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Non-well-ordered lower and upper solutions
for semilinear systems of PDEs

Alessandro Fonda, Giuliano Klun and Andrea Sfecci

ABSTRACT. We prove existence results for systems of boundary value
problems involving elliptic second order differential operators. The as-
sumptions involve lower and upper solutions, which may be either well-
ordered, or not at all. The results are stated in an abstract framework,
and can be translated also for systems of parabolic type.

1 Introduction

We consider a boundary value problem for a system of the type

Lu, = Fy(z,uq,...,upy) inQ,
Bu, = 0 on 990, n=1,...,M.

Here, Q is a regular bounded domain in RY, and the differential operator
L:W2(Q) — L"(Q) is of elliptic type:

(Lw)(z) == Y awm(@)d,, wiz) + Z ai(2) 0y w(x) + ao(z)w(w),

with a; € L>®(Q), for i = 0,..., N and a, € C(Q), ayn = apy, for I,m =
1,..., N, with the assumption that there exists a > 0 such that
N

Z am (2)66 > al|€|*,  for every (z,€&) € Q x RV,

I,m=1

We may assume without loss of generality that ag > 0. We take r > N, so
that W27 (Q) is compactly imbedded into C*(Q2). The function F : Q x RM —
RM is assumed to be L"-Carathéodory. Concerning the boundary operator
B: CHQ) — C(09Q), assume that 95 is the disjoint union of two closed sets
[’y and I'y (the cases 'y = @ or I'y = @ are admitted), and take

on Fl,

w
Bw := N
Z bi(2)0p,w + bo(x)w on I'y.
i=1
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Here b; € CH(0R), for i =0,..., N, and there exists b > 0 such that
N —
bo(x) >0 and Z bi(x)v;(x) > b, for every z € 0N).
i=1

The vector v(z) = (v1(x),...vy(x)) is the unit outer normal to Q at z € 0S.
The boundary condition on I'y is the (homogeneous) Dirichlet condition and
the one on I'y is the (non-homogeneous) regular oblique derivative condition.

We want to ensure the existence of a solution of problem (P), i.e., a function
u € W?7(Q) satisfying the differential equation almost everywhere in 2 and
the boundary condition pointwise. A function with these properties is usually
called “strong solution” in the literature. This will be done by introducing the
concepts of lower and upper solutions in this setting.

For simplicity we do not consider nonlinearities depending on Vu, but
our results can be adapted to such a situation, by adding a Nagumo type
assumption. Moreover, our choice of taking the same differential operator and
boundary conditions for all components has the same aim of simplifying the
exposition, and our arguments are also suited to a more general setting.

We will follow a semi-abstract approach like the one in [10], which has
the advantage of clarifying the main features needed in order to obtain the
existence result. In this way, slight modifications lead to similar results for
different problems. For example, differential operators of parabolic type may
also be considered, assuming different types of boundary conditions, like in [8,
10].

The theory of lower and upper solutions for scalar equations has a long
history (see [5] and the large bibliography therein). In particular, concerning
the problem of non-well-ordered lower and upper solutions, we refer to [3, 6,
12, 13, 14]. An abstract approach to the theory of lower and upper solutions
has also been proposed in [1, 2]. Fewer results are known for systems. We refer
to [15, Chapter 8] for systems of elliptic or parabolic equations, where some
type of monotonicity is assumed in order to get the existence results.

The paper is organized as follows.

In Section 2 we introduce the abstract setting, and we provide an existence
result in the case of well-ordered lower and upper solutions. This is the ana-
logue, in the setting of PDEs, of a result obtained in [4] for periodic systems

of ODEs.

In Section 3 we consider non-well-ordered lower and upper solutions and we
state our main theorem, whose proof is provided in Section 5. We emphasize
that we do not need any monotonicity assumptions on our nonlinearities.

In Section 4 we give some illustrative examples of applications, and com-
ment on some possible extensions of our result in different directions.



Finally, in Section 6 we show how to adapt our main theorem to systems
involving differential operators of parabolic type.

2 Well-ordered lower and upper solutions

2.1 The abstract setting

Let Q be a bounded domain in R, and denote by W (f2) a Banach space of
real-valued functions which is continuously and compactly imbedded in C*(Q).
Assume that £ : W(Q2) — L"(Q) is a linear operator, with » > 1, and B :
CY(Q) — C(09) is a linear and continuous operator. We are concerned with
the boundary value problem

{ Lu, = Fy(z,uq,...,upy) inQ,

(P) n=1,...,M.

