afa+taK
B aga+Ka a®a+ K2 ’

We identify T’ with its matrix. Since T’ projects onto the kernel of SDS in SCN,
TD?T has the matrix representation Ta®Ta with respect to the basis {ea,...,en}
and has rank 1. It follows that 7D2T is singular in TCY if and only if TD?*T =
(DT)*(DT) = 0 or DT = TD = 0 and if it is non-singular, it must be that
dimTCVN = 1. |

(a) The case when TDT is non-singular in TCN = Ker SDS. If TD?T is
non-singular in TC¥, then dim TCY = 1 by virtue of Lemma 2.3 Eq. (47) implies
that By is invertible in TCN and

By' = NgT[TD*T]~'T + O(1). (49)
Then, by virtue of Lemma Ay is invertible in SCV and
=AM+ D) (A +T)TITBIIT(A +T) L (50)

Since (A; + T)7! is bounded as A — 0 and (A; + T)7'T = T(A +T)" ! =
T + O(g~1), we conclude from and that in the space SCV

A7t = NgT[TD*T)'T + O(1). (51)
Thus, B = —N~!g~!'A; is invertible in SC" and
B™' = —NgA{' = —=N*¢*T[TD*T]"'T + O(g). (52)

Lemma 2.4. Suppose SDS is singular in the space SCY and let T be the orthogonal
projection onto the kernel of SDS in SCN. Suppose that TD*T is non-singular in
TCN. Then, TD?*T has rank 1 and T(A\)~" has log singularities as A — 0. More
precisely,

A t=-N1g 1+ F)!
+ Ng(1+ F)"YT[TD*T) T + TO(g HT)(1 + F)" + 0(\%g)  (53)
= Ng[TD>T]~' + 0(1). (54)

Proof. We combine w1t . and (35)). Recalling that (A+5) = (1 +
F)~1 4+ O(\?) and (1 —|— F) 1+ O( ), we obtaln the above result. O

12



Two-dimensional point interactions

(b) The case when T'D?T is singular in TCN but TG, (Y)T is non-singular.
If TD2T is singular in TCY, then, by virtue of Lemma [2.3] TD = DT = 0 and
R3T = TR3 = 0, see for the definition of Rs3. Define

L=SDS+ N"1g7'SD*S — SN~2g72R;S,
so that TL = LT = 0 and, by virtue of ,
Ay =L+ SNgR,S.

Recall that Ry = A2G1(Y)+A2g ' (NG (Y)D+N"1DG(Y) +Go(Y)) (see (36)).
It follows that in the direct sum decomposition of SCV = (1 — T)CN @ TCV,

Lt o
L+T= =LteT
0 T

where L is the part of L in (1 —T)C" and
(LY ={1-T)SDSA-T)} " +0(¢7").
It follows that
(A1 +T) ' =(L+T+ SNgR,S)™!
=(LteT) - (Lt T) Y (SNgRyS) (Lt & T)!
+O0(N'g?). (55)
Define
Ry(Y):= NG (Y)D+ N'DG (V) + G (Y).
Then the operator By =T — T(A; +T)~'T of is given as
By = —TNg\*(Gi(Y) + g 'Ra(Y) + O(N2g*))T
= —TNgA\*(Gi(Y) + g7 'Ga(Y) + O(N?¢*))T (56)

where we used (36)), the identity T(L* & T)~' = 0@ 1 and that DT = TD = 0 in
the final step.

If TG, (Y)T is non-singular in TCV, we see from that Bj is invertible in
TCN for small 0 < || and

Byl = —N~lg I\ 2T[TG(Y)T) 1T + O(A~2g71).

We again apply Lemmato Ay, By and T and use (55| for (A; +7)~*. Then,
since (A1 + 7)1 = O(g()\)) as A — 0,

ATl =M+ ) - (A + D) TBIT(A +T)
=Nt I\ (TG (V)T T+ O0(A 2™ 1)
and
B™' = —Ng(NAT' = A2 T[TG, (V)T 'T + SO\ 29~ 1)S.

13
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By using , we have proved the following lemma:

Lemma 2.5. Suppose that SDS is singular in the space SCN and TD?*T = 0.
Suppose further that TGy (Y )T is non-singular in TC™. Then, as A — 0 we have:

POt = —N-lg (14 F)~L 4 N~lg~1\2
X (L+F)'S(TITG(Y)T| ' T+ 0(g~")SL+F)" +0(g™")  (57)
= Ny IATPTTG (V)T 'T + O(A?), (58)

where we wrote ST =T for simplicity in .

(c) The case when both TD2T and TG,(Y)T are singular in TCN. We
note the identity

1 . i 3
Ga(Y) = 3-G1(Y) + Ga(Y),  where gz(Y):< g |yj—yk|21og|yj—yk|).

8r N
(59)

Lemma 2.6. Suppose that both TD?*T and TG1(Y)T are singular. Let Ty be
the orthogonal projection onto Ker TGy (Y )T in TCN. Then both T1Go(Y )Ty and
T1Go(Y )T, are non-singular in TyCN .

