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Abstract

A new example of an irreducible symplectic variety of dimension 6,
with only finite quotient singularities, is described as a relative com-
pactified Prymian of a family of genus 4 curves with involution. It is
associated to a K3 surface which is a double cover of a cubic surface. It
has a natural Lagrangian fibration in abelian 3-folds with polarization
type (1,1,2). It does not admit any symplectic resolution.

Introduction

An irreducible symplectic variety is a simply connected compact Kahler man-
ifold which has a unique holomorphic symplectic structure. This notion can
be considered as a generalization to higher dimensions of a K3 surface, which
is equivalently an irreducible symplectic surface.

Very few examples of irreducible symplectic varieties are known, up to
deformation equivalence. All of them come in the setting of moduli spaces of
sheaves on K3 or abelian surfaces. Such a moduli space M, indeed, inherits
the symplectic structure on its smooth locus from the surface, as Mukai
showed in [Mu]. Moreover, its fundamental group is essentially the one of
the surface, hence in the case of K3 surfaces the moduli space is an irreducible
symplectic variety, while in the case of abelian surfaces, one can obtain an
irreducible symplectic variety by taking the fiber of the Albanese map in
order to trivialize the fundamental group. If M is smooth, as shown in [H],
[O1], [Y], it is a deformation of one of the Beauville’s examples (see [B1]):
the Hilbert scheme of points on a K3 surface or the generalized Kummer
variety of an abelian surface. These families give two deformation classes
of irreducible symplectic varieties in every even complex dimension. If M
is singular, then there are two possibilities. Either the singularities result
from a bad choice of polarization. Then M is birational to one of the above
moduli spaces, obtained by changing appropriately the polarization. Or the
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singularities cannot be removed by changing the polarization. In this case M
may not admit a symplectic desingularization, but if it admits one, then it
is deformation equivalent to one of the two O’Grady’s examples (see [KLS],
[KL], [LS]), isolated examples in dimension six (for an abelian surface, see
[O3]) and ten (for a K3 surface, see [02]).

All the known examples of irreducible symplectic varieties are deforma-
tions of Lagrangian fibrations. This is a strict analogy with the theory of
K3 surfaces, where the elliptic pencils play an important role. Moreover, by
a theorem of Matsushita [Mal, a surjective proper morphism with connected
fibers from an irreducible symplectic variety onto a variety of smaller dimen-
sion, different from a point, is automatically a Lagrangian fibration over a
projective space.

In this setting, a natural Lagrangian fibration can be obtained as the
relative compactified Jacobian J(|C|) of a linear system |C| on a K3 sur-
face S (on an abelian surface, as usual, one takes the fiber of the Albanese
map inside J(|C])), see [B2]. It is the moduli space MZ(0,C,1 — g) of
H-semistable sheaves on S of rank zero with ¢; = [C] and x = 1 — g, and
the fibration is given by the support map. When the linear system contains
only integral curves, then [J(|C|) is smooth, and can be deformed to one
of Beauville’s examples (for an abelian surface the same holds for a fiber of
the Albanese map). This is the so called Beauville-Mukai integrable system.
In any case, if there are non-integral curves, the singularities only depend
on the choice of the polarization. Basing on Sawon’s work [S2], it seems
plausible that all the Lagrangian fibrations which are relative compactified
Jacobians of families of curves, are Beauville-Mukai integrable systems.

Because of this, in order to look for new examples, it is natural to describe
Lagrangian fibrations having more general abelian varieties as fibers. The
first natural candidates are Prym varieties. This is the idea developped by
Markushevitch and Tikhomirov in [MT|, where they describe a compactified
relative Prymian of dimension four, considering a K3 surface which is the
double cover of a Del Pezzo surface of degree two, endowed with the polar-
ization given by the pullback of the anticanonical divisor. The main idea is
to interpret such a fibration as a (connected) component of the fixed locus of
a symplectic involution of a moduli space M (0, [C],1 — g). In this way, P
inherits a symplectic structure, and the natural map induced by the support
map is a Lagrangian fibration. Moreover, using a double cover by S they
prove that this is the unique symplectic structure and P is simply connected.
Unfortunately, the choice of a polarization equal to the first Chern class of
the sheaves, needed to have a regular involution, gives singularities. From a
local analysis via the Kuranishi map, it emerges that these singularities do
not admit any symplectic desingularization.

This construction can be adapted to all K3 or abelian surfaces which
admit an antisymplectic involution. One can similarly define a symplectic
involution on Mg(O, C,1 — g), which is regular if H = kC. But this choice



implies the existence of singular points. Following this research direction,
Arbarello, Sacca and Ferretti in [ASF| have analyzed the case of Enriques
surfaces in a general setting, showing that one can obtain new examples of
singular Lagrangian fibrations either without any symplectic resolutions, or
birational to Beauville-Mukai integrable systems. The problem of studying
the other cases remains open. It is known that they are finitely many. In
the case of K3 surfaces all the quotients by antisymplectic involutions are
either rational surfaces or Enriques surfaces, see [Mal. In the case of abelian
surfaces, they are either bielliptic or ruled surfaces over an elliptic curve.

In this paper, we focus on the natural example to be considered after
the one of [MT]: a K3 surface S which is a double cover of a Del Pezzo of
degree three (i.e. a cubic surface), endowed with the polarization C' given
by the pullback of the anticanonical divisor. ME(0,[C], —3) is a singular
irreducible symplectic variety of dimension 8. To construct our example,
we consider the 7-invariant part of the linear system, denoted by |C|". P
is the compactification in M of the natural fibration given by the Prym
varieties P(C'/C") for C' smooth, with C’ := C/7. These Prym varieties
are not principally polarized as in the case of Beauville-Mukai integrable
systems, but they have polarization type (1,1,2). We will prove that P is
an irreducible symplectic manifold of dimension 6, with only finite quotient
singularities, which does not admit any symplectic resolution.

In Section 1, we describe S and we review, in this example, the general
construction of P as a component the fixed locus of a symplectic regular
involution of M. In Section 2, we describe the singularities of P, charac-
terizing the reducible members of |C|™ and using the Kuranishi map. We
show that it has terminal Q-factorial singularities, which implies that it does
not admit any symplectic resolution. Indeed a generic singular point F is a
sheaf supported on two irreducible curves meeting in four points, and a local
model of P around [F] is C% x (C*/ £ 1). Moreover, we prove that all the
singularities are finite quotient singularities. To do this, we show that the
non-generic strictly semistable sheaves [F] have as support three irreducible
curves, meeting in pairs in two points, and a local model of P around [F] is
C®/Zs ® Z5. In Section 3, we prove that P is simply connected and that it
has a unique symplectic structure, essentially constructing a rational double
cover map from SB to P. In Section 4, we compute the degree of the dis-
criminant locus of the Lagrangian fibration, which differs from the classically
known ones, and we determine the Euler characteristic of P, studying all the
singular members of the linear system.
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(partially supported by the Research Network Program GDRE-GRIFGA),
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institutions for their hospitality.



