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Abstract
In the following we consider the Klein-Gordon-Maxwell system with some
positive potentials in R®. We establish the existence of single spikes con-
centrating around critical points of the potentials.
Also necessary conditions for the concentration are given.

1 Introduction and main results
Let us consider the nonlinear Klein-Gordon equation

82¢ A 2.0 p—1

i Y+ mg = APy (1.1)
where 1) = 9(z,t) is a complex function defined on R* x R, p € (1,5), A > 0 is
a parameter and mg > 0 is the mass of the particle whose states are described,
at a given moment, by the wave function .
In recent years many papers have been devoted to find standing waves of (1.1),
i.e. solutions of the form

Y(x,t) = u(z)e™ ™", u(z), w e R.

In this case (1.1) becomes a semilinear equation.
In this paper we want to study the interaction of 1) with its own electromagnetic
field (E, H) which is described, as usual, by the gauge potential (¢, A)

¢:R*xR — R, A :R3xR— R3.
Indeed (¢, A) is linked with (E, H) through the Maxwell equations

0A
E=-V¢o——, H:=VxA.
60—,
Following the ideas of [3], in order to study standing waves interacting with a
purely electrostatic field (this means A = 0 and ¢ = ¢(x)) one can reduce to

the study of the following system of equations
—Av +mdv — (¢ — w)?v = Ajv|P~ Lo, r€R3
(1.2)
Ap = (¢ — w)v?. reR3
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For such a system existence and non-existence results have been established (see
[3], [4], [5] and references therein).
Let us consider the following generalized version of the system (1.2):

—Av + a(z)miv — b(x)(¢ — w)?v = AP~ Lo, r€R3
(1.3)
A¢ = b(z)(p — w)v?, r € R3
where a,b € C*°(R3,R) such that
(al) infgs a(z) > 0, a and its derivatives are bounded;

(b1) b(z) >0, b0, b and its derivatives are bounded.

As we will see in Section 3 the problem (1.3) can be reduced into a single
equation. In fact the equation

A¢ = b(x)(¢p — w)v? (1.4)

has a unique solution ¢, € D%2(R?). If we substitute ¢, into the first equation
of (1.3) we have to study the equivalent problem

—Av + a(z)miv — b(2)(dy () — w)?v = | lo, z € R3. (1.5)

Let us define €2 := —5. Then the equation (1.5) becomes
0

0+ Sy )6~ P = AP, aeRE (L0

If we consider the problem (1.6) with a mass mg at a macroscopic scale, the
value of € will be then very small. We will interested not only in the existence
of solutions for (1.6) but also in their behavior as € — 0.

To the best of our knowledge no papers consider the concentration phenomena
for such a problem.

We first state the main results of the paper.

Theorem 1.1 Let (al)-(b1) hold. Furthermore we assume

(a2) a(x) has a non-degenerate local minimum or mazimum at xo € R®, namely
Va(zg) = 0 and D%a(zg) is positive- or negative-definite.

Then for e > 0 small, the equation (1.6) has a solution v. which concentrates at
Zo-

If we assume

(a2’) a(r) has a degenerate local minimum or maximum at zo € R3, namely
there exists a positive integer m > 0 such that D*a(x) = 0 for all kK < m
and D™a(x) is positive- or negative-definite and such that

3
D™a(xg)[x] = Z a;zy"

8m
where a; = M, 1=1,2,3;

ox™
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(b2) b(xp) = 0 and b(z) has a (possibly) degenerate local minimum or maxi-
mum at zo € R?, namely there exists a positive integer n > 0 such that
D¥b(zg) = 0 for all k < n and D"b(xg) is positive- or negative-definite

and such that 5

D"b(xo)[z] = Z bz}
6"[)(.%‘0)

where brL = W,
7

1=1,2,3;

then the following result holds.

Theorem 1.2 Let (al)-(a2’)-(b1)-(b2) hold. Let s = min{m,n + 2} and we
assume s < +00. If s=m <n+2 ors=n-+2<m, then the problem (1.6)
has a solution v. which concentrates at xo € R3. Moreover, if s =n+2 =m

the same holds provided _
C,ia; — Ca,ib; # 0, (1.7)

where Cy ;, 5271- are positive constants explicitly known.

Remark 1.2.1 We note that if z¢ is a local minimum (resp. local maximum)
for a, or for b, then a;,b; > 0 (resp. a;,b; < 0). Hence the assumption (1.7) is
automatically satisfied if z¢ is a local maximum for a(z) and a local minimum
for b(x) and vice versa.

Remark 1.2.2 The results of Theorem 1.1, 1.2 are not so different to those of
[7] for the Schrodinger-Poisson problem. We remark that in Theorem 1.2 we
require only that Cs;a; — 52,1-191- # 0 in the case s = n + 2 = m. Nothing is
assumed in other cases unlike in [7]. This can be done because of the particular
form of the problem in the case in which we couple the Klein-Gordon equation
with the Maxwell equations. Moreover the real difficulty is that, in this case,
we do not have an expression for the solution of the second equation of problem
(1.6). Indeed in [7] the second equation is a Poisson equation and it is known
the expression of such a solution.

The paper is organized as follows. Section 2 is devoted to some notations and
preliminaries. In Section 3 we study the existence and the uniqueness of the
solution of A¢ = b(z)(w + ¢) and we derive some properties of it. In Section
4 we study the variational setting of the problem and in Section 5 we prove
Theorem 1.1 and 1.2. In a final section (see Section 6) a necessary condition to
the concentration phenomenon is discussed.

