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Abstract. We prove a compactness result with respect to Γ-convergence for a class of
integral functionals which are expressed as a sum of a local and a non-local term. The
main feature is that, under our hypotheses, the local part of the Γ-limit depends on the
interaction between the local and non-local terms of the converging subsequence. The
result is applied to concentration and homogenization problems.

1. Introduction

In this paper we study sequences of integral functionals of the form

Φkpuq :“

ż

ΩˆΩ
fkpx, y, upxq, upyqq dxdy `

ż

Ω
gkpx,∇upxqq dx (1.1)

defined on W 1,ppΩq, where Ω is an open bounded subset of Rd with Lipschitz boundary
and 1 ă p ă 8. Our scope is to show that, under proper structure properties on fk and
gk, such sequences are precompact with respect to the Γ-convergence in the weak topology
of W 1,ppΩq, and their Γ-limit can be written in an integral form as

Φpuq :“

ż

ΩˆΩ
fpx, y, upxq, upyqq dxdy `

ż

Ω
gpx,∇upxqq dx. (1.2)

Our hypotheses (see Section 2.2) allow for concentration of fk close to the diagonal
∆ “ tpx, yq : x “ yu (see Remark 2.1). As a result of this, while the non-local term

ż

ΩˆΩ
fpx, y, upxq, upyqq dxdy (1.3)

of the Γ-limit depends only on the sequence tfku, the local term
ż

Ω
gpx,∇upxqq dx (1.4)

depends on the mutual interaction between the local part of Φk and its non-local part.
More precisely, the function g is determined by the sequence tgku and the part of the
sequence tfku that is concentrating on the diagonal.

Non-local functionals as in (1.3), which appear naturally in the definition of fractional
Sobolev spaces, have been recently studied also in connection with variational models in
peridynamics [11, 19], image processing [6, 12], and data analysis [18, 20]. Semicontinuity
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and relaxation problems with respect to the weak topology of LppΩq have also been studied
e.g. in [2, 13, 14, 17].

Sequences of non-local functionals as in (1.3) (that is, of the form (1.1) with gk “ 0)
converging to local functionals (that is, of the form (1.4)) have been considered by various
authors in different contexts. We refer to [4] for their use in the characterization of Sobolev
spaces by approximation (see also [10]), to [3, 15] for the analysis of limit problems in
peridynamics as the horizon tends to zero, and to [1] for a theory of convolution-type
energies.

In the present paper we consider general functionals Φk of the form (1.1), and our
hypotheses ensure that the local terms involving gk are always non-trivial and provide an
equi-coerciveness property in the weak topology of W 1,ppΩq. This is the reason why we
may study the Γ-limit in this topology.

Contrary to many of the papers quoted above, we allow for the possibility that a non-
local part is still present in the limit; that is, our hypotheses are not forcing to have f “ 0
in Φ.

We focus on a general representation result as in (1.2) for the Γ-limit Φ, even when
no explicit formula for g is available. While there is an integral-representation theory for
Γ-limits of sequences of local functionals of the form

ż

Ω
gkpx,∇upxqq dx,

under general hypotheses this cannot be extended to functionals of the complete form
(1.1). However in our case, we are able to separately examine the limit behaviour of the
functionals ‘far from the diagonal’ and ‘close to the diagonal’.

The off-diagonal part is fully described in terms of the weak˚ limits of the sequences of
integrands tfkp¨, ¨, s, tqu (see Section 3). In this argument we use the fact that all integrals
are with respect to the Lebesgue measure. For the analysis of a case when the non-local
terms are of the form

ż

ΩˆΩ
fkpx, y, upxq, upyqqdµkpx, yq, (1.5)

for suitable measures µk on Ωˆ Ω, we refer to [7].
The analysis of the part concentrating on the diagonal is much more delicate. We

introduce a parameter δ ą 0 and examine the part of the Γ-limit concentrated on a δ-
neighbourhood of the diagonal (Section 4). Using some technical estimates we prove that
such part, up to a controlled small error as δ Ñ 0, satisfies all hypotheses of the abstract
integral-representation theorem for local functionals (see Section 5). Finally, these results
lead to the desired integral representation (1.2) (see Theorem 6.1).

Our abstract compactness result is applied to the study of two prototypical problems
in which local and non-local parts interact. In both cases the limit is purely local. The
first one (Section 7.1) regards the interaction between relaxation in the local part and
concentration on the diagonal in the non-local part of convolution type. We characterize
the limit energy density g showing that concentrations and oscillations act at different
scales.



COMPACTNESS FOR A CLASS OF INTEGRAL FUNCTIONALS 3

The second example (Section 7.2) regards the interaction between oscillation and concen-
tration. We consider periodically oscillating energies both in the local and non-local part,
with a period of the same scale as the concentration. In this case we have homogenization
and the limit g is characterized by an asymptotic homogenization formula in which both
local and non-local terms are present.

2. Setting of the problem

2.1. Notation. In the following d ě 1 is the space dimension and Ω is a bounded open
subset of Rd with Lipschitz boundary. The family of the open subsets of Ω is denoted by
A. The diagonal of Ωˆ Ω is denoted by

∆ :“ tpx, xq : x P Ωu,

while

∆δ :“ tpx, yq : x, y P Ω : |x´ y| ă δu

denotes a δ-neighbourhood of the diagonal. The notation MbpΩˆΩq stands for the space
of bounded Radon measures on ΩˆΩ. The Lebesgue measure in Rk is denoted by Lk and
the m-dimensional Hausdorff measure (in any space dimension) is denoted by Hm. The
restriction of a measure µ to the set A is denoted by µ A, defined by µ ApBq “ µpBXAq
for any Borel set B.

The characteristic function of the set A is denoted by 1A. If A1 ĂĂ A, a cut-off function
between A1 and A is a function ϕ P C8c pRdq such that ϕ “ 1 on A1, ϕ “ 0 on RdzA and
0 ď ϕ ď 1.

2.2. Hypotheses. We fix exponents 1 ă p ď q ă `8 and let p1, q1 denote the correspond-
ing dual exponents. If p ă d then we also assume that q ă p˚, where p˚ is the Sobolev
exponent of p.

We consider sequences of integrals of the type

Φkpuq :“

ż

ΩˆΩ
fkpx, y, upxq, upyqq dxdy `

ż

Ω
gkpx,∇upxqq dx (2.1)

defined on W 1,ppΩq.

2.2.1. Hypotheses on fk. The functions fk : Ωˆ Ωˆ Rˆ RÑ r0,`8q are Borel functions
satisfying the following conditions.

1. Behaviour far from the diagonal ∆.
For all δ ą 0 there exist kδ P N, cδ ą 0, αδ P L

1pΩq, βδ P L
q1pΩq such that

0 ď fkpx, y, s, tq ď cδpαδpxq ` |s|
qqpαδpyq ` |t|

qq, (2.2)

|fkpx, y, s1, tq ´ fkpx, y, s2, tq| ď cδpαδpyq ` |t|
qq
`

βδpxq ` p|s1| _ |s2|q
q´1

˘

|s1 ´ s2|, (2.3)

|fkpx, y, s, t1q ´ fkpx, y, s, t2q| ď cδpαδpxq ` |s|
qq
`

βδpyq ` p|t1| _ |t2|q
q´1

˘

|t1 ´ t2|, (2.4)

for all k ě kδ, x, y P Ω with |x´ y| ě δ, s, t, s1, s2, t1, t2 P R.
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2. Behaviour close to the diagonal ∆.

There exist Borel functions rfk : Ωˆ Ωˆ RÑ r0,`8q and bk P L
1pΩˆ Ωq such that there

exist a constant c∆ and α P L1pΩq with α ě 0 such that

rfkpx, y, ¨q is convex, (2.5)

1

2c∆

rfkpx, y, 2ps´ tqq ď fkpx, y, s, tq ď rfkpx, y, s´ tq ` c∆pαpxq ` |s|
qqpαpyq ` |t|qq, (2.6)

rfkpx, y, τq ď
bkpx, yq

|x´ y|p
|τ |p, (2.7)

for all k P N, x, y P Ω, and s, t, τ P R. Moreover, we assume the technical hypothesis that
there exists a constant cb ą 0 such that

ż

Ω
bkpx, yq dx ď cb (2.8)

for all y P Ω and for all k. We will see that this requirement can be relaxed to an inte-
grability assumption on the function y ÞÑ

ş

Ω bkpx, yq dx. These properties can be required
symmetrically to the function x ÞÑ

ş

Ω bkpx, yq dy.

We suppose that there exist b∆ P L
8p∆,Hd ∆q and b P L8pΩˆ Ωq such that

bkL2d ˚
á b∆Hd ∆` bL2d (2.9)

weakly˚ in MbpΩˆ Ωq.

Remark 2.1 (concentration). Hypotheses (2.6)–(2.8) allow for concentration of fk on the
diagonal in a controlled way, which may occur when b∆ ‰ 0. The prototypical example for
concentration is when

fkpx, y, s, tq “
bkpx, yq

|x´ y|p
|s´ t|p, and bkpx, yq “ kdψpkpx´ yqq,

where ψ P L1pRdq with ψ ě 0. We refer to Section 7.1 for the treatment of this particular
case for a specific choice of the local term.

Finally, in order to obtain that the local part of the functionals in the limit depend only
on the gradient, we will also require an asymptotic invariance by addition of a constant
close to the diagonal as follows.