Bu, =0 on 0f2,

The function F : Q x RM — RM is L"-Carathéodory, i.e.,
(i) F(-,u) is measurable in Q, for every u € R¥:
(it) F(x,-) is continuous in RM for almost every x € Q;
(tii) for every p > 0 there is a h, € L"(2) such that, if |u| < p, then

|F(z,u)] < h,(x) forae xell.

We now introduce our abstract assumptions.
Assumption 1. If w € W(Q) is such that

minw <0, and Bw >0,
)

then there is a point xy € Q with the following properties:
(Z) 'UJ(.]?O> < O;

b) there is no neighborhood U of xo such that (Lw)(z) > 0,
for almost every x € U N .

Remark 1. Concerning the elliptic operator, we take W(2) = W27 (Q) with
r > N. Assumption 1 is a consequence of the Strong Maximum Principle (see,
e.q., [10, 11, 16]).

Let us introduce the subspaces
Cy(Q) = {w e C*(Q) : Bw = 0}, Wgs(2) = {w e W(Q): Bw =0},

endowed with the norms in C'(Q2) and W (€2), respectively. These are Banach
spaces, since the operator B is assumed to be linear and continuous. We will
denote by Lg: Wi(Q2) — L"(Q2) the restriction of £ to Wp(2).
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Assumption 2. There is a 0 < 0 such that Lg — ol : Wg(2) — L"(2) is
wnvertible and the operator
(Lp—ol)™': L7(Q) — W5(Q)
1s continuous. Here, I denotes the identity operator.
Remark 2. For the elliptic operator, any constant o < 0 can be taken.

We will write any u € [Wi(Q)|™ as u = (uq,...,up). Let L: [Wg(Q)M —
[L"(Q)]M be defined as

(Lu)(z) = ((ﬁgul)(x), o (L'BuM)(x)) ,

and let us introduce the nonlinear operator N : [C(Q)]M — [L"(Q2)]M, defined
by

(Nu)(z) = F(z,u(z)) .
It is readily seen that N is continuous and maps bounded sets into bounded
sets. Our problem (P) can then be rewritten as

Lu = Nu.
A solution of problem (P) will be a function u € [Wg(Q)]™ which satisfies this
equality in [L"(Q)]™, hence almost everywhere.

If o is the number given by Assumption 2, problem (P) is equivalent to the

fixed point problem
u=Su,
where the operator _ B
S [Cp" — [Ca()]Y
is defined by
Su=(L—ol)"Y(Nu—ou).

Since (L —ol)™" : [L"(Q)]Y — [W(Q)]* is continuous and [W ()™ is com-
pactly imbedded in [C*(Q2)]™, we have that S is completely continuous, so that
we can use Leray-Schauder degree theory.

2.2 An existence result

Let us introduce the concept of lower and upper solutions.

Definition 3. Given two functions o, 3 € [W(Q)M, we say that (a, ) is a
well-ordered pair of lower/upper solutions of (P) if a < 8 and there exists a
negligible set N C Q such that

Laj(z) < Fj(z,ur, ... uj_1, (), Ujg1, ..., Un),
‘C/Bj(x) Z F’]‘(.T,U,l, s 7uj—176j(m)7uj+17 SR 7UM)7
BOéj S 0 S Bﬁj,

for every j € {1,...,M} and (x,u) € (Q\ N) X H%zl[am(x),ﬁm(x)].
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Here is our result, in the well-ordered case; it generalizes [4, Theorem 4.1].

Theorem 4. Let Assumptions 1 and 2 hold true. If there exists a well-ordered
pair of lower/upper solutions (a, (), then problem (P) has a solution u such
that o < u < .

Proof Let us define the functions
aj(z) if s <aj(x),

vi(z,8) =4 s if a;(z) <s < p;(z),

pi(x) ifu> Bi(x),
and the function
[(z,u) = (n(z, ), ..., vz, un)) -
Consider the auxiliary problem

j=1,...,M.

- Luj —ou; = Fj(x,T'(z,u)) —ov;(z,uy) inQ,
(P) Bu; =0 on 0f),

The remaining part of the proof is divided in two steps.
Step 1: Problem (P) admits a solution.
Let us introduce the operator N : [C(Q)]M — [L"(2)]M defined by

(Nu)(z) = F(x,T(2,u(z))) — ol'(z,u(x)).

One can see that N is continuous and has a bounded image. Problem (P) is
equivalent to the fixed point problem

u=Su,
where the operator S : [C5(Q)]M — [CE(Q)]M is defined by
Su=(L—-ol)'Nu.