Proof. Define the N x N matrix M by

M = (;xy; — yil*log(ly; — ykl?)).

Due to the presence of 11, it suffices to show that T3 M T, is non-singular in T;CV.
Because all the matrices we worked with until now were real and symmetric, we
may choose their eigenvectors to be real. Thus the matrices of T} and of Ty MT)
are also real and self-adjoint. Hence we can choose the eigenvectors of Ty MT; to
be real. Let f = T1f be a normalized real eigenvector of T3 M1} associated with
the smallest eigenvalue. We show that necessarily (f, M f) > 0, hence Ty MT) is
positive definite and non-singular on the range of 717 .

For f =*(f1,..., fx) € T1CY, define the function

FN) = > fifslys —wel’log(ly; — >+ 1), A >0.
1<j#k<N

We want to show that F(0) > 0. We observe that F()) is smooth for A > 0 and
that limy o F'(A) = 0 because >, iy n fifuly; — ykl? = (£, TG (Y)T1f) = 0
for f € T1C™ and

F) = > fifelyy — wlog(ly; — ynl* + A) — log A).
1<) AN

14



Two-dimensional point interactions

We will prove that F’(\) < 0 for all A > 0, which implies F'(0) > limy_,o, F(A) =0
and finishes the proof. In order to do that, we compute

yk|
Zf]fk y|2+>\ ijfk y|2+>\

J,k=1 7,k=1

For t > 0, we have the identity:

—At
(4N _ € / i3 =) =9/ (41) g,

4t
and also:
1 Cpim [ et g
i —yel> + A nooe o
Thus,

2

n et , N o
F'(A\) = =\ li dt dp e7P/(40) Wy fil < 0.
( ) nl—)ngo 1 4rt /Rz pe Ze fJ -

n- j=1

The above inequality is in fact strict for every A > 0, since F’(\) = 0 for some
A > 0 would imply Z;‘V:1 e?Vif; = 0 for all p € R?, which is equivalent with
fi=-=fy=0. O

For studying By Lof , we let Ay be the linear operator in TCV inside the
parenthesis of :
=T(Gi(Y) + 97 'Go(Y) + O(N¢*))T, (60)

and apply Lemma once again to the pair (As,T7).
The inverse (A + T1)~ ! exists in TCY for small 0 < || and, omitting the
variable Y,

(Ao +T) "= (TGT+T) ' —g H(TGT +T1) ' TG (Y)T(TGT + T1) ™"
+0(g7?).
We need to consider the invertibility of
By =Ty — T1(As + Th) 1.

Since T'TG\T = TG, TT, = 0 and T]_(Tng + Tl)_l = (Tng + Tl)_lTl =1Ti, we
have By = —g 171G (Y) Ty + O(g~2). Because T1G2(Y )T} is non-singular in 7 CV
by virtue of Lemma By ! exists for small [\| > 0 and

By = —gT\[T1G(Y)T\] ' T1 + O(1).
Then, by virtue of Lemmam 2.1] A5 also exists for small [\| > 0 and
At = (Ap+T) 7' — (A + T) ' By ' Ty (Ag + Th) 71
= gni[T1G(Y)Th] ™' 11 + O(1)

15
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where we used (Az +71)"" = O(1) and (A2 + T1)"'T1 = Ti (A2 + T1) ™! = Tt +
O(g™') in the second step. Thus, we have

Bt =-T7'N~'g(n)~1Ay!

= TN\ TG (V)T ' TN T + O(A " 2g(\) ). (61)

Then, exactly as in the case (b), we have

AT = TINTINT TG (V)T T T + O(A2g(\) 1)
and

Bl =—NgWA' =T 'N]ATTIG (V)T ' T + O(A2g(\) 7).

Repeating the argument in the last part of the proof of Lemma we prove the
following lemma:

Lemma 2.7. Suppose that TD?*T = 0 and TG, (Y)T are both singular in TCN . Let
Ty be the projection to Ker TGy (Y)T in TCN. Then T1Go(Y )Ty is non-singular in
T.CVN and, as A — 0 we have:

' =-N1y A+ = N"IN214+ )7t
X S(TY TG (V)T "' Ty + O(g~ ) S(L+ F)~' +0(1)  (62)
= —NA T\ [T1G(Y)TY] 'y + O(g~ ' A 72) (63)

where in the first Ty should be considered as a linear map from T, CN jinto CN
and the last one from CV into T\CV.

3. Proof of Theorem and Proposition

We start with Proposition because it is strongly related to the part (2)(c) of
Theorem and it completely characterises the zero modes of H, y.