3. Asymptotic invariance by addition of constants.
For every r P R there exist αr P L

1pΩ ˆ Ωq with αr ě 0 and a modulus of continuity
ωr : r0,`8q Ñ r0,`8q such that

ˇ

ˇfkpx, y, s` r, t` rq ´ fkpx, y, s, tq
ˇ

ˇ ď αrpx, yq ` ωrp|x´ y|qfkpx, y, s, tq

`c∆pαpxq ` |s|
qqpαpyq ` |t|qq (2.10)

for all k P N, x, y P Ω and s, t P R.
Note that this condition is trivially satisfied if fkpx, y, s, tq “ fkpx, y, s´ tq.
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2.2.2. Hypotheses on gk. The functions gk : Ω ˆ Rd Ñ r0,`8q will be Borel functions
satisfying the following condition: there exist constants c0, c1 ą 0 and a P L1pΩq such that

c0|ξ|
p ď gkpx, ξq ď c1|ξ|

p ` apxq (2.11)

for all k P N, x P Ω, ξ P Rd.

2.3. Localized functionals. In order to study the Γ-limit of functionals Φk we introduce
a separate notation for the non-local and local parts of the functionals. Furthermore, in
order to apply representation techniques for Γ-limits we consider the restriction of these
functionals to open subsets.

As for the nonlocal part, for all A,B P A and u P LqpΩq we define

Fkpu,A,Bq :“

ż

AˆB
fkpx, y, upxq, upyqq dxdy. (2.12)

Furthermore, in order to separately analyze the contributions of the nonlocal part close
and far from the diagonal, we set

F δk pu,A,Bq :“

ż

pAˆBqX∆δ

fkpx, y, upxq, upyqq dxdy, (2.13)

qF δk pu,A,Bq :“

ż

pAˆBqz∆δ

fkpx, y, upxq, upyqq dxdy. (2.14)

Note that
Fkpu,A,Bq “ F δk pu,A,Bq `

qF δk pu,A,Bq (2.15)

by definition.

For all A P A and u PW 1,ppΩq we set

Gkpu,Aq :“

ż

A
gkpx,∇upxqq dx. (2.16)

We finally extend this notation to the complete functionals as follows. For all A,B P A
and u PW 1,ppΩq we define

Φkpu,A,Bq :“ Fkpu,A,Bq `Gkpu,AXBq, (2.17)

Φδ
kpu,A,Bq :“ F δk pu,A,Bq `Gkpu,AXBq. (2.18)

Note that
Φkpu,A,Bq “ qF δk pu,A,Bq ` Φδ

kpu,A,Bq (2.19)

by (2.15).

In order to determine a subsequence on which the Γ-limit exists, we now fix a countable
dense subset D of A; that is such that if A,B P A and A ĂĂ B then there exists D P D
with A ĂĂ D ĂĂ B. By the compactness of Γ-convergence there exists a subsequence of
indices k, not relabelled, and a functional Φ: W 1,ppΩq ˆ D ˆ D Ñ r0,`8s such that for
every A,B P D we have

Φkp¨, A,Bq Γ-converges to Φp¨, A,Bq (2.20)
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with respect to the weak topology of W 1,ppΩq. In the rest of the paper we consider this
fixed subsequence, from which we will extract further subsequences.

We furthermore define

Φ1p¨, A,Bq “ Γ- lim inf
kÑ`8

Φkp¨, A,Bq, (2.21)

Φ2p¨, A,Bq “ Γ- lim sup
kÑ`8

Φkp¨, A,Bq (2.22)

for all A,B P A. Note that Φ1p¨, A,Bq “ Φ2p¨, A,Bq for all A,B P D by (2.20).

3. Off-diagonal behaviour

We now prove a compactness result for functionals qF δk pu,A,Bq for the Γ-convergence
with respect to the strong Lq-convergence. We begin with a compactness result for the
integrands fk.

Lemma 3.1. There exist a subsequence of fk, not relabelled, and a Borel function f : Ωˆ
Ωˆ Rˆ RÑ r0,`8q satisfying (2.2)–(2.4), such that for every δ ą 0 we have

fkp¨, ¨, s, tq á fp¨, ¨, s, tq (3.1)

weakly in L1ppΩˆ Ωqz∆δq for every s, t P R.

Proof. By (2.2) and by Fubini’s theorem, for every s, t P R the functions fkp¨, ¨, s, tq are
bounded by a function in L1pΩˆΩq independent of k. Therefore, using a diagonal argument
we can find a subsequence of fk, not relabelled, and a Borel function f : ΩˆΩˆQˆQÑ
r0,`8q such that (3.1) holds for every δ ą 0 and for every s, t P Q. Passing to the limit
in (2.2)–(2.4) we have that f satisfies the same properties for every s, t P Q. We can
then extend fpx, y, ¨, ¨q by continuity to R ˆ R for all x, y P Ω with x ‰ y. After defining
arbitrarily f for x “ y, we obtain f : ΩˆΩˆRˆRÑ r0,`8q satisfying (2.2)–(2.4). The
convergence in (3.1) for every s, t P R is obtained by approximation with s, t P Q. �

We define

qF δpu,A,Bq :“

ż

pAˆBqz∆δ

fpx, y, upxq, upyqq dxdy (3.2)

for u P LqpΩq and A,B P A. Note that u ÞÑ qF δpu,A,Bq is continuous with respect to the
strong convergence in LqpΩq, since f satisfies (2.2)–(2.4).

Theorem 3.2. Assume that fk and f satisfy (2.2)–(2.4) and (3.1). Let uk, vk, u, v P L
qpΩq

with uk Ñ u and vk Ñ v strongly in LqpΩq. Then

lim
kÑ`8

ż

pAˆBqz∆δ

fkpx, y, ukpxq, vkpyqq dxdy “

ż

pAˆBqz∆δ

fpx, y, upxq, vpyqq dxdy (3.3)

for all A,B P A and every δ ą 0. In particular we have

lim
kÑ`8

qF δk puk, A,Bq “
qF δpu,A,Bq. (3.4)
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Proof. Let A,B P A be fixed, and let δ ą 0. We first consider ϕ,ψ simple functions,

ϕ “
N
ÿ

i“1

si1Ai and ψ “
M
ÿ

j“1

tj1Bj ,

with tAiu and tBju measurable partitions of Ω and si, tj P R. We claim that

lim
kÑ`8

ż

pAˆBqz∆δ

fkpx, y, ϕpxq, ψpyqq dxdy “

ż

pAˆBqz∆δ

fpx, y, ϕpxq, ψpyqq dxdy. (3.5)

Indeed, setting A1i :“ Ai XA and B1i :“ Bi XB we have
ż

pAˆBqz∆δ

fkpx, y, ϕpxq, ψpyqq dxdy “
ÿ

i,j

ż

pA1iˆB
1
jqz∆δ

fkpx, y, si, tjq dxdy,

and similarly for f . The claim follows, since

lim
kÑ`8

ż

pA1iˆB
1
jqz∆δ

fkpx, y, si, tjq dxdy “

ż

pA1iˆB
1
jqz∆δ

fpx, y, si, tjq dxdy

by (3.1).
Now, in order to prove (3.3), given ε ą 0 we fix two simple functions ϕ,ψ such that

}u´ ϕ}LqpΩq ď ε and }v ´ ψ}LqpΩq ď ε,

and a constant C such that

cδ

ż

Ω
pαδpyq ` |vkpyq|

qq dy ď C, cδ

ż

Ω
pαδpxq ` |ϕpxq|

qq dx ď C,

´

ż

Ω

`

βδpxq ` p|ϕpxq| _ |ukpxq|q
q´1

˘

q
q´1 dx

¯

q´1
q
ď C,

´

ż

Ω

`

βδpyq ` p|ψpyq| _ |vkpyq|q
q´1

˘

q
q´1 dy

¯

q´1
q
ď C.

By (2.3) and (2.4) we have
ˇ

ˇ

ˇ

ż

pAˆBqz∆δ

fkpx, y, ukpxq, vkpyqq dxdy ´

ż

pAˆBqz∆δ

fkpx, y, ϕpxq, ψpyqq dxdy
ˇ

ˇ

ˇ

ď

ż

pAˆBqz∆δ

ˇ

ˇ

ˇ
fkpx, y, ukpxq, vkpyqq ´ fkpx, y, ϕpxq, vkpyqq

ˇ

ˇ

ˇ
dxdy

`

ż

pAˆBqz∆δ

ˇ

ˇ

ˇ
fkpx, y, ϕpxq, vkpyqq ´ fkpx, y, ϕpxq, ψpyqq

ˇ

ˇ

ˇ
dxdy

ď cδ

ż

Ω
pαδpyq ` |vkpyq|

qq dy

ż

Ω

`

βδpxq ` p|ϕpxq| _ |ukpxq|q
q´1

˘

|ukpxq ´ ϕpxq| dx

`cδ

ż

Ω
pαδpxq ` |ϕpxq|

qq dx

ż

Ω

`

βδpyq ` p|ψpyq| _ |vkpyq|q
q´1

˘

|vkpyq ´ ψpyq| dy

ď C2
`

}uk ´ ϕ}LqpΩq ` }vk ´ ψ}LqpΩq
˘

ď C2
`

}uk ´ u}LqpΩq ` }vk ´ v}LqpΩq ` 2ε
˘

. (3.6)
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Similarly, we obtain
ˇ

ˇ

ˇ

ż

pAˆBqz∆δ

fpx, y, upxq, vpyqq dxdy ´

ż

pAˆBqz∆δ

fpx, y, ϕpxq, ψpyqq dxdy
ˇ

ˇ

ˇ
ď C22ε. (3.7)

By (3.5)–(3.7) and the arbitrariness of ε, we obtain the claim (3.3). �

Remark 3.3. Since

0 ď fkpx, y, s, tq ď
bkpx, yq

|x´ y|p
|z|p ` c∆pαpxq ` |s|

qqpαpyq ` |t|qq

by (2.6) and (2.7), the weak convergence in (2.9) implies that

0 ď fpx, y, s, tq ď
bpx, yq

|x´ y|p
|t´ s|p ` c∆pαpxq ` |s|

qqpαpyq ` |t|qq (3.8)

for almost all x, y and all s, t.

