COMPACTNESS BY MAXIMALITY

SANDRO ZAGATTI
SISSA, VIA BONOMEA 265 — 34136 TRIESTE (ITALY)

ABSTRACT. We derive a compactness property in the Sobolev space W1:1(Q)
in order to study the Dirichlet problem for the eikonal equation

{§|vu(x)|2 —a(z)=0 inQ
u(z) = p(x) on 012,

without continuity assumptions on the map a.
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1. INTRODUCTION

The possibility of extracting strong convergence out from weak convergence in
Sobolev spaces arises as a crucial device in many applications of functional analysis
to Partial Differential Equations and to Calculus of Variations. A typical example
comes form the study of the minimum problem for classical functional of the form

.F(u):/ﬂf(x,u,Du)dm,

where  is an open subset of R? and f : Q x R™ x M™*¢ is a Caratheodory
function satisfying a growth condition of the type f(z,u,&) > c[&|" (¢ > 0, r > 1),
with competing functions ranging in the Sobolev space W1 (Q, R™) and satisfying
prescribed boundary conditions. Any minimizing sequence is relatively compact in
the weak topology of W17 (Q,R™) and, extracting a subsequence, one obtains a
weak limit which turns out to be a minimizer provided F is sequentially weakly
lower semicontinuous, a condition which is equivalent to the quasiconvexity (or
convexity, in the scalar case) of the integrand f with respect to the last variable.
On the other hand, if we would be able to find a strongly converging minimizing
sequence, the existence of a minimizer would be guaranteed by a trivial application
of Fatou’s lemma without any further assumption on f.

Unfortunately it is very hard to show the existence of strongly converging mini-
mizing sequences and, usually, in order to prove the existence of minimizers of F,
the procedure is the following. Let f(z,u,£) be the quasiconvex envelope (or con-
vex envelope, in the scalar case) of f with respect to the last variable and consider
the relaxed functional

F(u) :/Qf(x,u,Du) dx.

Since the set S% of minimizers of F is nonempty, a minimizer of F is an element
u € S+ which satisfies the following equation:

(1.1) f(z,u(x), Du(z)) — f(x,u(z), Du(z)) =0 a.e. x € Q.

By this approach we have reduced the problem to the solution of a first order
equation of Hamilton-Jacobi type in the restricted set S= of minimizers of F.

In papers [9], [10], [11], [12], [13] and [14] we have developed the method of
integro-maximality (or, more generally, integro-extremality) in order to treat this
kind of problems, creating a link between the study of non semicontinuous varia-
tional problems and the theory of viscosity solutions for Hamilton-Jacobi equation.
The idea is the following: since the set S is compact in the strong L' (2) topology
and the map

SfBuH/u(x)dx
Q

is obviously continuous in the same topology, there exist at least one element u of
S—= which maximizes the integral on € in the set S+, i.e.

/Qﬂ(as) dx > /Qu(x) dr Yue S

Then, by a contradictory argument which requires the differentiability almost ev-

erywhere of w, the continuity of f and f and suitable assumptions on the structure

of f, it is possible to show that @ solves equation (1.1) almost everywhere (and,
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in the scalar case, in viscosity sense); hence it minimizes the non semicontinuous
functional F.

This fact suggests the use of the same integro-extremality technique for the
solution of Hamilton-Jacobi first order equations and actually this has been done
in papers [15] and [16], where we devoted ourselves to Dirichlet problems of the
kind

(12) {H(x,Vu) =0 in Q

U= on 0,

where ¢ is a given boundary datum and H : Q x R? — R is a continuous function,
convex and satisfying suitable growth conditions with respect to the second variable.
The idea is to consider the set of almost everywhere subsolutions

Shp={veEp+W">(Q): H(z,Vo(z) <0 aex e},

showing that the pointwise maximal element u of Sg,,, whose existence is guaran-
teed also in this case by the compactness of Sy, in the L*() strong topology, is
a viscosity solution of the Dirichlet problem (1.2).

The rising of the notion of viscosity in these contexts, in our humble opinion,
is more than a curiosity. Indeed viscosity solutions enjoy the property of stability,
which may be interpreted, in perspective, as a first step toward the construction
of strongly converging sequences, a tool that we claim to be powerful in the mini-
mization of non semicontinuous functionals and in other nonlinear problems.

A further remark concerns the hypotheses on the Hamiltonian H in (1.2). Indeed
the viscosity theory requires the continuity of H = H(x,p) also with respect to the
variable z, and this, when dealing with equation (1.1), corresponds to the continuity
with respect to x of the integrands f and f, in contrast with the natural assumption
that they are Caratheodory functions. On the other hand it should be stressed that
the maximal element u of Sy, mentioned above exists also when H is assumed
to be only measurable in the variable z, and then it is worth to ask if @ is still
a generalized solution of (1.2) even in this case, in which the notion of viscosity
solution makes no sense. A possible way to face the problem could consist in the
construction of approximate solutions and in a limit procedure and this would still
require strong convergence.