We have that S is completely continuous, and its image is bounded. By

Schauder Theorem, it has a fixed point, hence problem (P) has a solution.
Step 2: Every solution u of (P) is such that o < u < 3.

Let us prove that o < u. Set v = u — «, and assume by contradiction that
minv; < 0, for some j € {1,...,M}. Since Bv; = Bu; — Ba; = —Ba; > 0,
by Assumption 1 there is a point zy € 2 such that v;(xg) < 0, and there is no
neighborhood U of zy such that Lv; > 0, almost everywhere on U N€2. On the
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other hand, as v;(xg) < 0, there is a neighborhood V' of z, such that v; < 0
on VN, ie, u; <ojonVNEQ Hence,

Ll}j = E’LL]' — LOéj
= F}(SC,F(SC,U)) - U(fyj(xauj) - uj) - ‘C&j

= Fj(x, (71(%“1), coag(T), . ,’)/M(iL',UM)) —o(oj —uy) — Loy
>ov; >0,

almost everywhere on V' N2, a contradiction. In a similar way it can be shown
that u < 3.

Hence, every solution u of (P) solves (P), and the proof is completed. [J

2.3 Computation of the degree

In the following, for any two continuous real-valued functions v, w, we write
v<w < ov(@)<w(r), forevery z €.
Let us consider the sets
Cp-(Q) ={weC'Q): Bw <0}, Ci(Q)={weCQ): Bw>0},
endowed with the norm in C*(Q).
We now introduce a further assumption.

Assumption 3. A relation v < w is defined in C*(Q), with the following
properties:

v < w = 1<w = viw,

[(v<w and w2z = vLz,

(v<w and w<z] == <Lz,

T w = v+zKLw+ 2z,

[¢>0 and v<Kw] = w<cw,

for every v,w, z € CY(Q)) and every real constant c. Sometimes, we will write
w > v instead of v K w. Moreover, we assume that the set

{we Ch () : w < 0}

is open in Cy_ (Q) or, equivalently, that the set {w € C. () : w > 0} is open
in Cg ().

Notice indeed that w > 0 if and only if —w < 0. As a consequence of
Assumption 3, one has that the sets

{fweOx(Q):w< 0} and {weCi(Q):w>0}
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are open in C(2). Notice also that the closures of these sets are contained in
{fwe i) :w<0} and {weCxQ):w >0},
respectively.

Remark 5. For the system with the elliptic operator, we will write v < w if
the following two conditions hold:

a) for every x € Q, v(z) < w(x),
b) for every x € 092, either v(x) < w(x), or
v(r) =w(zr) and O,v(r)> dw(x).
Here, v denotes the outer unit normal to O at the point x.
If the two functions v, w have values in R?, for any dimension d, then we

write

< <
{v_w < Um = W, for every m € {1,...,d}.

VLW & Uy <L Wy,

Definition 6. A well-ordered pair of lower/upper solutions («, ) is said to be
strict if o < B, and any solution u of (P) satisfying o < u < (8 is such that

aLuLf.
If (a, B) is strict, then the set
U ={u € [CoQ" 1o < u < B}

is open in [C5(Q)]M, by Assumption 3. Moreover, if u is a fixed point of S
in U(aﬁ), then o < u < 8 and, by the strictness hypothesis, u € U, 5). So,
there are no fixed points of S on the boundary of U, gy, and we can define the
Leray-Schauder degree

deg (I — S, Z/{(a’g)) .

Theorem 7. Let Assumptions 1, 2 and 3 hold true. If there exists a strict
well-ordered pair of lower/upper solutions («, 5), then

deg ([ — «5, Z/{(a’g)) =1.

Proof Going back to the proof of Theorem 4, any fixed point u of g_is such
that & < u < 3, and it is a fixed point of S. Hence, all fixed points of S belong
to U(a,p), and since § and S coincide on U, gy, we have

deg (I =S, Unp) =deg (I =S, Unp)) -

By Schauder Theorem and the excision property of the degree, taking R > 0
large enough, we have

deg (I =S, Unp) =deg (I -8, B(0O,R)) =1,
thus ending the proof. [



3 Non-well-ordered lower and upper solutions

We will say that the couple (7, K) is a partition of the set of indices {1, ..., M}
if and only if 7NK = @ and JUK = {1,..., M}. Correspondingly we
can decompose a vector u = (uy,...,up) € RM as u = (ug,ux) where
uy = (uj)jer € R¥ and ux = (ug)rex € R¥F. Here #J and #K de-
note respectively the cardinality of the sets J and K. Also every function
F: A— RM can be written as F(z) = (F7(z), Fic(z)) where F7 : A — R#J
and Fi : A — R#*,