3.1. Proof of Proposition (1.2

We first show that 1 in belongs to the domain of H, y and satisfies Hy y1 = 0.
It is obvious that ¢ € L2 (R?). For large |z| we have

loc

log |z — y;| = log|z| — |x|2j + O(|z|72)
and (25)) implies that ¢ () behaves like || =2 at infinity hence it is square-integrable.
We next show 1 € D(H,y). Let u € CT be such that I'y, y(u) is invertible and
define the vector
N

al 1
vu(x) == (z) — Zajgu(a: —yj) = Zaj (—%logx -yl — Gulx — yj)>.

j=1

16



Two-dimensional point interactions

Clearly, v, € H?(R?) because the logarithmic singularities of ¢ are removed. More-
over, we have:
N ) 5.
i) = 3 (Bpl—(m) 0 e = ] — Gulon = ) + T lo(u/20) +) )
j=1

= Z[FQ,Y(N)]kjaj7

where we used the fact that Da = 0. Thus we have:
N

() = va@) + 3 Loy (]300 G (2 — 1)
Ji k=1
which (see (7)) shows that 1) belongs to the domain of H, y. By computing the
distributional Laplacian of v,, we obtain:

N
AN DY S-log e — | =~ = (Hay — )0,
which confirms that H, y1 = 0.

We now prove the converse. Assume that ¢ is in the domain of H,y and
H, vy = 0. Let p be such that Ty y (1) is invertible, viz. p € CT\E, € C [0, 00)
being the square roots of negative eigenvalues of H, y. Then there must exist a
function v, € H?(R?) such that

N
d(@) =vu(@) + > Cay (W] 0(0e)Gulz — y)). (64)
j,k=1
Define a = *(aq,...,ay) by
N
a; =Y [Cay(Wliv(u), j=1,....N.
k=1

The vector a must be independent of p because all its components can be directly

expressed in terms of ¥ by using in :
aj = —2r lim ¢(z)(log |z —y;|)~', j=1,...,N.
=y,

Since (Ha,y — p?) = (—A — u?)v,,, we have the equation

N
—Av,(z) = —p? Zajgu(m —Yj)-
J

In momentum coordinates we have:
N i
u? e "PYi

U, (p) = aj———5—5-
! 2m = P (p? — i)

Since v, € L*(R?)\{0}, a must obey the first two equations of .

17
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We now show that if we take p = ¢ A with sufficiently small A > 0 and p — 0, then
lvpll 2 — 0, hence v, (z) — 0 uniformly. Since a satisfies the first two equations of
this would imply

lim Ty y(p)a=Da=0

n—0

and the desired identity
1 X
Y(x) = f%;aj log |z — y;].

To show that ||v,|| g2 — 0 we first observe the trivial estimate
1AviAll = IA2A(=A + X2) 71|l < A2[Jy]).
In momentum coordinates we have that
i (p) = N0 + A1) () <) b(p) and lim dia(p) =0 ifp # 0.
It follows by the dominated convergence theorem,
[virllL2@rz)y =0 (A = 0).
Hence ||v;x]| gz — 0 as A — 0. This finishes the proof of Proposition

Lemma 3.1. Let N < 4 and assume that H,y has an embedded eigenvalue at
zero. Then the eigenvalue is non-degenerate.

Proof. We know that we need at least N = 3 in order to have a zero mode.
Without any loss of generality, up to a translation, a scaling and a relabeling, we
may always assume that y; =0, |y2| =1, and 1 < |y,| for all j > 3.

If N = 3 then y, and y3 must be linearly dependent, otherwise the first two
constraints of impose a = 0 and no zero mode can exist. If yo and y3 are
collinear then up to a translation, a scaling and a relabeling we may assume that
y2 and y3 have the same direction and |y1| = 0 < |y2| = 1 < |ys|. We write
as = —lyslaz and a3 = —as — ag = (Jys| — 1)as. Thus all the compatible a’s
belong to a one-dimensional subspace generated by the vector with components
a; = *(|lys] — 1, —|ys],1). Now from the equation Da; = 0 we can find the right
combination of o’s (uniquely determined by |ys|) for which a zero mode can exist.
Thus if a zero mode exists, it must be non-degenerate.

Now let N = 4. We know that y., y3 and y4 are linearly dependent. There are
two possibilities: either these three vectors are all collinear or they are not.

If they are not collinear, for example ys and y3 are linearly independent, then
given any as € R we may uniquely determine as and ag from the equation asys +
azys = —aqyys and also a; = —as — a3 — a4. Thus we are again in a situation in
which the compatible a’s form an one-dimensional family. As in the N = 3 case, if
a zero mode exists, it must be unique.

18
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Let us now assume that all four points are collinear. We may also assume without
loss of generality that ys, y3 and y4 have the same direction and

lyi| =0 < |y2| = 1 < |y3| < |yal.