This brief discussion shows how it may be useful to find conditions which en-
sure that a weakly converging sequence in a Sobolev space is actually strongly
converging, or, with different words, properties which ensure the strong relative
compactness of suitable bounded subsets of Sobolev spaces.

Now we list three simple examples in which the (integral) maximality appears
as a possible tool in this direction.

Example 1: Integral maximality and uniform convexity.

Let © C R? be open and bounded, 1 < r < +o00, and consider the ball B =
{ue W (Q) : |ullwir) < 1}. The set B is clearly compact in the L*(£2) strong
topology and then there exists an element uw € B such that

(1.3) /Qﬂ(x)dxz/ﬂu(x)dx Yu € B.

It is easy to see that |[@|ly1.r) = 1. Indeed, suppose by contradiction that

@]l () < 1 and take any nonnegative nonzero test function ¢ € C2(€2). Clearly

there exists a sufficiently small positive ¢ such that ||+ t¢|w1.r) < |[@llw1.r) +
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tllllwr.r o) < 1; hence w+t¢ € B and this contradicts (1.3). Now let any sequence
(ug) in B such that up, — @ in W7(Q). The uniform convexity of W1 (Q) and
the inequality ||@|lw1.r) > [Jur|lwirq) for every k& € N imply that actually (ux)
converges strongly to u in W17 ().

Example 2: Maximality and extremality.

Let © be an open, bounded subset of R? and let K : Q — K(R?) be a continu-
ous multifunction with values in the set K(R?) of compact, convex subsets of R9.
Assume in addition that K is uniformly bounded and that, for every x € €, the
boundary 0K (x) of K(x) coincides with the set extr(K(z)) of its extreme points.
Consider the differential inclusion:

Vu(z) € 0K (z) a.e. z € Q,
assuming that the "relaxed” set
Sk ={ueWhH>(Q): Vu(z) € K(z) ae. z € Q}

is nonempty. It is easy to see that also in this case Sk is compact in the L!(£2)
strong topology and then there exists an element uw € Sk such that

/Qﬂ(x)dmZ/Qu(x)dx Yu € Sk.

In addition @ turns out to be also pointwise maximal, in the sense that u(x) > u(x)
for every x € Q and for every u € Sk (in this paper we assume to identify a Sobolev
function with its precise representative which in this case is Lipschitz continuous).
Actually we have Vu(z) € 0K (x) for every x € Q at which @ is differentiable, i.e.
for almost every x € €. Indeed, suppose by contradition that there exists a point
xo € Q of differentiability of @ for which Vu(zg) € int(K(zo)). By an argument
analogous to the one used, for example, in the proof of Lemma 1 in [12] or [15] we
may construct a map @ € Sk such that & > @ on €2 and & > @ on a small ball
centered at xy. This violates the maximality of 7 and the contradiction proves the
claim. Now consider any sequence (uy) in Sk such that u, — @ in WH(Q). Tt
follows from the above argument that

Vu(z) € extr (¢o {Vug(z),k € N}).
Applying the classical Tartar-Visintin theorem (see [8]), we obtain that, actually,
Vug(x) ey Vu(z) for almost every x € Q; then the convergence of the sequence
is strong in W1 (Q) for every r € [1,00].
Example 1: Maximality and semiconcavity.

Let © be a bounded, open, simply connected subset of R? and let (a,) be a
bounded sequence in C(Q) of nonnegative Lipschitz continuous functions with Lip-
schitz constant independent on n. For every n € N consider the Dirichlet problems
for the eikonal equation:

|[Vu(z)| — an(z) =0 in Q2
U= on 012,

where the boundary datum ¢ € W>°(Q) is an almost everywhere subsolution for

every n € N. By classical and well known results (see for example [7], [4], [3] and

[15]) for every n € N there exists a unique viscosity solution u, of the Dirichlet

problem which is maximal in the set of subsolutions, i.e. wu,(xz) > v(z) for every

z € Q and for every v € @+ W™ () such that |Vv| < a,, almost everywhere in €.
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Passing if necessary to a subsequence, we may assume that (u,) converges weaklyx
in W1°°(Q), and then uniformly on 2, to some limit u € p+Wy > (Q). By theorem
5.3.7 (p. 116) in [4] we have that the functions w, and w are semiconcave with
modulus w(+) independent on n and then, applying theorem 3.3.3 (p. 57) in [4], and
passing if necessary to a further subsequence, we deduce that Vu, (z) =3 Vu(z)
for almost every x € 2. Then, also in this case, we conclude that the convergence
of the sequence is strong in W17 (Q) for every r € [1, col.

This last example give us a hint to face a special case of problem (1.2): consider
an open bounded subset Q of R? a nonnegative function a € L>(f) and the
following Dirichlet problem for the eikonal equation:

3 [Vu(z)]* — alz) =0 in Q

1.4 ,0) -
(1.4 Pla.o.9) {uw e

where ¢ is an almost everywhere subsolution, i.e. satisfy the compatibility condition
1
(1.5) 3 Vo(z)]? < a(z) ae xeQ.