2 Preliminaries

Hereafter we use the following notation:

e H'(R3?) is the usual Sobolev space endowed with the standard scalar pro-
duct and norm

(u,v) :/ [VuVv + wldz; ] :/ [[Vul® + v?] da.
R3 R3



e DY2(R3) is the completion of C§°(R3) with respect to the norm

||UH2D12 = |VU|2d$
R3

L9(R3), 1 < g < 400, denotes a Lebesgue space, the norm in L9 is denoted
by |ulg.

S is the best constant in the Sobolev embedding D%?(R3) — LS(R?),
namely
s oo lulps
ueDL2(RI\{0} |ulg

S, is the best Sobolev constant for the embedding of H'(R?) in LI(R3),
q € (2,6), that is
Illl

Sy = inf )
we HY(R3)\{0} |ulq

C,C’,C; are various positive constants.

We consider a problem which will be useful in the sequel:

—Au+u = |uP~ u, r€eR3
(2.1)
u(z) =0 as|z| — +o0.

It is well known that (2.1) has a unique positive radial solution U in H'(R?).
This solution satisfies the following decay property (see [6]):

: . . U'(r)
TEIEOOU(T)TB =C>0, ngr_loo i)

=-1, r=]|z|

for some constant C'.
The function U is also a critical point of the C? functional Iy : H'(R3) — R

defined as )

1
In(u) = =||Jul]* = —— ulPt de, 2.2
o(0) = 3l = —= [ 1 (22)
Since (2.1) is translation invariant, it follows that any z¢(z) := U(z—¢), £ € R3,
is also a solution of (2.1). In other words Iy has a non-compact critical manifold
given by

Z = {z(x): £ € R3}.

We know that Z is non-degenerate (see [2, Chapter 4, Section 4.2]).
Moreover, there exists a constant C > 0 such that

0
el < C: ]]“

oz, < C, forall £ € R (2.3)

We also recall the following properties of the solution U.



Lemma 2.1 Define the operator Q : H*(R?) — R as

Q) = 1) = |

{|VU|2 +v? — pUP~ 12| da.
R3

We denote Uy, = g—ggc. Then there hold:

1. QU= (1-p)lU|* <o0.

2. Q[%g] =0, j=1,2,3.

3. Q] > C||v||? for all vLU, I/J_gTUj, j=1,2,3.

For a proof see for instance [2, Lemma 8.6].

3 Study of the equation (1.4)

Lemma 3.1 For any v € H'(R3) there exists a unique ¢, € DV2(R3) of the
equation (1.4) such that 0 < ¢, < w.

Proof Let v € H'(R?) and we define the following bilinear form

L : (wy,wy) € DV2(R3) x DM (R?) —s [Vw; Vws + b(z)v*wiws] dz € R.
R3

It is easy to see that L is well defined. Moreover, since b(x) > 0, L(wy,w;) >
lwi]|3):.2. Furthermore since b(z) is bounded, by using the Holder inequality,
we have

L(wi,wz) < Jlwi[przflwsprz + C(b)[0*|5 - fwiwels
< lwi|lpr2flwallpr2 + C(b)|v[5|w |6|wale
< (14 CO) - )llwillprellwal pre

where C(b) = S~2 - C(b).
Therefore L defines an inner product, equivalent to the standard inner product
in DM2(R3). Moreover H'(R3) C L'?/5(R3) and then

/ wb(z)v?w; dx
R3

< O(b,w)|vlty5lwillpre.
Therefore the linear map

wy € DV(R?) —s wb(z)v?w; de € R
R3

is continuous. Hence, by the Lax-Milgram theorem, there exists a unique ¢, €
D'2(R3) such that

/ [V, Vwy + b(z)v2p,w:|dz = / wb(z)v?w de, Y w; € DY2(R3)
R3 R3



namely ¢, is the unique solution of —A¢ + b(x)v?¢ = wb(z)v?.
Arguing by contradiction, we assume that there exists an open subset ) C R3
such that

Py > w. (3.1)

Then, since ¢, solves (1.4), we have
—A(py — w) + (@) (dy — w) = —A¢, + b(x)v? P, — wb(x)v? = 0.
So ¢ = ¢, — w satisfies
—Ap +b(x)v*e =0in Q, ¢ =0 on 9Q.
Then ¢ = 0 contradicting (3.1).

An analogous argument shows that ¢ > 0 (by using also the positivity of the
function b(x)). O

Remark 3.1.1 Let v € H'(R3). More in general one can consider, for all
h € (D*2(R3))’, the equation

—A¢ + b(x)v?¢ = h. (3.2)
As done in Lemma 3.1 one can prove the existence and the uniqueness of the

solution in D12(R3) of (3.2).

Now, let v € HY(R3) and h,k € (D“2(R?))’. We denote by ¢" the unique
solution in D?(R3) of

—A@" + b(z)v?p" = h, (3.3)
and by ¢* the unique solution in D'?(R3) of
—AQ* + b(x)v*P* = k. (3.4)
Then
hot de = | ko da. (3.5)
R3 R3

Indeed, if we multiply by ¢* the equation (3.3) and by ¢" the equation (3.4)
and we integrate on R3, we find

/ ho® dz = / (V" V¥ + b(z)v?¢" k] do = / ko" d.
R3 R3 R3

Now we define the map
®:ve HY(R?) — ¢, € DV?(R?)

where ¢, is the unique solution of (1.4). From Lemma 3.1 it follows that ® is
well defined. As done in [4] one can prove that ® is of class C' and, for every
u,v € HY(R3)

(@) [u] = 2(¢1 — 2) (3.6)



where ¢1, ¢o are respectively the solutions in D1'2(R3) of
— Ay + b(x)v? P = wh(x)uw (3.7

—Ag + b(x)v? Py = b(x)ppuv. (3.8)
We remark that, since wb(z)uv, b(x)p,uv € LS/5(R3) C (DV2(R?))’, from Re-
mark 3.1.1 it follows the existence and uniqueness of ¢; and ¢s.

