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ABSTRACT. We provide a generalization of Mehta-Ramanathan theorems to framed sheaves:
we prove that the restriction of a p-semistable framed sheaf on a nonsingular projective
irreducible variety of dimension d > 2 to a general hypersurface of sufficiently high degree is
again p-semistable. The same holds for p-stability under some additional assumptions.

1. INTRODUCTION

In the last ten years moduli spaces of framed sheaves have been studied quite intensively
for their connection with moduli spaces of framed instantons. In [3] Donaldson proved that
the moduli space of framed SU(r)-instantons with instanton charge n on S* is isomorphic
to the moduli space of vector bundles on CP? that are trivial along the line at infinity I

and with a fixed trivialization there. It is an open subset M(g;% . (r,n) of the moduli space

Mep2 (r,m) of framed sheaves on CP?, that is, the moduli space parametrizing pairs (E,a),
modulo isomorphism, where F is a torsion free sheaf on CP? of rank r and c2(E) = n, locally
trivial in a neighborhood of I, and « : E|;_, — 0163: is the framing at infinity. Mcp2,_ (r,n)
is a nonsingular quasi-projective variety of dimension 2rn. Note that this moduli space also
admits a description in terms of linear data, the so-called ADHM data (see, for example,
chapter 2 in [15]). In some sense we can look at Mcp2; (r, 1) as a partial compactification of

M 8;92 . (r,m). There exists another type of partial compactification M gﬂf}Q . (r,n) of the latter
moduli space, called Uhlenbeck-Donaldson compactification: using linear data and geometric
invariant theory it is possible to construct a projective morphism

n

m s Mepey (rin) = Mgh, (rn) = | | ME%, (rn—i) x S%(C?)
i=0

such that the restriction to the “locally free” part is an isomorphism with its image (see
chapter 3 in [15]).

The moduli spaces of framed sheaves can be regarded as higher-rank generalizations of
Hilbert schemes of points on a quasi-projective surface. From this point of view, the previous
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morphism is a higher-rank generalization of Hilbert-Chow morphism for Hilbert schemes of
points on the complex plane.

Thus the geometry of moduli spaces of framed sheaves on the complex projective plane is
quite well known.

In [7] and [8] Huybrechts and Lehn laid the foundations of a systematic theory of framed
sheaves on varieties of arbitrary dimension (they used different names to denote the same
object like, e.g., stable pairs, framed modules, etc). Let X be a nonsingular, projective,
irreducible variety of dimension d defined over an algebraically closed field k of characteristic
zero. A framed sheaf is a pair (E, «) where E is a coherent sheaf on X and « is a morphism
from E to a fixed coherent sheaf F. They define a generalization of Gieseker semistability
(resp. p-semistability) for framed sheaves that depends on a rational polynomial § of degree
d — 1 with positive leading coefficient (resp. a rational number 7). It is possible to define a
contravariant functor M*®® (resp. M?#) associated to semistable objects (resp. stable objects).
The main result in their papers is the following:

Theorem. There exists a projective scheme M*5(F,0) that corepresents the functor M*S.
Moreover there is an open subscheme M*(F,¢§) of M**(F,§) that represents the functor M?,
i.e., M*(F,¢) is a fine moduli space for framed sheaves.

If X is a surface, we can extend the original definition of framed sheaves on CP? with
framing along the line at infinity in the following way: let F' be a coherent sheaf on X,
supported on a big and nef curve D such that F' is a semistable locally free Op-module.
A (D, F)-framed sheaf is a pair (F,«) where FE is a coherent sheaf of positive rank with
ker v # 0 torsion free, F is locally free in a neighborhood of D and «|p is an isomorphism. It
is possible to prove that there exists a rational polynomial § such that there is an open subset
in M*(F, ) parametrizing (D, F')-framed sheaves on X. Moreover if the surface X is rational
and the genus of D is zero, then the moduli space of (D, F')-framed sheaves is a nonsingular
quasi-projective variety (see [I]).

Leaving aside these results on the representability of the moduli functor, a complete theory
of framed sheaves and a study of the geometry of the their moduli spaces is missing in
the literature. In the present paper we fill one of the gaps of the theory, by providing a
generalization of Mehta-Ramanathan theorems:

Theorem. Let F' be a coherent sheaf on X supported on a divisor Dp. Let € = (E,a : E —
F) be a framed sheaf on X of positive rank with nontrivial framing. If € is u-semistable with
respect to 01, then there is a positive integer ag such that for all a > ag there is a dense open
subset U, C |Ox(a)| such that for all D € U, the divisor D is smooth, meets transversally
the divisor Dp and E|p is p-semistable with respect to adi.

Theorem. Let F' be a coherent sheaf on X supported on a divisor Dg, which is a locally
free Op,-module. Let € = (E,a: E — F) be a (Dp, F)-framed sheaf on X. If £ is p-stable
with respect to 61, then there is a positive integer ag such that for all a > ag there is a
dense open subset W, C |Ox(a)| such that for all D € W, the divisor D is smooth, meets
transversally the divisor Dp and E|p is u-stable with respect to ad;.

Mehta-Ramanathan theorems are very useful as they often allow one to reduce a problem
from a higher-dimensional variety to a surface, as for example happens with in the proof of
Hitchin-Kobayashi correspondence (see chapter VI in [10]).
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The classical Mehta-Ramanathan theorems, for instance, are used in the algebro-geometric
construction of the Uhlenbeck-Donaldson compactification of moduli space of u-stable vector
bundles on a nonsingular projective surface ([I2]). In the same way, our result is used in the
corresponding work of Bruzzo, Markushevich and Tikhomirov for framed sheaves: in [2] they
give a generalization to u-stable framed sheaves of the Uhlenbeck-Donaldson compactification.
In this way they provide a higher-rank generalization of Hilbert-Chow morphism for any quasi-
projective surface.

The main difficulty in the generalization of Mehta-Ramanathan theorems was the lack in
the theory of framed sheaves of some basic tools. These are, for the first theorem, the (rel-
ative) Harder-Narasimhan filtration and, for the second theorem, Jordan-Holder filtrations.
Moreover we want to stress the fact the we could not prove the second theorem in the same
generality as the first one, because we have met some problems in the relation between u-
semistability for framed sheaves and duality. We have been able to circumvent these problem
only by somehow strengthening the assumptions.

The article is structured as follows. In section 2 we define the notion of framed sheaves
and morphisms of framed sheaves. In section 3 we introduce the definition of semistability for
framed sheaves and in section 4 we give a characterization of this. In section 5 we construct
the maximal framed destabilizing subsheaf (and the minimal framed destabilizing quotient)
for a framed sheaf and in section 6 we define the Harder-Narasimhan filtration for framed
sheaves. In section 7 we give the definition of Jordan-Hoélder filtration for framed sheaves and
characterize it for a special family of framed sheaves. In section 8 we construct the relative
Harder-Narasimhan filtration. In section 9 we define the p-semistability condition for framed
sheaves and, finally, in section 10 we prove Mehta-Ramanathan theorems for framed sheaves.

Acknowledgements. The author thanks his supervisors Ugo Bruzzo and Dimitri Markushe-
vich for suggesting him this problem and for their constant support. He also thanks Daniel
Huybrechts, Thomas Nevins and Edoardo Sernesi for useful suggestions. He was partially
supported by the PRIN “Problemi di classificazione e moduli in geometria algebrica” and by
the grant VHSMOD-2009, number ANR-09-BLAN-0104.

2. PRELIMINARIES

Let X be a nonsingular, projective, irreducible variety of dimension d defined over an
algebraically closed field k£ of characteristic zero, endowed with a very ample line bundle
Ox(1). The pair (X,Ox (1)) will be fixed throughout this paper.

Fix a coherent sheaf F' on X and a polynomial
d—1 nd—2

A
d—1)1 " (d-2)
with §; > 0. We call F framing sheaf and § stability polynomial.

(5(71,) = 51

4+ bg € Qln]

Definition 1. A framed sheaf on X is a pair £ := (E, ), where F is a coherent sheaf on X
and o : E — F' is a morphism of coherent sheaves. We call o framing of E.

For any framed sheaf & = (F, a), we define the function e(«) by

_J 1 ifa#0,
6(O‘)'_{o if a = 0.
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The framed Hilbert polynomial of £ is

Pg(n) :== Pr(n) — e(a)d(n),
and the framed degree of & is

deg(€) := deg(FE) — e()dy.

If F is a d-dimensional coherent sheaf, then we define the rank of £ as the rank of E. The
reduced framed Hilbert polynomial of & is

and the framed slope of & is
_ deg(é)
HeE) = rk(€)

If £’ is a subsheaf of F with quotient E” = E/E’, the framing « induces framings o/ := a|ps
on E' and o on E”, where the framing o is defined in the following way: o’ = 0 if o/ # 0,
else o is the induced morphism on E”. With this convention the framed Hilbert polynomial
of £ behaves additively:

(1) Pg = P(E’,o/) + P(E”,Oc”)
and the same happens for the framed degree:
(2) deg(€) = deg(E', o) + deg(E", a").

Notation: If £ := (F,«) is a framed sheaf on X and FE’ is a subsheaf of F, then we denote
by &’ the framed sheaf (E’, ') and by £” the framed sheaf (E”, o).

Thus we have a canonical framing on subsheaves and on quotients. The same happens for
subquotients, indeed we have the following result.

Lemma 2 (Lemma 1.12 in [§]). Let H C G C E be coherent sheaves and o a framing of
E. Then the framings induced on G/H as a quotient of G and as a subsheaf of E/H agree.
Moreover
P =P d d E/—H B =deg(E/a,~)
(ij—ﬁ ) = Pr/cn) and deg a/n = deg 3Y) s

where we denote by B and by v the induced framings.

Now we introduce the notion of morphism of framed sheaves.

Definition 3. Let £ = (E,a) and G = (G, B) be framed sheaves. A morphism of framed
sheaves ¢ : £ — G between £ and G is a morphism of the underlying coherent sheaves
¢ : E — G for which there is an element A € k such that 5o p = Aa. We say that p: &€ - G
is injective (surjective) if the morphism ¢ : E' — G is injective (surjective).

Example. Let & = (E,«) be a framed sheaf. If E’ is a subsheaf of E with quotient
E" = E/E', then we have the following commutative diagram

0 B —— E— g 0

O

F—F ——F
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where A =0,up =1if o/ =0, A = 1,u = 0 if @/ # 0. Thus the inclusion morphism i (the
projection morphism ¢) induces a morphism of framed sheaves between £ and £ (€ and £").

Lemma 4 (Lemma 1.5 in [§]). The set Hom(&,G) of morphisms of framed sheaves is a linear
subspace of Hom(E,G). If ¢ : € — G is an isomorphism, then the factor X\ in the definition
can be taken in k*. Moreover, if £ and G are isomorphic, then their framed Hilbert polynomials
and their framed degrees coincide.