Lemma 3.4. There exists C ą 0 such that if A,B P A and 0 ă δ ď distpA Y B,RdzΩq
then

ż

∆δXpAˆBq

|upxq ´ upyq|p

|x´ y|p
dxdy ď Cδd

ż

Ω
|∇upxq|p dx (3.9)

for all u PW 1,ppΩq.

Proof. By approximation it is sufficient to deal with the case u P C1pΩq. Then for every
px, yq P ∆δ X pAˆBq, since the segment between x and y lies entirely in Ω, we may write

upxq ´ upyq “

ż 1

0
∇upx` tpy ´ xqq ¨ py ´ xqdt,

which gives
|upxq ´ upyq|p

|x´ y|p
ď

ż 1

0
|∇upx` tpy ´ xqq|pdt.

Hence,
ż

∆δXpAˆBq

|upxq ´ upyq|p

|x´ y|p
dxdy ď

ż 1

0

ż

∆δXpAˆBq
|∇upx` tpy ´ xqq|p dxdy dt

“

ż 1
2

0

ż

B

ż

Bδpyq
|∇upx` tpy ´ xqq|p dx dy dt`

ż 1

1
2

ż

A

ż

Bδpxq
|∇upx` tpy ´ xqq|p dy dx dt.

By the change of variables z “ x ` tpy ´ xq we can estimate the last two integrals from
above by

ż 1
2

0

1

p1´ tqd

ż

B

ż

Bδpyq
|∇upzq|p dz dy dt`

ż 1

1
2

1

td

ż

A

ż

Bδpxq
|∇upzq|p dz dx dt

ď 2d´1

ż

B

ż

Bδpyq
|∇upzq|p dz dy ` 2d´1

ż

A

ż

Bδpxq
|∇upzq|p dz dx ď δd2dωd

ż

Ω
|∇upzq|p dz,

which proves the claim. �
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For all A,B P A we set

F pu,A,Bq “

ż

AˆB
fpx, y, upxq, upyqq dxdy (3.10)

for u PW 1,ppΩq.

Proposition 3.5. For every u P W 1,ppΩq and A,B P A with A,B ĂĂ Ω we have
F pu,A,Bq ă `8 and the functional u ÞÑ F pu,A,Bq is sequentially continuous with respect
to the weak convergence in W 1,ppΩq.

Proof. The finiteness of F pu,A,Bq follows from the boundedness of b, (3.8), (3.9), and the
Sobolev embedding theorem.

Let uk be weakly converging to u in W 1,ppΩq. We claim that the energy on pAˆBqX∆δ

is small as δ Ñ 0, uniformly with respect to k. Indeed, by (3.8) we have
ż

pAˆBqX∆δ

fpx, y, ukpxq, ukpyq dxdy

ď }b}8

ż

∆δ

|ukpxq ´ ukpyq|
p

|x´ y|p
dxdy ` c∆

ż

pAˆBqX∆δ

pαpxq ` |ukpxq|
qqpαpyq ` |ukpyq|

qq dxdy,

so that, by (3.9),

lim sup
kÑ`8

ż

pAˆBqX∆δ

fpx, y, ukpxq, ukpyqq dxdy

ď C}b}8δ
d sup

k

ż

Ω
|∇uk|p dx` c∆

ż

pAˆBqX∆δ

pαpxq ` |upxq|qqpαpyq ` |upyq|qq dxdy,

which proves the claim since pαpxq ` |upxq|qqpαpyq ` |upyq|qq P L1pAˆBq.
We can now conclude that F puk, A,Bq tends to F pu,A,Bq. This follows from the esti-

mate above, since the functional qF δp¨, A,Bq defined in (3.2) is strongly continuous in LqpΩq
and uk converge strongly to u in LqpΩq. �

4. Behaviour on the diagonal

Let D be the countable dense subset of A introduced at the end of Section 2.3. By the
compactness of Γ-convergence there exists a subsequence of indices k, not relabelled, and
a functional Φδ : W 1,ppΩq ˆ D ˆ D Ñ r0,`8s such that for every δ ą 0, δ P Q, and for
every A,B P D we have

Φδ
kp¨, A,Bq Γ-converges to Φδp¨, A,Bq (4.1)

with respect to the weak topology of W 1,ppΩq.
We consider the functionals Φ1δ,Φ

2
δ : W 1,ppΩqˆAˆAÑ r0,`8s defined for all A,B P A

by

Φ1δp¨, A,Bq “ Γ- lim inf
kÑ`8

Φδ
kp¨, A,Bq, (4.2)

Φ2δp¨, A,Bq “ Γ- lim sup
kÑ`8

Φδ
kp¨, A,Bq, (4.3)
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where the Γ-limits are taken with respect to the weak topology of W 1,ppΩq. By (4.1) we
have Φ1δpu,A,Bq “ Φ2δpu,A,Bq for all u PW 1,ppΩq and A,B P D.

For all u PW 1,ppΩq and A P A we define

Φ1∆pu,Aq :“ inf
δą0

Φ1δpu,A,Aq “ lim
δÑ0`

Φ1δpu,A,Aq, (4.4)

Φ2∆pu,Aq :“ inf
δą0

Φ2δpu,A,Aq “ lim
δÑ0`

Φ2δpu,A,Aq. (4.5)

Note that by (4.1) we have Φ1∆pu,Aq “ Φ2∆pu,Aq for all u PW 1,ppΩq and A P D.

Proposition 4.1. Let Φ1 and Φ2 be defined by (2.21) and (2.22), respectively. Then

Φ1pu,A,Aq “ Φ1∆pu,Aq ` F pu,A,Aq, Φ2pu,A,Aq “ Φ2∆pu,Aq ` F pu,A,Aq (4.6)

for every u PW 1,ppΩq and A P A.

Proof. We have

Φkpu,A,Aq “ Φδ
kpu,A,Aq `

qF δk pu,A,Aq

for every u PW 1,ppΩq and A P A. From (3.4) we then deduce

Φ1pu,A,Aq “ Φ1δpu,A,Aq `
qF δpu,A,Aq, Φ2pu,A,Aq “ Φ2δpu,A,Aq `

qF δpu,A,Aq.

Letting δ Ñ 0 we obtain (4.6) by the definition of Φ1∆ and Φ2∆ and the integral form of
F pu,A,Aq. �

Proposition 4.2. For all A P A with A ĂĂ Ω the functionals Φ1∆p¨, Aq and Φ2∆p¨, Aq are
sequentially weakly lower semicontinuous in W 1,ppΩq.

Proof. We note that Φ1p¨, A,Aq and Φ2p¨, A,Aq are weakly lower semicontinuous in W 1,ppΩq
as Γ-limits. Then the claim follows from Propositions 3.5 and 4.1. �

Note that Φ1∆pu,Aq ď Φ1∆pu,Bq and Φ2∆pu,Aq ď Φ2∆pu,Bq if A Ă B. Since Φ1∆pu,Aq “
Φ2∆pu,Aq for all u PW 1,ppΩq and A P D, we can define Φ∆ : W 1,ppΩq ˆAÑ r0,`8s by

Φ∆pu,Aq :“ suptΦ1∆pu,Bq : B P A, B ĂĂ Au “ suptΦ2∆pu,Bq : B P A, B ĂĂ Au. (4.7)

Note that A ÞÑ Φ∆pu,Aq is inner regular; i.e.,

Φ∆pu,Aq “ suptΦ∆pu,Bq : B P A, B ĂĂ Au. (4.8)

Moreover, by Proposition 4.2

Φ∆p¨, Aq is sequentially weakly lower semicontinuous in W 1,ppΩq (4.9)

for every A P A.