Let S(a,p,Q) = {U €+ W) : |[Vol?> < 2a ae. in Q} be the set of a.e. sub-

solutions and let @ be the maximal element of S(a, ¢, ) obtained as in previous
discussion. Is it true that @ solves the equation in P(a, ¢, ) almost everywhere?
In section 5 we give an answer to this question under suitable assumption on the
map a (see hypothesis 1 in section 4): making use of the representation formula for
viscosity solutions provided by P.L. Lions in [7] and of several properties of semi-
concave functions, collected in the excellent monograph [4], we develop a theory
based on the construction of strongly converging sequences by the use of maximal-
ity. With respect to the examples listed above, we use maximality as a property of
the elements of the sequence, and not of the limit, without any additional condition.
By this way maximality appears, as claimed in the discussion developed above, as
the searched tool in order to construct strongly converging sequences in Sobolev
spaces.

2. NOTATIONS AND PRELIMINARIES

In this paper R? is the euclidean d-dimensional space; we denote respectively
by (-,-) and by |- | the inner product and the euclidean norm in R%, while & =
{e1,...,eq} is the canonical basis in R? and a point * € R? is written as z =
(71,...,24). Given E C R? m(FE) is the k-dimensional Lebesgue measure, OF
is the boundary, E° is the complement, and co(E) is the convex hull of E; by
dist (z, F) we mean the distance of the point = from the set E. Given an open
bounded subset U of R%; we use the spaces CF(U), L"(U), Wb (U), Wy (U), for
ke Ny={0}UNand 1 <r < oo, with their usual (strong and weak) topolo-
gies. Dealing with a Sobolev function we assume to use the precise representative.
We recall from [1] the well known precompactness criterion in spaces L” that we
formulate in a convenient form for our purposes.

Theorem 1. Let A C R be open, r € [1,00[ and let K be a bounded subset of
L>(A) (whose element are assumed to be extended by zero on A°) satisfying the
following property: for every € > 0 there exist 6 > 0 and G CC A such that
mg(A\G) <e
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and for every h € R® with |h| < & we have
/ [v(x +h) —v(z)|de <e VveK.
G

Then K is relatively compact in L™ (A).

We shall use many arguments taken from the theories of viscosity solutions for
Hamilton-Jacobi equations and of semiconcave functions, for which we refer to the
wide existing literature, mentioning for example the monographs [2], [3], [4], [5], [7].
In addition we shall need the results contained in [15] and the representation formula
for viscosity solutions provided by P.L. Lions in [7]. To this aim we introduce
suitable notations and recall the following results.

Definition 1. Let A C R? be open and bounded. Given T > 0 and x,y € A we set
E(z,y, T, A) = {€ € W2([0,T],R?) : £(t) € A a.e. t € [0,T], £(0) = 2,&(T) =y} .
Theorem 2. Let Q C R? be an open, bounded domain and let H € C(Q x R?) be
a function satisfying the following conditions:
(i) RY > p s H(x,p) is convex for every x € A;
(i1) there exist constants oo > 0, 5 > 0 such that
H(z,p) 2 alp| =8 Yz e, VpeRY,

(iii) inf,cga H(z,p) <0 for every x € Q.

Let o € WH°(Q) satisfy the compatibility condition
H(z,Vp(z)) <0 ae x€Q

and introduce the (nonempty) set
SH,p = {v €+ Wy®(Q): H(z,Vu(x)) <0 ae z e Q}

Then there exists a unique element @ € Sy, such that u(z) > v(x) for every x € Q
and for every v € Sg,, which turns out to be a viscosity solution of the Dirichlet
problem

H(xz,Vu)=0 inQ,
U= on 0N.
In addition, calling H* the Fenchel transform of H, i.e.
H*(‘T,q) = sup {7<pa Q> - H(‘T7p)} )
pER?

we have the following formula:
(2.1)

T
u(z) = inf {/0 e PH*(6(t), &' (t) dt +u(w) : T > 0,w € O\, € € E(x,w,T,A)} ,

for every x € A and for every A CC § open, bounded, simply connected with smooth
boundary OA.

The proof of the first part is performed in [15] (theorems 1 and 2), while the
second is treated in section 5 (p. 115 and ff.) of [7].

Notations. Let E C R? be an open convex set and v : E — R. Given j € {1,...,d}
and z € R? we write T = (T1,- 0 Tjm1, Tjt1, -, Td) € R~ given :E; € Ré1
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consider the line Ta! touching the point x; and parallel to the direction e; and call
Jm; the line segment Tt N F; in addition set

1}1;_ (t) = U(l‘l, e ,l‘j_l,f,, Z‘j+1, e ,l‘d),
with t € J,/ and 2} ranging in the set E;lil C R4 for which Jo # 0.
We shall need the following consequences of Fubini-Tonelli theorem.