Proposition 5. Let £ = (F,a) and G = (G, ) be framed sheaves. If ¢ is a nontrivial
morphism of framed sheaves between £ and G, then

P(E/ker%au) < P(Imcp,ﬁ’) and deg (E/ker ©, Oé”) < deg(Imgp, ,3/)

Proof. Consider a morphism of framed sheaves ¢ € Hom(E,G), ¢ # 0. There exists A € k
such that 8o ¢ = Aa. Note that E/kerp ~ Img hence their Hilbert polynomials and their
degree coincide. It remains to prove that e(a”’) > €(8’). If A = 0, then 8’ = 0 and therefore
€(B') = 0 < e(”). Assume now A\ # 0: a = 0 if and only if Blime = 0, hence €(8') =
0 =¢(a”). If @ # 0, then also o’ # 0. Indeed if &’ = 0, then |ker,, # 0; this implies that
Aaker ) = (Bo®)|ker, = 0 and therefore A = 0, but this is in contradiction with our previous
assumption. Thus, if A # 0 and « # 0 then we obtain €(5') = 1 = e(”). O

3. SEMISTABILITY

Recall that there is a natural ordering of rational polynomials given by the lexicographic or-
der of their coefficients. Explicitly, f < g if and only if f(m) < g(m) for m > 0. Analogously,
f < g if and only if f(m) < g(m) for m > 0.

We shall use the following convention: if the word “(semi)stable” occurs in any statement
in combination with the symbol (<), then two variants of the statement are asserted at the
same time: a “semistable” one involving the relation “<” and a “stable” one involving the
relation “<”.

We give now a definition of semistability for framed sheaves £ = (E, «) of positive rank.

Definition 6. A framed sheaf £ = (F, ) of positive rank is said to be (semi)stable with
respect to d if and only if the following conditions are satisfied:

(i) rk(E)Pgr (<)rk(E’)Pg for all subsheaves E' C ker a with 0 < rk(E’) < rk(ker ),
(ii) rk(E)(Pg — §)(<)rk(E’)Pg for all subsheaves E' C E with 0 < rk(E’) < rk(E).

Note that if « is zero, then this definition coincides with Gieseker (semi)stability for torsion
free sheaves (see def. 1.2.4 in [9]).

Lemma 7 (Lemma 1.2 in [§]). Let &€ = (E,«) be a framed sheaf of positive rank. If € is
semistable with respect to 9, then ker « is torsion free.

There are two different definition of (semi)stability for rank zero framed sheaves in Huy-
brechts and Lehn’s works: in [7], they use the statement of definition [f] also for rank zero
framed sheaves, in this way all framed sheaves of rank zero are semistable but not stable. In
[8] they change a little bit the definition of (semi)stability (see def. 1.1 in [8]) and respect
to this definition, no all rank zero framed sheaves are semistable, but all semistable framed
sheaves of rank zero automatically are stable. Now we give a new definition of (semi)stability
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for framed sheaves of rank zero that will be - in my opinion - a good compromise between
these two different definitions.

Definition 8. Let £ = (E, ) be a framed sheaf with rk(E) = 0. If « is injective, we say that
£ is semistable with respect to §. Moreover, if Pp = § we say that £ is stable with respect to

J.

Remark 9. Let £ = (E,«) be a framed sheaf with rk(F) = 0. Assume that £ is stable with
respect to 0. If G is a subsheaf of F, then P < Pg = J; on the other side since the framing
is injective, a|g # 0 and therefore P o) = Pc — 6 < 0 = Pg — ¢ = Pg. Hence also stable
framed sheaves of rank zero satisfy an inequality condition.

Lemma 10 (Lemma 2.1 in [7]). Let £ = (E,«) be a framed sheaf with ker v # 0. If & is
(semi)stable with respect to §, then

6(<)Pp — rlj(kk(j)a)

If F is a torsion sheaf, then 6(<)Pp and in particular §;(<) deg(F).

(Pg — Pr).

4. CHARACTERIZATION OF SEMISTABILITY

Let £ = (F, a) be a framed sheaf with ker a # 0 torsion free. In this section we would like
to answer the following question: to verify if £ is (semi)stable or not, do we need to check
the inequalities (i) and (ii) in the definition [6] for all subsheaves of E? Or, can we restrict our
attention to a smaller family of subsheaves of E?

Definition 11. Let £ = (F,«) be a framed sheaf with ker v # 0 torsion free. Let E’ be a
subsheaf of F.

o If E’ C ker o, then the framed-saturation E' of E' is the saturation of E’ as subsheaf
of ker a. )

o If E’ ¢ ker v, then the framed-saturation E’ of E’ is the saturation of £’ as subsheaf
of F.

Remark 12. Let E’ be the framed-saturation of E' C E. In the first case described in the
definition, if rk(E’) < rk(ker a), then the quotient @Q = E/E’ is a coherent sheaf of positive
rank, with nonzero induced framing, such that it fits into an exact sequence

(3) 00— Q — Q — Ima — 0,
where Q' is a torsion free quotient of kera. If tk(E’) = rk(kerca), then E/ = kera and
Q@ = E/kera. In the second case, @) is a torsion free sheaf with zero induced framing. Moreover
o 1k(E') = rk(E'), Ppr < P and deg(E’) < deg(E"),
e Pe < Pz and deg(&') < deg(&').

Proposition 13. Let £ = (E,«) be a framed sheaf with ker o # O torsion free. Then the
following conditions are equivalent:

(a) & is semistable with respect to 0.

(b) For any framed-saturated subsheaf E' C E one has Pgran < rk(E)ps.

(¢c) For any surjective morphism of framed sheaves ¢ : € — (Q, 3), one has
k(Q)ps < Pg,p)-
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(d) For any surjective morphism of framed sheaves ¢ : € — (Q, 3), where a = S0 ¢ and
Q has the form described in the remark one has tk(Q)pe < Pg )

Proof. The implications (a) = (b) and (¢) = (d) are obvious.

Consider a framed sheaf Q@ = (@, ) and a surjective morphism ¢ : & — Q of framed
sheaves. Put E' = ker ¢ and E” = E/kerp. Using formula (1)) one has

(4) (Per — k(E")pe) = (rk(E")ps — Pen)
If £ is semistable, then rk(E”)pg < Pg» and using proposition [5| we have (a) = (c). Moreover
the framed sheaf Q has the properties asserted in condition (d) if and only if ker¢ is a

framed-saturated subsheaf, hence (b) <= (d). Finally by remark Per < P < tk(E')ps =
rk(E")pe, where E’ is the framed-saturation of E’, thus (b) = (a). O

Corollary 14. Let £ = (E,a) and G = (G, ) be framed sheaves of positive rank with the
same reduced framed Hilbert polynomial p.

(1) If € is semistable and G is stable, then all nontrivial morphisms ¢ : € — G are
surjective.
(2) If € is stable and G is semistable, then all nontrivial morphisms ¢ : € — G are
mjective.
Corollary 15. Let £ = (E,a) and G = (G, B) be framed sheaves of positive rank. If £ and
G are stable with the same framed reduced Hilbert polynomial, then any nontrivial morphism
w: & = G is an isomorphism. Moreover, in this case

Hom(&,G) ~ k.
Definition 16. Let £ be a framed sheaf. We say that &£ is simple if End(€) ~ k.

5. MAXIMAL FRAMED-DESTABILIZING SUBSHEAF

Let £ = (E,a) be a framed sheaf with ker o # 0 torsion free. If £ is not semistable with
respect to 9, then there exist destabilizing subsheaves of £. In this section we would like to
find the maximal one (with respect to the inclusion) and show that it has some interesting
properties.

Proposition 17. Let £ = (E,«) be a framed sheaf with ker o # 0 torsion free. If € is not
semistable with respect to &, then there is a subsheaf G C E such that for any subsheaf E' C E
one has

tk(E")Pg > rk(G) Pgs
and in case of equality, one has E' C G.

Moreover, the framed sheaf G is uniquely determined and is semistable with respect to 6.

Proof. On the set of nontrivial subsheaves of E we define the following order relation =<: let
G1 and G3 be nontrivial subsheaves of F, G; =< Gy if and only if G; C G2 and rk(G2)Pg, <
rk(G1)Pg,. Since any ascending chain of subsheaves stabilizes, for any subsheaf E’, there is a
subsheaf G’ such that £/ C G’ C E and G’ is maximal with respect to < .

First note that if there exists a <-maximal subsheaf E’ of rank zero, then P/ > 0, that is,
Pgr > 4. Let T(E) be the torsion subsheaf of E. Then Prgy > Pgr > 6. We choose G := T'(E).
From now on assume that for every rank zero subsheaf I' C E we have Pi7 o) <0.Let G C E
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be a <-maximal subsheaf with minimal rank among all <-maximal subsheaves. Note that
rk(G) > 0.

Suppose there exists a subsheaf H C E with rk(H)pg < Py. By hypothesis we have
rk(H) > 0. From =<-maximality of G we get G € H (in particular H # E). First we show
that we can assume H C G by replacing H with GN H. If H ¢ G, then the morphism
¢ : H— FE — E/g is nonzero. Moreover kerp = G N H. Put J = ker ¢ and I = Img. The
sheaf I is of the form 7/¢ with G C T C E and rk(7) > 0. By the <-maximality of G we
have

(5) pT < DPg-
By lemma 2| one has Pr = Py — Pg, hence
tk(G)Pr = 1k(G)(Pr— Fg)
< tk(T)P; — tk(G) P = rk(I) Py,
therefore
(6) rk(G) Py < tk(I)Pg.

First we show that J # 0. Indeed, if J = 0, then rk(I) = rk(H) and we have the following
commutative diagram

H—— Ela

-l

F—2> . r

where 3 is the induced framing on the quotient; if @’ # 0 and 8 = 0, then we put A = 0, for
the other combinations of values of €(a’) and €(3), we put A = 1. So we obtain a morphism
of framed sheaves ¢ between H and (£/q, ). By proposition [5| Py < Pr and using formula
one has

rk(H) Py < rk(G) Py < rk(G)Pr < rk(H)Pg,

which it is absurd. Moreover the rank of J is positive, in fact if we assume that rk(J) = 0,
then we have rk(I) = rk(H) and

l“k(G)Pj = I'k(G)P’H — I‘k(G)P(H/La/)
> r1k(G)Py — rk(G)Pr > rk(G)Py —rk(H)Pg > 0

hence J is a rank zero subsheaf of F with P7s > 0, but this is in contradiction with the
hypothesis. By the following computation:

vk(J) (pg —pn) = tk(H/7) (pr — Derys.an))
> rk(I) (pu — pz) > k(1) (pu — pg) > 0

we get py < pg, hence we can consider a subsheaf H C G such that H is <-maximal in G,
rk(H) > 0 and

PG < PH-
Let H' C E be a sheaf that contains H and is <-maximal in E. In particular, one has

PG < PH < P/
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By =<-maximality of H and G, we have H' ¢ G. Then the morphism ¢ : H — E — % is
nonzero and H C ker . As before

pur < P(kerv,a’)-
Thus we have H C H' NG = kervy and py < P(kery,a), hence H =< kertp. This contradicts
the <-maximality of H in G. Thus for all subsheaves H C E, we have rk(H )pg > Py.