Proposition 4.3. There exist c2 ą 0 such that for all u PW 1,ppΩq we have

Φ∆pu,Aq ď Φ2∆pu,Aq ď

ż

A
papxq ` c2|∇upxq|pq dx (4.10)

for all A P A.
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Proof. Let u P C1pΩq, let A P A with A ĂĂ Ω and LdpBAq “ 0, and δ ą 0 with δ ď
distpA,RdzΩq. Then by Taylor’s formula there exists a modulus of continuity ω such that

Φδ
kpu,A,Aq ď

ż

A
pc1|∇upxq|p ` apxqq dx`

ż

pAˆAqX∆δ

bkpx, yq

|x´ y|p
|upxq ´ upyq|p dxdy

`c∆

ż

pAˆAqX∆δ

pαpxq ` |upxq|qqpαpyq ` |upyq|qq dxdy

ď

ż

A
pc1|∇upxq|p ` apxqq dx`

ż

pAˆAqX∆δ

bkpx, yq|∇upxq ` ωpδq|p dxdy

`c∆

ż

pAˆAqX∆δ

pαpxq ` |upxq|qqpαpyq ` |upyq|qq dxdy

ď

ż

A
pc1|∇upxq|p ` apxqq dx` 2p´1

ż

pAˆAqX∆δ

bkpx, yq|∇upxq|p dxdy

`c∆

ż

pAˆAqX∆δ

pαpxq ` |upxq|qqpαpyq ` |upyq|qq dxdy

`2p´1cbLdpAqωppδq, (4.11)

where in the last inequality we have used the boundedness assumption (2.8).
Letting k Ñ `8 we obtain

Φ2δpu,Aq ď

ż

A
pc1|∇upxq|p ` apxqq dx` 2p´1

ż

pAˆAqX∆
b∆px, yq|∇upxq|p dHdpx, yq

`2p´1

ż

pAˆAqX∆δ

bpx, yq|∇upxq|p dxdy

`c∆

ż

pAˆAqX∆δ

pαpxq ` |upxq|qqpαpyq ` |upyq|qq dxdy ` 2p´1Cωppδq,

while, letting δ Ñ 0, we get

Φ2∆pu,Aq ď

ż

A
pc1|∇upxq|p ` apxqq dx` 2p´1

ż

pAˆAqX∆
b∆px, yq|∇upxq|p dHdpx, yq,

which proves the claim e.g. with c2 “ c1 ` d2p´1}b∆}8 under our hypotheses on u and A.

For a general u P W 1,ppΩq we fix v P W 1,p
0 pΩq such that u “ v almost everywhere in

A, which is possible since we assume that A ĂĂ Ω. Approximating v with functions in
C8c pΩq, we conclude the proof by the lower semicontinuity of Φ2∆p¨, Aq. To remove the
hypothesis A ĂĂ Ω we use the inner regularity given by (4.8). �

The following proposition will be used to relate the values Φ1pu,A,Bq and Φ2pu,A,Bq
to F pu,A,Bq ` Φ1∆pu,A X Bq and F pu,A,Bq ` Φ2∆pu,A X Bq, respectively. We use the
notation Aη :“ tx P Ω : distpx,Aq ă ηu.

Proposition 4.4. Let Φ1 and Φ2 be defined by (2.21) and (2.22), respectively, let Φ1∆ and
Φ2∆ be defined by (4.4) and (4.5), respectively, let F be defined in (3.10), let A,B P A, let
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u PW 1,ppΩq, and let η ą 0. Then we have

F pu,A,Bq ` Φ1∆pu,AXBq ď Φ1pu,A,Bq ď F pu,A,Bq ` Φ1∆pu,Aη XBηq, (4.12)

F pu,A,Bq ` Φ2∆pu,AXBq ď Φ2pu,A,Bq ď F pu,A,Bq ` Φ2∆pu,Aη XBηq. (4.13)

Proof. Let 0 ă δ ď η. Note that

pAˆBq X∆δ Ă
`

pAδ XBδq ˆ pAδ XBδq
˘

X∆δ Ă
`

pAη XBηq ˆ pAη XBηq
˘

X∆δ.

Let uk be a sequence in W 1,ppΩq weakly converging to u. Then

Φkpuk, A,Bq “ qF δk puk, A,Bq ` Φδ
kpuk, A,Bq

ď qF δk puk, A,Bq ` Φδ
kpuk, Aη XBη, Aη XBηq.

By (3.4) we then obtain

lim inf
kÑ`8

Φkpuk, A,Bq ď qF δpu,A,Bq ` lim inf
kÑ`8

Φδ
kpuk, Aη XBη, Aη XBηq,

and, by the arbitrariness of uk,

Φ1pu,A,Bq ď qF δpu,A,Bq ` Φ1δpu,Aη XBη, Aη XBηq.

Taking the limit as δ Ñ 0 we then get the second inequality in (4.12). As for the first
inequality in (4.12), we observe that

Φkpuk, A,Bq “ qF δk puk, A,Bq ` Φδ
kpuk, A,Bq

ě qF δk puk, A,Bq ` Φδ
kpuk, AXB,AXBq,

and proceed as above. Similarly, we prove (4.13). �

5. Integral representation of the term on the diagonal

In this section we prove that the functional Φ∆ introduced in (4.7) can be represented
as an integral; more precisely, we shall prove the following theorem.

Theorem 5.1. Let fk satisfy (2.2)–(2.10), let gk satisfy (2.11), and let Φ∆ be defined by
(4.7). Then there exists a Borel function g : Ω ˆ Rd Ñ r0,`8q, convex in the second
variable, such that

Φ∆pu,Aq “

ż

A
gpx,∇upxqq dx (5.1)

for all u PW 1,ppΩq and A P A.

The proof of the theorem will be achieved after some technical results as follows. We
start with proving a subadditivity property.

Proposition 5.2. Let u PW 1,ppΩq. Let A,B P A. Then we have

Φ∆pu,AYBq ď Φ∆pu,Aq ` Φ∆pu,Bq. (5.2)

By (4.7) the claim of Proposition 5.2 is a consequence of the following lemma.
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Lemma 5.3. Let u PW 1,ppΩq and let A,A1, B P A with A1 ĂĂ A. Then we have

Φ2∆pu,A
1 YBq ď Φ2∆pu,Aq ` Φ2∆pu,Bq. (5.3)

Lemma 5.3 will be a consequence of the following general result, which will be used to
join recovery sequences.

Lemma 5.4. Let u P W 1,ppΩq and let vk and wk be sequences weakly converging to u in
W 1,ppΩq. Let A,A1, A2, B P A with A1 ĂĂ A2 ĂĂ A. Then for all σ ą 0 there exist δσ ą 0
and a sequence uk converging to u in W 1,ppΩq such that uk “ vk on A1, uk “ wk on ΩzA2,
and

lim sup
kÑ`8

Φδ
kpuk, A

1 YB,A1 YBq ď p1` σq lim sup
kÑ`8

`

Φδ
kpvk, A,Aq ` Φδ

kpwk, B,Bq
˘

` σ (5.4)

for every 0 ă δ ď δσ.

Proof. Given m P N, let A0, . . . , Am P A with A1 “ A0 ĂĂ A1 ĂĂ A2 ĂĂ ¨ ¨ ¨ ĂĂ Am “
A2, and let ϕi be a cut-off function between Ai´1 and Ai. We define uik “ ϕivk`p1´ϕiqwk.

We now estimate F δk pu
i
k, A

1 YB,A1 YBq. Note that for all i P t1, . . . ,mu, after setting

Di
1 :“ pA1 YBq XAi´1, Di

2 :“ B X pAizAi´1q, Di
3 :“ BzAi,

we can write A1 YB “ Di
1 YD

i
2 YD

i
3; hence, we can split

pA1 YBq ˆ pA1 YBq “
3
ď

j“1

3
ď

`“1

pDi
j ˆD

i
`q

and separately examine the integrals on each of the sets on the right-hand side.
We have

ż

pDi1ˆD
i
1qX∆δ

fkpx, y, u
i
kpxq, u

i
kpyqq dxdy ď

ż

pAi´1ˆAi´1qX∆δ

fkpx, y, vkpxq, vkpyqq dxdy

ď

ż

pAˆAqX∆δ

fkpx, y, vkpxq, vkpyqq dxdy. (5.5)

In the same way
ż

pDi3ˆD
i
3qX∆δ

fkpx, y, u
i
kpxq, u

i
kpyqq dxdy “

ż

ppBzAiqˆpBzAiqqX∆δ

fkpx, y, wkpxq, wkpyqq dxdy

ď

ż

pBˆBqX∆δ

fkpx, y, wkpxq, wkpyqq dxdy. (5.6)

In order to estimate the other pairs pj, `q, it is convenient to note that

uikpxq ´ u
i
kpyq “ ϕipxqpvkpxq ´ vkpyqq ` p1´ ϕipxqqpwkpxq ´ wkpyqq

`ϕipxqvkpyq ` p1´ ϕipxqqwkpyq ´ ϕipyqvkpyq ´ p1´ ϕipyqqwkpyq

“ ϕipxqpvkpxq ´ vkpyqq ` p1´ ϕipxqqpwkpxq ´ wkpyqq ` pϕipxq ´ ϕipyqqpvkpyq ´ wkpyqq.
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Note that by the convexity of rfk we have

rfkpx, y, u
i
kpxq ´ u

i
kpyqq ď

1

2
rfkpx, y, 2pvkpxq ´ vkpyqqq `

1

2
rfkpx, y, 2pwkpxq ´ wkpyqqq

`
1

2
rfkpx, y, 2pϕipxq ´ ϕipyqqpvkpyq ´ wkpyqqq. (5.7)

In view of (2.6) we also define

zkpxq :“ pαpxq ` |vkpxq|
q ` |wkpxq|

qq, (5.8)

rikj`pδq :“ c∆

ż

pDijˆD
i
`qX∆δ

zkpxqzkpyq dxdy. (5.9)