1 Construction of P

Let 7 : (xg, 1, 22, 23, 24) +— (70,21, T2, T3, —74) be an involution on P*. Let
S be a K3 surface given by the intersection of a 7-invariant quadric Ys and
a T-invariant cubic Y3 in P4. Then Y3 : Fy = 2% + fo(z0, 1, 72, 23) = 0 and
Y3 By = 2% fi(zo, 21,72, 23) + f3(w0, 1,22, 73) = 0. Moreover, since we
only care about S, adding —F5 - f1 to the equation of Y3, we can suppose
that the cubic is a cone with vertex pp = (0,0,0,0,1):

Y2 : FQ = 1'421 + f2(x07x17x27x3) - O’

Ys 1 F3 = f3(xo, 21,22, 23) — fo(zo, 1,22, 23) - f1(z0, 21,22, 23) = 0.

Then 7 induces an involution on S, which we denote again by 7. We can
thus consider the double covering map ¢ : S — X := S/7, ramified along
the fixed locus of 7, which is the section of S by the hyperplane Hy : x4 = 0,
a curve of genus 4 and degree 6. It is isomorphic to the branch locus. The
map ¢ can be realized as restriction of the projection 7 : P* --» Hy from
the point pg. Then both X and S are surfaces in the same projective space
P4, so that X = Y3 N Hy, and the ramification curve coincides with the
branch curve B := Yo N Y3 N Hy. Thus X is a Del Pezzo surface of degree
3. Moreover, since a generic cubic surface is obtained as the blowup of P2
in 6 points, for generic S we have Pic(S) = Pic(X) = Z", and, taking into
account the intersection pairing, we have Pic(S) = Lg := I 6(2).

Let |Og(1)|” =< g, 1, T2, £3 >= P3 be the linear system of 7-invariant
hyperplane sections of S. It is the pullback, via ¢, of |Ox(1)|. Indeed, a
curve of |Og(1)|™ is a section of S by a 7-invariant hyperplane of P*, which
is spanned by a hyperplane of H4 and by pg.

Considering X as a blowup of P2, we have |Ox(1)| = [3H — Ey — ... — Eg|,
so a curve in this linear system is the strict transform in X of a plane cubic
passing through the 6 base points of the blowup. Moreover the branch locus
of ¢ is 2Hx = 6H — 2F| — ... — 2Ejg, which is the strict transform of a plane
sextic with exactly 6 simple nodes, one in each base point of the blowup.

Choosing C' € |Og(1)|™ and the corresponding C’ € |Ox (1), ¢|c : C —
(' is a double covering map between a genus 4 curve and a genus 1 curve,
ramified in 6 points.

We want to construct an irreducible symplectic variety P as a fibration
over |Og(1)|™, whose fiber over C' is the Prym variety P(C/C") of the double
cover ¢|lc: C' — C.

Before focusing on our example, we briefly recall the general theory of
Prymians (see [Mum]|) and of compactified Jacobians (see [A]).



Given a double cover ¢|c : C' — C’, the associated Prym variety P(C/C")
is defined as the connected component of Fix(—7*) C J(C') containing the
zero. When C is smooth (hence also C’ is), J(C) is an abelian variety and
Fix(—7*) has one or two connected components, depending on whether the
double cover is ramified or not. When C' is singular, J(C) is a degeneration
of an abelian variety (not necessarly compact) and Fix(—7*) can have more
connected components. A natural way to compactify J(C') consists in adding
non-invertible polystable sheaves with respect to a fixed polarization L. The
resulting compactified Jacobian Jr(C') does not depend on the choice of L
when C' is irreducible. In the reducible case, the semistability of a sheaf F
can be checked only on maximal subsheaves supported on subcurves of C.

Coming back to our example, P(C/C") is an abelian 3-fold with a po-
larization of type (1,1,2), because there are 6 branch points (see [Mum]).
Hence we get a fibration of dimension 6.

We can also define P in a global way, following [MT], as a connected
component of the fixed locus of a global version n of the involution —7*,
defined on the universal Jacobian J| := J|j041) over |Os(1)|" (indeed it
is defined on all |Og(1)|). One advantage of this global point of view is that
7 is a symplectic involution, so P inherits its symplectic structure from that
of 7. In order to define 1, we identify J with MY (v), where M§ (v) is the
moduli space of C-semistable sheaves F on S with Mukai vector

v = (rk(F),c1(F),c1(F)?/2 — co(F) + rk(F)) = (0,C, —=3) € H>*(S).

We remark that this choice of the polarization on S is not v-generic in the
sense of Yoshioka (see [Y]), so we have a singular moduli space. On M (v),
the natural involution 7% generalizes the corresponding involution on J(C),
and it is antisymplectic. For an invertible sheaf F on C, the global ver-
sion of the involution —1 : F +— Homc(F,O¢) on J(C), can be given by
J(F) =Homgs(F,Oc¢). But x(F) and x(Homg(F,Oc¢)) may differ when C
is singular and F is non-invertible, hence the above formula does not provide
a well defined involution on Mg(v) To correct this definition, we use the
identification
Homs(F,Oc) = Exty(F,Os(—C)),

valid for an invertible sheaf F on C. It can be obtained by using local
isomorphisms F|y = O|y and by gluing together the isomorphisms

Homs(Oclv, Oclu) = Exts(Ocly, Os(=Clv)),
coming from the short exact sequence
0= 0s(—C) = 0O0s = Oc —0

via the application of the functor Homg(_,Og(—C)).



The functor Ext} commutes with base change in families (see [AK]), so
the global version of —1 can be defined on ./\/lg(v) by the formula

§(F) = Exty(F,0s(—C)).

7 respects the stability when the support of a sheaf is integral, because such a
sheaf is stable with respect to any polarization. So it is defined as a rational
involution also for a v-generic choice of the polarization. For our choice of the
polarization, it is also a regular involution, because if 0 — G — j(F), then
we get, applying j, F — j(G) — 0, and pc(G) < pc(j(F)) is equivalent
to uc(F) < pc(j(G)). Finally, j is antisymplectic, as shown in [ASF],
Proposition 3.11.

Then 7 := j o7* is an involution on ./\/lg(v), because j and 7F commute
and x(n(L)) = x(£), c1(n(L)) = c1(L). Moreover it is symplectic. P is
defined as the connected component of Fiz(n) C M (v) containing the zero
section.

So P inherits a symplectic form from ./\/lg(v), and the natural map P —
|Og(1)]" is a Lagrangian fibration. We will see that the symplectic form is
unique and that P is simply connected, so that P is a singular generalization
of symplectic variety.

2 Singularities of P

According to Mukai (see [Mu]), the stable locus of M (v) is smooth, so that
the singular locus is contained in the locus of strictly semistable sheaves.

Moreover, in our case, a semistable sheaf in J supported on an integral
curve is always stable, because any rank 1 torsion free sheaf on an integral
curve has no proper subsheaves and hence has no destabilizing subsheaves.
So every strictly semistable sheaf F is supported on a non-integral curve in
05

Hence, the singularities of P are contained in the locus of n-invariant
C-strictly semistable sheaves in [, which are necessarly supported on a
reducible curve.

Lemma 2.1. C € |Og(1)[" is reducible if and only if C' € |Ox(1)| is re-
ducible. Moreover, all the elements of the two linear systems are reduced.

Proof. Clearly, if C’ is reducible, then also C is.