If there is a subsheaf H C E of rank zero such that Py = 0 and H ¢ G, then by using
the same argument than before, we get Png,qo/y > 0, but this is in contradiction with the
hypothesis. So there are no subsheaves H C E of rank zero such that Py = 0 and H ¢ G.
If there is a subsheaf H C E of positive rank such that pg = py, then H C G. In fact, if
H ¢ G then we can replace H by G N H and using the same argument than before we obtain
Pg = pH < P(HNG,’) and this is absurd. O

Definition 18. We call G the maximal framed-destabilizing subsheaf of .

Remark 19. Note that if G is a maximal framed-destabilizing sheaf of £ and G # ker «, then
the quotient sheaf E/G is a torsion free sheaf or a coherent sheaf of positive rank which fits
into a exact sequence of the form .

We give now a criterion to find the maximal framed-destabilizing subsheaf that will be
useful later.

Proposition 20. Let £ = (E, «) be a framed sheaf with ker o # 0 torsion free. Assume that €
is not semistable with respect to § but there are no rank zero framed-destabilizing subsheaves.
If G C E is a positive rank subsheaf with positive rank quotient G' = E/G such that

(i) the framed sheaves G e G' are semistable with respect to ¢,
(ii) pg > pgr,

then G is a maximal framed-destabilizing subsheaf of £.

Proof. Let H be a subsheaf of F.

Case 1: H C (G. By semistability we get Py < rk(H)pg.

Case 2: G ¢ H. By properties (i) and (ii) one has rk(#/c)pg > rk(#/G)pgr > Pjg )
where 7 is the induced framing on #/a. By lemmawe have Py = Pn/q,) + Pg and therefore

Py = (Pujeq + Fg)
< (tk(H/@)pg + 1k(G)pg) = rk(H)pg.

Consider now the case in which G ¢ H and H ¢ G. The morphism ¢ : H - E — % is
nonzero. Moreover ker p = H N G.

Case 3: HNG = 0. If rkk(H) = 0, then by hypothesis Py < 0 = rk(H)pg. If rk(H) > 0,
then the morphism ¢ is injective and induces a morphism of framed sheaves ¢ : H — G’,
hence by proposition [5 we obtain py; < pmy, gy < pgr < pg, where 3 is the induced framing
on G.

Case 4: HN G # 0. From the hypothesis follows that Ppng ey < tk(H N G)pg and
P(H/kerga,oc”) < P(Im(p,ﬁ’) < rk(H/kergo)pg/ < l“k(H/kergo)pg, hence we get

Py = Puyergo) + Plijier o0
< (rk(ker ) + tk(H/keri) o,
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and therefore
Py < rk(H)pg.
O

If the rank of the framing sheaf F' is zero, then we have this additional characterization:

Proposition 21. Let £ = (E, «) be a framed sheaf with ker oo # 0 torsion free. Assume that €
s not semistable with respect to 6. Then ker « is the mazimal framed-destabilizing subsheaf of
& if and only if it is Gieseker-semistable and P(g/ i, .5y < 0, where (3 is the induced framing.

Proof. 1t follows from the same arguments used in the previous proposition. (|

Minimal framed-destabilizing quotient. Let £ = (E, «) be a framed sheaf with ker v # 0
torsion free. Suppose that £ is not semistable with respect to 4.

Consider first the case rk(F') = 0. In this situation, we have to assume that ker «v is not the
maximal framed-destabilizing subsheaf.

Let T be the set consisting of the quotients N @ — 0 such that

e () is torsion free,
e the induced framing on ker(q) is nonzero,

® DQ < peg.
Let T3 be the set consisting of the quotients £ N @ — 0 such that

e () has positive rank,

e the induced framing on ker(q) is zero,

e () fits into a exact sequence of the form [3]

® po < pe-
By proposition the set T7 U T3 is nonempty. For ¢ = 1,2 define an order relation on T; as
follows: if Q1,Q2 € T;, we say that Q1 C Q2 if and only if po, < po, and rk(Q1) < rk(Q2) in
the case po, = po,. Let Q" be a C-minimal element in 7T}, for i = 1, 2. Define

0 { QL if po, <pg, or if po, = po, and rk(Q1) < rk(Q2),

QQ— if Po, < pg; or if Po, =P and rk(Q2) < rk(Ql)'
Proposition 22. The sheaf G := ker(E — Q_) is <-mazimal in &.

Proof. If tk(G) = 0, then G = T(E), indeed if G C T'(E), then Ppgy > Pg. So Pp — Pppy <
Pg — Pg, hence ps/rm < prjg, but this contradicts the C-minimality of (). Assume now
that tk(G) > 0. If G is not <-maximal, then there exists G C G’ C F such that G < G’ and
G’ is <=-maximal in F, i.e. pg < pgr.

If pg < pgr, then using formula {4 we have p(g/e ) < po_, where 7 is the induced framing
on E£/c’, which is a contradiction with the hypothesis. If pg = pgs, by the same computation
than before we have p(s/e/ ) = po_. Since rk(G) < rk(G'), we have rk(£/¢") < rk(Q), but
by definition of @)— we must have rk(£/c’) = rk(Q_). Thus £/¢’ is C-minimal. If Q_ € T,
then a|g # 0, hence a|gr # 0 and £/¢' € T1. From rk(E/¢') = rk(Q-) and pg/er ,) = po_ it
follows Pg/o = Pg_, hence G = G'. If Q- € Ty, by definition of Q— we must have that £/¢’
is an element of T and by using the same argument than before we get G = G'. O
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Remark 23. By proposition [I7], we have that G is the maximal framed-destabilizing subsheaf
of £.

For the case rk(F') > 0, we can use the same arguments than before without any assumption
on ker o and we obtain the same results.

6. HARDER-NARASIMHAN FILTRATION

In this section we construct the Harder-Narasimhan filtration for a framed sheaf. We adapt
the techniques used by Harder and Narasimhan in the case of vector bundles on curves (see

[6])-
Consider first the case rk(F') = 0.

Definition 24. Let £ = (E,«) be a framed sheaf with kera # 0 torsion free. A Harder-
Narasimhan filtration for £ is an increasing filtration of framed-saturated subsheaves
(7) HNo(€) : 0 =HNy(E) CHNy(E) € --- CHNy(E) = E
which satisfies the following conditions
(A) the quotient sheaf griiN(&) := HN:(€)/uN,_, (€) with the induced framing o is a semista-
ble framed sheaf with respect to d for i =1,2,...,1.
(B) The quotient E/HN,_,(€) has positive rank, the kernel of the induced framing is nonzero

and torsion free and the subsheaf grl!N(€) is the maximal framed-destabilizing sub-
sheaf of (E/uN,_,(€),a”) for i =1,2,...,1— 1.

Lemma 25. Let £ = (E,«a) be a framed sheaf with ker v # 0 torsion free. Suppose that €
is not semistable (with respect to 6). Let G be the mazximal framed-destabilizing sheaf of E.
If G # kera, then for every rank zero subsheaf T of E/G, we get Py gy < 0, where (3 is the
induced framing on E/G.

Proof. If the quotient £/G is torsion free then the condition is trivially satisfied. Otherwise
let T C E/G be a rank zero subsheaf with Py 3y > 0. The sheaf T is of the form £/q,
where G C E' and rk(E’) = rk(G), hence we obtain pger > pg, therefore E’ contradicts the
maximality of G. U

Theorem 26. Let £ = (E,«) be a framed sheaf with ker a # 0 torsion free. Then there exists
a unique Harder-Narasimhan filtration for £.

Proof. Existence. If £ is a semistable framed sheaf with respect to §, then we put [ = 1 and
a Harder-Narasimhan filtration is
HN4(£): 0=HNy(€) CHNy(E) = FE
Else there exists a subsheaf 1 C F such that F; is the maximal framed-destabilizing subsheaf
of £. If By = ker o, then a Harder-Narasimhan filtration is
HN4(€) : 0 =HNy(E) Ckera C HNy(E) = FE

Otherwise, by lemma [25 (E/E,, ") is a framed sheaf with kera” # 0 torsion free and no
rank zero framed-destabilizing subsheaves. If (E/E,, ") is a semistable framed sheaf, then a
Harder-Narasimhan filtration is

HN,(£): 0 =HNy(€) C E; C HNy(E) = E
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Else there exists a subsheaf Ef C E/E, of positive rank such that EY is the maximal framed-
destabilizing subsheaf of (E/E;,a”). We denote by Es its pre-image in E. Now we apply
the previous argument to FEo instead of Ej. Thus we can iterate this procedure and we
obtain a finite length increasing filtration of framed-saturated subsheaves of F, which satisfies
conditions (A) and (B).

Uniqueness. The uniqueness of the Harder-Narasimhan filtration follows from the unique-
ness of the maximal framed-destabilizing subsheaf. O

By construction for ¢ > 0 at most one of the framings «; is nonzero and all but possibly one
of the factors gri'N(€) are torsion free. In particular if rk(gri™(€)) = 0, then grilN(€) = T(E)
and oy # 0; if tk(grN(€)) = 0, then griN(€) = E/kera and oy # 0.

Proposition 27. Let £ = (E, ) be a framed sheaf with ker v # 0 torsion free. Suppose there
exists a filtration of the form@ satisfying condition (A). Then condition (B) is equivalent to
the following:

(B’) the quotient (E/HN,(€),a”) is a framed sheaf with ker o’ # 0 torsion free for j =
1,2,...,1—2, it has no rank zero framed-destabilizing subsheaves, and

(8) rk(grif) (€)) Pgrim g).a,) > tk(gri™ (€)) P
fori=1,...,01—1.

griN (), ait1)

Proof. The arguments used to prove this proposition are similar to that used in the proof of
the analogous result for vector bundles on curves (see lemma 1.3.8 in [6]). O

Lemma 28. Let £ = (E,a) be a semistable framed sheaf of positive rank and B a torsion
free sheaf with zero framing. Suppose that pg > pmaz(B). Then Hom(E, (B,0)) = 0.

Proof. Let ¢ € Hom(E, B), ¢ # 0. Let j be minimal such that ¢(E£) C HN;(B). Then there
exists a nontrivial morphism of framed sheaves ¢ : £ — grf N(B). By propositions [5| and
we get

Pg < P(E/xerp.a) S Plmg < PgriN () < Prmaz(B)

and this is a contradiction with our assumption. O

Proposition 29. Let £ = (E,«) be a framed sheaf with ker ae # 0 torsion free. Assume that

£ is not semistable with respect to 6. Let G be the maximal framed-destabilizing subsheaf of
E. Then

Hom ((G, <), (E/a,d")) = 0.