Then, using (2.6), (2.7), and (5.7), we get

ż

pDijˆD
i
`qX∆δ

fkpx, y, u
i
kpxq, u

i
kpyqq dxdy

ď
1

2

ż

pDijˆD
i
`qX∆δ

rfkpx, y, 2pvkpxq ´ vkpyqqq dxdy

`
1

2

ż

pDijˆD
i
`qX∆δ

rfkpx, y, 2pwkpxq ´ wkpyqqq dxdy

`
1

2

ż

pDijˆD
i
`qX∆δ

rfkpx, y, 2pϕipxq ´ ϕipyqqpvkpyq ´ wkpyqqqq dxdy ` r
ik
j`pδq

ď
1

2
c∆

ż

pDijˆD
i
`qX∆δ

fkpx, y, vkpxq, vkpyqq dxdy

`
1

2
c∆

ż

pDijˆD
i
`qX∆δ

fkpx, y, wkpxq, wkpyqq dxdy

`Cm

ż

pDijˆD
i
`qX∆δ

bkpx, yq|vkpyq ´ wkpyq|
p dxdy ` rikj`pδq, (5.10)

where Lm is a common Lipschitz constant for all ϕi and Cm :“ 2p´1Lpm.
We now remark that there exists δ0 “ δ0pA1 . . . , Amq ą 0 such that for 0 ă δ ď δ0 for

all i we have

pDi
1 ˆD

i
3q X∆δ “ pD

i
3 ˆD

i
1q X∆δ “ H, (5.11)

and for all ` P t1, 2, 3u and i P t2, . . . ,m´ 1u

pDi
2 ˆD

i
`q X∆δ Ă pD

i
2 ˆD2q X∆δ.

where D2 “ pA
2zA1q XB.
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We then deduce that

m´1
ÿ

i“2

3
ÿ

`“1

ż

pDi2ˆD
i
`qX∆δ

fkpx, y, u
i
kpxq, u

i
kpyqq dxdy

ď

m
ÿ

i“1

ˆ

3

2
c∆

ż

pDi2ˆD2qX∆δ

pfkpx, y, vkpxq, vkpyqq ` fkpx, y, wkpxq, wkpyqq dxdy

`3Cm

ż

pDi2ˆD2qX∆δ

bkpx, yq|vkpyq ´ wkpyq|
p dxdy `

ż

pDi2ˆD2qX∆δ

zkpxqzkpyq dxdy

˙

“
3

2
c∆

ż

pD2ˆD2qX∆δ

pfkpx, y, vkpxq, vkpyqq ` fkpx, y, wkpxq, wkpyqqq dxdy

`3Cm

ż

pD2ˆD2qX∆δ

bkpx, yq|vkpyq ´ wkpyq|
p dxdy `

ż

pD2ˆD2qX∆δ

zkpzqzkpyq dxdy.

Similarly, for all j P t1, 2, 3u and i P t2, . . . ,m´ 1u

pDi
j ˆD

i
2q X∆δ Ă

`

D2 ˆD
i
2

˘

X∆δ,

and the same estimate holds for

m´1
ÿ

i“2

3
ÿ

j“1

ż

pDijˆD
i
2qX∆δ

fkpx, y, u
i
kpxq, u

i
kpyqq dx.

On the other hand, a well-known argument (see [9, Theorem 19.1]) gives the existence
of a constant pc independent of m, and a constant pcm, depending on m, such that

m
ÿ

i“1

ż

Di2

gkpx,∇uikpxqq dx ď pc

ż

D2

pgkpx,∇vkpxqq ` gkpx,∇wkpxqqq dx

`pc

ż

D2

apxq dx` pcm

ż

D2

|vkpxq ´ wkpxq|
p dx.

We deduce that there exists i “ ik P t2, . . . ,m´ 1u such that

3
ÿ

`“1

ż

pDi2ˆD
i
`qX∆δ

fkpx, y, u
i
kpxq, u

i
kpyqq dxdy

`

3
ÿ

j“1

ż

pDijˆD
i
2qX∆δ

fkpx, y, u
i
kpxq, u

i
kpyqq dxdy `

ż

Di2

gkpx,∇uikpxqq dx
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ď
2

m´ 2

ˆ

3

2
c∆

ż

pAˆAqX∆δ

fkpx, y, vkpxq, vkpyqq dxdy

`
3

2
c∆

ż

pBˆBqX∆δ

fkpx, y, wkpxq, wkpyqq dxdy `

ż

pD2ˆD2qX∆δ

zkpxqzkpyq dxdy

`pc

ż

D2

pgkpx,∇vkpxqq ` gkpx,∇wkpxqqq dx

`pc

ż

D2

apxq dx`
´

3Cmcb ` pcm

¯

ż

A2XB
|vkpxq ´ wkpxq|

p dx

˙

, (5.12)

where cb is the constant in (2.8).
We fix m P N such that

3c∆ ` 2pc` 2Cu
m´ 2

ď σ, (5.13)

where

Cu :“
´

ż

D2

pαpxq ` 2|upxq|qq dx
¯2
` pc

ż

D2

apxq dx,

and define uk :“ uikk and δσ “ δ0pA1 . . . Amq such that (5.11) holds.
Then, by (5.5), (5.6) and the analogous estimates for the terms involving gk, if δ ď δσ

then (5.11) gives

Φδ
kpuk, A

1 YB,A1 YBq ď Φδ
kpvk, A,Aq ` Φδ

kpwk, B,Bq

`

3
ÿ

`“1

ż

pDi2ˆD
i
`qX∆δ

fkpx, y, u
i
kpxq, u

i
kpyqq dxdy

`

3
ÿ

j“1

ż

pDijˆD
i
2qX∆δ

fkpx, y, u
i
kpxq, u

i
kpyqq dxdy `

ż

Di2

gkpx,∇uikpxqq dx. (5.14)

Since vk and wk tend to u strongly in LppD2q and in LqpD2q by Rellich’s theorem, we
have

lim
kÑ`8

ż

D2

|vkpyq ´ wkpyq|
p dy “ 0

and, by (5.8),

lim
kÑ`8

ż

pD2ˆD2qX∆δ

zkpxqzkpyq dxdy ` pc

ż

D2

apxq dx ď Cu.

Passing to the limit as k Ñ `8 in (5.14) and using (5.12) we obtain (5.4). Note that
this inequality is proved only for δ ď δσ such that (5.11) holds. �

Proof of Lemma 5.3. It suffices to prove that for all σ ą 0 there exists δσ ą 0 such that

Φ2δpu,A
1 YB,A1 YBq ď p1` σqpΦ2δpu,A,Aq ` Φ2δpu,B,Bqq ` σ (5.15)

for every 0 ă δ ď δσ. To that end it suffices to apply Lemma 5.4 choosing recovery
sequences of Φ2δpu,A,Aq and Φ2δpu,B,Bq as vk and wk, respectively. �
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Corollary 5.5. Let u PW 1,ppΩq and A P A. Then

Φ1∆pu,Aq “ Φ2∆pu,Aq “ Φ∆pu,Aq. (5.16)

Proof. Since by definition we have Φ∆pu,Aq ď Φ1∆pu,Aq ď Φ2∆pu,Aq, we only have to prove
that

Φ2∆pu,Aq ď Φ∆pu,Aq. (5.17)

With fixed ε ą 0 let K be a compact subset of A such that
ż

AzK
papxq ` c2|∇upxq|pq dx ă ε (5.18)

with c2 as in Proposition 4.3.
We fix A1, A2 P A with K Ă A1 ĂĂ A2 ĂĂ A. By Lemma 5.3, we have

Φ2∆pu,Aq ď Φ2∆pu,A
2q ` Φ2∆pu,AzKq ď Φ∆pu,Aq ` ε

by (4.10) and (5.18). By the arbitrariness of ε we obtain claim (5.17). �

We next prove a superadditivity property.

Proposition 5.6. Let u PW 1,ppΩq. Let A,B P A with AXB “ H. Then we have

Φ∆pu,AYBq ě Φ∆pu,Aq ` Φ∆pu,Bq. (5.19)

Proof. We fix A1, B1 P A with A1 ĂĂ A and B1 ĂĂ B, and let δ0 :“ distpA1, B1q. We claim
that

Φ1δpu,A
1, A1q ` Φ1δpu,B

1, B1q ď Φ1δpu,A
1 YB1, A1 YB1q (5.20)

for all 0 ă δ ď δ0.
Note that for such δ we have

`

pA1 ˆA1q X∆δ

˘

Y
`

pB1 ˆB1q X∆δ

˘

“
`

pA1 YB1q ˆ pA1 YB1q
˘

X∆δ. (5.21)

If uk Ñ u is a sequence such that

Φ1δpu,A
1 YB1, A1 YB1q “ lim inf

kÑ`8
Φδ
kpuk, A

1 YB1, A1 YB1q,

by (5.21) we have

Φδ
kpuk, A

1 YB1, A1 YB1q “ Φδ
kpuk, A

1, A1q ` Φδ
kpuk, B

1, B1q,

so that (5.20) is proved by the definition of Γ-liminf.
Taking the limit as δ Ñ 0 in (5.20) we obtain

Φ1∆pu,A
1q ` Φ1∆pu,B

1q ď Φ1∆pu,A
1 YB1q. (5.22)

The claim of the proposition eventually follows by the definition of Φ∆ in (4.7). �

Proposition 5.7. Let u PW 1,ppΩq, let A P A, and let r P R. Then we have

Φ∆pu` r,Aq “ Φ∆pu,Aq. (5.23)



18 A. BRAIDES AND G. DAL MASO

Proof. It is enough to prove that

Φ∆pu` r,Aq ď Φ∆pu,Aq. (5.24)

With fixed A1 P A, with A1 ĂĂ A, and δ ą 0, let uk á u weakly in W 1,ppΩq such that

Φ2δpu,A
1, A1q “ lim sup

kÑ`8
Φδ
kpuk, A

1, A1q. (5.25)

By the definition of Γ-limsup we have

Φ2δpu` r,A
1, A1q ď lim sup

kÑ`8
Φδ
kpuk ` r,A

1, A1q. (5.26)

By (2.18) we have

Φδ
kpuk ` r,A

1, A1q “ F δk puk ` r,A
1, A1q `Gkpuk ` r,A

1q

ď F δk puk, A
1, A1q `Gkpuk, A

1q ` rδk

“ Φδ
kpuk, A

1, A1q ` rδk, (5.27)

where, using (2.10),

rδk :“

ż

∆δ

αrpx, yq dxdy ` ωrpδqF
δ
k puk, A

1, A1q

`c∆

ż

pA1ˆA1qX∆δ

pαpxq ` |ukpxq|
qqpαpyq ` |ukpyq|

qq dxdy.