Definition 8. Given two functions o, 3 € [W(Q)M, we say that (o, ) is
a pair of lower/upper solutions of (P) related to the partition (J,K) of
{1,..., M} if the following four conditions hold:

1. g S 6[7;
2. ay £ B, for every k € IC;
3. there is a negligible set N C Q such that

ﬁan(x) S Fn(w7u17 cee aun—han(m))un—‘rl) s 7U'M)7
‘Cﬁn(x) Z Fn(a:,ul,. .. 7un—176n<x)7un+17- .. aU'M)7

foranyn € {1,..., M} and every (x,u) € £, where
E = {(a:,u) € (Q\N) xRY : u= (uy,ux),uy € H[ozj(:p),ﬁj(x)]}.
JjeT
4. Ba, <0< Bg,, for everyn € {1,...,M}.

Definition 9. The pair («, 5) of lower/upper solutions of (P) is said to be
strict with respect to the J-th component if oy < S5 and, for every solution
u of (P) we have

a7 <us<f;s = ar<Lus<Lfs;

it is said to be strict with respect to the k-th component, with k € K, if for
every solution u of (P) we have

Up = = Up > Qy,
up < B = wp < B
We need to introduce some further assumptions.

Assumption 4. There is a number \; > 0 and a function v € Wg(Q2), with
w1 > 0, such that
ker(Lg — M) = {cp; : c € R}.

We will assume that max ¢, = 1.
Q



i&“.

Remark 10. The existence of a “first” eigenvalue N\ with the required prop-
erties is standard in the elliptic case, where the spectrum is made of isolated
eigenvalues Ay < Ao < A3 < ..., all contained in [0+ oo, cf. [11, 16].

Lemma 11. Let Assumptions 3 and 4 hold. Given a bounded set A in W (),
there is a constant C4 > 0 such that, if w € A satisfies Bw < 0, then w <
Cup1, and if w € A satisfies Bw > 0, then w > —Cyp1.

Proof See [10, Lemma 4.1]. O

Definition 12. A pair of functions (¢, V) € L"(Q) x L™(Q) is said to be
admissible if it satisfies v < Ay < U almost everywhere in 2 and, for every
q € L"(QQ), with ¢ < q <V almost everywhere in ), if w is a solution of

{Ew =q(z)w in Q,

(Piin) Bw =0 on 0f,

then, either w =0, or w < 0, or w > 0.

Remark 13. For a self-adjoint elliptic problem, the above property of the
couple ¥,V is satisfied, e.g., if U < Ao (the second eigenvalue), with strict
inequality on a subset of positive measure (cf. [13]).

Lemma 14. Let Assumptions 2, 3 and 4 hold. Given an admissible pair of
functions (1, V), there are two positive constants ¢y, v and Cyy such that, for
every q € L™(QQ), with ¢ < q < U almost everywhere in Q, if u is a solution of
(Pin), then

cpwllullepr < Jul < Cpullullepr .

Proof See [10, Lemma 4.3]. O

Assumption 5. There is a function ¢y € W () such that

4 := min g > 0, Log>0 and Bpyg>0.
Q
We will assume that max gy = 1.
Q

Remark 15. In the applications to the elliptic case the function o can be
taken constantly equal to 1.

Here is the main result of this paper.

Theorem 16. Let Assumptions 1-5 hold true. Let («, 5) be a pair of lower/up-
per solutions of (P) related to the partition (J,K) of {1,..., M} which is
strict with respect to the k-th component, for every k € IC, except at most one.
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Assume that there exist two L"-Carathéodory functions f, g : Q x RM — RM
with the following property: for every k € K,

Fie(z,u) = gr(x, w)ug + fr(z,u),

and there is an admissible pair (Y, Vi), and a function hy, € L"(Q2) such that
Yr(z) < gr(r,u) < Wi(z)  and  [fir(z,u)] < h(z),

for almost every x € Q and every u € RM. Then, problem (P) has a solution u
such that

Ws) ag <uy < Bg;

(NWk) ar € u and uy, &K By, for every k € K.

4 Examples and remarks
As an illustrative example, consider the Neumann problem

—Auy = |ug|7sinug + wq (2, uq,uz)  in Q,
—Auy = +arctan us + wo(x, uy,uz) in

@,,ul = a,,U,Q =0 on 0f).