Then we have ay = —asl|ys| — aslys] and a3 = (|ys| — 1)as + (Jya] — 1)aq. This
time, the family of compatible a’s is two-dimensional, generated by the following
two linearly independent vectors:

ar = t(|y3| -1, _|y3|’ 170) and ap = t(|y4‘ -1, _|y4|a07 1)-
To each generator we can separately find some a’s for which a zero mode would
exist, but we want to see if we can find one joint « for which both equations Da; = 0
and Day, = 0 are simultaneously satisfied. By solving for « in both equations we

obtain four compatibility relations involving |ys| and |y4|. The one involving oy
imposes the condition:

loglys| _ log|ya|

lys| =1 [yal =1
But the function (logt)/(t — 1) is strictly decreasing if ¢ € (1, 00), hence the above
equality cannot hold true. Thus the zero mode is unique if it exists. O

Remark. If N > 5, the family of a’s which are compatible with the first two
equations in is always at least two dimensional. The compatibility relations
(only involving the y’s) which are obtained from the condition that the a’s must
be the same, are much more complicated. Nevertheless, they can always be written
as an equation of the type F(ys,...,yn) = 0 where F : R¥=2 — R¥ is a rather
complicated function; here y; = 0 and y, = (1,0) are fixed and no two y’s can
coincide. We conjecture that no degeneracy is possible when N > 5.

3.2. Proof of Theorem [1.1; Preliminaries
We will study the operator

D) = (Ha,y =) = (Ho = )7 = (G v (2), Tay M) Gr v () (65)

when \ € @+\(5U {0}) converges to zero, by using the results of Sec. |2| Our results

will be stated for A > 0, however, they hold for A € @+\(5 U {0}) with the same
proof. As before, we identify operators with their integral kernels.
We define

Ro(A, ) = Ga(x) — g(Alz]) = Ga(x) — g(A) — Go(x)

and use the vector notation
Ro()\, X — Z/l)

ﬁ(),Y()‘vx) = ) @\ = g()\)]‘
Ro(\, x — yn)
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so that
Gry (2) = §(N) + Goy (z) + Roy (A z). (66)

By virtue of for the Hankel function for small A\, we have for any constant
C7 > 0 and for an arbitrary small 0 < ¢ that

Ro(\x) <)) CsAlz]|’,  [Alz]] < Cn, (67)
and from for large X that
Ga() <)) CINall ™2, [l O, (68)

We take a cut-off function y € C§°(R?) such that
x(x)=1, for|z|<1 and x(x)=0, for|z|>2
and define for A > 0
@) =x0), Giy (@) =@y, Gry (@) = (1= xa@)0hy,

and likewise for other functions. To shorten the formulas, we often omit the variables
from various functions.

Lemma 3.2. For any Ao > 0 and o > 1, there exists C > 0 such that the following
estimates are satisfied for 0 < \ < Ag:

163y Ilz2, < CA7Y (1GGy Nz, < CXTHg(V)). (69)
IG5y lz2, < ClaN), IG5yl <C. (70)

For any 0 < § < o — 1, there exists C > 0 such that for 0 < X < Ay
| Ro.y (A @)l 2 < CX°. (71)

Proof. By virtue of , we have for ¢ > 1 and for small 0 < A < Ay that

1/2
163 e, <oxH( [ gl ) —ear,
T lz|>CA—1

1/2
~ 1 2
||G(%Y“L2_0 <C</| o l(ogldefE> ZC)\U_llog)\.
z|> -

|x|20

This proves (69). The first of the following estimates is obvious and the second
follows from :
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This yields . By virtue of , we have for any 0 < § < 0 — 1 that

- 1/2
(Lo a) <o ([, ovor~e)
. [z[<A—T

< O, (72)

1/2

Estimate implies ||§02,Y()\)||L3 < CX for any 0 < § < o — 1, which completes

the proof of the lemma. O

We will now study D(X) of (65) in the space B, = B(L2(R?), L? ,(R?)), o > 1.
Note that L2(R?) C L*(R?) when o > 1.

We begin with studying the contribution to D(A) of —N~1g=1(1+ F)~! which
is the common first term in the right-hand sides of the first formulas for I'(\) in

Lemmas and

Lemma 3.3. Let 0 > 1. Then, as a B,-valued function of A > 0 we have

g NGy (@), 1+ F) oay () (73)

= —g— N"'(Goy(2),1) + (1,Goy(y) + N"1(1,D1)) +O(¢™"),  (74)
where O(g~1) is such that [|O(g71)|B, < Clg(N)|~! as A — 0.
Proof. We substitute QA,\vy(:zr) = Q\Zy(x)qLQ\Sy(x) and likewise for é\)\,y(y) in
. Then, and imply that as A — 0

(73) = =Nl HGRy (@), (L + F) 7GRy () + O(X) (75)
for any 0 < § < o — 1. Multiplying by xa(z) we have
Gy (@) = xa(@)d(V) + Gy (2) + 5y (A, ),

and likewise for G\EY (y) which we insert in the right of . This produces nine

terms out of which five contain R\éy(/\, x) or fiéy()\, y) and, by virtue of and
, they are bounded by CX°, § < o — 1 in B,. We collect them into O(g~') of
(74). Moreover, we trivially have

IN" g\ My (@), (1 + FON)) 'G5y w)lle, < ClgV)

and we include this too into O(g~!). Thus, we only have the following three terms
71,75 and Z3 to deal with.