Since A1 ĂĂ A we have uk Ñ u in LqpA1q by Rellich’s theorem. By (5.26) and (5.27) we
have

Φ2δpu` r,A
1, A1q ď p1` ωrpδqqΦ

2
δpu,A

1, A1q `

ż

∆δ

αrpx, yq dxdy

`c∆

ż

pA1ˆA1qX∆δ

pαpxq ` |upxq|qqpαpyq ` |upyq|qq dxdy.

Letting δ Ñ 0 we have
Φ2∆pu` r,A

1q ď Φ2∆pu,A
1q.

Taking the supremum as A1 ĂĂ A we obtain (5.24) and conclude the proof. �

The next proposition states a locality property for Φ∆.

Proposition 5.8. Let A P A and u, v PW 1,ppΩq with u “ v almost everywhere in A. Then
Φ∆pu,Aq “ Φ∆pv,Aq.

Proof. It is sufficient to prove that Φ∆pu,Aq ď Φ∆pv,Aq. By the definition of (4.7), we
need to prove that for every A1 P A with A1 ĂĂ A we have

Φ2δpu,A
1, A1q ď Φ2δpv,A

1, A1q (5.28)

for δ ą 0 small enough. With fixed A1 and A2 with A1 ĂĂ A2 ĂĂ A we set δ0 “

distpA1,RdzA2q. Let 0 ă δ ă δ0 and let vk á v weakly in W 1,ppΩq be such that

Φ2δpv,A
1, A1q “ lim sup

kÑ`8
Φδ
kpvk, A

1, A1q.
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Let ϕ be a cut-off function between A2 and A and define uk “ ϕvk`p1´ϕqu. Since u “ v
almost everywhere in A we have that uk á u weakly in W 1,ppΩq. Using this test sequence
we obtain

Φ2δpu,A
1, A1q ď lim sup

kÑ`8
Φδ
kpuk, A

1, A1q “ lim sup
kÑ`8

Φδ
kpvk, A

1, A1q “ Φ2δpv,A
1, A1q,

where the first equality holds since uk “ vk in A2 and δ ă δ0. �

Proof of Theorem 5.1. The functional Φ∆ : W 1,ppΩq ˆ A Ñ r0,`8q is local (Proposition
5.8). For every u PW 1,ppΩq the set function A ÞÑ Φ∆pu,Aq is increasing, inner regular (by
(4.8)), subadditive (by Proposition 5.2), and superadditive (by Proposition 5.6). Therefore,
by the De Giorgi-Letta Measure Criterion it is the restriction to A of a Borel measure.

For every A P A the function u ÞÑ Φ∆pu,Aq is lower semicontinuous with respect
to the weak convergence in W 1,ppΩq (by (4.9)), and satisfies a p-growth condition from
above (by Proposition 4.3). Moreover, we have the invariance by addition of constants
Φ∆pu` r,Aq “ Φ∆pu,Aq (by Proposition 5.7).

We finally note that (2.11) implies that Φ∆pu,Aq ě c0

ş

A |∇u|
p dx, which gives the lower

semicontinuity of Φ∆p¨, Aq also with respect to the strong LppΩq convergence. We can then
apply the integral-representation result Theorem 20.1 in [9] and obtain the claim of the
theorem from the properties above. �

6. Global representation

The following result shows in particular that the Γ-limit of Φk is equal to
ż

ΩˆΩ
fpx, y, upxq, upyqq dxdy `

ż

Ω
gpx,∇upxqq dx.

Theorem 6.1. Let u P W 1,ppΩq, and let A,B P A with LdppA X BBq Y pB X BAqq “ 0.
Then

Φ1pu,A,Bq “ Φ2pu,A,Bq “ F pu,A,Bq ` Φ∆pu,AXBq; (6.1)

that is, the sequence Φkp¨, A,Bq Γ-converges to Φp¨, A,Bq, where

Φpu,A,Bq :“

ż

AˆB
fpx, y, upxq, upyqq dxdy `

ż

AXB
gpx,∇upxqq dx (6.2)

for u PW 1,ppΩq.

We note that the hypothesis LdppAX BBq Y pB X BAqq “ 0 is always satisfied if A “ B.
In particular it holds for A “ B “ Ω, thus obtaining the representation (1.2) for the Γ-limit
of Φk in (1.1).

Proof of Theorem 6.1. We first note that for all v PW 1,ppΩq, k P N, and δ ą 0 we have

Φkpv,A,Bq “ qF δk pv,A,Bq ` Φδ
kpv,A,Bq

(see (2.19)). Taking the Γ-liminf at u and using the continuity Theorem 3.2, we have

Φ1pu,A,Bq “ qF δpu,A,Bq ` Φ1δpu,A,Bq ě
qF δpu,A,Bq ` Φ1δpu,AXB,AXBq,
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so that, letting δ Ñ 0 we have

Φ1pu,A,Bq ě F pu,A,Bq ` Φ1∆pu,AXBq ě F pu,A,Bq ` Φ∆pu,AXBq.

To obtain claim (6.1) it is enough to prove the converse inequality

Φ2pu,A,Bq ď F pu,A,Bq ` Φ∆pu,AXBq. (6.3)

To that end, we fix η ą 0. We use the notation Aη “ tx P Ω : distpx,Aq ă ηu, and set

Cη “ pAXBηq Y pB XAηq.

For every 0 ă δ ă η let uk be a sequence weakly converging to u in W 1,ppΩq such that

lim sup
kÑ`8

Φδ
kpuk, Cη, Cηq “ Φ2δpu,Cη, Cηq. (6.4)

Since we have

pAˆBq X∆δ Ă pAXBηq ˆ pB XAηq Ă Cη ˆ Cη,

we deduce that

Φkpuk, A,Bq “ qF δk puk, A,Bq ` Φδ
kpuk, A,Bq

ď qF δk puk, A,Bq ` Φδ
kpuk, Cη, Cηq,

and then, by Theorem 3.2,

Φ2pu,A,Bq ď qF δpu,A,Bq ` Φ2δpu,Cη, Cηq.

Taking the limit as δ Ñ 0 and using Corollary 5.5, we get

Φ2pu,A,Bq ď F pu,A,Bq ` Φ∆pu,Cηq. (6.5)

We observe that Cη Œ pAXBqYpBXAq and that LdppAXBqqYpBXAqzpAXBqq “ 0 by our
hypothesis on the boundaries of A and B. Therefore, the integral representation Theorem
5.1 implies that Φ∆pu,Cηq Ñ Φ∆pu,AXBq, and we obtain (6.3) thanks to (6.5). �

Corollary 6.2. Let w PW 1,8pΩq and let W 1,p
w pΩq :“ tu PW 1,ppΩq : u´w PW 1,p

0 pΩqu. If
the hypotheses of Theorem 6.1 are satisfied and Φpuq :“ Φpu,Ω,Ωq, then

lim
kÑ`8

inftΦkpuq : u PW 1,p
w pΩqu “ mintΦpuq : u PW 1,p

w pΩqu. (6.6)

Moreover, if uk is such that

Φkpukq ď inftΦkpuq : u´ w PW 1,p
0 pΩqu ` op1q

as k Ñ `8 then, up to subsequences, uk converges weakly in W 1,ppΩq to a solution to the
minimum problem on the right-hand side of (6.6). Finally, if in addition Φpwq ď Φpuq for

all u PW 1,p
w pΩq then for all sequences εk ą 0 with εk Ñ 0 as k Ñ `8, we have

lim
kÑ`8

inftΦkpuq : u PW 1,ppΩq, upxq “ wpxq if distpx, BΩq ď εku

“ mintΦpuq : u PW 1,p
w pΩqu “ Φpwq. (6.7)
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Proof. We define the functionals

Φw
k puq “

#

Φkpuq if u PW 1,p
w pΩq

`8 otherwise,
Φwpuq “

#

Φpuq if u PW 1,p
w pΩq

`8 otherwise.

We will prove the Γ-convergence of Φw
k to Φw, for which it is sufficient to show that for

every u PW 1,ppΩq we have
`

Γ- lim sup
kÑ`8

Φw
k

˘

puq ď Φwpuq, (6.8)

since the liminf inequality follows from the Γ-convergence of Φk to Φ. The convergence of
minima and minimizing sequences will then follow from the equi-coerciveness of Φw

k .

From the integral form of Φ, the continuity properties of qF (Proposition 3.5), and the

continuity of g in the second variable, we have that Φw is strongly continuous in W 1,p
w pΩq.

Hence, it suffices to show (6.8) holds for all u PW 1,8pΩq such that u´ w PW 1,p
0 pΩq.