Proof. We have to consider separately three different cases.

Case 1: G = ker a. In this case Hom ((G, o), (E/a, ")) coincides with the set of morphism
¢ : ker a — E/kera such that Sop = 0, where 3 is the framing induced by . Since £ is injective,

we get Hom(G,G’) = 0.

Case 2: a|¢ = 0 and rk(G) < ker av. In this case Hom ((G, ), (E/G, ")) = Hom(G, kero/q).
Recall that G is a Gieseker-semistable sheaf and kere/g is a torsion free sheaf; moreover
from the maximality of G follows that pg > pry. for all subsheaves T/G C kere/G, hence
Pmin(G) = DG > Pmaz(kre/c) and by lemma 1.3.3 in [9] we obtain the thesis.
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Case 3: alg # 0 and rk(G) > 0. In this case £/G is a torsion free sheaf and the induced
framing is zero. From the maximality of G it follows that pg > pr/; for all subsheaves
T/a C E/a, so we can apply lemma [28) and we get the thesis.

Case 4: G =T(E). Let ¢ : T(E) — E/T(E). Since rk(Imy) = 0 and £/7(E) is torsion free,
we have Imy = 0 and therefore we obtain the thesis. g

The case rk(F') > 0 is simpler and we have the following:

Theorem 30. Let £ = (FE,«) be a framed sheaf with ker o # 0 torsion free. There exists a
unique increasing filtration of framed-saturated subsheaves

HN4(€) : 0 =HNy(E) CHNy(E) C--- CHNy(E) = E
which satisfies the following conditions
(A) the quotient sheaf gri’N(€) := HN:(E)/HN, _, (&) with the induced framing «; is a semistable
framed sheaf with respect to 6 fori=1,2,...,1.
(B)
I'k(g?‘gl\i (8))P(9T?N(5),ai) > rk(gTZHN(5))P(gr5_1\11(5),ai+1)
fori=1,...,01—1.

Base field extension. Let £ = (E, a) be a framed sheaf on X with ker o # 0 torsion free
sheaf. Let K be an extension of k. Consider the following cartesian diagram

S

proposition 3 in [11]:

Theorem 31. A subsheaf G C E is the maximal framed-destabilizing subsheaf of £ if and
only if o*(G) is so for &.

Proof. Note that since ¢ is a flat morphism, the sheaf ker @ = ¢* (ker o) is torsion free. The
Hilbert polynomial is preserved under base extensions, so the framed Hilbert polynomial is
preserved. If B/ C E is a framed-destabilizing subsheaf, then so is ¢*(E') C E. Hence if
£ is semistable, then & is semistable. So it suffices to prove that if Gg is the maximal
framed-destabilizing subsheaf of £, then there is G C E such that ¢*(G) = G-

Since G is finitely presented, it is defined over some field L, k C L C K, which is
finitely generated over k, so we can suppose that K = k(z) for some single element z € K
and K/k is a purely trascendental or separable extension. Note that there do not exist field
extensions of k which are purely inseparable, because k is a perfect field. Let o € Gal(X/k),
we denote by o the automorphism of X over X induced by o. Since J}((G k) has the same
Hilbert polynomial of Gk and e(&|g,) = e(dlg}((GK)), we must have 0% (Gk) = Gk. Hence
by descent theory (see [], p. 22) there exists a subsheaf G C F such that ¢*(G) = Gk.

Since the framed Hilbert polynomial of G coincides with the one of G, we get that G is the
maximal framed-destabilizing subsheaf of £. O
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7. JORDAN-HOLDER FILTRATION

In analogy to the study of torsion free Gieseker-semistable coherent sheaves we will define
Jordan-Holder filtrations for framed sheaves.

Definition 32. Let £ = (E, «) be a semistable framed sheaf of positive rank r. A Jordan-
Holder filtration of £ is a filtration

E.:OZE()CElC"'CEl:E
such that all the factors £i/E,_, together with the induced framings «; are stable with framed
Hilbert polynomial P&/, | o) = tk(Fi/Ei1)pe.

Proposition 33 (Proposition 1.13 in [8]). Jordan-Hélder filtrations always exist. The framed
sheaf

gr(&) = (gr(E), gr(e)) = P (E/B s, i)
does not depend on the choice of the Jordan-Hélder filtration.

Remark 34. By construction for ¢ > 0 all subsheaves E; are framed-saturated and the framed
sheaves (E;, ') are semistable with framed Hilbert polynomial rk(E;)pg. In particular (Eq, o)
is a stable framed sheaf. Moreover at most one of the framings «; is nonzero and all but
possibly one of the factors Fi/E,_, are torsion free.

Lemma 35. Let £ = (E,a) be a semistable framed sheaf of positive rank r. Then there
exists at most one subsheaf E' C E such that a|g # 0, £ is a stable framed sheaf and
Per = 1k(E')pe.

Proof. Suppose that there exist F; and Es subsheaves of E such that a|g, # 0, the framed
sheaf &; is stable (with respect to §) and Pg, = r;pg, where r; = rk(E;), for i = 1,2. So we
have Pg, = rips + 0 for i = 1,2. Let E1o = E; N Ea. Suppose that Ejp # 0 and a|g,, # 0.
Denote by 712 the rank of Ejo. Since &; is stable, we have that Pg,, —0 < rja2pe. Consider the
exact sequence

00— Eio — E1®Ey— E1+FEy, — 0.

The induced framing on F; + E5 is nonzero; we denote it by 5.
Ppiyp, = Pp +Pp, — Pp, =m1pe +0+712pe +0 — Ppy,
> 1k(Ey + Eq)pe + 6
and therefore
P+ By.8) = PeivE, — 6 > 1k(EL + Ey)pe,

but this is a contradiction, because £ is semistable. Now consider the case o|g,, = 0. By
similar computations, we obtain

Pg+B,8) = Pri+E, — 0 > 1k(E1 + E2)pe + rk(E1 + Eo)d > 1k(E7 + E2)pe,
but this is absurd. Thus F12 = 0 and therefore E1 + Ey = Fy @ Fs. In this case we get
Pp+Ep) = Peivp, —0=Pp +Pp, —0
ripe +0 +1rops +0— 96
= rtk(Ey + Eo)pe + 6 > rtk(E1 + E»)pe,
but this is not possible. O
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Remark 36. Let £ = (E,a) be a semistable framed sheaf of positive rank r. If there exists
E' C E such that tk(E’) = 0 and Pgr = 6, then E' = T(E), indeed from Ppgy > P follows
that Pprg) > 4. Since € is semistable, we have Prg) = 4 and so E' =T(FE).

By using similar computations than before, one can prove:

Lemma 37. Let £ = (E,a) be a semistable framed sheaf of positive rank. Let Ey and Es
be two different subsheaves of E such that Pe, = rk(E;)pe for i = 1,2. Then Pg, g, 0y =
I‘k(El -+ Eg)pg and P(ElﬂEg,o/) = I‘k(El N Eg)pg.

7.1. Framed sheaves that are locally free along the support of the framing sheaf. In
this section we assume that F is supported on a divisor D and is a locally free Op,-module.

Definition 38. Let £ = (E, a) be a framed sheaf on X. We say that £ is (Dp, F')-framable
if E is locally free in a neighborhood of D and «|p is an isomorphism. We call £ also
(Dp, F)-framed sheaf.

Recall that in general for a framed sheaf £ = (E, «), the torsion subsheaf of E is supported
on Dp, therefore if £ is (Dp, F')-framable then FE is torsion free.

Lemma 39. Let £ = (E,a) be a semistable (Dp, F)-framed sheaf. Let Ey and Ea be two
different framed-saturated subsheaves of E such that ps, = pg, for i = 1,2. Assume that
alp, = 0. Then Ey + Es is a framed-saturated subsheaf of E such that gr(Ey + Eq,d/) =
gr(&1) @ gr(&).

Proof. Since & is (Dp, F)-framable, the quotient £/E; is torsion free for i = 1,2, hence
E/(E, + E;) is torsion free as well and therefore F; + Es is framed-saturated. By lemma
P(E1+Es,a/) = Pe. Moreover we can always start with a Jordan-Holder filtration of & and
complete it to one of (£ + F2,a’), hence we get gr(&;) C gr(E1 + E2,d’) (as framed sheaves)
fort=1,2. Let Go : 0 =Gy C G C --- C Gj_1 C G; = Eq be a Jordan-Hoélder filtration
for & and H, : 0 = Hy C Hy C --- C Hy_1 C Hy = FE5 a Jordan-Holder filtration for &,.
Consider the filtration

0=GocGiCc---CGiCcG=EiCEi+H,C---CE+Hi_1 CH;=FE+ E»

where p = min{i|H; ¢ E1}. We want to prove that this is a Jordan-Hélder filtration for
(E1 + E, ). Tt suffices to prove that £+ H;/E, + H,_, with its induced framing ~; is stable
for j = p,...,t (we put Hy_; = 0). First note that by lemma we get P(E1+Hj,a/) =
rk(Er + Hj)pe and P, yp; o) = tk(E1 + Hj—1)pe, hence

Py w8, v, y) = rk(F1+ HifB + Hy ) )pe.

Since £/E, + H;_, is torsion free, rk(E1 +H;/E, + H, ,) > 0. Let T/E, + H,_, be a subsheaf of
By +H;/p, + H;_,. We have

Plyeyvm;apy) = Plray = P, o) S K(T)pe — tk(Ey + Hj1)pe
- rk(T/El + ijl)pg = I‘k(T/E1 + ijl)p(El +Hj/Ey + Hj_1,75)

so the framed sheaf (£1+ Hi/E, + H;_,,7;) is semistable. Moreover we can construct the fol-
lowing exact sequence of coherent sheaves

0 — BNH)/p nH,_, — H/u,_, 5 B+ HiJB, y 1, — 0.
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Recall that the induced framing on Ej is zero, hence the induced framing on £1 N H;/E, nH;_,
is zero and therefore the morphism ¢ induces a surjective morphism between framed sheaves
2 (Hj/Hf—1>/8j) — (Br + B/, +Hj—17’7j)-

Since (#i/H,_,3;) is stable, by proposition the morphism ¢ is injective, hence it is an
isomorphism. O

Definition 40. Let £ = (F, «) be a semistable (D, F')-framed sheaf. We call framed socle
of € the framed sheaf given by the sum of all stable framed sheaves &' = (E’, ') with framed
Hilbert polynomial pg: = pg, where E' C E is a framed-saturated subsheaf and o/ is the
induced framing by a.

Let £ = (E,a) be a semistable (D, F')-framed sheaf of positive rank. Consider the fol-
lowing two conditions on framed-saturated subsheaves E' C E:

(a) per = pe,
(b) each component of gr(€’) is isomorphic (as a framed sheaf) to a subsheaf of E.