Lemma 1. Let E C R? be open, bounded and convex and let (v,) be a sequence in
W1 (E) such that
vp — v in WHR(E).

Suppose that for every j € {1,...,d} and for almost every J;; € E]‘-lfl, the sequence
(vl ) is relatively compact in Ll(Jz;). Then
T

v — v strongly in WH(E).

Proof. Assume E = Q9 =10, l[d and v = 0.

First of all remark that the sequence (v,,) converge uniformly to zero on E and,
consequently, for every j € {1,...,d} and for every a:; € E}i_l, the sequence Un,a!
converges uniformly to zero on JI}. Hence, by relative compactness of the sequence

of derivatives (v;m,j ) in Ll(Jz;), the sequence vy, 5/ converges strongly to zero in

Wl’l(Jw;) for every j €{1,...,d} and for almost every z’; € E;-l_l. Suppose, by

contradiction, that there exist a positive p such that
/ Vo, (z)|dz > p.
Qd

Necessarily there exist a positive 7, an index j € {1,...,d} and a subsequence, still
denoted by (vy,), such that

| Pl 2
that is to say
1
(22) / / |Djvn(a:1,...,xj_l,t,a:j+1,...,xd)|dtdx;- >n>0.
Qd—l 0

It follows that there exists a subset G' of Q?~! of positive measure my_1(G) > 0
and, for almost every x; € G, positive numbers a(z;) > 0 such that

1 1
(2.3) /0 |Djvn(g;1,...,xj_l,t,xj+1,...,xd)|dt=/0 |U;L7x3_(t)|dt > afz}) > 0.

Indeed, if not, we would have, for almost every x; € QI

n—0

1
hm/ |Dj1)n(131,...,SCj_l,t,Ij+1,...,$d)|dt:O,
0

and then, remembering the boundedness of the integrands and by dominated con-
vergence,

n—0

1
lim/ / |Djvn (21, i1, g, 2q)| dE dal; = 0,
d—1 0

contradicting (2.2).



By hypothesis the sequences (v, 4/ ) converges strongly to zero in wt1(0,1) for
almost every z/; € E]C-l_1 and then inequalities (2.3) give the required contradic-
tion. The general case of an arbitrary open, bounded, convex subset can be easily

obtained by extension or invoking Vitali covering lemma.
O

Remark 1. It is obvious that actually the convergence of the sequence is strong
in Wb (Q) for every r € [1,00[ and, in addition, it is easy to see that the result, by
the aid of covering theorems, can be generalized to arbitrary open subsets of R?.

Lemma 2. Let E C R? be open bounded and convex and let (v,) be a sequence of
nonnegative functions vy, : E x [0, +00[ = R, v, = v, (x, h) such that

sup/ vp(x, h) dz 20,
E

n

Then, for every j € {1,...,d} and for almost every :E; € R1 we have

sup/ Up o (t, h) da ho Ok 0,
n Jz/, J
J

/
J
contained in E parallel to the direction e; passing through the point x;

where x'; is such that the integral in (2) makes sense and Jw;_ is the line segment

Proof. Assume E = Q% =10, 1[d. By Fubini Tonelli theorem we write

1
/vn(x,h) dx:/ / Up o (t, h) dt da
E a-1Jg ’

and assume, by contradiction, that there exists D C Q%=1 with My_1(D) > 0 such
that the sequence of supremums

1
(2.4) sup/ vmw;(t,h)dt
n Jo

does not converges to zero for almost every :v; € D. This means that there exists
ng € N and a nonnegative sequence (hy) converging to zero such that

1
(2.5) /O Uno, (t,hy)dt > a(a}) >0 VE €N,

where a(m;) > 0 is a positive constant defined for almost every point x; eD. It
follows, by Fubini Tonelli theorem, that there exists a positive a > 0 such that

1
/ U (T, hy) dz > / / Ung o (t, hi) dt da’, > a >0 Vk € N;
E pJo ’

a contradiction.
The general case of an arbitrary open, bounded, convex subset can be easily
obtained by extension or invoking Vitali covering lemma.
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3. C! A PRIORI ESTIMATES

In this section we consider problem P(a, p, ), assuming that the given nonneg-
ative function a is sufficiently regular, and derive estimates that will be used in the
proof of our main result. We take a € C*(Q) N L>®(2) and ¢ € Wh>°(Q) satisfying
the compatibility condition (1.5) and introduce the nonempty set S(a, ¢, Q) of a.e.
subsolutions:

Definition 2.

(3.1) S(a,p, Q) = {v €+ W) : % IVo(z)|” < a(z) ac. z e Q} .