Here ~ is any positive exponent, and ws,ws : Q x R? — R are continuous and
bounded functions, with

— T
|wa||oo := sup {|w2(x,u1,u2)] cx € QO up,uy € R} < 5

Applying Theorem 16, we obtain the existence of infinitely many solutions
u = (ug, us). Indeed, it is sufficient to choose the constant pairs of lower /upper
solutions (a, 3), with

3
o= (g+2mﬂ,in), 8= (77T+2m7r,:|:n>,

for sufficiently large positive integers m,n. Notice that these will be well-
ordered if the minus sign appears in the second differential equation, otherwise
non-well-ordered in the second component.

As a second example, we consider the mixed Dirichlet-Neumann problem

—Auy = —uf + fi(ug) + wi(z, uy, ug,uz) in Q,

—Augy = — arctan ug + wsy(x, uy, ug, us) in Q,

—Aug = arctan ug + ws(z, uq, ug, u3) in Q,
ur =0, O,us =0,u3=>0 on 0.
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Here f, : R — R is any continuous function, and wy, ws, w3 : Q x R?® — R are
continuous and bounded, with

m s
lwslle < 20 gl < 3

Applying Theorem 16, we obtain the existence of at least one solution, taking
the constant pairs of lower/upper solutions («, 3), with

o= (—m,—n,n), b= (m,n,—n),

for a sufficiently large positive integer n and m = m(n). Indeed, it is sufficient
to fix n > tan(max{||ws||s, ||ws]|s }) and

m > (max{|f1(s)| :s € [-n,n]} + ||w1||oo>l/3.

Remark 17. All the results of this paper hold if the nonlinearities depend

also on the gradient Vu, provided that a Nagumo-type condition s assumed.
See [10] for the details.

Remark 18. Asymmetric nonlinearities can also be considered, as in [13, 6,
10]. We do not enter into details, for briefness.

Remark 19. Concerning a system with a p-Laplacian differential operator,
some difficulties may arise. If we consider, e.g., the associated Dirichlet prob-
lem, then the inverse function (L — ol)™' transforms any h € L>®(Q) into
(L —ol)™'h € Wy P(Q) N CY¥(Q), for some v > 0, and this function might
not have regular second order derivatives. In [6], this problem is overcome by
defining lower and upper solutions in a weak form, and carrying out the same
construction as for the linear case. A similar procedure can also be practiced
m our situation, leading to an existence result analogous to Theorem 16.

Remark 20. The periodic problem for a system of ordinary differential equa-
tions has been treated in [9]. Infinite-dimensional systems were also considered
there. It is an open problem whether it could be possible to extend the results
of the present paper to an infinite-dimensional setting.

5 Proof of Theorem 16

Notice that the case K = & reduces to Theorem 4. We thus assume K # @
and, without loss of generality, we take either 7 = @, or J = {1,...,J} and
K={J+1,...,M} for a certain J € {1,..., N}. We moreover suppose that
the component on which the lower/upper solution is possibly not strict is the
last one, i.e., k = M. Indeed, mixing the coordinates we can always reduce to
such a situation. We continue the proof in the case J # &. (The case J = @&
can be treated essentially in the same way.)

11



We need to suitably modify problem (P). For j =1,...,J we define

Gj<.T,U) = F}'(QJ,”}@(I’,U&), cee ,’}/J<LU,UJ),UJ+1, cee 7UM) +U’J - O")/j(.CC,'U/j),

where the functions 7; are the ones introduced in the proof of Theorem 4.

Using Lemma 11 and the fact that a; and gy are bounded, we can find a
constant ¢ > 0 such that, for k € K,

—cpr—c<op <cpr, —cpr <P <cp+ec.

For any k € K and A > 0 large enough, to be fixed, we define

At if up < —(Api(x) + %900(95)),
gr(z,u) = ¢ ge(w,u) if Jug| < Api(2) + Soo(2),
L )\1 if Uk 2 AgOl(ZE) + %@0(1‘) s

( 3cA:L+1 if u, < —(Api(x) + 2;6900(95)):

fe(w,u) = ¢ felz,u) A ue] < Api(z) + So(2)

\ —% if ukZAgol(x)—i-%gOg(x),

(here, the dots mean “linear interpolation”), and
Gr(z,u) = gr(z, w)ugp + fr(z,u) .

We consider the problem

(Py) n=1,....,M.