Let Fy and Fs two different framed-saturated subsheaves of E satisfying conditions (a) and
(b). By previous lemmas the subsheaf Fj 4+ Es is a framed-saturated subsheaf of E satisfying
conditions (a) and (b) as well.

Definition 41. For a semistable (Dp, F')-framed sheaf £ = (E, «), we call extended framed
socle the maximal framed-saturated subsheaf of F satisfying the above conditions (a) and

(b).
Proposition 42. Let G be the extended framed socle of a semistable (Dp, F')-framed sheaf
E = (F,a). Then

(1) G contains the framed socle of &.
(2) If &€ is simple and not stable, then G is a proper subsheaf of E.

Proof. (1) It follows directy from the definition.

(2) Let Eo : 0=Ey C By C --- C E; = E be a Jordan-Holder filtration of £. If £ = G, then
the framed sheaf (E/E,_,, ) is isomorphic (as framed sheaf) to a proper subsheaf £/ C E
with induced framing o’. The composition of morphisms of framed sheaves

EL)E/EH g E

e

induces a morphism ¢ : £ — £ that is not a scalar endomorphism of £. O

8. RELATIVE HARDER-NARASIMHAN FILTRATION

In this section we would like to construct a flat family of minimal framed-destabilizing
quotients associated to a framed sheaf.

Notation: let Y — S be a morphism of finite type of Noetherian schemes. If T — S
is a S-scheme, then we denote by Y7 the fibre product 7' xg Y and by pr : Yr — T and
py @ Yr — Y the natural projections. If H is a coherent sheaf on Y, we denote by Hr its



RESTRICTION THEOREMS FOR u-(SEMI)STABLE FRAMED SHEAVES 17

pull-back on Y. For s € S we denote by Y the fibre Spec(k(s)) xg Y. For a coherent sheaf
H on Y, we denote by Hj its pull-back on Yj.

Definition 43. A flat family of sheaves on Y parametrized by S is a coherent sheaf G on Y,
which is flat over S.

Henceforth S will be an integral k-scheme of finite type and f : X — S a projective flat
morphism. We denote by d the dimension of the fibre X, for s € S. Note that (Ox(1))s is a
f-ample line bundle on X. Moreover assume that F' is a flat family of sheaves of rank zero.

Definition 44. A flat family of framed sheaves of positive rank on X parametrized by S
consists of a framed sheaf £ = (E,a) on X, where ag # 0 for all s € S, F and Ima are flat
families of coherent sheaves on X parametrized by S.

Remark 45. By flatness of ' and Ima, we have that also ker « is S-flat.

Fix a flat family £ = (E,a) of framed sheaves of positive rank r on X parametrized by
S and a rational polynomial J of degree d — 1 and positive leading coefficient 1, such that
Py, >0 forse S.

The direction we choose to obtain a flat family of minimal framed-destabilizing quotients
is the following: first we construct a universal quotient (with fixed Hilbert polynomial) such
that the induced framing is either nonzero at each fibre or zero at each fibre. In this way not
only the Hilbert polynomial of that quotient is constant along the fibres, but also its framed
Hilbert polynomial. Later we need to find a numerical polynomial such that the universal
quotient with this polynomial as Hilbert polynomial gives the minimal framed-destabilizing
quotient at each fibre.

Relative framed Quot functor. Let P(n) € Q[n] be a numerical polynomial. Define the
contravariant functor from the category of Noetherian S-schemes of finite type to the category
of sets

FQuotX/S(E,a,P) : (Sch/s) — (Sets)
in the following way:
e For an object T'— S, FQuotX/S(E, a, P)(T — S) is the set consisting of the quotients

(modulo isomorphism) Er % Q — 0 such that
(i) @ is T-flat,
(ii) the Hilbert polynomial of Q; is P for all t € T,
(iii) there is a induced morphism a : @) — Fp such that a o g = ar.
e For a S-morphism ¢ : 7" — T, FQuotX/S(E, a, P)(¢p) is the pull-back of ¢.

This functor is a subfunctor of the relative Quot functor Quot /s (E, P), that is representable
by a projective S-scheme 7 : Quotx/s(E, P) — S. Since the property (iii) in the definition
is closed, one can prove that the functor F'Quot /S(E,a,P) is representable by a closed
subscheme F'Quotx/s(E, o, P) C Quotx/s(E, P) (it suffices to use results (iii) and (iv) in the
proof of theorem 1.6 in [16]). The universal object on FQuotx/s(E,a, P) xg X is the pull-

back of the universal object on Quotx/s(E, P) x5 X. We denote by 7, the restriction of 7
to FQuotx/s(E, a, P).
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Let se€ S and g € W]?rl(s) be k-rational points corresponding to the commutative diagram
on X

% q

0 K E; Q 0
loe 7
F,

One has the following result about the tangent space of WJITI(S) at q:

Proposition 46. The kernel of the linear map (dmy.)q @ ToFQuotx)s(E,a, P) — TsS is
isomorphic to the linear space Hom(K, keras/k) = Hom (K, Q).

Proof. 1t suffices to use the same techniques of the proof of the corresponding result for m
(see proposition 4.4.4 in [17]). O

Now we have a tool for constructing a flat family of quotients (with a fixed Hilbert poly-
nomial) of £ such that the induced framing is nonzero in each fibre. Using the relative Quot
scheme associated to F, one can construct a flat family of quotients such that the induced
framing is generically zero.

Boundedness result. Recall the following result: let E be a flat family of coherent sheaves
on X parametrized by S. Grothendieck proved that the family of torsion free quotients @ of
E; for s € S with hat-slopes bounded from above is a bounded family (see lemma 1.7.9 in
[9]). From this result it follows that there are only a finite number of rational polynomials
corresponding to Hilbert polynomials of destabilizing quotients of E. Thus it is possible to find
the “minimal” polynomial that will be the Hilbert polynomial of the minimal destabilizing
quotient. Now we want to use the same argument in the framed case.

First we recall the following technical result that we will use later:

Lemma 47 (Lemma 2.5 in [5]). Let Y be a proper S-scheme of finite type. Let L be a coherent
sheaf on'Y and & the set of isomorphic classes of quotient sheaves G of Ls for some s € S.

Suppose that the dimension of Y is r and dim(G) = r for G € &. Then the coefficient B, (G)
is bounded from above and from below and ,—1(G) is bounded from below.

Let %1 be a family of quotients Es > Q, for s € S, such that

e ker a is torsion free,
e ker(q) Z ker ag,
e () is torsion free and i(Q) < f(Es).

Proposition 48. The family %1 is bounded.

Proof. The family .%#; is contained in the family of torsion free quotients of F, with hat-slopes
bounded from above. O
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Let %5 be a family of quotients

«-—
Q
1)
[o}}

for which

e ker o, is a torsion free sheaf,
e () fits into a exact sequence

0—Q — Q — Ima, — 0

where @’ is a nonzero torsion free quotient of ker a,

o Q) < il(Es) + d1.
Proposition 49. The family F5 is bounded.

Proof. Tt suffices to prove that every element in .%5 is an extension of two elements from two
bounded families (see proposition 1.2 in [5]). By definition of flat family of framed sheaves,
the families {ker as}scs and {Imas}ses are bounded. So it remains to prove that the family
of quotients @’ is bounded. Since the family {ker o} is bounded, there exists a coherent sheaf
T on X such that ker ay admits a surjective morphism 75 — ker g (see lemma 1.7.6 in [9]),
hence the quotient Q" admits a surjective morphism Ts — Q'. By proposition[47] the coefficient
B;(Q") is bounded from above and from below and the coefficient 3;_;(Q’) is bounded from
below. Moreover, since { F5} and {Ima,} are bounded families, the coefficients of their Hilbert
polynomials are uniformly bounded from above and from below, hence ji(Es) is uniformly
bounded from above and from below and since fi(Q) < i(Es) + 01, we obtain that fi(Q) is
uniformly bounded from above. By a simple computation we obtain that i(Q’) < Au(Q)+ B
for some constants A, B, hence we get that i(Q’) is uniformly bounded from above and by
lemma 1.7.9 in [9] we obtain the thesis. O

Relative minimal framed-destabilizing quotient and Harder-Narasimhan filtra-
tion.

Definition 50. Let P be a property of framed sheaves. P is said to be an open property, if
for any nonsingular projective irreducible variety X defined over an algebraically closed field
of characteristic zero, any integral k-scheme of finite type S, any projective flat morphism
f: X — S and any flat family (E, ) of framed sheaves of positive rank on X parametrized
by S, the set of points s € S such that (Es, as) has P is an open subset in S.

Proposition 51. Let X, S, f and (E, a) be as in the definition. Let 5 be a rational polynomial
of degree d — 1 and positive leading coefficient 01 such that Pima, > 0 for s € S. The set of
points s € S such that (Es, ) is semistable with respect to 0 is open in S.

Proof. Let P denote the Hilbert polynomial of E. For i = 1,2 let A; C Q[n] be the set
consisting of polynomials P” such that there is a point s € S and a surjection FEy — E”,
where Pgr = P” and E” € .%;. Note that by propositions and the sets A1 and A, are
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finite. Denote by p” the reduced Hilbert polynomial associated to the rational polynomial P”
and by r” its leading coefficient. Define the sets

Ty = {P/IGAllp"<p—6},
T
) )
TQ = {P//€A2|p”_7"//<p_’r}'

For any P"” € Ay we consider the relative Quot scheme 7 : Quotx/s(E, P") — S. Since 7 is
projective, the image S(P”) is a closed subset of S. For any P” € Ay the image Sg,(P") of
FQuotx;s(E,a, P") through 7y, is closed in S. Thus

(Es, ) is semistable if and only if s ¢ U S(P"y | u U S (P |
PreTy PreTy

Note that these unions are finite, hence closed in S. ]

Proposition 52. Let X, S, f and (E, «) be as in the definition. Let 5 be a rational polynomial
of degree d — 1 and positive leading coefficient 01 such that Pia, > 0 for s € S. The set of
points s € S such that (Es, as) is stable with respect to 0 is open in S.

Proof. The proof is similar to the previous one, using the sets

5
T, = {P"€A1|p"§p—r and P"<P},
/ /! /! S S /!

n

Now we can prove the following generalization to the relative case of the theorem of minimal
framed-destabilizing quotient.

Theorem 53. Let S be an integral k-scheme of finite type and f : X — S a projective flat
morphism. Denote by d the dimension of X, for s € S. Let F be a flat family of sheaves of
rank zero on X parametrized by S and € = (E,a : E — F) a flat family of framed sheaves of
positive rank on X parametrized by S. Fix a rational polynomial § of degree d — 1 and positive
leading coefficient 81, such that Puna, > 6 for s € S. Then there is an integral k-scheme T of
finite type, a projective birational morphism g : T — S, a dense open subscheme U C T and
a flat quotient Q of Ep such that for all points t in U, (Ey, ) is a framed sheaf of positive
rank with ker oy # 0 torsion free and Qy is the minimal framed-destabilizing quotient of &
with respect to 6 or Q; = E;.