Remark 3.1.2 Now, let 8 > 0 and we set vg(x) = fv(Sz). Then ¢ := ®[v](0x)
is the solution of
A0+ b(Aa)o(3)6 = wh(Br)e? (Ba)

namely ¢ solves
—A¢ + b(ﬁac)vz(:r)(b = wb(ﬂm)v%(x). (3.9)

We set such a ¢ as ¢.
We also note that if the function b(x) is constant then one can infer that

P[v](fr) = Plvp](x).

4 Variational setting

Let 29 € R3 be a critical point of a(z), namely Va(xg) = 0. Without any loss
of generality, we assume zo = 0 and a(0) = 1.
By suitably scaling, (1.6) can be reduced to the following equation:

—Au + a(ex)u — €2b(ex)(py (ex) — w)?u = |uP~tu (4.1)

where € = 377 and u(z) = ev(ex).
From Remark 3.1.2 it follows that ¢,(ex) = ®[v](ex) = ¢S where ¢f is the
solution of

—A¢S + bex)u¢f, = wh(ex)u®. (4.2)

Hence (4.1) becomes
—Au + a(ex)u — e2b(ex) (¢S, — w)*u = |u|P~tu, r € R3, (4.3)
From (3.6) it follows that

(67)'[v] = 2(¢7 — ¢%) (4.4)

where ¢f, ¢5 are, respectively, the solutions of
—A¢S + b(ex)u? ¢S = wh(ex)uv (4.5)
—A¢S + blex)u? ¢y = blex) S uv. (4.6)

The solutions of (4.3) are the critical points of the functional I, : H}(R3) — R,
I.eC?

62

[[Vul® + a(ex)u?] do — 5/ w?b(ex)u? du
3 R3

1
bex)piu’ do — —— Ly 4.7
[ ttenrsar = —= [ (47)

I.(u) =

N —
T



Indeed, by using (3.6)

I(u)[v]

/ [VuVo + a(ex)uv — ew?b(ex)uv — |ulP~ uv] dz
R3

2

+€2/ wb(em)¢iuvdm+%/ wb(ex)(¢S) w]u? dz
R3 R3

/ [VuVo + a(ex)uv — €w?b(ex)uv — |ulP~ uv] da
R3

+€2/ wb(ex)¢§uvdz+e2/ wh(ex)u? ¢S dx —62/ wh(ex)u? ¢S dx
R3 R3

R3

) (I1)

By using (3.5) with h = wb(ex)u? and k = wb(ex)uv then, since ¢" = ¢¢ we
find

(I) = / h¢* dx = / wb(ex) s uv dx.
R3 R3
Moreover let h as before and k = b(ex)¢Suv then from (3.5) it follows
(mz/hwmz/mmwymm.
R3 R3

Hence

I'(u)v] = /Rs [VuVo + a(ex)uv — ew?b(ex)uv — [ulP~ uv] dz

+€2 / wh(ex) S uv dx + €2 / wh(ex)uveS, dr — € / b(ex)(¢S)*uv da.
R3 R3 R3
At the end we find

I'(u)v] = /RS [VuVv + a(ex)uv — ew?b(ex)uv — |ulP " uv] dz

+¢? / blex)(2w — ¢5,)psuv dx. (4.8)
R3

In a similar way one can compute the second derivative of the functional I,
finding

I (u)[v,w] = / [VoVw + a(ex)vw — €w?b(ex)vw — plulP~ vw] da (4.9)
R3
e / bew) (20 — 60,) 60w da + 4e? / bew) (w — 65)(85 — 95 uv da
R3 R3
where ¢§ and ¢§ are, respectively, the solutions of
—A@S + blex)u? ¢S = wh(ex)uw, —AGS + blex)u®dG = ¢S b(ex)uw
In the next lemma some estimates that are useful later are done.

Lemma 4.1 Let be u € HY(R3) and ¢ the solution in DV2(R3) of

—A¢+ b(ex)zgqb = wb(ex)zeu. (4.10)



Then if (b1) holds then

1¢llpr2 < Cowllzel - [lull- (4.11)
Instead, if (b1)-(b2) hold and |€| < &, then

[6llpre < Cpg- € - lull- (4.12)

Proof Since ¢ solves (4.10) we have
ole = [ 1VoPdr< [ (V6P +bew)s2e?] da
R3 R3
= / wb(ex)zgud dx.
R3

If (b1) holds then
@B < w-Colels - |2¢ulsss < Cowlldllprallzell - [lull
and (4.11) follows. If (b1)-(b2) hold then
blex) < C - €™|x|™.