Lu, = Gp(x,uy,...,up) in Q,
Bu,, =0 on 02,

Proposition 21. If u is a solution of (ﬁA), for any constant A > 0, then
(07%4 S Ug § ﬁj.

Proof It is easily adapted from Step 2 of the proof of Theorem 4. ]

We define ax and B;C by setting ay = —(Ap; + %%) and Bk = Aoy + %9007
for every k € K. Notice that, taking A > c,

ax < ax < P, ax < P < P
Finally, we choose & = (a7, i) and B = (/BJ,B]C).
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Let us prove that (&, B) is pair of lower/upper solutions of (IBA) We have
not modified the components of a7 and 87, so we just need to check what
happens for ax and . For every k € K we have

36)\1 ~

. wo(x) < gi(w, a(z))an(x)+fi(z, a(z))

Lag(x) < —=ANor(z) = Mag(x)+

and Bay, = —%Bsﬁo < 0. Similar computations can be done for ;. So, (&, 5)

is pair of lower/upper solutions for (IBA)

Let us prove that (&, B) is strict with respect to the k-th component, for
every k € K. Let u be a solution such that u, > &;,. We want to show that
ur > . By contradiction, let vy = up — &g be such that minv, = 0. Let
Zp = U — ﬁcpo, so that min z;, < 0 and

2
Bz, = Buy, — Bay, — <Boy = By > 0.
1t 1t

By Assumption 1 there is a zp € 2 such that zx(z9) < 0 and there is no
neighborhood U of xy on which (Lzg)(z) > 0, for almost every x € U N . By
continuity, there is a neighborhood V' of xq on which 2, < 0. So, on V, we
have that u, < &y + ﬁcpo, and so

Lo = Lup — Léy — 55%

3ch +1 2
= <)\1uk + Cl—) + A1 + ;05800

> <)\1dk + 3C)\l——i_1>

3c\ 3ch +1
=gt —" >
Il u

+ ANy

0,

a contradiction. Similar estimates can be written for Bk, so we conclude that
the pair of lower /upper solutions is strict with respect to the k-th component.

Let X be the subset of [W(€2)]™ made of those solutions u of (Py), for any
A > ¢, satisfying ax € ux and ux € k.

Claim. There exists a constant C; > 0 (independent of A) such that, for any
u € X, one has |ug| < Cryy, for every k € K.

Proof of the Claim. We first prove that there is a constant X" > 0 (independent
of A) such that, for any u € X, one has ||uglloc < K, for every k € K. By
contradiction, let (u™)™ be a sequence in X, such that ||u}|« — oo, for some
k € K. Let us now fix such k € K.

13



We know that u" is a solution of (Py,), for some A, > ¢. Let us denote
by gp and f;' the corresponding modified functions. Then w} = u}/||u}~
satisfies

Lol () = g (@) (z) + e ]

n—f,?(m,u”(x)) , Buwp=0.
[Jui oo
Let us consider the set of functions

Dy={pe L"(Q): Yp(z) < p(x) < Wi(x), forae zeQ},

which is bounded, closed and convex, hence weakly compact. Since the se-
quence (g (-,u"(+))), belongs to Dy, up to a subsequence it weakly converges
in L"(92) to some ¢(-) € Dy, while

fi(z,u™z) =0 in L7(Q).

[ ]oo

Let N : CL(Q) — L"(Q) be defined as

(Niw)(x) = iz, u" (@) w (@) + o il (2, u" (7).

[l oo

Let o € R be the number given by Assumption 2, and let SP : C4(Q) — CL(Q)
be defined as B B
Stv = (L —ol) Y (Njv — ov).
Notice that _
wy, = Spwy, .
Since (N'w} — ow?),, is bounded in L"(€) and (L — o)~ : L"(Q) — Cj(Q)
is compact, there is a w € Cg(€) such that, up to a subsequence,

Spwp = (L — o) {(Nfw! — ow}) —w  in CH(Q).

Hence, w} — w in C}(Q). Since Njw} — ow} weakly converges to ¢(-)w — ow,
we conclude that

w=(L—al) g(Jw—ow),
so that w € W(£2) and

Lw = q(-)w,

i.e., w satisfies (Pj,). Then, either w = 0, or w < 0, or w > 0. Since
|lwi|leo = 1, for every n, we know that w # 0. Assume for instance w > 0
(the case w < 0 is similar). By Lemma 11, there is a constant ¢ > 0 such
that oy, < épp1. By Lemma 14, w > ¢y, w01 > (Cy, 0, /2) 1, since o1 > 0,
by Assumption 2. So,

Copye, U, > Copye, Ty,

w > =y = by
o P1Z Tgn kOl
By Assumption 3, for n large enough, w}® > by, and increasing n still more,
up = ||Jup||cow} > ||uf||ccbrr > i, a contradiction.
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We have thus seen that X, the projection of the set X on the K-th com-
ponent, is uniformly bounded. Now recall that problem (Py) is equivalent to
a fixed point problem

u=(L—ol)" (Nu—ou).