Zy=-N"'g " oa(2)g, 1+ F) 'xa(v)d), (76)
Zy = —N7lg MGGy (), 1+ F)"'a()g), (77)
Zs=—N""g" (a(@)3, (1 + F) 'G5y ). (78)
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We have by using that [|[1 — xal[gz < OXN"for 0 <A < G

Zy = =N"1g7Hg, (1+ F)71g)x ® xa
=-N"' _1(< 9) = {9, Fg) + (3, F*(1+ F)713))xa ® xa
= (-g- N1, D1)(1e 1) +0(g™") (79)
In a similar fashion we have
Zy = ~N"NGoy(2), 1) + O(g™Y), (30)
Zy = —N"'1,Goy () +0(g7"). (81)
The combination of f concludes the proof of Lemma O

The following corollary shows that the sum of the first term and the contribution
by the common first term —N ~1g~!(1 + F)~! of I'()\) in the Lemmas
and [2.7 to the second term on the right of

(Hay =A™ =0a(@ —y) + Gay (@), T(N) 'Gry (1)) (82)
is bounded in B,:
Corollary 3.4. Let o > 1. Then as A = 0,
Gz —y) = N7l Gy (@), (1 + F)'Gay (1))
= Go(z —y) = N ((Goy (x),1) + (1, Goy(y)) + N 1(1,D1)) + O(g ")
(83)
which is bounded in B, as A — 0.

Proof. Substitute Gy(z — y) = g(A) + Go(z — y) + O(A\2g(\)|z — y|?). Then
immediately follows Lemma O

The second terms in the first formulas for I'(A\) in Lemmas and
are all sandwiched by (1 + F)~1S and S(1 + F)~! and, for studying their
contributions to D(\, z,y), we use the following lemma. Recall that T is a linear
map defined in SCV and if we identify T with 0pcn @ T, then TS = ST = T.

Lemma 3.5. Leto > 1 and 0 < § < 0 — 1. Then, there exists A\g > 0 such that for
0 < X < Ag the following estimates are satisfied for some constant C' > 0:

1S@ny — Goy )z _(mey < ON, (84)
ISA +F)™'Gy — S(Goy + N7'Di)||2 < Clg) ™ (85)

In particular, the L2 (R?)-valued analytic functions Sé,\y and S(1+ F)71§A7y of

. . —+
X € CT have continuous extensions to the closure C .
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Proof. Since S§ = 0, we have S(g\)\’y - éoyy) = Sﬁoyy()\, ) and (84) follows from
. We write
SA+F)'Gry =S(Gry — FGy + F2(1+ F)"'Gyy) (86)

and, on the right-hand side, we substitute for first two é)\’% F = —N_lg_lﬁ
in the second term, use Sg = 0 and arrange so that in the formula below the terms
in the first line are independent of A, while those in the second line are bounded by
C{g(\)~t)in L2 as A — O:

(86) = S(GQY + N-'D1 + Nﬁlgilﬁao,y + Eoyy()\)
+FRoy(\) + F2(1+ F) Gy y).
This proves . O
We now start proving each statement of Theorem separately. By virtue
of Corollary we only have to study (Gxy (z),[(A\)71Gxry (y)) when T'(A\)~! is

replaced by the second terms in the first formulas for I'(A) in Lemmas
and [2.7) for the corresponding cases.

3.3. Proof of Theorem [1.1|(1)
We use Lemma When I'(A)~! is replaced by , Gy (2), TN Gy (1))

becomes
(S(14 F)~'SGyy (z), ([SDS]™* + O(g=))S(1 + F)" 185Gy v (1)) + O(A\2g)

where we used that ||§,\,Y||LEU < O{g) to obtain the term O()\2g). Statement (1)
immediately follows by applying Lemma [3.5]

3.4. Proof of Theorem [1.1|(2)

Proof of Statement (2-a) We apply Lemma n and Corollary . 3.4} Replacing
()~ in Gay (2), TN 26y () by (53) produces
(14 F)7'SGx v (@), T(9[TD*T] ™! + O()T (1 + F)7'SGy v (1)) + O(Ng°).
(87)

Thus, if T = f @ f with normalised f € CV and (f, D*f) = 52, 70 > 0 then Lemma
[3:5] implies that

(87) = 12gp(@)p(y) + O(1), @(z) = <@o,y(w) + N'Dif).
Here f1 + -+ fy=0as f=(f1,...,fn) GS(CN

<f>GO,Y( :_7ij log( |x_yJ Zf] log( \x—yj|)—log|x\)

09095 40\ N £ YT L o2
-y ) S AU ol (s
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In the matrix representation of D in Lemma e is represented by ((1)) and 1 by
(\/ON) It follows that D1 is given by the vector (2). Then, TD1 = Ta which does

not vanish as TD?T is non-singular in T7CY (see the proof of Lemma . Hence
(D1,f) # 0 and this proves Statement (2-a).