Hence

5/6
[61B2 < wlélo ( / 3b<ex>6/5z§“uﬁ/sdw) -

Now, z¢ € L5(R?), hence zg/S € L°(R?). Moreover u € L3/2(R3), hence u5/> €
L°/4(R3). By using Hélder inequality we find

1/6
6lns < Cullollona ( [ bea®sgae)  fulya
1/6
< Corlollona [ 1o+ gm0 @rde)
-
< Cug-€"llollprallull
since [ [z +€[5"US(z) do < C¢ provided [¢] < €. Then (4.12) follows. O

Remark 4.1.1 We note that (4.11) holds also if we substitute z¢ with a func-
tion v € H*(R?). Instead (4.12) holds only in that case since we use the expo-
nential decay of the function U solution of (2.1) to obtain the result.

5 Proof of the main results

The proofs of our main results use a Lyapunov-Schmidt reduction.
Fix £ € R? and let us define

ZEZ:{Z§€Z§ : |§|§g}
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For every z¢ € Zg, we define W =W, . = (TZ5 Zg-)L and P : H*(R?) — W the
orthogonal projection onto W. Our approach is to find a pair z¢ € Zg, w € W,
lw] = O(e®) (s = 2 in the assumptions of Theorem 1.1 and s = min{m,n + 2}
in the assumptions of Theorem 1.2), such that I/(z¢ + w) = 0. Equivalently:

a) PI/(ze +w) =0,
(5.1)
b) (Z — P)I/(z +w) = 0.

The first equation above is called auxiliary equation, and the second one receives
the name of bifurcation equation.

5.1 The auxiliary equation

Our intention now is to find a solution w € W of the auxiliary equation for any
z¢ € Zg. We begin with some estimates:

Proposition 5.1 Let be (al)-(a2)-(b1) hold.
Then there exists C = C(b,w, &) > 0 such that for all e > 0 we have

[1:(2¢) || < Ce. (5.2)

If (a1)-(a2’)-(b1)-(b2) hold then there exists C = C(w,&) > 0 such that for all
€ > 0 small we have
I7E(ze) || < Ce®. (5.3)

with s = min{m,n + 2}.

Proof Taking into account that z¢ is a solution of (2.1) we have
el < [ aler) = Useloldo+ 02 [ blex)selolda
RS R3

+62/ b(ex)|2w — ¢, | - |92, [2¢[v] d
R3

1/2 1/2
< ( la(ex) — 1|22§ dm) [v]g + €2w? (/ b(ex)ng dx) |v]a
R3 R3
+e? /R bex) |20 — 6%, | - 65, | 2elu] d
1/2 1/2
< (/ lalex) — 122 dx) o]l + Cuue? (/ b(ex)?22 dm) o]
R3 R3

() (rn
+62/ b(ex)|2w — ¢, | - |95, [z¢|v] dz
R3

(I11)

If (al)-(a2) hold then
la(ex) — 1| < C3|x|?. (5.4)

Therefore

(I) < Ce? (/R |z + £[*U?(z) dm) v < Cge? (5.5)
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provided |¢| < €. If (al)-(a2’) hold then
la(ex) — 1] < Ce™|x|™. (5.6)
Therefore
1/2
(1) < Cem (/R @+ €202 (2) da:) < Ceem (5.7)

provided |¢| < €.
Moreover, if (b1) hold (by using (4.11) and (2.3)), we have

(1) < Cylzel2 < Gy (5.8)
and
(D) < Cou [ 105 seloldo+ Cy [ 165 Pacloldo
< Choldt lslzevlsss + Col(65,)%[3l2¢v]s 2
< cllprzllzell - o]l + Coll g, 1Dz el - [l
< Gy - llzelPllvll + Co - [lz¢]1® - [0
< Crull|l- (5.9)

If (b1)-(b2) hold then
blex) < Ce™|x|™.

Hence

1/2
(1) < (/ |z +€*"U (2 )dx) < Cge” (5.10)

provided |¢| < € and

arn < ¢, / bew) |65, 2¢[o] d + / b(ew) |6, [P2eo] de
R3 3

5/6 2/3
< Coléll (/ b(ex)5/%|zev|%/° dx) + |92, | (/ bex)/?|zev[*/? dm)
1/6 1/2
< Qe ona- ([ sersgan) ol + los s ([ seoleeold) ol
1/6
< Cllglone ([ oreruia) o+

1/2
ot et ([ o+ v @an ) "
< Cug € llzell - vl + Ce - €2 v]l.
So, by using (2.3) we have, for € small,
(II1) < C,, g*™||v].. (5.11)

Putting together (5.5)-(5.8)-(5.9) we obtain (5.2). Instead, putting together
(5.7)-(5.10)-(5.11) we obtain, for € small, (5.3). O
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Now we are concerned with the invertibility of I!'(z¢) on W = (T%, (Z¢))*. First
we observe that T, Z¢ is spanned by the functions

. ou .
2= ~or (x—=¢), i=1,2,3. (5.12)

Recall that P denotes the orthogonal projection onto W; we decompose: W =
A @ At where A is the space spanned by Pz.
A simple computation shows that

The following result holds:

Proposition 5.2 Let be (al)-(a2)-(b1) hold. For e small and any || < &,
PI'(z¢) : W — W s invertible and ||[PI/(z¢)] || < C.

The above result follows directly from the following lemma (see [2]):

Lemma 5.3 Let be (al)-(a2)-(b1) hold. For all € > 0 sufficiently small there
exist two positive constants Cq,Cy such that

(i) 1! (z¢)[u,u) < —Cy|lul|?, for allu € A;
(i5) TV (z¢)[u,u] > Cal|ul|?, for allu € A*L.

Proof Let be u € A. Then by (5.13), u = aPz = aze, a € R.
To prove (i) we just need to show

I (z¢)[2¢, 2¢] < —Chllze|®.