Suppose C” irreducible and C reducible. Then C” is obtained by intersecting
X with a hyperplane H € (P3)*, totally tangent to B. In fact if ¢|c : C —
C' has a simple ramification point, corresponding to a point of transversal
intersection of H and B, then C' is irreducible for topological reasons. Since
the arithmetic genus of C'is 4, C' is the union of two smooth curves of genus
1 meeting in 3 points. But C = SN (H,Py) C Y>N (H,Fy), the latter
intersection being a quadric in P3. A smooth genus 1 curve is in the linear



system of O(2) on a quadric, while C' belongs to |O(3)|, which is absurd.

Finally, C is non-reduced if and only if C’ is so, but on a generic cubic
surface (Fj is a generic polynomial in zg, x1, z2, x3) there are no non-reduced
curves. ]

Hence we obtain the following characterization.

Proposition 2.2. Using the natural embedding X — |Ox (1)|*, the reducible
members of |Og(1)|™ are parametrized by the 27 lines dual to the 27 lines on
X. They meet in exactly 16 triple points, and each line meets exactly other
10 lines. A point lying on only one line represents C = C1 U Co, where
C1 and Cs are smooth curves of genus respectively 0 and 1 intersecting in
4 points; moreover C' = C| U Ch, where C and C} are a line and a conic
lying on a plane, hence meeting in 2 points. A point in the intersection of
3 dual lines represents C = C U C? U C3, with C1,C?,C? smooth rational
curves, intersecting each other in 2 points; moreover, C' = ctuc?uc? is
a triangle formed by 3 lines lying on a plane. The triple intersection points
represent the curves C with 3 irreducible components that can be obtained as
degenerations of curves with 2 irreducible components by fixing one of them
and deforming the other 2.

Proof. By the previous lemma, it is enough to determine the reducible mem-
bers C” of |Ox(1)]. We describe geometrically these curves. As Y3 is a cubic
cone, it contains 27 planes, each one generated by Fy and one of the 27 lines
on Y3 N Hy. If one of these lines is given by H' N X, H = (H', Py) € (P*)* is
a T-invariant hyperplane containing one of these planes. Then H N Y3 is the
union of the plane itself with either a quadric surface or other two planes.
Restricting to Yo N H, which is smooth for a generic choice of fo and hence
isomorphic to P! x P!, we obtain a reducible C' € |O(1)|7, union either of a
(1,1) curve C; and a (2,2) curve Cy on Pt xPL, or of (1,1) curves Ct, C?, C3.
Moreover C - Co = 4, while C? - C9 = 2. Since C has 6 ramification points,
the only possibilities are C’ = C7UCY, with C] and C two genus zero curves
meeting in 2 points, or C’ = ctuc?u Cg/, with C7' genus zero curve.

In fact, if C” is reducible, then it is the union either of a conic and a line
in X, or of three lines in X.

Hence for each line in X, we get a line of reducible elements in |Og(1)|".
Indeed, in P there is a pencil of planes containing a fixed line.

From the configuration of the 27 lines in a cubic surface, we can deduce
the configuration of these dual lines, which are the orthogonals to the lines in
X. Their intersection points correspond obviously to the degeneration when
C’ becomes the union of 3 lines. Considering X as the blowup in 6 points
p1, ..., pe of P2, we call E; the exceptional divisor of p;, Fj; the pullback of
the line (p;,pj) and G; the pullback of a conic passing through P; for all
i # j. Then we get C' = Fj; U Fy U Fpy, with 4,4, k,1,m,n all distinct, or
C'" = F;; U E; U Gj. Thus, each line meets other 10 lines in different points,



and there are in total 48 elements of the linear system with 3 irreducible
components. Since the dual of 3 coplanar lines in P?3 is given by 3 lines in P3
meeting in one point, there are 16 points where 3 of the 27 orthogonal lines
intersect, and no other intersection points. When C’ is given by 3 lines, it
can deform to a conic and a line in 3 different ways, by fixing one line and
deforming the other 2 to a smooth conic by rotating a plane through the
fixed line. The triple points of the dual configuration of lines are either the
By, B, with 4, 7,k 1m, nall distinct, or the intersection

intersection of F%,
of F\, EF ,G;, and there are no other intersections. Hence each dual line

5
meets other 10 dual lines in 5 points, and each intersection point is triple.

O

Remark 2.3. A geometric description of the reducible curves C’ can also be
obtained by viewing X as the blowup of P? in p1,...,ps. A generic reducible

element of |[3H — p; — ... — pg|p2 is the union of a conic and a line passing
through the 6 base points of the blowup. They form 21 pencils in |Ox (1) =
|3H — By — ... — Eg|: 6 Pl’s, denoted by L; with i = 1,...,6, are given by a

line passing through p; and the conic passing through the remaining 5 base
points; 15 P’s, denoted by Lj, with 1 < j < k < 6, are given by the line
spanned by p; and pj, and a conic through the remaining 4 points. The
remaining 6 P’s, parametrizing reducible curves of |Ox(1)|, correspond to
the 6 pencils, denoted by M;, parametrizing the strict transforms of cubics,
singular at p;, plus the exceptional divisor F;.

The curves C’ with 3 irreducible components are described as follows. They
correspond to the strict transforms on X of the unions of three lines passing
through the 6 base points of the blowup, and of the unions of a conic through
5 base points with a line through one of the same 5 base points and through
the sixth one. These curves correspond to the intersections of the 27 lines.
More precisely, L; - Lj = 0; L; - Ljj, is 1 if i € {4, k} and 0 otherwise; L; - M;
is 1if i # j and 0 otherwise; Ly - Ly, is 1 if #{h, i, j, k} = 4 and 0 otherwise;
Lji, - M; is 1if i € {j,k} and 0 otherwise; M; - M; = 0. In particular, we
obtain again that all the intersection points of the 27 lines are triple points.

Now we can determine the singular locus of J} := J|j04(1)- and of P.

Lemma 2.4. All the strictly semistable sheaves in J| are supported on the
reducible curves of |Og(1)|". For each curve C = C1 U Cy, there is a 1-
dimensional family of S-equivalence classes of strictly semistable sheaves,
given by [O¢, (—2) ® Fo), with Fo € J=2(Cy). For each curve C = CtUC?U
C3, there are three 1-dimensional families of S-equivalence classes of strictly
semistable sheaves, given by [Oc,(—2) ® Fal, with Fo € J&L=1(Cy) = C,
C1 an wrreducible component of C' and Co the union of the remaining two
irreducible components; these families meet quasi-transversely in one point,
represented by [Oc1(—2) & Oc2(—2) & Ocs (—2)].



Proof. As explained before, if F € J| is supported on an integral curve C,
then any rank 1 torsion free sheaf on C' is stable, both as a sheaf on C' and
on S. So a strictly semistable sheaf F is supported on a non-integral curve
C € ]0s(1)|7, i.e. on a reduced reducible curve by the previous lemma. If
C = C1 Uy, where C; has genus g;, then F € Ewtls(}"l, Fa) = COrCe = 4,
where F; is a pure 1-dimensional sheaf on C; (which is stable since it is
invertible on C;) of degree d;. Thus

pe(F1) = pe(Fa),

and since
x(Fi)  1—gi+d; 1—gi+d
f,[/ = pr— pr— 5
Hel ) C;-C Ci2+Cl-Cg 2g; — 2+ Cp - Oy
we get
1+d d .
Tl :f, 1.€. 2d1+2:d2

Moreover x(F(n)) = x(Fi(n)) + x(F2(n)), i.e. —4 = d; + do. Hence d; =
dy = =2, and F; = O¢,(-2), Fo € J72(Cq). So 0 — Fp — F gives a
Jordan-Hélder filtration of F and [F| = [F1 & (F/F1)] = [F1 & Fa| by the
exactness of 0 — Fo — F — F1 — 0.