Moreover, the pair (g,Q) is universal in the sense that if ¢' : T — S is any dominant
morphism of k-integral schemes and Q' is a flat quotient of Ep/ satisfying the same property
of Q, then there is an S-morphism h : T" — T such that h%(Q) = Q'.
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Proof. Let
5]
B = {P”6A1|p”<p—},
r

) 5
B2 = {PIIGAQIPH—T‘”SP—T‘}
The set B; U By is nonempty. We define an order relation on By: Py © P if and only if
p1 < p2 and r; < 7o in the case p; = pa. We define an order relation on By: P E P if and

% <py— % and r; < ro in the case of equality.

Let C1 be the set of polynomials P” € By such that 7(Quotx/s(E, P")) = S and for any
s € S one has 77 1(s) ¢ FQuotx/s(E,a, P"). Let Cy be the set of polynomials P” € By such
that 77, (FQuotx)s(E,a, P")) = S. Note that C1 U Cy is nonempty. Now we want to find a
polynomial P_ in Cy U Cs that is the Hilbert polynomial of the minimal framed-destabilizing
quotient of E for a general point s € S. Let P’ be a C-minimal polynomial among all
polynomials of C; for ¢ = 1,2. Consider the following cases:

only if p; —

e Case 1: p! <p? — %. Put P_:= P!,
e Case 2: pl > p? — Ti;. Put P_ := P2.
e Case 3: pl =p? — ri; If r2 < 7!, put P_ := P2, otherwise P_ := P!,
Note that the set
U T(Quotx/s(E, P")) | U U 7 (FQuotx s(E, a, P"))
P"eB.,P'CP P"eB,,P'CP?

is a proper closed subscheme of S. Let U_ be its complement. Let U;; the dense open
subscheme of S consisting of points s such that ker a, is torsion free. Put V = U_ N Uy;.

Suppose that P_ € (5, the other case is similar. By definition of P_ the projective
morphism ¢, @ FQuotx/s(E, o, P-) — S is surjective. For any point s € S the fiber of
7 at s parametrizes possible quotients of E, with Hilbert polynomial P_. If s € V, then
any such quotient is a minimal framed-destabilizing quotient by construction of V. Recall
that the minimal framed-destabilizing quotient is unique by proposition this implies that
Ty U = W]?rl(V) — V is bijective. Moreover by theorem |31| that quotient is defined over

the residue field k(s), hence for t € U, s = m,(t) one has k(s) ~ k(t). Let t € W;Tl(s) be a
point corresponding to a diagram

0 K—E Q 0

Qg
a

Fi

By proposition the Zariski tangent space of 77;1}(5) at t is Hom(K, Q). Since K is the
maximal framed-destabilizing subsheaf of &, we have that Hom(K, Q) = 0 by proposition
and therefore Qu/,, = 0, hence Tfelr : U — V is unramified. Since 7y, is projective, we have
that 7¢,|¢ is a proper morphism. Since V' is integral, we obtain that 7¢,|¢ is an isomorphism.



22 RESTRICTION THEOREMS FOR u-(SEMI)STABLE FRAMED SHEAVES

Now let T be the clousure of U in FQuotx,s(E,a, P—) with its reduced subscheme structure
and f:=m|p:T — S is a projective birational morphism. We put @ equal to the pull-back
on X7 of the universal quotient on FQuotx/S(E, a,P_) xg X.

The proof of the universality of the pair (g, @) is similar to that for the case of torsion free
sheaves (second part of theorem 2.3.2 in [9]), since to prove this part of the theorem we need
only the universal property of F'Quotx/s(E,a, P-) or Quotx/s(E, P-). O

We give now the relative version of the Harder-Narasimhan filtration.

Theorem 54. Let S be an integral k-scheme of finite type and f : X — S a projective flat
morphism. Denote by d the dimension of X, for s € S. Let F be a flat family F of sheaves of
rank zero on X parametrized by S and € = (E,a : E — F) a flat family of framed sheaves of
positive rank on X parametrized by S. Fiz a rational polynomial § of degree d— 1 and positive
leading coefficient &1, such that Pin., > 0. Then there is an integral k-scheme T of finite
type, a projective birational morphism g : T — S and «a filtration

HN4(€) : 0 =HNy(E) Cc HNy(E) € --- Cc HNy(E) = Er
such that the following holds:

e The factors HNi(€)/uN,_,(&) are T-flat for alli=1,...,l, and
e there is a dense open subscheme U C T such that (HNe(E)) = gxHNe(Eyp)) for all
tel.

Moreover, the pair (g, HN4(E)) is universal in the sense that if g : T" — S is any dominant
morphism of k-integral schemes and E. is a filtration of Er satisfying these two properties,
then there is an S-morphism h : T" — T such that b, (HN.(&)) = Ej.

Proof. Apply theorem to the pair (S,€) and get a projective birational morphism gy :
Ty — S of integral k-schemes of finite type, a dense open subsheme U; and a Ti-flat quotient
() with the properties asserted in that theorem. If (), = F; for all ¢ € Uy, then we obtain the
trivial relative Harder-Narasimhan filtration:

HN.(g) :0C HNl((‘:) = ET1

Otherwise, @ is a flat family of sheaves of positive rank parametrized by 7. If the induced
framings on the fibres of () are nonzero, then @ with the induced framing by « is a flat family
of framed sheaves of positive rank parametrized by 7" and we can apply theorem to the
pair (7, Q). In this way we obtain a finite sequence of morphisms

Tn—T_1—...—T1=T—S8

and an associated filtration such that the composition of these morphism and the filtration
have the required properties. Moreover they are universal.

If on the contrary the framings are zero, then we can apply the nonframed version of the
previous theorem (theorem 2.3.2 in [9]) to the pair (7, Q) and, as before, by iterating this
procedure we get the thesis. O

9. SLOPE-(SEMI)STABILITY

We give now another definition of semistability for framed sheaves with d-dimensional
underlying sheaves.
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Definition 55. A framed sheaf £ = (E, a) of positive rank is p-(semi)stable with respect to
61 if and only if ker « is torsion free and the following conditions are satisfied:

(i) rk(E) deg(E")(<)rk(E’)deg(€) for all subsheaves E' C kera with 0 < rk(E') <
rk(ker «v),

(ii) rk(E)(deg(E") — 01)(<)rk(E') deg(€) for all subsheaves E' C F with 0 < rk(E’) <
rk(E).

If « = 0, then this definition coincides with Mumford-Takemoto (semi)stability condition
for torsion free sheaves (see def. 1.2.12 in [9]). Obviously one has the following implications
between different stability properties of a framed sheaf of positive rank:

1 — stable = stable = semistable = y — semistable.

Definition 56. Let £ = (E,a) be a framed sheaf with rk(E) = 0. If « is injective, we say
that £ is p-semistable with respect to d;. Moreover, if the degree of E is d1, we say that &£ is
u-stable with respect to ;.

All the previous results hold also for u-(semi)stability. p-Jordan-Holder filtrations are
constructed in the same way, but the associated graded object is not necessarily unique: two
graded objects may differ by subsheaves supported in codimension greater or equal than two.
To avoid this difficulty, we shall only consider saturated u-Jordan-Hoélder filtrations, in which
every term is a maximal proper p-semistable framed subsheaf of the next term. From now on
we consider only saturated p-Jordan-Holder filtrations. Moreover the notions of framed socle
and extended framed socle are given with respect to saturated p-Jordan-Holder filtrations.

10. RESTRICTION THEOREMS

10.1. Slope-semistable case. In this section we want to prove a generalization of Mehta-
Ramanathan’s theorem for p-semistable torsion free sheaves ([13]):

Theorem 57. Let F be a coherent sheaf on X supported on a divisor Dp. Let £ = (E, « :
E — F) be a framed sheaf on X of positive rank with nontrivial framing. If € is p-semistable
with respect to 01, then there is a positive integer ag such that for all a > ag there is a
dense open subset U, C |Ox(a)| such that for all D € U, the divisor D is smooth, meets
transversally the divisor Dp and E|p is p-semistable with respect to ad;.

Before proving this theorem, we need some preliminar results: for a positive integer a,
let 1T, := |Ox(a)| be the complete linear system of hypersurfaces of degree a and let Z, :=
{(D,z) € II, x X|x € D} be the incidence variety with its natural projections

Z, . x

E

I,

Remark 58. 1t is possible to give a schematic structure on Z, so that p is a projective flat
morphism (see section 3.1 in [9]). Moreover Pic(Z,) = ¢*(Pic(X)) @ p*(Pic(Il,)) (see section
2 in [13]).
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Note that for all D € II,, the restrictions F|p, F|p and Ima|p have the same Hilbert
polynomials, indeed, e.g., the Hilbert polynomial of E|p is Pg,(n) = Pr(n) — Pr(n — a).
Since II, is a reduced scheme, by proposition 2.1.2 in [9] we have that ¢*F is a flat family
of sheaves of rank zero on Z, parametrized by II, and (¢*F,¢*«a) is a flat family of framed
sheaves of positive rank on Z, parametrized by II,. For any a and for general D € II,
the restriction ker o|p is again torsion free (see corollary 1.1.14 in [9]), hence the set {C €
I1, | ker a|¢ is torsion free} C II, is a nonempty. Since £ is u-semistable with respect to 41,
we have that deg(Ima) > 91, hence deg(Ima|p) = adeg(Ima) > ad; for a positive integer.
According to the theorem which state s the existence of the relative minimal framed-
destabilizing quotient with respect to d; = ady, there are a dense open subset V, C I, and a
Vo-flat quotient on Zy, :=V, xm1, Z,

. q
(¢ E)|zy, —— Qu

(0" )|z,
(q*F)‘Zva

with a morphism &, : Qu — (¢"F)|z,, , such that for all D € V; the framed sheaf (E|p,a|p)
has positive rank, and ker a|p is torsion free; moreover, Q,|p is a coherent sheaf of posi-
tive rank, a,|p is the induced framing by a|p and (Qu|p, &s|p) is the minimal p-framed-
destabilizing quotient of (F|p,«|p). Let @ be an extension of det(Q,) to some line bundle
on all of Z,. Then @ can be uniquely decomposed as @ = ¢*L, ® p*M with L, € Pic(X) and
M € Pic(I1,). Note that deg(Q.|p) = adeg(L,) for D € V,.

Let U, C V, be the dense open set of points D € V, such that D is smooth and meets
transversally the divisor Dp.