Proof of Statement (2-b). We use Lemma 2.5 and Corollary As before, we
only have to study

N7l I\ 2(1+ F)7ISGy v (2), TITG (V)T TS+ F) Gy () (89)

and the remainder is of order O(A~2g~2). We diagonalize the symmetric matrix as
TTG (Y 1T Z a;f; @ f;, n =rankT,

where a; € R\{0} and f; € TCY, j = 1,..., N can be chosen to be real. Then,
Lemma implies

(89) = N"'g7 A~ 22%@] Joiy), wilr) = <fj7éO,Y($)+N_1bi>-
j=1
Here (f;, N~'D1) = 0 since Df; = 0,
- x _
1(8) = {63, Coy ) = 3 ovlogtle — ) = 2Zmy|’“ 7+ 0l ).

k=1

We must have that ) fjryr # 0 for j = 1,...,n because for every real vector
f € TCN we have:

N
(TG (Y)Tt,£) = ——Z\yg uel? m—; Y fiyi| >0 (90)
j=1

7,k=1

where we use the assumption that TG, (Y)T is non-singular.

Proof of Statement (2-c). We use Lemma As in the proof of statement
(2-b), we only need to study

NN "Gy (2), i [T1G2(Y)T1] ' T1Goy (v)) (91)

and the remainder is O(A~2¢g~1). If we diagonalize
T1G>(Y Za]aj ®aj, m =rankT],
then we have

(91) = —=N"'A~ zzaﬂ/’a 2) @;(y), ¥ () = (a5, Goy ().
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Here we have a; = (a;1,...,a;n5) € TICN C TCY C SC, hence,
aji+---+a;n =0, Da;=0, ajyi+-+anyy =0

where the last equation is the result of and (TG, (Y)Tf,f) =0 for f € T;CV.
It follows from Proposition that ¢;(z), j = 1,...,m are all eigenfunctions of
H, y with eigenvalue zero. This completes the proof of Theorem O

4. Proof of Theorem [1.3

We only prove the theorem for W, . The complex conjugation u +— Cu = u then
gives the proof for W_ = C*W_,C. In what follows we assume H, y is of regular
type and the results of Lemma are satisfied.

4.1. Stationary representation of the wave operators

We use the stationary representation of W, as in the three dimensional case (see
[4]). We need some preparation. We set

D, = {u € S(R?) | € C5°(R*\{0})}. (92)
Lemma 4.1. For everyn € N, D, is a dense subspace of LP (R™) for all1 < p < oo.
Proof. It suffices to show that having fixed f € S(R™), then for every € > 0 there
exists a u € D, such that ||f — u||, < e. Take a x € C§°(R™) with 0 < x <1 such

that x(§) =1 for [£] < 1 and x(&) = 0 for [£] > 2 and set x,(§) = x(&/p). If we
define u = (1 — x,(D))x~n(D)f € D, then

1f = ullp < 1f = x5 (D) fllp + 11X (D) flp
and it suffices to show that ||(xn (D) —1)f||, = 0 as N — oo and ||x,(D)f|, = 0
as p — 0. To see ||[(xn(D) —1)f]l, = 0 as N — oo, we write

(v (D) =D f(2) = (2m) 7 / (N (FTX)(N(z =) f(y) = f(z))dy

n

— @07 [ FW T N ) - f@)dy

— @0 [ NYE ) ( / Vi 9N‘1y)d9) dy

R

and apply Minkowski’s inequality to obtain

1w (D) = D f(@)]lp < @m) T NTHIGIFE )V - (93)

For the second limit, we apply Young’s inequality and obtain

(D) fllp = (2m) " I(F ) * fllp < @)~ o CVPNFE)IIIF L O
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We define the operator Q;x, j,k = 1,..., N such that (Qj,u)(x) for u € D, is
given by
1 +oo

S [ AT 000 ([ (6300 - Gosuliay )

mi 610 Jg
Then the following lemma may be proved by repeating line by line the proof of
Proposition 3.2 of [4] for the corresponding formula in three dimensions.

Lemma 4.2. Let (T, f)(x) := f(x — x0) be the translation operator by xo. Then,
for u,v € Dy,

(Wayu,v) = (u,0) +

s

N
(Tyj ijTy*;u, 7)). (94)
k=1
In order to prove our theorem it suffices to show that
1Qkull, < Cllull,, weDs, jk=1,....N (95)

for any 1 < p < oo and for a constant C' independent of u. We first remark here
that the damping factor e=%* in the definition of Q;u is unnecessary. To see this
we first note that (€2 — 22)~! has a limit in S'(R?) as z — —\ + 10, A > 0 and, for
v € Dy:

/ V@G (1) = Tm(v, Gorie) = lim (0, FH(€2 — (—A +ie)?) ™)
R2 €l0 el

021
= lim zi(]'—v, (€ - —ie)®)™")
TP Y A (96)

10 27 Jgo €2 — N2 +ic

Then, as a function of A

[0 =gty

~ lim ( 1 — — ! .)ﬂ(n)dn
R2

€l0 27 n?—X—ic n2—A+ie

=5 /S1 U(Aw)dw (97)

is of class C§°((0,00)). Then we have:

@) = = [ AT O 52 6a2) ([ awrs)ar o9

1

4.2. Decomposition of the operator

For simplicity we define for j,k=1,..., N
~ _—1
L) = Lay (D k-
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We let fjk(\DD and K be the operators defined for u € D, respectively by

Ea(Dhute) = 5 [ e TllehFue)as (99)
“+oo
Ku(z) = % g ( /S 1 (fu)(Aw)dw) d.