If C = C'UC?UC3, then it comes from a degeneration of a Cy in 2
rational curves, which we assume to be C! and C? (hence in this notation
C? is identified with C4). Then we still have the exact sequence 0 — Fo —
F — Oc, (=2) = 0, with F5 € J~2(C3) semistable but not necessarily stable
(because it is a limit of stable sheaves on a family of Cy’s degenerating to
two rational curves). Again Fy € Ext}q(gl,gg) — e C? = C?, where G, is
a pure 1-dimensional sheaf on C? of degree d'. So

pe(G2) < pe(Fa) < pe(Gr),

and since
Lox@G) 1+d 1+ d
'uc(gz)_Ci-C_(Ci)2+Ci-(C—Ci)_ 2
we get
2 1
1+d §—2§1+d, ie. d*><—2<d.

2 2

4
Moreover x(F2(n)) = x(G1(n)) + x(G2(n)), ie. d* +d* = —4.

Thus (d',d?) can be (—1,—3) (and JF is stable), (=2,—2) (and F3 is
strictly semistable) or (0, —4) (F2 is again strictly semistable with a maximal
destabilizing subsheaf G; (—C} - C3), so that F; is considered as an extension
given by an element of Exts(G2,G1)).



So either F admits a Jordan-Holder filtration 0 — F5 — F and [F] =
[Oc, (—2) @ F] with Fp € JEL=D(Cy) = C*; or F admits a Jordan-Hélder
filtration 0 — Gy — Fo — F, and [F| = [Oc1(—2) ® Oc2(—2) ® Ocs(—2)].

The geometric meaning of this degeneration is the following: identifying
Fo € J(*l’*l)(Cg) as the gluing O (—p1)#Oc2(—p2), with p; point on C*,
when p; (respectively ps) tends to one of the two singular points, we obtain as
limit Oc1 #O0c2(—p1 —p2) € JO72(Cy) (respectively O (—p1—p2)#Oce €
J(72’0)(CQ)). O

Lemma 2.5. All the strictly semistable sheaves in J| are n-invariant.

Proof. Using the previous lemma, it is enough to determine the strictly
semistable sheaves F € J| which are n-invariant. Considering a sheaf F
with support C' = C] U Cs, we have

n(F) =j(7°(0c, (-2) & F2)) =
=Jj(T(Oc (=2) @ 7" (F)) =

=J(O0c, (=2) & F5(—=p1 — .. — pa)) =
= Extg(Oc, (—2) © F3(—p1 — ... — pa), 0s(—0)) =
= Extg(Oc, (-2), 0s(~ C))®5wts(f2( 1— ... —pa),0s(=0C)) =

= (0, (2) ® Os(—=C) @ wey) ® (F2(p1 + - +p1) ® Os(=C) ®we,) =
=0c, (-2)® F2 = F,

where the second equality comes from the fact that T acts separetely on each
irreducible component; in the third one, pq, ..., ps are the singular points of
C; in the sixth one, we use the identities for a sheaf F with support C

Exty(F,G) =F @G0 Neys, Neys=0s(0)|e = wes
in the seventh one we use the identification
Os(=C)lc; = Oc¢,(=C1 - Ca) & O, (=C7).

Moreover, when F has support C' = C' U C? U C3, then by deformation
considerations we also have n(F) = F.
So every strictly semistable sheaf in 7] is n-invariant.

O

Corollary 2.6. P has symplectic singularities, i.e. its symplectic form can
be extended to a reqular form on a resolution of singularities.

Proof. Since the codimension of the singular locus is 4, this follows from
Flenner’s theorem (see [F]). O

10



Hence, proving that P is simply connected and h(>0)(P) = 1, we have,
from the previous result, that P admits a Beauville-Bogomolov form.

To describe the singularities of P, we describe, locally around the origin,
the tangent cone C|x)(P) to P at the strictly semistable sheaves . To this
aim, we use the Kuranishi map to determine a local analytic model of 7 at
the strictly semistable sheaves, given by its tangent cone Ciz(J), see [LS].

The Kuranishi map k : Exty(F,F) — Exti(F,F) is a formal map
satisfying the following properties:

1) its image is contained in the kernel of the trace map
tr: Bxty(F,F) - H*(Og) = C,
denoted by Ext%(F,F)o;

2) k is equivariant with respect to the natural conjugation action of G :=

PAut(F) on Exty(F,F) and Exty(F,F);
3) (k71(0)//G,0) is a local analytic model of (Mg(v)7f);
4) k has an expansion at 0
k=ky+ks+ ..

starting from a quadratic term which is the cup product
1
ka2(G) = ig ug.

Using this map one can easily show that stable sheaves over a symplectic
surface give smooth points of the corresponding moduli space. We briefly
review this basic result. Since a K3 has trivial canonical bundle, the trace
map tr : Ext%(F,F) — H?(Og) = C is the Serre dual of the natural map
H°(Og) = C — Homg(F,F). If F is stable, this map is an isomorphism,
hence Ext%(F,F)o = 0 and G = C* acts trivially on Exty(F,F), so, by
3), Exts(F,F) is a local model of M§(v) at F. Since a tangent vector
of a moduli space of sheaves at a stable point F corresponds to a family
of sheaves over Spec(C[t]/(t?)) with F as central fiber, we can identify the
tangent space to such a moduli space with Exzts(F,F). Combining these
considerations, we get that the stable points are smooth.

Let us focus now on strictly semistable sheaves. Combining 3) and 4),
we see that the tangent cone Cjz(J) at [F] is locally analytically equivalent
to (k5 1(0)//G,0). We have

Ciz(P) = Ci(T") C Cii(T)T C (Baty(F,F)//G)T

and in the following two propositions we show that these inclusions are equal-
ities in the case of the strictly semistable sheaves we are considering, and we
explicitly describe the type of singularities.
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Proposition 2.7. At a polystable sheaf F = F1 @ Fa, C7(P) is locally
analytically equivalent to C? x (C*/ £1).

Proof. 1) We start describing Exty(F,F).
Let us set

Uy := Ewt}g(./—'i,fl), Us = Emt}g(./—"g,fz),
W = Exts(Fi, Fa), W*:= Eaty(Fo, F1).

Since (1 is a rational curve, it is rigid and the sheaves on it form a discrete
set, so Fy can’t be deformed and Uy = H°(Ng, /) @ Exty, (Fi, F1) = 0.
Since Cs has genus 1, F» can be deformed either as a sheaf in J=2(C3) or by
varying its support, the two possibilities corresponding to the two summands
in Uy = HO(NCQ/S) &) Emﬁ}J2 (F2,F2) = C2. Finally, as the supports of F;
and F, are transversal, we get W = C¢'¢2 = C*. So

Exty(F,F)=U,0U,oWaoW*=CY.

Choosing coordinates x1,...,x4 in W such that 7 exchanges x1 < 3
and z3 <> x4, let y1,...,y4 be the dual coordinates in W*. Let z1,29 be
coordinates in Us.