We now fix u P W 1,8pΩq and σ ą 0. We claim that there exits a compact subset K of
Ω such that

lim sup
kÑ`8

Φkpu,ΩzK,ΩzKq ă σ. (6.9)

Indeed, by (2.6)–(2.8) and (2.11), for every A P A we have

Φkpu,A,Aq ď

ż

A

`

pc1 ` cbqLippu,Ωqp ` apxq
˘

dx` c∆

´

ż

A
pαpxq ` }u}qL8pΩqq dx

¯2
,

where Lippu,Ωq is the Lipschitz constant for u on Ω. This inequality proves the claim.
We fix K such that (6.9) holds. Let now vk be a recovery sequence for Φ2δpu,Ω,Ωq and

let uk be given by Lemma 5.4 with A “ Ω, K Ă A1 ĂĂ Ω, and B “ ΩzK, and wk “ u. We
then have

lim sup
kÑ`8

Φδ
kpuk,Ω,Ωq ď p1` σqpΦ

2
δpu,Ω,Ωq ` σq ` σ.

On the other hand, by (3.4) we have

lim
kÑ`8

qF δk puk,Ω,Ωq “
qFδpu,Ω,Ωq,

so that, adding the two inequalities term by term, we obtain

lim sup
kÑ`8

Φkpukq ď p1` σqpΦpuq ` σq ` σ,

which gives
`

Γ- lim sup
kÑ`8

Φw
k

˘

puq ď p1` σqpΦpuq ` σq ` σ,

and hence (6.8) follows by letting σ Ñ 0.
The last claim of the theorem can be proved likewise, choosing u “ w in the application

of Lemma 5.4 above, and noting that the corresponding uk satisfies uk “ w on ΩzA2 for a
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suitable A2 with A1 ĂĂ A2 Ă Ω. This implies that

lim sup
kÑ`8

inftΦkpuq : u PW 1,ppΩq, upxq “ wpxq if distpx, BΩq ď εku

ď lim sup
kÑ`8

Φkpukq ď p1` σqpΦpwq ` σq ` σ,

and the claim letting σ Ñ 0. �

7. Examples

7.1. A separation of scales effect. We now consider a prototypical example showing
a limit local energy density in which two contributions appear, one originating from the
relaxation of a local integral and one produced by the concentration of a convolution
energy. In this case the two contributions are decoupled. The proof of this fact is obtained
by showing that recovery sequences can be constructed using two scales, on which different
optimization arguments are used.

Let ψ P L1pRdq with ψ ě 0, ψpzq “ 0 if |z| ě 1, and
ş

Rd ψpzqdz “ 1. We also set

ψkpzq “ kdψpkzq.
Let g0 : Rd Ñ r0,`8q be a continuous function, and suppose that constants 0 ă c0 ď c1

and a0 ě 0 exist such that

c0|ξ|
p ď g0pξq ď c1|ξ|

p ` a0 (7.1)

for all ξ P Rd.

Theorem 7.1. The functionals Φk defined on W 1,ppΩq by

Φkpuq :“

ż

ΩˆΩ
ψkpx´ yq

|upxq ´ upyq|p

|x´ y|p
dxdy `

ż

Ω
g0p∇upxqq dx (7.2)

Γ-converge as k Ñ `8, with respect to the weak topology of W 1,ppΩq, to the functional Φ
defined by

Φpuq :“

ż

Ω
f0p∇upxqq dx`

ż

Ω
g˚˚0 p∇upxqq dx,

where g˚˚0 denotes the convex envelope of g0 and f0 : Rd Ñ r0,`8q is the convex function
defined by

f0pξq “

ż

Rd
ψpzq

|ξ ¨ z|p

|z|p
dz. (7.3)

Proof. We observe that Φk is of the form (2.1), where

fkpx, y, s, tq “ ψkpx´ yq
|s´ t|p

|x´ y|p
and gkpx, ξq “ g0pξq.

Note that the functions fk trivially satisfy conditions (2.2)–(2.4), while (2.5)–(2.7) hold

with rfkpx, y, τq “ ψkpx ´ yq |τ |p

|x´y|p and bkpx, yq “ ψkpx ´ yq. Hence, (2.8) is satisfied with

cb “ 1, and (2.9) holds with b∆ “ 2´d{2 and b “ 0. Moreover, the functions gk satisfy
hypotheses (2.11).
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To prove the Γ-liminf inequality it is enough to show that

lim inf
kÑ`8

ż

ΩˆΩ
ψkpx´ yq

|ukpxq ´ ukpyq|
p

|x´ y|p
dxdy ě

ż

Ω
f0p∇upxqq dx, (7.4)

lim inf
kÑ`8

ż

Ω
g0p∇ukpxqq dx ě

ż

Ω
g˚˚0 p∇upxqq dx (7.5)

for all uk weakly converging to u in W 1,ppΩq.
Inequality (7.5) follows from the inequality g0 ě g˚˚0 and the weak lower semicontinuity

of the functional v ÞÑ
ş

Ω g
˚˚
0 p∇vpxqq dx in W 1,ppΩq. Inequality (7.4) could be achieved by

using the computation of the related Γ-limit with respect to the Lp convergence in [4, 1].
Here we can give a direct proof, which is considerably simpler since the functions uk weakly
converge in W 1,ppΩq. In this case, setting

Ωn “
 

x P Ω : dist px,RdzΩq ą 1
n

(

,

using the change of variables z “ kpx´ yq, we can write

ż

ΩˆΩ
ψkpx´ yq

|ukpxq ´ ukpyq|
p

|x´ y|p
dxdy

ě

ż

Ωk

ż

B1p0q
ψpzqkp

|ukpx`
1
kzq ´ ukpxq|

p

|z|p
dz dx

“

ż

Ωk

ż

B1p0q
ψpzq

ˇ

ˇ

ˇ

´

ż 1

0
∇ukpx` t

kzq dt
¯

¨
z

|z|

ˇ

ˇ

ˇ

p
dz dx

“

ż

B1p0q
ψpzq

ż

Ωk

ˇ

ˇ

ˇ

´

ż 1

0
∇ukpx` t

kzq dt
¯

¨
z

|z|

ˇ

ˇ

ˇ

p
dx dz. (7.6)

Since for all z P B1p0q and for all Ω1 ĂĂ Ω

ż 1

0
∇ukpx` t

kzq dtá ∇upxq

weakly in LppΩ1;Rdq with respect to the variable x, also using Fatou’s Lemma we obtain

lim inf
kÑ`8

ż

B1p0q
ψpzq

ż

Ωk

ˇ

ˇ

ˇ

´

ż 1

0
∇ukpx` t

kzq dt
¯

¨
z

|z|

ˇ

ˇ

ˇ

p
dx dz

ě

ż

B1p0q
ψpzq

ż

Ω1

ˇ

ˇ

ˇ
∇upxq ¨ z

|z|

ˇ

ˇ

ˇ

p
dx dz “

ż

Ω1
f0p∇upxqq dx.

Letting Ω1 tend to Ω, from this inequality and (7.6) we obtain (7.4).
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We now show the limsup inequality; that is, that for all u P W 1,ppΩq and η ą 0 there
exist uk weakly converging to u in W 1,ppΩq such that

lim sup
kÑ`8

ż

ΩˆΩ
ψkpx´ yq

|ukpxq ´ ukpyq|
p

|x´ y|p
dxdy ď

ż

Ω
f0p∇upxqq dx` η, (7.7)

lim sup
kÑ`8

ż

Ω
g0p∇ukpxqq dx ď

ż

Ω
g˚˚0 p∇upxqq dx` η. (7.8)

We start with the simplest case upxq “ ξ ¨ x. We note that

g˚˚0 pξq “ inf
!

ż

p0,1qd
g0pξ `∇vpyqq dy : v P C8c pp0, 1q

dq

)

(see e.g. [5, Section 6.2]). Given η ą 0 we fix v P C8c pp0, 1q
dq such that

ż

p0,1qd
g0pξ `∇vpyqq dy ď g˚˚0 pξq ` η. (7.9)

For every ε ą 0 we define uεpxq “ ξ ¨ x` εv
`

x
ε

˘

. Note that

lim sup
εÑ0

ż

Ω
g0p∇uεpxqq dx ď pg˚˚0 pξq ` ηqLdpΩq (7.10)

(see e.g. [5, Section 2.1]), so that (7.8) holds with uk “ uεk for any sequence εk Ñ 0. If
we choose εk ăă

1
k , then such a sequence also satisfies (7.7). To check this, we introduce

a second parameter ζk with

εk ăă ζk ăă
1

k
. (7.11)

Using the Lipschitz continuity of v we infer that there exists a constant L such that

ˇ

ˇ

ˇ
ξ ¨

x´ y

|x´ y|
` εk

v
`

x
εk

˘

´ v
`

y
εk

˘

|x´ y|

ˇ

ˇ

ˇ
ď L.

Therefore, for all σ P p0, 1q, letting τ “ 1´ σ, we can write
ż

ΩˆΩ
ψkpx´ yq

|uεkpxq ´ uεkpyq|
p

|x´ y|p
dxdy

“

ż

ΩˆΩ
ψkpx´ yq

ˇ

ˇ

ˇ
ξ ¨

x´ y

|x´ y|
` εk

v
`

x
εk

˘

´ v
`

y
εk

˘

|x´ y|

ˇ

ˇ

ˇ

p
dxdy

ď

ż

∆ζk

ψkpx´ yqL
p dxdy `

ż

pΩˆΩqz∆ζk

ψkpx´ yq
´ 1

σp´1

ˇ

ˇ

ˇ
ξ ¨

x´ y

|x´ y|

ˇ

ˇ

ˇ

p
`

2pεpk
τp´1

}v}p8
ζpk

¯

dxdy

ď LpLdpΩq
ż

Bkζk p0q
ψpzqdz `

1

σp´1

ż

Ω

ż

B1p0q
ψpzq

ˇ

ˇ

ˇ
ξ ¨

z

|z|

ˇ

ˇ

ˇ

p
dz dx`

εpk
ζpk

2p}v}p8
τp´1

pLdpΩqq2.