Lemma 4.3. For every j,k =1,..., N the operator Q;y, is the product of fjk(|D|)
and K:

(Qru)(2) = (K o Tje(IDD)u(z), € D.. (100)

Proof. We may write the right-hand side of in the form

LA ASVING ( / JUxzovay jk(fu)(m)dw) d.

1 Jo S

Here [Tay (V) J(Fu)(Aw) = F(Fjx(D)u)(\w) by the definition of I';4(|D|). The
lemma, follows. O

4.3. Estimate of Ku

In what follows, we shall prove that both K and fjk(|D|), j,k =1,...,N are
bounded operators from LP(R?) to itself for 1 < p < co. We deal with K first.

Lemma 4.4. For any 1 < p < oo, there exists a constant C > 0 such that
(v, Ku)| < Cllullpllvllyr,  u,v €D

and K extends to a bounded operator from LP to itself.

Proof. Let u,v € D,. Define a signed measure p,, on (0, 00) by

fa(E) = /AEE </§ a(m)m) AdA

for Borel sets E of (0,00). The measure u,, is supported on a compact subset of

(0,00) and
(v, Ku) = %/R@ (/OOO g_,\(x)uu(d)\)) da.

Changing the order of integration by using Fubini theorem, we have

(v, Ku) = & /OOO (/R v(x)g_,\(q:)dx) i (dN). (101)

™

Since the limit as € — 0 converges uniformly on compact sets of A in (96, we may
change of order of the limit and the integral in (101)) and, applying Fubini’s theorem
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again we have

Y L 8(€)d¢
(U’K“)_la%l 0 <27r2i /]Rz 62/\2+z‘s> (@A)

L fu (dX)
B ILO 272 2/ </ &2 — )\2+15> de. (102)

Here the inner integral in is equal to

> ﬁ(M) B a(n)
/0 </S €2 _ )2 —I-z'edw) AdA = /R g

and, Fubini’s theorem and the change of variables (¢,7) to (£ +n,n) imply

1 o(&)a(n) 1 8(E+n)a(n)
(v, Ku) = lelﬁ)l 2724 /R4 &2 —n? +i5d€dn lefg 272 /R4 &2+ 2¢n —Hadndg'

Substituting

b — /Oo it (€2 +2En+ie) gy
52 + 2577 + e 0

and using Fubini’s theorem once more yield
1 [ ) e
(v, Ku) = 151&)1 52 / e et {/R2 eite” (/Rz e28nH(€ + n)ﬂ(n)dn) df} dt
(103)

Apply Parseval identity to the inner most integral and change variables (z,&) —
(z, (y — z)/2t). Then the function inside {:- -} becomes

/ eite’ (/ ey (x)u(z + 2t§)d:c> ¢ = / ei(y2*IQ)/“v(a?)u(y)t*dedy.
R2 R? R4
Introduce this identity in (103 and change ¢t — 1/4t:

(v, Ku) = lim;g/ e~/ (/ 6im2v(x)d:17> (/ eityQU(y)dy) dt. (104)
el0 0 R2 R2

Now we introduce the spherical mean:

1
7 /S1 u(rw)dw, >0, (105)

define Ny (r) = M,(y/r) for r > 0 and N,(r) = 0 for » < 0 and let R be the
restriction operator to the positive half line:

RF)(r) = {f(”’ 0

0, r <0.
Using polar coordinates, we then have

/ 6ity2u(y)dy = 27r/ em2Mu(r)rdr
R? 0

M, (r) =

. / ¢ N (r)dr = v (F* N)(1),
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where F is the one dimensional Fourier transform and, likewise
/ eit””QU(x)dx = V2w (F*Ny)(t).
RZ

Since (F*N,)(t), (F*N,)(t) € L*(R), the limit as ¢ — 0 in (104) can be trivially
taken and Parseval’s identity implies

(oo}

(v, Ku) = —47r/ (F*Ny)(t)(F*Ny)(t)dt

0
= —4n(F*Ny, RF*N,) = —47(N,, FRF*N,).