Aut(F) = Aut(Fy)® Aut(F,) = C*? by the stability of F;, hence G = C*,
and, since (A1, Xa) - (z,7) = (AMAy 'z, AT Aay) for (A, \2) € Aut(F), its
action on Ext(F,F) is A (z,2,9) = (2, Mz, A ly), where X = A\ /Ag.

The algebra of invariants of the action of G' on P(Exty(F,F)) is gener-
ated by the quadratic monomials u;; = x;y;, plus two coordinates z1, z2 on
which G acts trivially, and the generating relations are the quadratic ones

Wi UR] = U Ui -

Hence we get the Segre embedding of P3 x P23 into P'. In conclusion,
Exty(F,F)//G = C? x Z, where Z is the affine cone over the Segre embed-
ding.

2) Now we will describe the fixed locus of n* in Ciz(J).

On Uy, j acts as 7 (the —1 involution on an elliptic curve). On W& W*,
with the above choice of the coordinates z and y, j exchanges x; <> y;.
Hence the action of n* is

n*(gyiyg) = (ga y2ay1,y4,y3,$2,$1,$4,$3)-
Its fixed locus is then
T1 =Y2,T2 = Y1,T3 = Y4, T4 = Y3.

Since
A (z,z,y) =



n* induces a well defined involution on Exztg(F,F)//G. From the above
formula we also see that n* is not G-invariant, hence its fixed locus on the
quotient cannot be described as quotient of its fixed locus. To characterize
it, we observe that in the invariant coordinates u;; = x;y;, these conditions
become

U1l = U22,U33 = U44, U3 = U42, U4 = U32, U23 = U4], U24 = U3]-

The quadratic relations in u;;, combined with these ones, give the equations
of the Veronese image of P in P. Thus (Exth(F,F)//G)T = C? x W,
where W is the affine cone over the Veronese image of P3, and by dimension
reasons we deduce C|r)(P) = C? x W. Alternatively, one can describe W
as the quotient C*/ + 1. By choosing coordinates w, ..., ws on C* with the
action of —1 given by w; — —w;, the algebra of invariant functions has 10
generators
Uij = wiwj,
and 72 relations
VijVkl = Vk;jVil,
which describe exactly W. U

Corollary 2.8. P does not admit any symplectic desingularization.

Proof. By the above proposition, P is locally analytically isomorphic to C? x
(C*/ — 1) around a polystable sheaf F = F; @ F,. The singularity C*/ — 1
is known to be Q-factorial, so it has no small resolutions, and terminal (see
[MS]), that is the canonical sheaf of any resolution of singularities contains
all the exceptional divisors with strictly positive coefficients. Thus none
of the resolutions has trivial canonical class, and hence none of them is
symplectic. O

Remark 2.9. It is interesting to note that J admits a symplectic resolution
while P does not.

Corollary 2.10. P cannot be deformed to a smooth symplectic 6-fold. In
particular, it is not deformation equivalent to the Hilbert scheme of 3 points
on a K3 surface, neither to a generalized Kummer 6-fold, nor to the O’Grady
example of dimension 6.

Remark 2.11. It can be interesting to determine its Beauville-Bogomolov
form. An example of a BB-form of a singular irreducible symplectic variety
is described by Menet in [Me]: he computes it for the singular 4-fold of [MT].

Remark 2.12. The symplectic involution on J extends only to a rational
involution on a resolution of singularities J. Indeed, a regular involution on
J would have, as its fixed locus P, a resolution of singularities of P, and it
would induce a symplectic form on it, which is absurd by the previous re-
sult. This gives a rational symplectic involution on an irreducible symplectic
manifold deformation equivalent to S,
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Proposition 2.13. At a polystable sheaf F = Oci (—2)BOc2 (—2)DOcs (—2),
Ci7(P) is locally analytically equivalent to C®/Zy ® Zs, where the action on
C® is given by Zo ® Zo =< (1,1,—-1,—1,-1,-1),(-1,-1,1,1, -1, -1) >.

Proof. 1) We set

W12 = El’té(@cl(-?), 002(—2)), W1*2 = El’t}g(@c@(—Q), Ocl (—2)),
Wiz = Eaty(Oci(=2), 0cs(=2)), Wiy := Batg(Ops(—2), Oci (—2)),
Was 1= Batg(Oc2(-2), 00s (2)), Wiy := Batg(Ops(~2), Oz (-2)).

As before, since the supports of Opi(—2) and Op;(—2) are transversal
for i # j, we get W;; = CcoC* = 2. So

Eﬂjt}s(]:,]:) = W12 @ WIB@WQ?, @Wf} @ng) D W2*3 == (CIQ.

1

0 L
i)

Choosing coordinates x%, x}j in W;; such that 7(z;);
their duals in W}

Aut(F) = C*3 by the stability of F;, hence G := PAut(F) = C*?, and,
setting €1 := A1 /Ag, €2 1= Ag/A3 for (A, Ao, A3) € Aut(F), its action on
Exty(F,F) is

) =xz;;, let y?j,y}j be

Eooky _ k k k -1,k -1 -1k -1k
(61752)'(%]'7%]') = (1775, €162773, €2T93, €] Y12, € €5 Y13, €5 Yog)-

The algebra of invariants of the action of G on P(Exty(F,F)) is gener-
ated by the 12 quadratic monomials

Kl . k.1 S
Ui = Ti5Y;5 v <7,

and by the 16 cubic monomials

klm . k1l ~.m klm .k 1 m
Ui = T3Y12Y23s W= Y13 oL o3
Its generating relations are the 3 equations between uf]l
w00, 11 — ,,01,,10

j g j i

the 18 equations between v%, w7k

2l / / / i / / / / 3l
vklmvk U'm" _ vk lmvkl m' _ ,Ulcl mvk im’ _ vklm ’Uk l m,

177 I / / ! / / / / 3l
wklmwk U'm — wk lmwkl m' _ ,wk:l mwk m — wklm ’U)k l m’

the 64 cubic equations

klm K'Um’ _ kK’ I’ mm'
vw = Uy3 UppUo3
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2) With the above choice of coordinates z¥; and yfj, the action of j is

ij
k k
Tj; <> Y, so that

wi k ky_¢1 .0 1 .0 1 .0 ,1 .0 .1 .0 .1 _0
n (%’]vyij) = (Y12, Y12: Y13+ Y13 Y23+ Y23, T12 Tios T13s T13, T3, T23)-

Its fixed locus is then
1 0 0 1 1 0 0 1 1 0 0 1
Y12 = T12: Y12 = L12: Y13 = L13, Y13 = L1135 Y23 = T23, Y23 = Ta3-
Since
11
k k k k
n*((e1, €2) - (l"z‘jayij)) = <_, —> n*(xij,yij)a

€1 €2
n* induces a well defined involution on Exzty(F,F)//G. Again, n* is not G-
invariant, so its fixed locus on the quotient cannot be expressed as quotient
of its fixed locus. But we can describe it using the invariant coordinates
uf]@, VR kM the fixed locus of n* is
00 11
ij — Wijs
klm __ wlfk,lfl,lfm.

u

v

The generators of the function algebra of (Exts(F, F)//G)" are the 9 coor-
dinate functions u%o , u%l, ulljo and the 8 coordinate functions v*™, while the
relations are the 3 equations

and the 36 equations
,Ulclmvk/l/m’ _ ul{:élfk’ulléfl'ugglfm’,
since the set of 18 equations described above follows from these ones.