From (4.9) it follows
I (ze)lzg, 2] = / [IV2¢[2 + a(ex) 2 — w?b(ex) 22 — plzelr™"] da
R3

4e2 /]R3 b(ex)(2w — Zg) 25 252 dx + 462/ bex)(w — ;5)(255 - &fg)zg dr

R3

where ¢¢ solves —A¢S + b(ex)zggﬁ = wb(ex)zg and so, by uniqueness, ¢S = ¢

and 5 solves —Ag5 + b(ex)zgczg = zsb(ex)zg. Hence )
HGbezd = Bobesd+ [ (o) -N2do—é? [ en)sao
(4) (B)
+ ¢ /]R3 b(ex)(2w — ¢%,) ;zg dr +4 € /]R3 b(ex)(w — &%) (5, — 53)23 dx .
(o)) (D)

Reasoning as in the proof of Proposition 5.1 one can prove that (4) = o(1),
(B) =0(1), (C) =0(1), (D) =o0(1) as € — 0 provided || < &. Therefore

IY (2¢)[2e, 2] = 1y (2¢)[2¢, 2¢] + 0(1).
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By using Lemma 2.1 we have, for € small
IV (2¢)[ze, 2e] < (1= p)l2¢]* < —C1 < 0.

So I”(z¢) is negative definite on A. We now prove that I”'(z¢) is positive definite
on AL,

First we note that from (5.12) and (5.13) we have A+ = span {zi,éi}{ so it
suffices to prove (b) just for ul span {z, 2}

From (4.9) it follows

IV (z¢)[u,u] = /]1@3 [[Vul® + a(ex)u® — plze [P~ u?] do — w? . b(ex)u? dx
(A (B)
+e2 [ blex)(2w — 0L )95, w?dr+4e [ blex)(w — qi)ig)(q;i - ég)zg dx
R3 R3
()] (D")

where ¢¢ solves —A(ﬁi—i—b(ex)zgc&i = wh(ex)zeu and @ solves —A$§+b(ex)z§é§ =
o2, blex)zeu.

Since b and z¢ are bounded we have (B') = o(1), (C') = o(1), (D) = o(1) as
€ — 0. Moreover, one can prove that there exists a positive constant Cy such
that

/ [|Vu|2 + a(ex)u? —ng_lu2 dx > Co||ul)?
R3

(see [2, Lemma 8.9], where the last point of Lemma 2.1 was used too) and we
conclude. O

With this estimates in hand we can now solve the auxiliary equation. Con-
sider z¢ € Z¢ fixed, and define

Be={ueW: |ull <2C|I{(z)|l},

where C is the positive constant given by Proposition 5.2. So, the solutions of
the auxiliary equations are fixed points of the map S¢ : W — W

Se(w) = w — [PI (2)] 7 [PI(z¢ + w)].

It is easy to check that ||Sc(0)|| < C||I.(z¢)||. We now compute the derivative
of S.:

S(w)[v] = v=[PI{(2¢)] 7 PI! (ze+w)[v] = [PI] (2¢)] 7 (PI! (z¢) — PI{ (2 + w)) [v].
Now observe that I/ is uniformly continuous in bounded sets, so
IPI (2 +w) = PI(z)| =0 (e —0)

uniformly in z¢ € Z¢ and w € B, (recall Proposition 5.1).
This implies that ||S%(w)|| = o(1) for any w € B.. Therefore, S, is a contraction
and, by using the mean value theorem, S.(B.) C B.. We make use of the
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Banach contraction theorem to find a unique fixed point w = w, ., € B, of S.
Moreover it follows that

[we,z || < 2C 1 1L(2¢)- (5.14)
Hence, by (5.2), we find
[we e || < Cy g€ (5.15)
and by (5.3)
[we,ze |l < Cue-€, (5.16)

with s = min{m, n + 2}.

5.2 The reduced functional

In this section we will find a solution for the bifurcation equation among the set
of solutions of the auxiliary equation which is:

Zg = {ze + Wez 2 € Zg, Wz, solves (5.1)(a), and satisfies (5.15) or (5.16) } .

We remark that we ., satisfies (5.15) if the assumptions of Theorem 1.1 hold
and satisfies (5.16) if the assumptions of Theorem 1.2 hold.

By the Implicit Function Theorem it is easy to check that Zg is a C'!' manifold.
Moreover, it is well-known (see [2], for example) that Z is a natural constraint
for I. for € small. In other words, critical points of I| 3z, are solutions of the
bifurcation equation (5.1) (b), and hence solutions of (4.3).

So, let us define the reduced functional as the restriction of the functional I, to
the natural constraint Zz, namely T'c : B(0,€) — R, Tc(§) = Lc(z¢ + w(e, z¢)),
and we look for critical points of I'.. Using the information on ||w(e, z¢)||, we
will be able to find an expansion of T'.().

First of all, since I/ maps bounded sets onto bounded sets, we have

De(€) = Le(ze) + I{(ze) lw(e, z¢)] + O(lw(e, 2¢) 1) (5.17)

5.2.1 Expansion of I'. in the assumptions of Theorem 1.1

If (al)-(a2)-(b1) hold then w(e, 2z¢) is a solution of the auxiliary equation which
satisfies (5.15). Hence from (5.17)

Te(6) = L(z¢) + O(c*). (5.18)

So we have to find an expansion of I.(z¢).