Let deg(a), r(a) and p,(a) denote the degree, the rank and the framed slope of the minimal
p-framed-destabilizing quotient of (E|p, a|p) for a general point D € II,. By construction of
the relative minimal p-framed-destabilizing quotient, the quantity e(&,|p) is indipendent of
D € V,, so we denote it by €(a). Then we have 1 < r(a) < rk(E) and

pgr(a)  deg Ly — €(a)dy Z co
a r(a) 8 (rk(E)!) ’
where 0, = 9i/5y. Let aq, ..., a; be positive integers and a = ), a;. We would like to compare

r(a) (resp. #sr(@)/a) with r(a;) (resp. wsr(ai)/a,) for all i = 1,...,1. To do this, we use the
following result, which allows us to compare the rank and the framed degree of @, in a
generic fibre with the same invariants of a “special quotient” of (¢*E)|z,, .

Lemma 59 (Lemma 7.2.3 in [9]). Let ai,...,a; be positive integers, a = Y, a;, and let
D; € Uy, be divisors such that D = . D; is a divisor with normal crossings. Then there is
a smooth locally closed curve C' C 11, containing the point D € 11, such that C \ {D} C U,
and Zc = C X1, Zg s smooth in codimension 2.

Remark 60. If Dy € Uy, is given, one can always find D; € Uy, for i > 2 such that D =), D;
is a divisor with normal crossings.

Lemma 61. Let ay,...,a; be positive integers, a = Y, a;. Then ppr(a) > >, puyr(a;) and in
case of equality r(a) > max{r(a;)}.
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Proof. Let D; be divisors satisfying the requirements of lemma and let C be the curve
with the properties of Over V, there is the quotient

i q
(¢ E)|zy, — Qu

(@ )|z,
(q*F)‘Zva

Now we have to consider two cases:

(1) there exists a nonzero framing &, on @, such that (¢*a)|z, = a4 qa,
(2) ker(qu|pr) ¢ ker(a|p/) for all D" € V,.

Consider the first case: we have that &u|pr # 0 for all D' € V,. Consider its restriction to
Zv,nc:

qa|Zvamc
0 K (@"E)|zy,nc —— Qalzy,nc ———0

(7" )| 2y, e _
aa|Zvamc

(¢ F)|zy,c

Since the morphism Zy, o — Z¢ is flat (because it is an open embedding), we have that
ker(¢*alz,, o) = (ker(¢*a|z.))|zy, .o and we can extend the inclusion K C ker(¢*a|z, o)
to an inclusion K¢ C ker(¢*alz,) on Z¢. Since V, N C = C \ {D} in this way we extend
Qalzy,~c to a C-flat quotient Q¢ of ¢*F|z. and we get the following commutative diagram

. qc
(E)|ze — Qc

(¢"a)|z¢ R

(¢"F)|ze

and therefore ¢l # 0 for all ¢ € C. By flatness of Q¢ we obtain that Py |.(n) = Py, (n) for
all ¢ € C\{D}, hence rk(Q¢c|p) = r(a) and deg(Qc|p) = deg(a), therefore u(Qc|p, &c|p) =
pir(a). Let @ = Qclo/T(Qc|n), where T'(Qc|p) is the sheaf on D such that to every open
subset U associates the set of sections f of Q¢|p in U such that there exists n > 0 for which
I} - f =0, where Ip is the ideal sheaf associated to D. Roughly speaking, T"(Qc¢|p) is the part
of the torsion subsheaf T'(Qc|p) of Q¢|p that is not supported in the intersection D N Dp.
T'(Qc|p) C ker ac|p by the transversality of D; with respect to D, hence there is a nonzero
induced framing & on Q. Moreover, rk(Q|p,) = rk(Q) = 1k(Q¢|p) = r(a). So

pir(a) = w(Qclp, aclp) > W@, @).

The sequence

0—>Q H@Q‘Dz H@@Q|DimD]’ — 0

i i<y
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is exact modulo sheaves of dimension d — 3 (the kernel of the morphism Q — D; Q|p, is
zero because the divisors D; are transversal with respect to the singular set of @)). By the
same computations as in the proof of lemma 7.2.5 in [9] we have

_ _ 1 I'k Q|D10D

u@) = (wln) - 53 (Eeon) ) o,

- 2 r(a)

) Jj#i

For every i and j # ¢ we define also the sheaf T;;(Q|p,) as the sheaf on D; that to every open

subset U associates the set of sections f of Q|p, in U such that there exists n > 0 for which
no.f _ (O ~ - QIDi

Iy, - f=0. 1iTote that T;;(Q|p,) C ker@|p,. We define Q; = &, T (o))

rk(Q;) = rk(Q), there exists a nonzero induced framing «; on Q;, and

1w(Qs) = n(Qlp,) — E (rk(Q’DlﬂDj) — 1) a;a;.

. By construction

r(a)
Therefore u(Q) > >, 1(Q;), and

ppe(a) > p(Q,a) > Zu(Qi,ai)-

By definition of minimal framed p-destabilizing quotient, we have p(Q;, ;) > pgr(a;), hence
pr(a) = 32 ppr(as).
Consider the second case. On the restriction to Zy,nc we have the quotient:

(0" E)| zy,ne
{ (q*a) ‘Zvamc

(@ F)|2v,0c

Qa|Zvamc

By definition of @, we get ker(q|p/) ¢ ker(a|p/) for all points D' € V, N C, hence kerq ¢

ker((¢*@)|zy, ). As before, we can extend Qquz,, . to a C-flat quotient

" qc
(q E)’Zc I QC

(¢"a)lz¢

(¢"F)lzc

Since ker gc and ker((q*«)|z,.) are C-flat, also ker g Nker((¢*a)|z.) is C-flat. Moreover for
all points D" € V, N C we have (ker gc N ker((¢*a)|z.))|pr = ker(¢q|pr) Nker(a|p), hence by
flatness we get ker(qo|pr) ¢ ker(a|pr) for all points D’ € C. As before, by flatness of Q¢ we
have that rk(Q¢c|p) = r(a) and deg(Qc|p) = deg(a); moreover the induced framing on Q¢|p
is zero, hence u(Qc|p) = pfr(a). Let Q = Qelo/T(Qclp) and Q; = Qlo,/T(Qlb,). Using the same

computations as in the proof of lemma 7.2.5 in [9], we obtain pu(Q) > >, u(Qs). As before,

we get pipr(a) = p(Qclp) > Q) = 32 Qi) = X2, ppr(ai).
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Now let us consider the case pif.(a) = ), f1fr(a;). In both two cases, if we denote by «; the
induced framing on Q;, from this equality, follows that u(Q;, ;) = psr(a;) and rk(Q)| p;n D;) =
r(a). Since pu,(a;) is the framed-slope of the minimal framed p-destabilizing quotient, we have
that r(a) = rk(Q;) > r(a;) for all . O

Using the same arguments of corollary 7.2.6 in [9], we can prove:

Corollary 62. r(a) and ri-(a)/a are constant for a > 0.

If nsr(a)/a = wsr(ai)/a, and r(a) = r(a;) for all ¢, then @Q; is the minimal framed u-destabilizing
quotient of E|p,, hence Q¢|p, differs from the minimal framed p-destabilizing quotient of E|p,
only in dimension d — 3, in particular their determinant line bundles as sheaves on D; are
equal. From this argument it follows:

Lemma 63. There is a line bundle L € Pic(X) such that L, ~ L for all a > 0.
Proof. The proof is similar to that of lemma 7.2.7 in [9]. O

By corollary |62 and lemma [63] we have that €(a) is constant for a > 0. We can now prove
the theorem

Proof. Suppose the theorem is false: we have to consider separately two cases: €¢(a) = 1 and
€(a) =0 for a > 0. In the first case we have
deg(L) — 1
D e
and 1 <r <rk(E), where r = r(a) for a > 0. We want to construct a rank r quotient @) of
E, with nonzero induced framing 5 and det(Q) = L. Thus

p(Q) < p(€)
and therefore we obtain a contradiction with the hypothesis of p-semistability of £ with
respect to d1. Let a be sufficiently large, D € U, and the minimal framed p-destabilizing
quotient

4D
Elp —— Qp

S

Put Kp = ker fp and Lk, = det(Kp). By proposition [13| (for p-semistability), @ p fits into
a exact sequence

Oé’D

F|p

(9) 0— Kp — Qp — Ima|lp — 0

with Kp torsion free quotient of ker oo p. So there exists a open subscheme D’ C D such that
Kp|p islocally free of rank r and D\ D' is a closed subset of codimension two in D. Consider
the restriction of the sequence [9] on D’

0— KD’D’ — QD‘D’ — Ima|D/ —0
By proposition V-6.9 in [10], we have a canonical isomorphism

Lkp|pr ® det(Ima|p) = det(Qp|pr) = Ll
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If we denote by L the determinant bundle of Ima, we get
Liplp = Lip @ LY |p = (L& LY)|p
and therefore
Lk, =(L®LY)|p
So we have a morphism op : A" ker | p — (L®L")|p which is surjective on D" and morphisms
D' — Grass(ker a,r) — P(A” ker a)
By Serre’s vanishing theorem and Serre duality, one has for ¢ = 0,1
Ext’(A"ker v, (L ® LV)(—a)) = H (X, A" kera ® (L ® L)Y @ w¥%(a))¥ =0
for all a > 0 (since d > 2), hence
Hom(A" kera, L ® L) = Hom(A" ker ot| p, (L @ LY)|p).

So for a sufficiently large, the morphism op extends to a morphism o : A"keraw — L @ LV.
The support of the cokernel of o meets D in a closed subscheme of codimension two in D,
hence there is an open subscheme X’ C X such that o|xs is surjective, X \ X’ is a closed
subscheme of codimension two and D’ = X’ N D. So we have a morphism X’ — P(A” ker «)
and we want that it factorizes through Grass(ker , r). Using the same arguments of the final
part of proof of theorem 7.2.1 in [9], for sufficiently large a that morphism factorizes, hence
we get a rank r locally free quotient

ker oo xr — Kx-

such that det(Kx/) = (L ® LY)|xs. So we can extend Kx to a rank r coherent quotient
K of ker a such that det(K) = L ® LY. Let G = ker(keraw — K). We have the following
commutative diagram

We have that the determinant of @ is canonically isomorphic to det(K) ® L = L, so Q
destabilizes £ and this contradicts the hypothesis.

In the second case we have
deg(L)

r

< ().
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Let a be sufficiently large, D € U, and the minimal framed p-destabilizing quotient

4dD
Elp —— Qp

alp
F|p

with kerqp ¢ kera|p. By proposition (for p-semistability), @p is torsion free, hence
there exists an open subscheme D’ C D such that D\ D’ is a closed set of codimension
two in D and Qp|p is locally free of rank r. Moreover ker gp|ps ¢ ker oo pr. Using the same
techniques as in the last part of the proof of theorem 7.2.1 in [9], we extend Qp|ps to a
quotient Qxs of X’ which is locally free of rank r with det(Qx/) = L|x/. By construction
we have ker(E|x, — Qx/) ¢ kera|ys, hence in this way we obtain a quotient @ of E with
det(Q) = L and zero induced framing, such that Q destabilizes &. O

10.2. Slope-stable case. Now we want to prove the following generalization of Mehta-
Ramanathan’s theorem for p-stable torsion free sheaves ([14]):

Theorem 64. Let I’ be a coherent sheaf on X supported on a divisor Dp, which is a locally
free Op,-module. Let € = (E,a0: E — F) be a (Dp, F)-framed sheaf on X. If £ is p-stable
with respect to 61, then there is a positive integer ag such that for all a > ag there is a
dense open subset W, C |Ox(a)| such that for all D € W, the divisor D is smooth, meets
transversally the divisor Dp and E|p is p-stable with respect to ady.