By Assumption 2, we deduce that Xj is indeed bounded in [W(Q)]**. Then,
by Lemma 11, we find a constant C; > 0 such that |ux| < Ci¢y, for every
k € K. The proof of the Claim is thus completed. [

From now on, we fix A > (. We are going to compute the Leray-Schauder
degree of I — F on a family of open sets, where

F: [C’é(ﬁ)]M — [C’é(ﬁ)]M, F(u) = (L — a])*l(f\/fu —ou).
Let us define the functions

aj=a;— o, and fB; =5+ o,

for every j € J.

We need to introduce a multi-index 7 = (ny1,...,m70m) € {1,2,3}7 in
order to define the open sets

Q= {u € [CEIM : a7 < uy < B7 and (O}F) holds for every k € K},
where
(0h) an < ux < B,
(OF) an < up, < B,
(O) ap < up < By

We now end the proof of Thoerem 16 assuming first that the lower/upper
solutions are strict with respect to all the components k € K.

Proposition 22. For every multi-index 7j, the degree d(I — F,Qy) is well-
defined, and

(I —F,Qz) =1.
Proof Assume by contradiction that there is u € 0 such that (I — F)u =0,
i.e., u is a solution of (15,\) All the several different situations which may arise
lead back to the following four cases.
Case A. For some index j € J, &; < u; < Bj, and either &; &« uj, or
u; K Bj. We have seen in the proof of Theorem 4 that o; < u; < 3;. Since
o > 0, by Assumption 5, we then have &; < u; < Bj, hence ¢; < u; < /Bj, a
contradiction.

15



Case B. For some index k € IC~, ap < < Bk, and either ay & uyg, or ug K Bk
This is impossible, since (&, 3) is strict with respect to the k-th component,
for every k € K.

Case C. For some index k € K, ap < up, < S, and ug € Gi. Such a situation
cannot arise, by assumption.

Case D. For some index k € IC, oy, < up <K Bk, and oy & ug. Such a situation
cannot arise, by assumption.

Since the sets 27 provide us a well-ordered pair of strict lower /upper solutions
of problem (Py,), the conclusion is a consequence of Theorem 7. O]

We now start an iterative process, defining a series of open sets and com-
puting the corresponding degrees. This process will eventually lead us to the
conclusion.

For every ¢ € {1,2,3} and any 7 = (n42,...,70) € {1,2,3}M=U+D  we
now define the open sets

Q( 0m) — Q(f NJ+25e0M)

Notice that Q?z 7 and Q?S 5 are disjoint subsets of Q) . We also define the
open set

9(477 — Q?Lﬁ) \ Q U QO

(3,7)

Proposition 23. For every multi-index 1], the degree d(I — F, 9?4777)) is well-
defined, and
d(I — F, Yy) = —1.

Proof Using the fact that the sets Q(()é’ﬁ) are open, for £ = 1,2, 3, we can see
that

ONWy.7) € O, iy U Oy 7 U Oy 1
Since we already know that there are no solutions of (PA) on 89 (0.7 for £ =

1,2,3, we consequently have that there are no solutions of (PA) on 8(2((’4 )
hence the degree is well-defined. By the additivity property of the degree and
Proposition 22,

d(.[ - F, 9?477—]')) - d([ - F, Q?Ivﬁ)) - d(.[ - F, 9?2777)) - d([ f 9(3,,7 ) —1,

so that the proof is completed. [

Now, for every £ € {1,2,3} and any 7 = (943, ...,70) € {1,2,3}M-/+2),
we define the open sets
1
Qe = Sk

47£7”7J+37"'777M) :
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Notice that Qé’ﬁ) and 9%3 _are disjoint subsets of Q! We also define the

) (L7
open set
1 _ 0l 1—1
Qi = L \ Lo U -
Proceeding by induction, for K € {0,1,... ,M— (J+1)}, any £ € {1,2,3} and
any 7= (Nyixio,---,Mu) € {1,2,3}~U+E+D) we can define the open sets

K _
Q(fﬁ) - Q(4v~'~74’éy77J+K+2 ~~~~~ )

K times

Notice that QK and ng _are disjoint subsets of QX .. We also define the

2,17) (3,7) (19"
open set
K _ OK K
Qi = Ap \ o Y Q0 -

Proposition 24. For every K € {0,1,..., M —(J+2)} and every multi-index
77, the degree d(I — F, Qﬁﬁ)) is well-defined, and

d(I - F,Qf ) = (~1)%*.