Lemma 5.4 For any €| < & and e sufficiently small we have
I(2¢) = Co + EF1(€) + o(€?), (5.19)

where

Fy(§) = C1(D*a(0)¢,€) + Cy

and .
Co = Ih(U), C, = 7/ U?(z) dx
4 Jga
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1

Cy = 1 /RS<D2a(O)x,x>U2(x) dx—%(o) /RS U?(x) dﬁH‘%(O) /]RS ¢II)J(O)U2($) dzx

with (blz,(o) the solution of —A¢l[)](0) + b(O)U2¢l;](O) = wb(0)U?.

Proof A simple computation shows that

1 9 w? 9
I(ze) = IL(U)+ 3 Lo la(ex) — 1] z¢ dx — 5 L, b(ex)zg dx
(4) (B)
2w ¢ 9
+ e b(ex)¢s, z¢ dx .
(©)

We compute separately the various terms. Since (al)-(a2) hold and a(0) = 1,
we have

62

(4) = T | (D?a(0)x, 2)U?(x — &) dx + o(€?)
2
= i 2(1 X X 2 X X (0] 62
= 5 [P0+ 0.+ 0@ do o+ o)
— 2 [cl (D2a(0)¢, &) + c”*z} + o(?) (5.20)
where we have set

1 -1

¢i-1 [ v @:Zégmum%meMm

Moreover, since (bl) holds we find

€2w?

(B) =

[, 10+ (Vb)) V3o~ €) da

2
= 62M/ U?(x) dx +
2 R3

with 1, € B(0,¢€|x]). Since Vb is bounded we have

Sw?

[, (b, + 0 @) do

[ (b, + 0 @) do

< c/ &+ €[U%(z) do < C;
R3

provided |¢] < €. Hence

e3w?

[ (Fblm).a + V@) do = of?).

At the end we find
(B) = €2C3 + o(€?) (5.21)

where we have set )
Y00) | U*(z)da.
2 R3

Cs =



It remains to compute (C).

e2w

(©) = :

[b(O) € (Vb(n2), )]

16

L (@)U (z —€) da

- /¢ U2w—§)dx—|—67w/ (Vb(n2), )¢5, () U (2 — ) da
R3

3

= /qb x—kaz()dx—kg (Vb(n2), z + )5
R3

2

with 72 € B(0, €|z|).
We observe that ¢ (z + ) solves

A, (4 &) + ble(x + €))U?(x)
We set g5 = ¢s (z+ ). So

~ A + ble(x +)UP ()
Now, since Vb is bounded, by using (4.11)

(b?f is the solution of

/R (Vb(m), @+ )9 U () da

IN

IN

provided |¢| < €. Hence

e3w

R3

Let gb}[’](o) the solution of

~Ap? + 0(0)U2g5” = wb(0)U?

and we set H := ¢§]’§ - I;](O).

We remark that gbZ[)](O)

exists and it is unique.

Claim:
HU?(x)dx = o(1).
R3
If the claim holds then

) = 0) [ U@ o+ ofe) = S 200)
R3 R3
= &Cy+o(?)
where
Cy = gb(()) ¢ OU2(2) da.

= wb(e(z +¢€))U”

(ac + U (x) da

S (2 +8) = wh(e(w +€))U? ().

(5.22)

< C’/ =+ €| - ¢ U2 (x) da
R3

5/6
C|¢E§|6 : </R3 |x+§|6/5U12/5(x) d;v)

Cellotllpre < Cpuev

t (0 + U (w) dr = ofe?).

(5.23)

oMU (2) dx + o(€?)

(5.24)
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Now we have to prove the claim.
Since ¢§]’§ solves (5.22) and ¢bU(O) solves (5.23) then H solves

—AH+b(0)U*H = w(b(e(z+€)) —b(0))U? — (be(x +£€)) — b(0)) U5 (5.25)

Now multiplying (5.23) by H and integrating on R?® we find

b0 | HU?(z)de = / (V¢Z§O)VH+b(0)U2 ‘;}O)H> dz (5.26)

R3 R3

and since H is the solution of (5.25), if we multiply by gbl;](o) the equation (5.25)
and we integrate over R3, we find

b b
/R 3 (VQSU(O)VH + b(O)U2¢>U(°)H) do =

=w /Rs(b(E(z +&)) — b(O))Ungl(’](o) dx — / (b(e(x +&)) — b(o))U%;}%?](O) da

R3

— te-w / (Vb(ns), z + UL dz —e - / (Vb(ma), z + UG 60 dar
R3

R3

) (1)

with n3,m4 € B(0, €|z|). Since Vb is bounded (by using also (4.11))

A

5/6
(0 < ¢ [ lo+el-d¥0%an < Ut lpne ([ o+ 005 )
R3 R3

< Cuubo).€

provided |¢| < €. Moreover

[(Z)]

IN

2/3
¢ [ o€l 663U dz < Ol pralilons ( JIERRR dx)
R R

IN

Coo,U,b(0),,-

Hence
e~w/ (Vb(ns), z + &)U dm:e~/ (Vb(ma), & + E)U%¢55 o0 da = o(1).
R3 R3

At the end, recalling (5.26), the claim holds.
Putting together (5.20)-(5.21)-(5.24) and setting Co = Io(U) and C; = Cy —
C3 + Cy (5.19) follows. O

From (5.18) and from (5.19) the reduced functional T'. has the following expan-
sion

L (&) = Co + EF1(€) + o(€?) (5.27)
with F;(§) defined in Lemma 5.19.
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5.2.2 Expansion of I'. in the assumptions of Theorem 1.2

If (al)-(a2’)-(b1)-(b2) hold then w(e, z¢) is a solution of the auxiliary equation

which satisfies (5.16). Hence from (5.17)
Le(§) = Ie(z¢) + O(€%)

(5.28)

where s = min{m,n + 2}. So we have to find an expansion of I(z¢).