Letting k Ñ `8 and using (7.11), we obtain

lim sup
kÑ`8

ż

ΩˆΩ
ψkpx´ yq

|uεkpxq ´ uεkpyq|
p

|x´ y|p
dxdy ď

1

σp´1

ż

Ω
f0pξqLdpΩq,
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which proves (7.7) by letting σ Ñ 1.
If u is a piecewise-affine function in Rd, then u is Lipschitz continuous and there exist a

finite number of open simplexes Ωj such that Ω Ă
Ť

j Ωj up to a null set, such that

upxq “ ξj ¨ x` cj for every x P Ωj .

We then choose εk ăă
1
k as above and define

Ωk
j “

ď

!

εki` p0, εkq
d : i P Zd, distpεki,RdzΩjq ą

2

k

)

,

and for all j set

ukpxq “

#

upxq ` εkvj
`

x
εj

˘

if x P Ωk
j

upxq if x P ΩjzΩ
k
j ,

where vj is defined as in (7.9) with ξj in the place of ξ. We can then repeat the previous
computations in order to prove (7.7) and (7.8). The proof of the latter is simply obtained
arguing as above in the sets Ωk

j and using the Lipschitz continuity of u in the remaining
part of Ω.

As for (7.7), we subdivide ΩˆΩ in sets of the form ΩiˆΩj . If i “ j the computation is
exactly the same as in the first part of the proof since therein only the Lipschitz constant
of vi and its L8 norm are used. If i ‰ j the energy is estimated as

ż

ΩiˆΩj

ψkpx´ yq
|upxq ´ upyq|p

|x´ y|p
dxdy ď LpLd

` 

x P Ωi : distpx,RdzΩiq ă
1
k

(˘

ż

B1p0q
ψpzqdz,

which is infinitesimal as k Ñ `8.
Finally, a standard argument using the density of piecewise-affine functions in W 1,ppΩq

allows us to conclude the limsup inequality. �

7.2. Interaction with homogenization. We now consider an example of concentration
of the non-local term in the presence of an underlying periodic geometry. We suppose
that both in the local and non-local terms have an oscillating behaviour, with a periodic
dependence of the energy densities on the space variables. If the corresponding period and
the scale of concentration are the same, optimal sequences show an interaction between
oscillation and concentration, leading to a combined homogenization of the local and non-
local terms. The resulting formula for the limit integrand generalizes both the classical
homogenization formula for integral functionals [9, 5] and that for convolution-type energies
[1, 8].

Let f0 : Rd ˆ Rd ˆ Rd ˆ R Ñ r0,`8q be a Carathéodory function with the following
properties.

(Periodicity) For all z P Rd and τ P R we have

f0px` ej , y ` ej , z, τq “ f0px, y, z, τq (7.12)

for all j P t1, . . . , du, where ej are the vectors of the canonical orthonormal basis of Rd.
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(Growth) There exist ψ as in Section 7.1 and C0, C1 ą 0 such that

C0ψpzq
τp

|z|p
ď f0px, y, z, τq ď C1ψpzq

τp

|z|p
(7.13)

for all x, y, z P Rd and τ P R.

Let g0 : Rd ˆ RÑ r0,`8q be a Carathéodory function with the following properties.
(Periodicity) For all x, ξ P Rd we have

g0px` ej , ξq “ g0px, ξq (7.14)

for all j P t1, . . . , du.
(Growth) There exist c0, c1 ą 0 and a0 ě 0 such that

c0|ξ|
p ď g0px, ξq ď c1|ξ|

p ` a0 (7.15)

for all x, y, z P Rd and τ P R

Theorem 7.2. The functionals Φε defined on W 1,ppΩq by

Φεpuq “
1

εd

ż

ΩˆΩ
f0

´x

ε
,
y

ε
,
x´ y

ε
,
upxq ´ upyq

ε

¯

dxdy `

ż

Ω
g0

´x

ε
,∇upxq

¯

dx

Γ-converge as ε Ñ 0, with respect to the weak convergence in W 1,ppΩq, to the functional
Φhom defined by

Φhompuq “

ż

Ω
ghomp∇upxqq dx,

where ghom : Rd Ñ r0,`8q is given by the formula

ghompξq “ lim
TÑ`8

1

T d
min

!

ż

QTˆQT

f0px, y, x´ y, upxq ´ upyqq dxdy `

ż

QT

g0px,∇upxqq dx :

upxq ´ ξ ¨ x PW 1,p
0 pQT q

)

, (7.16)

where QT “ p0, T q
d.

Proof. To prove the theorem we fix an infinitesimal sequence of parameters εk ą 0 and
show that the corresponding Φεk Γ-converge to Φhom.

In order to apply the results of the previous sections, we define

fkpx, y, s, tq “
1

εdk
f0

´ x

εk
,
y

εk
,
x´ y

εk
,
s´ t

εk

¯

(7.17)

for all x, y P Rd and s, t P R. Note that fk trivially satisfies (2.2)–(2.4) and (2.10), while

(2.5)–(2.7) are satisfied taking rfkpx, y, τq “
bkpx,yq
|x´y|p |τ |

p, where

bkpx, yq “
C1

εdk
ψ
´x´ y

εk

¯

.

We also define

gkpx, ξq “ g0

´ x

εk
, ξ
¯

(7.18)
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for all x, ξ P Rd. Note that gk satisfies hypothesis (2.11) with apxq “ a0.
By (2.12) and (2.16) the functionals Φk defined in (2.17) satisfy

Φkpu,A,Aq “
1

εdk

ż

AˆA
f0

´ x

εk
,
y

εk
,
x´ y

εk
,
upxq ´ upyq

εk

¯

dxdy`

ż

A
g0

´ x

εk
,∇upxq

¯

dx (7.19)

for all A P A.
First note that the function f in Lemma 3.1 is identically 0. Hence, by Theorem 6.1

there exist a subsequence (still denoted by εk) and a function g satisfying conditions (2.11)
such that for all A P A the sequence Φkp¨, A,Aq Γ-converges to the functional Gp¨, Aq given
by

Gpu,Aq “

ż

A
gpx,∇uq dx. (7.20)

Thanks to the Urysohn property of Γ-convergence, is it sufficient to show that gpx, ξq “
ghompξq for almost all x and all ξ P Rd.

Note that, using the same argument as in [1, Proposition 6.1] we obtain that gpx, ξq
is independent of x; that is, gpx, ξq “ gpξq. Since Gp¨, Aq is lower semicontinuous with
respect to the weak convergence in W 1,ppΩq the function g is convex, so that gpξq ď
ş

Q gpξ `∇upxqq dx for all u with upxq ´ ξ ¨ x P W 1,p
0 pQq and Q :“ p0, 1qd. Since it is not

restrictive to suppose that Q Ă Ω we can write

gpξq “ mintGpu,Qq : upxq ´ ξ ¨ x PW 1,p
0 pQqu.

By Corollary 6.2 we then have

gpξq “ lim
kÑ`8

inftΦkpu,Q,Qq : upxq ´ ξ ¨ x PW 1,p
0 pQqu. (7.21)

Let Tk “
1
εk

. By a change of variables and setting Upxq “ 1
εk
upεkxq we have

1

εdk

ż

QˆQ
f0

´ x

εk
,
y

εk
,
x´ y

εk
,
upxq ´ upyq

εk

¯

dxdy

“
1

T dk

ż

QTkˆQTk

f0px, y, x´ y, Upxq ´ Upyqq dxdy,

and
ż

Q
g0

´ x

εk
,∇upxq

¯

dx “
1

T dk

ż

QT

g0px,∇Upxqq dx,

so that we obtain

inftΦkpu,Q,Qq : upxq ´ ξ ¨ x PW 1,p
0 pQqu

“
1

T dk
min

!

ż

QTkˆQTk

f0px, y, x´ y, upxq ´ upyqq dxdy `

ż

QTk

gpx,∇upxqq dx :

u PW 1,ppQTkq, upxq ´ ξ ¨ x PW
1,p
0 pQTkq

)

.

From this equality and (7.21) we obtain the claim if we prove that this limit is independent
of εk.



28 A. BRAIDES AND G. DAL MASO

By (6.7) and the change of variables above we also have

gpξq “ lim
kÑ`8

inftΦkpu,Q,Qq : upxq ´ ξ ¨ x if distpx, BQq ď εku

“
1

T dk
min

!

ż

QTkˆQTk

f0px, y, x´ y, upxq ´ upyqq dxdy `

ż

QTk

gpx,∇upxqq dx :

u PW 1,ppQTkq, upxq “ ξ ¨ x if distpx, BQTkq ď 1
)

. (7.22)

The existence of the limit

lim
TÑ`8

1

T d
min

!

ż

QTˆQT

f0px, y, x´ y, upxq ´ upyqq dxdy `

ż

QT

gpx,∇upxqq dx :

u PW 1,ppQT q, upxq “ ξ ¨ x if distpx, BQT q ď 1
)

(7.23)

is proved in [1, Proposition 6.2] when g0 is not present and the function f therein is
given by fpx, z, τq “ f0px, x´z, z, τq. The same arguments can be used in the general case
considered here. This shows that also the limit in (7.16) exists and concludes the proof. �
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