Now we easily see that these equations describe the quotient C®/Zy @ Zs.
Indeed choosing coordinates r?, 7"{, 7“8 , r%, rg, 7"?{, in which the action is given
by Ze®Zs =< (1,1,—1,—-1,-1,—-1),(—-1,—1,1,1,—1,—1) >, the algebra of
invariant functions is generated by the 9 quadratic monomials

gk . 3.k
s; =TTy
and by the 8 cubic monomials
k= sis) sk
with the 3 quadratic relations
01 00 11
Si =8 S
and the 36 cubic ones
oy Y /
piakyi'§'k Slll S%] Slgk .

Up to the choice of notation, the equations are the same as above.
Hence Ciz(P) = (EBat§(F, F)//G)" = C8/Zy & Zy by dimension rea-

sons. O
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Corollary 2.14. The singular locus of P coincides with the locus of n-
invariant C-strictly semistable sheaves. Moreover, there are only quotient
singularities, so P is an orbifold.

Remark 2.15. It remains an open question if P can be expressed as a quotient
of another manifold by a regular finite group action. In the following section,
we will express it as a quotient of SB! by a rational involution.

3 Simple connectedness and irreducibility of P

To study the fundamental group and the H 29 of P, we describe a birational
model of P quotienting S by an involution.

To define it, we first observe that given a generic £ € SBI, Ce := (&, po)NS
is a generic element of |Og(1)|™ and C := (#(§)) N X is a generic member of
|Ox(1)|. Indeed, as remarked before, a 7-invariant hyperplane contains py,
so it is given by pg and 3 other points.

Hence generically & € J3(C¢), and € — 7(§) € P(C¢/CY).

We thus obtain the natural map

v SB_sp

3
&= {p1,p2.p3} = > _(pi — 7(p:))-
i—1

Its indeterminacy locus is generically given by £ such that dim(§) < 3, i.e.
(€) is a line (or a point). A line meeting S in 3 points, meets also Y5 in 3
points, so it lies on Ys. Vice versa, a line on Ys, clearly meets Y3 in 3 points,
so it also meets S in these 3 points. Hence Indet(v)) = { lines in Yo} = P3.

Let us consider the natural rational involution
v S -5 B3]

= ((ONS)-¢.

It is antisymplectic as proven in [O4], Proposition 4.1. Again Indet(iy) = {
lines in Y5}. If we consider a generic & € Indet (i), then (¢, pg) = P? meets S
in 6 points, respectively ¢ and 7(§), and 7(&) € Indet(ip). So we can extend
L to an involution on the blowup BI(SP) of SB! along Indet(v):

v ¢ BI(SP) — BI(SBD.

7 induces a natural involution on SB and on BiI(SP]), which we denote
again by 7. Since it comes from a linear involution, it commutes with ¢ and
t1. Setting tg := 19 o 7, we get an involution on BI(S [3]), which comes from
a rational symplectic involution of SEI.
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Lemma 3.1. v is a rational double cover with involution i, hence M =
BI(S¥) /15 is birational to P.

Proof. Let & = {p1,p2,p3} be generic. We want to determine all the divisors
& = {p},ph,p5} on C¢ such that § — 7(§) ~ & — 7(¢). Equivalently, setting
d:=&+7(¢) , we want to determine the solutions of § ~ 7(¢) for £ generic.
If § = 7(d), then ¢ is T-invariant and, modulo the permutations of ¢ and
of £, we have only 4 possibilities:
a) pi=7(pi), i=1,2,3, then 2§ ~ 27(§), hence ¢ is non-generic.
b) py=7p1), py=7(p2); p3 = ps, then 2(p1 + p2) ~ 2(7(p1) + 7(p2)),
hence ¢ is non-generic.
c) py =71(p1), Py =p2, p5=ps,then 2p; ~ 27(p;), hence & is non-generic.
If & # 7(0), then dim|§| > 0. By Riemann-Roch theorem we have
dim |§| = 3 + dim | K¢, — 4|, with deg K¢, = degd = 6.
There are three subcases:
d) Kc, ~ 6, so (0) is a plane in (C¢) = P3, and |§] = P3*. Then 7(¢') is
uniquely determined as (§) N C¢ — &, So the unique nontrivial solution is
12(§)-
e) K¢, # 6 and || is base point free. Then none of the possible 5-uples of
points of § lies on a plane. Now |Ops(2)] = P?, and |O¢, (2)| = [2H¢, | = P¥,
since C¢ C (&, po) NYa. So there exist 6 points 6 on C¢ such that |d] consists
of the residual intersection (¢NC¢) -9, where g € ]2[-[(;E —6| = P2 Moreover,
7 acts linearly on (§), so ¢ € [2H¢, — 4| if and only if 7(q) € [2Hc, — 7(9)|-
As § ~ 7(0), the two families coincide. We deduce that ¢ is 7-invariant, and
hence every quadric in [2Hc¢, — §| is T-invariant. Thus & = ¢/, i.e. § = 7(9),
absurd.
f) Ke¢, # 90, and |§| = P? has a base point. Then 5 points of § span a plane
IT; assume they are pi, pa, p3, 7(p}), 7(ph). Setting p the remaining intersec-
tion point of IT with C, |d] is clearly given by |[Hg, —p| = P?. As 6 ~ 7(6), p
is 7-invariant. So & spans a plane passing through one of the six T-invariant
points of C¢, hence £ is non-generic.
We conclude that the generic fiber of 1) consists of only two points, in-
terchanged by ¢s. U

Corollary 3.2. h29(P) = h20 (M) = 1.

Lemma 3.3. Fiz(iz) is the union of two smooth irreducible 4-folds and 120
1solated points.

Proof. Obviously, the fixed locus of a biregular involution on a smooth vari-
ety is also smooth.

For a generic to-invariant £, the plane (£) is 7-invariant, because the
planes are ¢j-invariant. Recalling that Fix(7)= Hy U po, either ({) C Hy or
po € (§) (indeed if Ip € (§) — Hy, then py € (§)).

In the first case £ C S N Hy is T-invariant, so ¢1(§) = £ Then (§) is
totally tangent to the curve SN Hy. This imposes 3 conditions in P3, hence
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we expect a finite number of such £’s. These correspond to the odd theta
characteristics of the curve, which are exactly 23(2% — 1) = 120.
In the second case, we obtain the remaining part of Fix(c2) as

Si={¢e S ipe ()}

To describe it, we consider the natural map BI(SP)) — G(2,4), implicitly
described before. It is a (g) = 20-to-1 covering. The image of 3 is clearly

{II plane C P* : py € I} = 011 = G(1,3), so ¥ is a 20:1 covering of a
smooth quadric of P5. Since (£) is 7-invariant, (¢) NS = {&,7(£)}. The 12
triples {p;, 7(ps), p; } and {p;, 7(p;), 7(pj)} sweep a 4-fold £; C SBl which is a
double covering of X2 The other 8 triples sweep X9, an 8-sheeted covering
of o1,1. So X has 2 disjoint irreducible components, ¥; and Y. O

Remark 3.4. Considering ts as a rational involution on S, it has the same
fixed locus, because a line on Y5 does not lie in H4 and does not pass through
P.

Proposition 3.5. P and M := BI(SB)) /1y are simply connected.