Lemma 5.5 For any €| < & and € sufficiently small we have

Ie(z¢) = Co + € F3(£) + o(€”),

where Cy = Ip(U),

s = min{m, n + 2} (5.29)

f(€) if s=m<n+2
BE) =41 —9() if s=n+2<m
(&) —a(§) if s=m=mn+2
with
3 m _— 1 e
f(g):;;)ca,iai'gi 5 Ca’i:TmA3 I,ClU (x)dw
and ;
n 2
90O =33 Coiti- & Cpi=gy | U w)da
i=1 8=0 . 3

Proof As in the proof of Lemma 5.19 we have to evaluate separately (A)-(B)-(C)
taking account that now (al)-(a2’)-(b1)-(b2) hold. Here s = min{m,n+2} < oc.
If m = +o0 then

alex) — 1 = o(e®)|z|°.

Therefore

(A) = o(e%) /R3 |z|*U?(x — &) daz = o(e*) /]Rs |z + £|fU% () dz = o(e®)  (5.30)

provided |¢| < €.
If m < +o00 then

m m 3
€ m m m € m m m
alex) —1 = ED a(0)[z] + o(e™)|z|™ = poor g a;z + o(e™)|x]
’ Ti=1

and hence (since [¢] < &)

Mmoo
o aamTT2 _ m myr2 _
(4) = mzi_l/m“i“”” )da+ole™) [ bI"0o - s

m 3
= 76 . . Amrr2 m myr2
= 2m!;/ugs a;(x; +&)"U*(x) dx + o(e )/R?’ |z + &|"U? (2) do

3 m
—_ e em—a arr2 m
= g [ AU de+ole)

i=1 a=0

= F(E) +o(e™) (5.31)
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where

m

Z Z Co i€, Coi = % /RS 2QU? () de.

i=1 a=0

If n = +oo then
b(ex) = o(e*™2)|z|* 2.

Hence
w? w?
= —o(es)/ |z 72U (x — &) dx = —o(es)/ |z + €520 (2) do = o(€®).
R3 2 R3
(5.32)
and
©) = Fole) [ 1ot ()% - o) [ Lo+ 265 (o + OV ) da
= 50(@) [ o+ @0 @) do = ofe) (53)
provided [¢] < €, where we set ¢Z}£ 1= ¢%, (¥ +&) as done in the proof of Lemma
5.19.
If n < 400 then
€n n n n
blex) = —D"b(0)[z] + o(e")[z|" = — Zb 2 + o(e")|z| (5.34)
and hence (since || < &)
€n+2 3
(B) = w? 5 / bzl U?(z — &) dx + o(e"?) / |z|"U? (2 — &) da

n+2

e Z/ (s + 6)"UHa) o+ o) [ o0 o

i=1

S 3 ? [ @l @ e+ ol

i=1 =0

€"2g(€) + o(e"T?) (5.35)

where
2

3 m
_ . _ w
- Z Z Cp,ibi&; ﬁ’ Cs,i = ol |- x?Uz(x) dzx.
i=1 =0 * JRs

Claim: (C) = o(€"*?), namely

/ b(ex) s, (2)U?(x — &) dz = o(e™).
RS

((C))
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Indeed:

©) = [ belo+ )60 a) da

= ¢ Zb/ (x; + &)™ gUZ(x)dx—Fo(e")/RS |z 4 €™ - ¢5F U () da

- Zb / (2 4+ &) - 955U () da + o(e”)

since
< C¢

’/ |z 4+ €™ - ¢4 U (2) da
R3

provided |¢| < €. Let now ¢ the solution in D*2(R3) of

~A¢ +ble(z +€))U i(zi +&)"U? (5.36)

HMw

and we set H := qb?f — €"¢. The function H solves

3
~AH +ble(x +€))U?H =w (b(e(m +£)) —€" Z bi(x; + gi)"> U? (5.37)

If we multiply (5.36) by H and we integrate over R® we have

/ [VOVH + ble(z + €))U?pH] dx—wa/ (zi + &)"U*H da.
R3

i=1 R3

Instead, if we multiply (5.37) by ¢ and we integrate over R? we find (by using
(5.34))

/Rg [VOVH +b(e(x + €))U?¢H| dv = w/w (b(e(x ) =Y bilai + &)") U6 dx
i=1

= o(eMw /]R{3 |z + &["U? ¢ dx = o(€™)

provided |¢| < €. Hence

3

w Zb’/ (z; + fi)"U2de = o(e"),

i=1 YR
namely
Zb/ (o + &) UG5 da = ¢ Zb/ (v + &)" UGz + of ")
=1 R3
Hence

@)=y / (2 + &)"UG de + ofe”)
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and since for |¢] < &

i+ E"Ugdx| < b "U2pdx| < Cr
/:v+§ ¢ dz 121/35(}4-6 pdr| < Cg
we find
(C) = o(e")
and the claim holds.
Putting together (A)-(B)-(C) we find (5.29) O

Remark 5.5.1 Repeating the same arguments of Lemma 3.1 one can prove,
since [£| < &, the existence and uniqueness of the solution of (5.36).