Applying theorem 2 we infer the existence of a unique map u € S(a, p, Q) such
that u(z) > v(z) for every x € Q and for every v € S(a, ¢, ) which turns out to
be a viscosity and a generalized solution of problem P(a, ¢, 2); in addition formula
(2.1) holds on every set A C 2 open, bounded, simply connected with smooth
boundary. It is immediate to see that given A > [lal|p~(q) there exist positive

constants Ko = Ko(A, ¢,Q) and K1 = (24)2 such that
(3:2) [ulle @) < Ko = Ko(A, ¢, €2), IVt g (@) < K1 = (24)%.
We shall need also the following notion.
Remark 2. Let R > 0 and 7 > 0. Clearly there exists a nonnegative function

g : Q2 x]0,7] = R such that the following condition holds:

for every = € Q, for every § € |0, 7] and for every ¢ € W1°°([0,4]) with |((t)] < R
and ((t) € Q for every ¢ € [0, 0] we have

4
(3.3) /O Va(z+ C(t)] dt < g(x, 6).

It is evident that the function g could be defined as a supremum on the set of
considered paths (’s and would depend on R and 7. However we will recover this
notion in section 4 (see hypothesis 1) with additional assumptions on g and it will
be clear at that point the use of this device.

Lemma 3. Let Q,a,p,u,g as above and let A CC Q be an open, convex subset of
Q with smooth boundary OA. Let A > |la||p=(q), ¥ > 0 and

A, ={x e A:dist(x,A°) >~}.

Then there exist To = To(v, A, 9, Q) > 0, h >0 and 6 > 0 such that for every
A € 10,1, for almost every x € A, for every h € R? such that |h| < h and
y=x+hel,, for every 6 €]0,min{1, Ty, d}|, we have

1A

(3.4) du(z)+ (1 —Nu(y) —u(Px+ (1= Ny) <A1 - N) 5 5 + 2|h|g(x,0)] .

Proof.

Step 1. We recall form section 2 that the solution u may be represented according
to formula (2.1). In our case we have

1
H(x,p) = Slp|* — a(x),
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and by easy computations (see for example chapter 5 in [6]) we find that the Fenchel
transform H* of H is

. 1
H(2,0) = 5ol + ().
Hence the following formula holds true:
(35)  u(@)=inf{JET,w)sT > 0,w e IA,€ € Za,w, A, T)} Va €A,

where
T
(3.6) J(ET,w) = /0 et {a(f(t) + % |€'(t)|2 dt + u(w).

Step 2. We prove now the existence of M such that the infimum in formula
(3.5)-(3.6) can be taken on the elements £ € Z(x,w, T, A) such that

(3.7) 1€ 2o, < M,
where
(3.8) T* = min{1,T}.

Clearly, in (3.5), we may limit ourselves to paths £ € E(x,w,T,A) such that
J(ET,w) <u(r)+1< Ko+ 1. We have

T
1
| 3¢ @R d < JETw0) — u(w) < u(o) + 1 - u(w)
0
and it follows that .
1
/ §e_t|£'(t)|2 dt <2Ko+ 1.
0

Since e=T" < e~ for every t € [0,T*], we have
(T 1 1
T [ Jwrds [ Jete@Pas [ SetemP <142k,
0o 2 o 2 0o 2
and finally

.
|16 P <26t (14 200) < 2601+ 2660).
0

Hence we set M = (2e(1 + 2K0))% and, recalling (3.2), the claim is proved.

Step 3. We prove now the existence of Ty = Tp(v, 4, ¢, ) as in the statement
such that the infimum in formula (3.5)-(3.6) can be taken on the values T' such that
T > Ty (and, correspondingly, on paths { € Z(z, w, T, A)) for every z € A,,.
Let z € Ay, T >0, w € OA and £ € Z(z,w,T,A) be arbitrary; write I = [0, 7]
and, given R > 0, set
L= {tel:|€()>p}.
We have

IN

T
s/o €(t)]dt

/Ip €'(6) dt + / @l

P

/I €/(0)| dt + pT.

T
7 < |z —w[ < [€(0) = &§(T)] = ‘/O §'(t) dt

IN



Hence

(3.9) | ey

1
2T 2

Let us now minorize J(&, T, w).

Y

T
g6 w) = [ et fate) + 51¢ 0] @+ utw)

Y

T

—K0+/ —e HE (1) dt
O 2
-T T

—Ko+ - [ €0t
0

-7
€' (6) [ dt
IP

v

e
2

-T

e
—Kp + 5 plg' ()| dt =
Iﬂ

—Ky +

Y

v

~Ko+ e_Tg/ 1€/ (¢)] dt
IP

—Koy + e*Tg (’y — 2T%> =
(3.10) ~Ko—2¢ T 4 ye T3,

where we have used (3.9). Recall again that we may limit ourselves to elements &,
T and w such that

(3.11) JETw) < Ko+ 1
then collect (3.10) and (3.11) obtaining the following chain

2
—Ko = LTe T +qe L < (€ Tow) < Ko+ 1.

Setting
p = T_%
it follows that
(3.12) T} < Mot 6
Y

Since e~ TT~% — +oo as T — 0+, (3.12) implies the existence of the required
positive Ty = To(7, 4, ¢, Q).