The tecniques to prove this theorem are quite similar to the ones used before. By proposi-
tion 42| a p-semistable (Dp, F')-framed sheaf which is simple but not p-stable has a proper ex-
tended framed socle. Thus we first show that the restriction is simple and we use the extended
framed socle (rather its quotient) as a replacement for the minimal framed p-destabilizing
quotient.

Proposition 65. Let £ = (E,«) be a p-stable (Dp, F')-framed sheaf. For a > 0 and general
D € |Ox(a)| the restriction E|p = (E|p,a|p) is simple.

To prove this result, we need to define the double dual of a framed sheaf. Let £ = (E, «)
be a (Dp, F)-framed sheaf; we define a framing oV on the double dual of E in the following
way: oV is the composition of morphisms

EY — EWp, =~ Blp, %5 Fp,

a is then the framing induced on E by V¥ by means of the inclusion morphism E — EVV.
We denote the framed sheaf (EVY, V") by £VV. Note that also £V is a (Dp, F)-framed sheaf.

Lemma 66. Let £ = (FE,«) be a u-stable (Dp, F)-framed sheaf. Then the framed sheaf
EVV = (EVVY,a"V) is p-stable.
Proof. Consider the exact sequence

0—F—FE"Y —A4-—0

where A is a coherent sheaf supported on a closed subset of codimension at least two. Thus
rk(EYY) = rk(F) and deg(EYY) = deg(F). Moreover, since o = a¥V|g, we have pu(EVY) =
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w(€). Let G be a subsheaf of EVY and denote by G’ its intersection with E. So rk(G) = rk(G’),
deg(G) = deg(G’) and | = aVV|g. Thus we obtain
WG, o a) = (G aler) < p(€) = w(E€).
([l

Lemma 67. Let G be a reflexive sheaf. For a > 0 and D € |Ox(a)| the homomorphism
End(G) — End(G|p) is surjective.
Proof. Let D be an element in |Ox (a)|. Consider the exact sequence
0 — G(—a) — G — G|p — 0.
Applying the functor Hom(G, -) we obtain
0 — Hom(G, G(—a)) — End(G) — End(G|p) — Ext} (G, G(—a)) — - -
Recall the Local-to-Global spectral sequence
H'(X,Ext! (G, G ® wx(a))) = Ext™ (G, G @ wx(a)).
For sufficiently large a > 0 we get
Ext!(G,G(—-a))" ~ Ext" (G,G @ wx(a)) ~ H(X, Ext" (G, G) ® wx(a)).
Since G is reflexive, dh(G) < n — 2 and therefore £xt" (G, G) = 0. Hence for a sufficiently
large, End(G) — End(G|p) is surjective. O
Now we can prove proposition [65}
Proof. Recall that for arbitrary a and general D € |Ox(a)| E|p is torsion free and EVY|p is
reflexive, moreover the double dual of E|p is EVY|p. We have injective homomorphisms
§ : End(E) — End(EYY),
6p : End(E|p) — End(E"Y|p).

Let ¢ € End(€): the image ¢V = d(p) of ¢ is an element of End(EYY,aVV), indeed if
a0 ¢ = A\, then we can define an endomorphism of £V in the following way:

VvV

E\/V E\/V

J« L,DVV‘D J

EVV\DF r EVV’DF

aVV J: :l avV
#lp

E|DF a E|DF
JW‘DF alDFl

F’DF - F|DF

In the same way it is possible to prove that for ¢ € End(€|p), dp(p) is an element of
End(€YY|p). So the homomorphisms

§ : End(€) — End(EYY),
6p : End(€]p) — End(£YY|p)
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are injective. Therefore it suffices to show that £VV|p is simple for a > 0 and general D. By
lemma EVV is u-stable, hence by lemma it is simple. By lemma the homomorphism
X : End(EYY) — End(EYY|p) is surjective for a > 0 and general D. Since for ¢ € End(EVY),
X(¢) is an element of End(EYY|p), we have that the map

x : End(&YY) — End(EYY|p)
is also surjective. Thus End(€|p) = End(EVY|p) ~ k. O

Remark 68. Since € is p-stable with respect to 1, we have deg(Ima) > 41, hence deg(Ima|p) =
adeg(Ima) > ad; for a positive integer, hence ker a|p is not framed p-destabilizing for all
D e1Il,.

Let ag > 3 be an integer such that for all a > ap and a general D € Il,, the restriction
E|p is p-semistable with respect to ad; and simple (cf. proposition . Suppose that for an
integer a > ag, the framed sheaf £|p is not u-stable with respect to ad; for a general divisor
D. From the openness of stability (cf. proposition it follows that &|p, is not u-stable for
the divisor D, associated to the generic point 1 € Il,. Since &|p, is simple, by proposition
the extended socle of £|p, is a proper framed p-destabilizing subsheaf. Consider the
corresponding quotient sheaf Q;), with induced framing 3,: we can extend it to a coherent
quotient ¢*E — @, over all of Z,.

Let W, be the dense open subset of points D € II, such that

e D is a smooth divisor, meets transversally the divisor Dp, E|p is torsion free,
o (), is flat over W, and € ((&)|p) = €(B;), where we denote by &, the induced framing

on .

Thus Qq|p is a coherent sheaf of positive rank such that with the induced framing is a framed
u-destabilizing quotient for all D € W,.

Lemma 69. If there ezists a divisor Dy € W, a > ag, such that £|p, is u-stable with respect
to ady, then for all D' € Wy the framed sheaf E|pr is p-stable with respect to a'dy for all
a' > 2a.

Proof. 1f the lemma is false, then there exists ' > 2a and a divisor D € W, such that &|p
is not p-stable with respect to a’d;. Choose a divisor D1 € Wy/_, such that D = Dy + D; is
a divisor with normal crossings. Let C C Il be a curve with the properties asserted in the
lemma[59 Using the same techniques as in the proof of lemma we can extend ¢*E — Qu
to a C-flat quotient (¢*E)|z, — Qc¢. Using the same computations than before, we have

du(E, o) = w(E|p,alp) = m(Qclp,dclp) = mQ, @) > u(Qo, o) + u(Q1, a1).

Since @’ — a > ag, (E|p,,a|p,) is p-semistable, hence u(Q1,a1) > (¢’ — a)u(E, o). Moreover
by hypothesis 1 (Qo, ag) > ap(E, «), hence we have a contradiction. O

Now we can prove the theorem [64}

Proof. Assume that the theorem is false: for all a > ap and general D € II,, £|p is not
u-stable with respect to ady. Thus one can construct for any a > ag a coherent quotient
¢*E — @, and a dense open subset W, C II, such that Q,|p, with the induced framing, is
a framed p-destabilizing quotient for all D € W,. We denote by €(a) the quantity e(&q,|p)
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for D € W,. As before, there are line bundles L, € Pic(X) such that det(Qq|p) = Lqo|p for
D e W, and all a > ag.

Let N C Z be an infinite subset consisting of integers a > ag such that rk(Q,) is constant,
say r. By remark |68 we have 0 < r < rk(E). Using the same arguments of the proof of the
lemma, one can prove that if a1, as,...,a; are integers in N, with a; > ag for ¢t =1,...,1
and a = > a;, and D; are divisors in Wy, such that D = )  D; is a divisor with normal
crossings, then Ly|p, is the determinant line bundle of some framed p-destabilizing quotient
of £ ’ D;-

Lemma 70. Let G = (G, ) be a framed sheaf of positive rank. If G is p-semistable with
respect to 61, then the set T of determinant line bundles of framed p-destabilizing quotients
of G is finite and its cardinality is bounded by 2*¥(G).

Proof. Let gr(G) ~ (G1, p1) ® (G2, B2) @D (G, Bi), with G; = (G}, B;) p-stable with respect
to 01 and deg(G;) = rk(G;)u(G). Let G’ be a subsheaf of G with deg(G’, ") = rk(G")u(G).
We can start with a stable filtration of G’ and complete it to one of G:

0=Gy,cGCc--CcG.=Gc---CG =aG.

Since ¢gr(G) is indipendent of the filtration, we have that det(G’) has to be isomorphic to
one of det(Gj,) ® -+ ® det(Gy;). Thus the set T' is finite and its cardinality is bounded by

2rk(G). 0

Let a > 2ag and D € W,, be an arbitrary point. By lemma we have that £|p is not
u-stable with respect to agdi. If we denote by T the set T of the previous lemma associated
to &|p, then L,|p € Tp. Consider the function

@ : NZQQO — H TD
DeWeq,

a (LQ‘D)D

Let ~ be the equivalence relation on N>o,, defined in the following way: a ~ @ if and only
if the set {s € Wy, | ¢(a)(s) = ¢(a’)(s)} is dense in Wy,.

Lemma 71. There are at most 2k(E) distinct equivalence classes and, in particular, there is
at least one infinite class N.

Proof. Assume that there are distint classes Ny, ... N; with [ > 2k(E) Choose representatives
a; € N;. For fixed D € W,,, we have that ¢(a1)([D)]),...¢(a;)([D]) € Tp. Since | > |Tp|, at
least two of these elements must be equal. In this way we can associate for any D € W,
a pair of indices (7, 7). The set of all these pairs is finite, hence there at least one pair (i, )
which is associated to all points in a dense subset of W, but by definition this means a; ~ a;,
hence the class IV; is equal to the class N; and this is a contradiction. ]

Lemma 72. There is a line bundle L € Pic(X) such that L ~ L, for all a € N. Moreover
e(a) is constant for a € N.

Proof. Let a,a’ € N. a ~ a' means that ¢(a) and ¢(a’) are equal on a dense subset of Wy,
then L,|p ~ Ly|p for all D in a dense subset of II,,. This suffices to prove that L, ~ L
(see lemma 7.2.2 in [9]). O
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Summing up, we have that there is a line bundle L on X and an integer 0 < r < rk(E)
such that for a € N and for general D € W,

_ deg(L|p) — e(a)ady

#(Qalp, Galp) = . (deg(L) — ¢(a)dy

r

- ) = #(Elb.alo) = au(E. ),

hence dea(L) (a)5
eg(L) —e(a)dy

r = M(E ) a)'
Using the arguments at the end of the proof of the restriction theorem for u-semistable framed
sheaves, one can show that this suffices to construct a framed p-destabilizing quotient £ — Q)
for sufficiently large a. This contradicts the assumptions of the theorem. O
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