Proof. Since there are fixed points, M has the same fundamental group as
BI(S [3]), which has the same fundamental group as SB¥ because it is a blowup
along a smooth locus.
M has singularities of type C* x (C?/ — 1) on ¥; and of type C®/ — 1 at
the isolated points - see the invariant part of the action of 7, of Tp(SP).
All the singularities of P can be resolved by blowups by Hironaka theo-
rem, so it is simply connected. O

Remark 3.6. Since the singularities of M and of P are different, they are
only birational. It is interesting to determine explicitly a birational trans-
formation between them.

4 FEuler characteristic of P

To calculate the Euler characteristic of P, we can use the fibration structure.
Since the Euler characteristic is additive, i.e. x(X) = x(U) + x(X — U) for
any open U C X, and multiplicative for trivial fibrations, i.e. x(X xY) =
X(X) - x(Y), we can stratify |Og(1)|” = |Ox(1)| = P?* depending on the
fibers. Since x = 0 for any smooth abelian variety, it is enough to study the
locus of singular fibers. They come from the singular curves of the linear
system. This subset of P?* is called discriminant of the fibration. We denote
it by A. In the following lemma we describe it.

Lemma 4.1. The discriminant A C P3* consists of two irreducible compo-
nents: the dual X™* of the cubic surface, of degree 12, and the dual B* of the
branch locus of ¢, of degree 18.
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Proof. Clearly, C' is singular if and only if C” is singular or C’ is tangent to
B.

The degrees of X* and B* can be easily determined using Schubert cal-
culus in P3":

degX*:X*OJ%O,():X*HULLO:{H:ZCH,H tangent to X},

degB*={H :l C H,H tangent to B},

with [ a generic line in P3. Denoting P,Q, R the intersection points of X
and [, we have a natural map f : Blpgr(X) — 0110 = P! such that
f(p) = (p,1). The degree of X*, which is the number of planes tangent to
X and passing through [, corresponds to the number N of singular fibers of
f. Using the good properties of the Euler characteristic, we get

X(Blpg r(X)) = x(P' =N pts)x(smooth fiber)+x(N pts)x(singular fiber),

ie. N =12, because x(Blpg r(X)) = x(Blops(P?)) = x(P?) + 9 = 12 and
a smooth fiber has y equal to zero (it is an elliptic curve), while a singular
fiber has x =1 (it is a nodal plane cubic).

To determine deg B*, we can consider the 6:1 cover g : B — 01,10 = P! such
that g(p) = (p,1). The degree corresponds to the degree of the branch locus,
which is 18 by Riemann-Hurwitz theorem. O

Remark 4.2. The degree of the discriminant locus of P is 30. For irreducible
symplectic 6-folds obtained as universal Jacobians of a linear system of curves
on a K3 surface, the so called Beauville-Mukai integrable systems, the degree
is 36. General results on the degree of a Lagrangian fibration with Jacobians
of integral curves as fibers have been obtained by Sawon in [S1].

We focus on the natural stratification of A, which will permit us to
determine x(P).

Proposition 4.3. For a generic S, A admits a natural stratification in sin-
gular loci (with several irreducible components), corresponding to all the pos-
sible singular members of |Og(1)|™, as described in the following:

Dimension 2

a) C has a simple T-invariant node, if (C') € B* — Sing(B* U X*) (i.e.
C’ is tangent to B);

b) C has two simple nodes, interchanged by 7, if (C') € X* — Sing(B* U
X*) (i.e. C" has a simple node);

Dimension 1
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¢) C has two simple T-invariant nodes, if (C") lies in the complement of
Sing(Sing(B* U X*)) inside the irreducible component of Sing(B*)
corresponding to C' bitangent to B;

d) C has one cusp, if (C') lies in the complement of Sing(Sing(B*UX*))
inside the irreducible component of Sing(B*) corresponding to C' with
a triple tangency point on B;

e) C has three simple nodes, one fixed by T and the others interchanged
by 7, if (C') lies in the complement of Sing(Sing(B* U X*)) inside
the irreducible component of B* N X* corresponding to C' tangent to
B and having a simple node;

f) C has a tacnode, if (C") lies in the complement of Sing(Sing(B*UX™))
inside the irreducible component of B* N X* corresponding to C' with

a simple node on B, in other words C' is cut out by a plane tangent to
X at a point of B;

g) C has two simple cusps, interchanged by 7, if (C') lies in the com-
plement of Sing(Sing(B* U X*)) inside the irreducible component of
Sing(X*) corresponding to C" with a cusp;

h) C has two irreducible components meeting in four points, interchanged
in pairs by T, if (C') lies in the complement of Sing(Sing(B* U X*))
inside the irreducible component of Sing(X*) corresponding to C' re-
ducible plane cubic decomposing into a conic and a line;

Dimension 0
i) Chas a cusp and a simple node, if (C") is one of the points of Sing(Sing(B*))

corresponding to C' with a triple tangency point on B and another sim-
ple tangency point; ¢) Na),d) Na)

7) C has a tacnode, if (C') is one of the points of Sing(Sing(B*)) corre-
sponding to C" with a quadruple tangency point on B; d) N a)

k) C has three simple T-invariant nodes, if (C') is one of the 120 points
of Sing(Sing(B*)) corresponding to C' with a tritangent to B; ¢) Na)

1) C has two simple cusps interchanged by T and a simple T-invariant
node, if C' is one of the points of B* N Sing(X™*) corresponding to C’
tangent to B with a simple cusp; g) Na),e) Nb)

m) C has an As singularity, if (C') is one of the points of B* N Sing(X*)
corresponding to C' with a simple cusp on B; g) Na),e) Nb), f) Nb)

n) C has two irreducible components meeting in pairs in two points inter-
changed by T and a simple node only on one of the two components, if
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(C") is one of the points of B*NSing(X™*) corresponding to C' reducible
plane cubic consisting of a line and a conic tangent to B; h)Na),e)Nb)

0) C has two T-invariant simple nodes and two simple nodes interchanged
by 7, if (C') is one of the points of Sing(B*)NX* corresponding to C’
bitangent to B and having a simple node; €) N a),c) Nb)

p) C has a tacnode and a simple node, if (C') is one of the points of
Sing(B*)NX* corresponding to C' tangent to B and having a singular
point on B; e)Na), f)Na),c)Nb)

q) C has a Dy singularity, if (C') is one of the points of Sing(B*) N X*
corresponding to C" with a singular tangent point on B; f)Na),d) Nb)

r) C has two simple nodes interchanged by T and a simple T-invariant
cusp, if (C') is one of the points of Sing(B*) N X* corresponding to C’
with a triple tangency point on B and a singular point; e) Na),d) Nb)

s) C has three irreducible components meeting in pairs in two points in-
terchanged by 7, if (C') is one of the points of Sing(Sing(X™*)) (i.e. a
reducible plane cubic given by three lines).h) N b)

Proof. As in the previous description of the discriminant locus, to describe
the singularities of C' it is enough to look at C”. If C” has a simple node/cusp
outside B, then C inherits two nodes/cusps interchanged by 7. If C’ has
a double/triple/quadruple tangency point with B, then C' inherits a 7-
invariant simple node/cusp/tacnode. If C’ has a simple node on B, then
C has a tacnode, because locally C’ has equations u? 4+ v?> = 0 hence C is
t2 = u,u? 402 =0, i.e. t*+0%2=0. If C’' has a simple node on B and B
is tangent to one of the two branches of the curve through it, then C' has
a Dy-singularity, because locally C’ has equations uv + v = 0, hence C is
2 = u,uv + 03 =0, i.e. (t2+0v*)v =0. If C’ has a simple cusp on B, then
C has an As-singularity, because locally C’ has equations u? 4+ v? = 0 hence
Cist? =u,u®+12=0,ie t0+02=0.