Step 4. Let now M and T, be as given by steps 2 and 3; fix § € ]0,7] and h > 0
such that

(3.13) M3? +2h < R.

Then take 6 € ]O,min{l,ng}]; let A €]0,1[, z € A, and h € R? such that || < h,
y =+ h € A,. Choose arbitrary w € OA, T > Ty and & € Z(z,w, T, A), where

(3.14) z=dx+(1-Ny=x+ (1—XNh.
10



Define the following paths:

(3.15) &i(t) = {

(3.16) $a(t) =

remarking that

(3.17) & € E(x,w, T,A), & e€E(y,w,T,A)

and that

(3.18) E) =M1 (t) + (L= XN)&(t) telI=][0,T].
Now we estimate the quantity

(3.19) A=XNJ(&,T,w)+ (1= N)J(&, T,w) — J(&,T,w).

By definitions (3.15) and (3.16), the three considered paths &1,&; and & coincide
for values of the parameter ¢ larger than §. Then we have

AA/ [ @m—m+
<1—A>/Oet[a< () + \52<>|_dt -
/0 () + 3100 ar =

" a6 () + (1~ Na(&a(0) — ale(t)] dt -+

CNEBR + (L= NP - (€@ d =
)
/0 A [a(€1 () — alé(t))] dt +
1)
/0 (1 - N [al6a(t) — al€(®)] dt +

6
| 3¢ NGO + 0= NIGOF ~ N0+ (1= N OF] dt =
(3.20) Ar + Ag + As.

NJM—\

J,
[3

Step 5: estimate of As.
Observe that for every ¢, g2 € R? and for every A € [0, 1] we have

Mar]* + (1= Nlga|* = a1 + (1 = Nagof* = A1 = N)]a1 — g2

and that, by direct computations,

f'l(t)—fé(t):% ae tel.

Recalling (3.18), it follows that

ML= (7 B M1 =) AP
. A < 222 .
21 ’ 2 /0 F T
11



Step 6: estimate of A; and A,. Let us consider the term

)
A= / e lalér (1)) — al€(1))) dt.

Recalling (3.15), by mean value formula, we may write

l&(0) - ale) = a (0 - -0 (551) 0) - atete) =

(500 (55 ) 1 (S5,
where 8(t) € [0, 1] for every ¢ € [0,3]. We set
(3.22) () =€)~ 2 - (1= 0000 ()

and then we have

(3.23) Ar = A1 =) /06 et <Va(x + ), (?) h> dt.

Now we estimate the modulus of (3 (¢):
o—t
Al = Jew-s+s-o-a-xo0 ()] <
t

[ 1glds+ Jz—al + |nl <

0

M67 +2|h),
where we have used the fact that £(0) = z and that, by (3.7) and by Holder

inequality,

|e<t>—f<o>=| / () ds| < / Ne)lds <

(/t I£’(s)l2ds> "<t wie [0,6].
0

Recalling (3.13) and that we have chosen § < 6 and || < h, we have that |¢;(t)] < R
for every t € [0, §]; then we may invoke (3.3) and obtain that

Al = A1-)) /06 et <Va(x +Gt), (t;5> h> dt <
é

A=) / Va(z + G (1)) dt [B] <
(3.24) A1 — \)[Alg(z, 8).

The estimate of Ay gives the same result and then, putting together (3.21) and

(3.24), we conclude that
1|h[?
(3.25) A< A1 =) 35 + 2 |h|g(x,d)] .
Step 7. By the arbitrariness of w € A, T > Ty and £ € Z(z,w, T, A), recalling
(3.17) and representation (3.5)-(3.6), formulas (3.19), (3.20) and (3.25) imply that
for almost every z € A, for every § € |0, min{1,7p,0}], A € ]0,1[, h € R such that
|h] < h and y = x + h € Ay, the claimed inequality (3.4) holds.
12



d

Lemma 4. Assume hypotheses and notations of lemma 8. Then there exists h > 0
such that for every h € R? such that |h| < h, for almost every x € A, such that
y =2+ h €A, and such that v is differentiable at the points x and x + h, the
following inequality holds true:

(3.26) <Vu(:c+h) —Vu(m),|Z|> < [B]® + 4g(x, [n]?).

Proof. We maintain notations and hypotheses of lemma 3 and set 6 = |h\%; hence
we fix h imposing that
T
(3.27) Mh* +2h <R,
so that the conclusions of lemma 3 hold true for any h € R? with |h| < h and
§ = |h|2. We define the function
1
(3.28) Gz, k) = ik% +29(x,k?), z€Q, k>0,
so that formula (3.4) takes the form
Au(z) + (1= Nu(z 4+ h) —u(Az 4+ (1 = N)(xz + k) < A1 = N)|h|G(x, |h])
and can be rewritten as
(329) (1 -\ [u(z+h)—u(z)] <ulx+ (1 —MNh) —u(z) + M1 — N)|h|G(z, |h]).
From (3.29) we have
u(x+h) —u(x)  ulz+(1-—Ah)—u(x)
A (1 =A)[n]

We recall that whenever a map v is differentiable at the point x we have, for
every nonzero vector 7 € R%,
a0 sy 20 01) = 0(&) = (Vo). )

a—0+ 04|77|

hence it follows from (3.30) and (3.31) that

(3.30)

< + AG(z, |h]).