From (5.28) and from (5.29) the reduced functional I'. has the following expan-
sion

T (&) = Co + € Fy(€) + o(€?) (5.38)
with F5(§) defined in Lemma 5.5.

5.3 Proofs of Theorem 1.1 and of Theorem 1.2

The following Lemma is nothing but Lemma 4.3 of [1] and provides a sufficient
condition to have a non-degenerate minimum (or maximum) for the reduced
functional.

Lemma 5.6 Assume that the reduced functional I'. has the following expansion
Le(§) = Co+F(E) +o(”), g <€ (5-39)

and that & = 0 is a non-degenerate minimum (or mazimum) for F. Then T
has a minimum (or mazimum) in some &, such that & — 0 as € — 0.

We are now ready to prove our main results.

Proof [Theorem 1.1, Theorem 1.2]
From the previous section it follows easily that & = 0 is a critical point for F}
and Fy. Moreover, £ = 0 is a local minimum (or maximum) for F; and F5. In
fact

D?*Fy(0) = C; - D?a(0)

and since o = 0 is a minimum (or maximum) non degenerate for the function
a(x) then D?F}(0) is positive- (or negative-) definite.
Instead, if s =m < n + 2 then

C’271a1 0 0
D2F2<0) = 0 OQ,QCLQ 0
0 0 0273a3
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and since Cy; > 0 and a; > 0 (or a; < 0) then D?F,(0) is positive- (or negati-
ve-) definite.
If s=n+2 < m then

~Conby 0 0
D?Fy(0) = 0 —C52by 0
0 0 —C5 3b3

and, as before, we conclude that D?F5(0) is positive- (or negative-) definite.
Finally, if s = m = n + 2 then

Caia1 — 52,1b1 0 N 0
Dng(O) = 0 02,2(12 - Cg,gbg 0 _
0 0 Cy3a3 — Ca3b3

and, by the assumption (1.7), D?F5(0) is positive- (or negative-) definite.

So, from Lemma 5.6, with F' = F} and 3 = 2 for Theorem 1.1 and F' = F5 and
B = s for Theorem 1.2, it follows that T'. has a minimum (or maximum) at &
such that £ — 0 as € — 0.

Hence u, = z¢, + w(e, &) is a critical point of I, hence a solution of (4.3).
Recalling the change of variable we have

= (2 6) + e Lo (2 )

since e~ tw(e, &) is small for € small (this means that |le tw(e, & || — 0 as e — 0
and this follows from (5.15) or (5.16)).

Since U(% — &) has an exponential decay for |[£ — £| large (and this means
for € small) then eilU(f — &) decays exponentially for € small. Hence v is a
solution of (1.6) which concentrates near xy = 0. O

Remark 5.6.1 If n = 2 then we can assume less on the function b(x).

Indeed
¢

blex) = 5 (D?b(0)z, ) + o(e?)|z|?
and so, in Lemma 5.5, the term (B) becomes (since |¢| < &)
4,2
B) = S5 [ DO+ O+ QU@ do o) [ o+ PO do
R3 R3
etw?

= S0 [ V) de+ole)
= ' [C1(D?b(0)¢,€) + Ca] + ofe?)

where

2 2

C, = il / U?(z) du; Co = il (D*b(0)z, z)U?(x) dz.
4 R 4 R3

Moreover, as done in Lemma 5.5, one can prove that (C) = o(e*). Hence the
function g(£) becomes

9(&) = [C1{D*b(0)¢, ) + Co]
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and the Theorem 1.2 follows assuming only that b has a local minimum or
maximum (non-degenerate) at xy = 0.

6 Necessary Condition

In this section we show that concentration necessarily occurs at stationary points
of the function a.
Let 2 = z¢ € Z¢ and w = w(e,§) the corresponding solution of the auxiliary
equation.
Setting

T(e,u) = Ié(u)7

we obtain 7'(0,2) = Ij(z) = 0 for all z € Z¢, and we can consider z € Z¢ as
a bifurcation parameter. We say that z € Zg is a bifurcation point for 7' if
there exists (e, u,) € R x HY(R?) such that T(e,,u,) =0, €, # 0, €, — 0 and
un, — 2. It is well known (see [1, Section 7]) that a necessary condition for z to
be a bifurcation point for T is that for all n € R exists v € H*(R?) such that

Dely(2)[P[n] = Ig (2)[h,v], Y he H'(R®). (6.1)

Theorem 6.1 Let be (al)-(a2)-(b1) hold and p € (1,5). Suppose that v, is a
solution of (1.6) such that the limit profile of ve is € 'Uq(£=22) with o = a(wo).
Then Va(xo) = 0.

Proof As before, assume 2o = 0 and a® = a(zg) = 1. First we make the
change u(x) = ev(ex) and so the hypothesis on the limit profile of v, implies
that uc(z) — U(x). Define z = U(z) then z is a bifurcation parameter and so
we can use (6.1). By a direct calculation we find for all h € H*(R?)

DIy ()R] =1 / (Va(0), z)zh dz;

R3

I (2)[h,v] = / [VhVv + hv — p|z|P~ ho) dz.
R3

Let h € T, Z¢, since such a h is a solution of the linearized equation in z, one
has that

IY(2)[h,v] = / [VhVv + hv — p|z|P~ ho] dz = 0.
R3

So, from (6.1) and (5.12) we deduce that

oU (x)
axk

—/ (Va(0),z)U(x) dr=0 Vk=1,23.
RS

Therefore, we conclude that Va(0) = 0. O
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