O

Continuing the calculation of x(P), we denote by Il, the locus of points
such that the condition e) of the previous proposition holds, and by P, the
fiber of a point of Il, (i.e. the compactified Prym variety of a curve from
IT,). As explained above, we get

X(P) = X(Ha)X(pa) +...+ X(HS)X(pS)‘

To calculate x(P,), we follow a description of P, used in [MT], based
on a description of J(C) by Cook in [C]. We recall that J(C) admits a
stratification in smooth strata whose codimension is equal to the index
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i(F) of the sheaves F represented by points of these strata. The nor-
malization map v : C — C factorizes through a partial normalization
V' 1 C' — C such that v/*(F)/(torsion) is invertible, and i(F) is the minimum
of length(v,(Og)/O¢). When C is integral, J(C) is irreducible by [AIK],
and the index takes values between 0 and 6(C') = length(v,(On)/Oc) =
pa(C) — g(C). Each stratum can be described as an extension of J(C') by
an algebraic group. Let J;(C) be the union of the strata of codimension 4
(0 <i<4). So Jo(C) = J(C). The map F — v*(F)/(torsion), restricted
to J;(C'), gives a morphism v; : J;(C) = Pic™*(C).

We denote by P; the stratum J;(C')N P induced on P. So Py = P(C/C"),
an algebraic group of dimension 4. Moreover, T extends to an involution on
C corresponding to the double cover C — ', with ¢’ normalization of C'.
Each stratum can be obtained as an extension of P(C'/C") with an algebraic
group.

As explained in [B3|, Proposition 2.2, x(P,) corresponds to the number of
0-dimensional strata of P,. Hence it is nonzero only in the cases k), n),0), s).
Hence it is enough to determine the cardinality of 11, and the O-dimensional
strata of P,.

Lemma 4.4. x(P) = 2610.

Proof. k) The number of tritangents to B corresponds to the number of
odd theta characteristics. Hence we get 23(2% — 1) = 120 points.

We need to determine the zero-dimensional strata of P, which is P,
because C is irreducible and §(C) = 3. First, we observe that P(C'/C")
is given by two points. Indeed C' has three 7-invariant nodes, pi, p2, p3.
By Riemann-Hurwitz, the induced 7 on C'is base-point-free, so T(p)) =
p!, with v=1(p;) = {pl,p/}, and 7 is a translation by a 2-torsion point
q = [p) —p{] = b\ — 4] = [Py — P4 € J(C) = C. So n has 4 fixed
points on C' (the four solutions of 2p = ¢) and P(C/C") consists of two
points.

Following Cook [C], the elements of J3(C) are of the form v.(£), with
L € Pic 3(C). To determine P3, we need to describe the action of 1
on J3(C):
JWs (L)) = vi((L7H)(=ph = p{ = ph — Py — ph = P5)),
T (L)) = vu(7(L)).

Hence v, (L) € P3 if and only if £ € P(C/C"), and P3 consists of two
points.

n) The number of reducible curves given by a conic tangent to B and
a line, corresponds to the intersection number of h) and a). B* has
degree 18 as shown before, while the degree of the reducible curves
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given by a conic and a line is 27, because there are 27 lines on a cubic.
So we get 18 - 27 = 486 points.

The zero-dimensional stratum of P is Ps, because C has four simple
nodes. P(C/C') is a point, because C' and C’ are rational curves.
The elements of J5(C) are of the form v,(Os(d — 1)) ® Ox(—d)), for
d satisfying semistability conditions, i.e. d =0,£1,4+2 (£1 respresent
the same S-equivalence class, and also +2). P5 thus consists of three
points.

To determine the number of nodal curves bitangent to B, we calculate
it indirectly, determining the degree of the curve (case c) ) of bitangents
to B and the number (case p) ) of curves tangent to B and having
a singular point on B. Indeed, b) N¢) = 2p) + o), since b) and ¢)
meet transversely and p) has intersection multiplicity 2 because the
bitangents of b) can acquire a node in one of the two tangency points.

The degree of ¢) can be obtained considering a projection of B onto
a plane from a generic fixed point: the number of bitangents of B
corresponds to the number of bitangents of the image B’, which is a
plane curve with the same geometric genus and degree, i.e. ¢ =4 and
d = 6. Since the arithmetic genus of a plane sextic is 10, B’ has 6
simple nodes. By Pliicker formulas, we have

g=(d*—1)(d* —2)/2—b—f, d=d"(d —1)—2b—3f,

where d* is the degree of the dual curve of B’, b is the number of
bitangents, f the number of flexes. So we need to determine d*. Again
by Pliicker formulas

d* =d(d—1) — 25 — 3r,

where ¢ is the number of simple nodes and k the number of cusps.
Hence d* = 18 and b = 90, so ¢) has degree 90.

The degree of p) can be obtained considering the curve of the case f).
From it we can define

D :={IINB — {p} :II tangent to X at p}pep.

It is a 4:1 cover of B with branching p). By Riemann-Hurwitz, to
calculate p), it is enough to determine the genus of D. D can be seen
as a subvariety of B x B C P3 x P3: the equation ¥x;0;F(p) = 0,
with ((z;),(p)) € B x B, gives D + 2Ap. Setting f; := B x pt,
fo := pt x B, we get that D ~ 12f; 4+ 6 — 2A numerically, hence
Kp ~ (Kpxp +D)D ~ (18f1 + 12f2 — 2Ap)(12f; + 6f2 — 2Ap) and
using the intersection relations Ap - fi = Ap - fo = 0,f2 = f3 =
0,A% = degNp = degTp = 2 — 2gp = —6, we have Kp ~ 132. So

23



g(D) = 67, and by Riemann-Hurwitz the branch locus consists of 108
points.

In conclusion, o) consists of 90 - 12 — 2 - 108 = 864 points. The zero-
dimensional stratum of P is Py, because C is irreducible and 6(C) = 4.
P(C/C") is a point, because C' and C’ are rational curves. Similarly
to k), the elements of Jy(C) are of the form v,(Os(—4)), and Py =
P(C/C") is a point.

s) We have 48 points, which are the intersection points of the orthogonal
lines to the 27 lines on X.

Collecting the previous calculation, we obtain

X(P) =120 -2+ 486 -3+ 864 - 1 + 48 - 1 = 2610.
O

Remark 4.5. Many computations of this proof are similar to those of Propo-
sition 4.3 of [MT]. In particular, we remark that at point iv) there is a
mistake: indeed P» consists of 2 points, not 4 (and analogously in P, and
Py there are half of the copies of C* and of C* x C*). This follows from the
same considerations as in the previous proof for the item k). For this reason,
the computation of the Euler characteristic of the 4-fold in [MT] should be
corrected as follows:

X(P)=28-2+4128-1+28-1 =212,

This computation agrees with the one done by Menet in [Me|, Proposition
2.40, where he determines the Euler characteristic of the 4-fold relating it to
the quotient of a K3 surface by an involution.
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