< 0;

f— 3

u(z +h) —ulz) . u(z + (1 = N)h) — u(z)
K < e | S e ) <
(3.32) <Vu(:17), |h|> + G(x, |h]).

Analogously we may write inequality (3.29) in the form
u(z) —u(z + h) < u(x + h—Ah) —u(z + h)
|h - Al
obtaining, as above,
u(z) —u(z + h ) uw(x+h—Ah) —u(lx+h
T e
(3.34) <Vu(:z:+h),|h}r> + G(z, |h|).

13

(3.33) + (1 = A)G(z, |n]),

- NG )| <



Formulas (3.32) and (3.34) imply the inequalities

u(x + h) — u(x) wl h .
=M < (Gute), )+ e
u(x) —u(x + h)

A

<Vu(x +h), |h}|l> + G(x,|h]),

R -
from which we obtain the following chain
(3.35) —|h|G(x, |h])+{(Vu(z + h),h) < u(z+h)—u(z) < (Vu(z), h)+|h|G(z, |h]).
Finally, (3.35) and (3.28) imply the claimed inequality (3.26):

(Vu(z + h) = Va(x), h) < 2/hlG(x, |hl).

4. APPROXIMATE SOLUTIONS

Hypothesis 1. Let ¢ € W1>°(Q) and let (a,) be a sequence of nonnegative
functions in L>°(2) (N C*(Q). We impose the following conditions.

(i) There exists a positive constant A > 0 such that [|a, ||~ (q) < A for every
n € N;
(i1) the following compatibility conditions hold:

1
(4.1) 3 V()] —an(z) <0 ae. z€Q VneN;

(#i) there exist R > 0, 7 > 0 and a nonnegative measurable (in the first variable)
function g :  x ]0,7] — R such that following conditions hold:

- for every n € N, for almost every x € €, for every 6 € |0, 7] and for
every ¢ € WH*°([0,4]) with |¢(t)] < R and ((t) € Q for every t € [0, ],
we have

1)
(12) [ 19ane + c(0) di < g,
0
- the map Q 3 z — g(z, ) belongs to L{ () for every § € ]0,7] and
(4.3) / g(x,0) dx 2%
A

for every A CC Q.

Given n € N consider the problem

LVu@) —an(z) =0 in Q

(4.4) Plan, ¢, ) : {u(x) = p(z) on 9%,

and let u,, € o+W, > (Q) be the (maximal) viscosity solution of P(ay, ¢, Q) ensured
by theorem 2 and for which formula 2.1 holds true. Recall from (3.2) that there
exist Ko = Ko(A,¢,Q) and K; = (24)2 such that

(45) Hun”Loo(Q) < Ky, ||Vun\|Loc(Q) <K; VYneN.

14



Theorem 3. Assume hypothesis 1 and let (u,) be the sequence of mazimal viscosity
solutions of P(an,,Q) introduced above. Then there exists a subsequence, still
denoted by (u,), and a map u € @ + Wy ™(Q) such that u, — u strongly in
WLr(Q) for every r € [1,00[ and

(4.6) Vau, (z) =5 Vu(z) for a.e. z € Q.

Proof.

Step 1: weak limit. Consider the sequence (u,) and observe that it is bounded
in W1°°(€2); hence there exists u € ¢ + WOI’OO(Q) and a subsequence, still denoted
by (u,), such that u, — u in WH>°(Q) and uniformly on Q.

Step 2: notations. Consider A CC {2 open, convex with smooth boundary 0A,
v >0 and A, as in lemma 3. For j € {1,...,d}, 6 €]0,7] and 2/ € A?_l we set

(47) fx; <t75> = g(xla <o 7xj717taxj+1a R 7xd56)7

where we recall from section 2 that A;.l_l is the set of points x; € R4 such that
definition (4.7) makes sense.
Remark that, by point (%) in hypothesis 1 and by lemma 2, we have, for a.e.
z e AT
J i

(4.8) / For (t.8) dt "= 0,

where the integral is performed on intervals of R determined by the direction e;,
the point 2, and the set (.
Now fix j € {1,...,d} and e; € &, vector of the canonical basis of R?; recall
formula (4.5) and, by abuse of notation, write
h = hej, h>0.

Recall from (3.28) the definition of the function G(z,h) = %h% + 2g(z, h?), for
x € Q and h > 0, and apply lemma 4, assuming to deal with points z and x + h for
which formula (4.2) is valid; hence formula (3.26) takes the form

(Vuy(xz + hej) — Vup(x),e5) < 2G(z, h),
(4.9) Dju,(z+ hej) — Djup(x) < 2G(z, h).