As is well known, the operator

. i u(y)

u(z) = (FRFu)(x) = 5 /R pr—— Z'Ody
is bounded in LP(R) for any 1 < p < oo. Thus Holder’s inequality implies

woxwzy ([T pnnra) " ([ prira)

< Cllollzy g2 llull e @2)-

1/p

This completes the proof. O
Remark. Equation (104)) and the argument following it imply that

27 d
el0 T R2 T — Y° — 1€
4.4. Proof of Theorem the case N =1

Thanks to Lemmas and it suffices to prove that fjk(|D\), jk=1,....N
are bounded from LP(R?) to itself for 1 < p < co. We recall Mikhlin’s multiplier
theorem ([11]):

Lemma 4.5. Let k > n/2 be an integer. Suppose m € C*(R™\{0}) and
Oem(€) <.  Calél 1, Jal < k. (106)
Then, the Fourier multiplier m(D) by m(&) defined by

G L et mOFu(Eae

is bounded from LP(R™) to itself for all 1 < p < co.

m(D)u(z) =

When N =1 we have for A > 0 that

TNy =T = (a + % log (;) - % + ;;)1 .
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It is obvious that ['(A) € C°°((0, c0)) and

TOMN < G =01, (107)
which implies

OT(EN <.  Celel ™!, Jal = 0.

Hence, Lemma implies T'(|D|) is bounded from LP(R2) to itself for any 1 < p <
oo. This completes the proof of Theorem for the case N = 1.

4.5. Proof of Theorem the case N > 2
For N > 2, I'(A\) has the form

LA) ={a} —g(A) = J(A),  J(A) = (Gx(y; — yr)djn)-
where {a} is the diagonal matrix with entries a1,...,ay and g(A) is the scalar
matrix g(A)1. Thus, for N > 2, T'(A) contains the term Gy (y; — ykN) which is oscil-
latory for large A. This prevents to directly apply Lemma [4.5/ to I';(|D]) and we
need to split it into the low and high energy parts and treat them differently. Recall

that
Gr(z) = eM*lw(N|x]) (108)
where w(\) satisfies for A > ¢ > 0, ¢ being any positive number,

HwN) < CeN)"E 7 1=0,1,2.... (109)

Low Energy Estimate of f‘(|D . If H,y is of regular type, then Lemma [2.2
shows that ((T'(\)71);x satisfies (43) hence, so does fjk()\), gk =1,...,N. It
follows that if x € C§°(R!) is such that x(A) = 1 for |A\| < X¢/2 and x(A\) = 0 for
Al > Ao, Ao being as in 7 then X(|§ngk(|f|) satisfies the condition of Lemma
and x(|D|)T;x(|D]) is bounded from LP(R?) to itself for all 1 < p < co.

High Energy Estimate of f‘~(|D|) Thus, the proof of Theorem will be com-
pleted if we prove (1 — x(|D|))T;x(|D]) is also bounded from LP(R?) to itself for all
1 < p < o0o. We use the following result due to Peral (p. 139, [12]).

Lemma 4.6 (Peral). The translation invariant Fourier integral operator

(Tf)(x) = (27;/2 / eiz5+z‘£q|ﬁ§|§2f@)d§, (110)

where (&) € C®(R™) is such that (&) = 0 in a neighbourhood of £ = 0 and
(&) =1 for |£| > 2, is bounded in LP(R™) if and only if

‘ 1 1 ‘ b

< .

“n—-1

(111)
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Lemma 4.7. Let x € C§°(R) be as above. Then, we may write

(1= XCOT) = (@000 + Lix (W), (112)
where ® = (®;) and L = (Lji) satisfy the following properties:
(1) Forj,k=1,...,N, ®,i(N) is of the form

M
= Z e by (), (113)
(=1
where ay,...,apn > 0 are constants and by, ..., by are symbols of order —1/2

on R (which, of course, depend on j, k but we suppress such dependence as the
argument will be the same for all j, k).
(2) Forj,k=1,...,N, Lji()\) satisfy

NRLik(N) <[ Ce(N)72, £=0,1,.... (114)
Proof. Since (lfx()\))f()\)jk is smooth, it suffices to prove that the decomposition
is possible for A > 1. As ({a} — g(\))™! — 0 as A — oo and
TN < Ce(A)72, £=0,1,... (115)
for large A by virtue of (L08)), we may write
(1= x()TO) = (1 = x()({a} — g00) (1 = ({a} — 500) T,

which implies

(1 —xM\)TW\)je < Cp, £=0,1,.... (116)
We expand (1 — ({a} —g)~'J)~! and define ®()\) and L(\) as

3
() = M) (e} - HIMN{ay —g)TH,
k=0

L) = (1= x())T) " ({a} —g(0) TV .

Then we have (1 — x(A)L(A)™* = ®(A) 4+ L(\) and the entries of ®(\) satisfy
the property for large A > 0. The entries of L(\) satisfy by virtue of
and (115)) which implies J(\)* and its derivatives are bounded by (\)~2 . The
lemma follows. O

‘We have
(1= x(ID)Tx(1D) = @(|D]) + Ljx(| D).

Then by virtue of (113) Lemma with b = 1/2 and n = 2 implies ®;4(|D|)
is bounded from LP(R?) to itself; Mikhlin’s Lemma shows that the operator
L;(|D]) is bounded from LP(R?) to itself by virtue of (114). This concludes the
proof of Theorem also for N > 2.
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