Now fix x; € A;kl and, recalling the notations introduced in section 2, introduce
the functions

Un,a! (t) =un(z1, ..., zj—1, 8, Tj41, ..., Zaq).
By this way, for almost every z; € R%~!, we have

/U’;L,CE; (t) = Dj’LLn(iL'l, ey ‘Tj,l,t,ifj+1, ey (Ed),
for almost every t € JQC;_ (A,7), where ng (A,7) is the interval in R for which the
points (1,...,2j—1,t,&41,...,2q) lie in A, for every t € st_ (A, 7). Recalling the
definition (4.7), formula (4.9) takes the form
(4.10) ol (- h) =0 () < BT+ dhfy (¢ h?),

tad] [hadi} J

for h > 0 and for a.e. t for which t,t + h € JI; (A, 7).
15



For the sake of simplicity we omit the dependence on x;-, setting
J=Ju (A7), vn =g, f=far,
and define
(4.11) F(t,h) = % +4f(t,h?).
By this way formula (4.10) takes the form:
(4.12) v (t+h) —v,(t) < F(t,h), h>0,ae t,t+he.l

Step 3: L' estimate of derivatives.

By (4.12), for h > 0 and for a.e. t,t + h € J, we have
Vit + k) =0 (0] < [vl(t+h) =i (6) = F(t. )| + F(t.h) <
(4.13) QMU—%@+M)+%@J)

Now fix & > 0 small and consider the largest subinterval J C Jsuch that J4h C J.
Integrating (4.13) on J, we have, for 0 < h < h,

[0l (t 4+ h) — v, (8)] dt <

1 Yn
J

lévﬂﬂdﬁiévAﬁ+Md4+2/?WLMdt

By a change of variable we write

/u;(t+h)dt=/ vy (t) dt,

J J—h

(4.14)

so that (4.14) gives the following inequality:

[l n vl <
J
2 [ Pyt +200] e [ (G =0V T) i (DN T =)] <
(4.15) 2/fﬁmmu4Km;hgﬁ
J

In formula (4.15, by a change of variable, we may interchange ¢t and t + h, so that
the inequality holds also for h < 0, |h| < h; then, recalling (4.8) and (4.11), we have
immediately that

(4.16) sup/ [v!,(t + h) — vl (t)] dt 200,
n Jj

Step 4: conclusion. The arbitrariness of il, theorem 1 and (4.16) imply that the
sequence (v),) is relatively compact in L!(J) and by lemma 1 we obtain, recalling
step 1, that the sequence (u,,) converges to u strongly in W1!(A.). Since this holds
for every v > 0 we deduce that (u,) converges to u strongly in W!(A). Hence, by
the arbitrariness of A (open, bounded, convex subset of Q with smooth boundary),
we conclude that it converges to u strongly in W11(Q) and also in Wb (Q) for

16



1 <r < oo. In addition, passing if necessary to a further subsequence, we have also
that

n—oo

Vuy(x) — Vu(zx) for a.e. z € Q.

5. EIKONAL EQUATION

Now we apply the results obtained in previous sections to the solution of the
Dirichlet problem P(a, ¢, ).

Theorem 4. Let Q C R? be open and bounded, a € L>()) be a nonnegative
function. Assume that there exists a sequence (ay,) satisfying hypothesis 1 such that

(5.1) lim a,(z) =a(r) a.e e

n—oo

and let ¢ € WH°°(Q) be a map satisfying the compatibility conditions (4.1). Then
there exists a generalized solution of P(a,,Q), i.e. a map u € p + Wol’OO(Q) such
that

1
(5.2) 3 [Vu(z)|]* = alz) ae z e
If in addition
(5.3) a(z) < ap(z) ae xze€Q, VneN,

then the solution u is the unique mazimal element of S(a,p,Q). In particular, if
in addition the map a is assumed to be continuous, then u is the unique viscosity
solution of P(a, v, ).

Proof.

Consider the sequence (a, ), the corresponding Dirichlet problems P(ay, ¢, )
and the sequence (u,) in @ + Wy ™ (Q) of (maximal) viscosity solutions considered
in section 4. By theorem 3 there exists u € ¢ + WOI’OO(Q) such that Vu,, converges
to Vu in L'(Q) and almost everywhere. Hence, by (5.1) and passing to the limit
n — oo in the equation

1
5 V(@) = an (@)

we obtain (5.2).
In order to prove the second part, recall definition 2 and observe that condition
(5.3) implies that
S(a, ¢, ) C S(an, v, Q) VYneN.
Hence, calling u the maximal element of S(a, ¢, ), we have necessarily u < u,, on
) for every n € N. On the other hand (5.2) implies that u € S(a, ¢, ), so that

u(z) <u(z) <up(z) ae xzeQ, VnelN

Since u,, converges uniformly to u on Q, the thesis is achieved. The last assertion
is a trivial consequence of theorems 1 and 2 in [15].

O
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