Proof We proceed by induction. The validity of the statement for K = 0 fol-
lows by Proposition 23. Assume that it holds for some K € {0,1,..., M —(J+
3)}. The same argument in the proof of Proposition 23 shows us that the degree
is well-defined. Then, for every 7= (Nyyxts,...,nn) € {1,2,3}M-J+E+2),

d(I - F. Qi) = d(I — F.Qf ) —d(I — F, Q) — d(I — F.QfH)

(1,7) (3,7)
_d([ ‘FvQ 4, 4 LN K43 T]M))_
——
K+1times
- d(] - "T7Q(47 s 42Kk, 7]1\/[)) - dU - "raQ(47 s 43 My K43, 77M))
N——r N——
K+1times K+1times

= d<I - f7Q(47---,4,4,17771+K+3 77M))_
——

-----

K times
- d(] - F, Q(4a~--747472777J+K+3 ,,,,, 77M)> - d(I - F, Q(4v~-'747473777J+K+3 ~~~~~ "IM))
—— ———

K times K times

=d(I — ]-"941,]) d(l — F, 9(4277)) d(l — F, 9437])
— (_1>K+1 o (_1)K+1 o (_1)K+1 — (_1)K+2

)

yielding the conclusion. ]
By the previous proposition, in the special case K = M — (J + 2) we have
that for every ¢ € {1,2, 3},

[ —
M—J—2times

We now consider the set

Qu,aa) = Qapa0) \ Qaya,2) U, a3) -
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By the same argument as above,

-----

As a consequence, there exists a solution u of problem (ﬁA) in the set Q4 4.
Recalling the above a priori bounds, we see that the solution u is indeed a
solution of problem (P) and satisfies (W) and (NWy). The proof is thus
completed, in the case when the lower/upper solutions are strict with respect
to all the components k € K.

If the lower /upper solutions are not strict with respect to the M-th com-
ponent, the previous propositions all continue to hold provided that n,, = 1,
but we cannot ensure that the degree is well-defined if 1), = 2 or ny; = 3. We
thus have that

d(I = F, Q. an) = (1)M 7+,

and there are two possibilities: either, there is a solution of problem (ﬁA) on
04, 42) U0V, . a3), or the degrees d(I —F,Qa,. a2)) and d(f —F, Q.. a3))
are well-defined, and we conclude as above. O

6 The parabolic case

In this section we briefly describe how our results can be adapted to the study
of systems of parabolic type. For the details, we refer to [10, Section 7].

Let © be a bounded domain in RY with a C?-boundary 9. Given T > 0,
set Q = Qx |0, T[. Taking r > N + 2, we define the operator £ : W>(Q) —
L™(Q) as follows:

N N
Lw = Oyw — Z m (2,1)02 5, w + Z a;(x, )0, w + ap(z, t)w .
lm=1 i=1

Here ap, € C(Q), aim = i, Gim(7,0) = ayn(x,T) in Q, for ,m=1,..., N,
there exists @ > 0 such that

N
Z alm<x7t)£i5j Z &HSH27 fOI‘ every ($7t7€) € @ X RNa

I,m=1

and a; € L*(Q), fori =0,...,N.

Assume that 0 is the disjoint union of two closed sets I'; and I'y (the
cases 'y = @ or I'y = & are admitted). Let 75 be the operator defined by

(tsw)(z,t) = w(z,t+ s),
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and consider the boundary operator B : C*(Q) — C(0Q) defined as

(v on Ty > [0, 77,
N
Buw — ;bi(x,t)&ciw + bo(z,t)w  on Ty x [0,77,
w — TTWw in Q x {0},
{ T-nW — W in Qx{T}.

Here b; € C* (092 x [0,T1), bi(x,0) = b;(z, T) in 9Q, for i = 0,..., N, and there
exists b > 0 such that

N
bo(z,t) >0 and Zbi(x,t)yi(x) >b, forevery (z,t) € 9Qx]0,T].

i=1
We thus have Dirichlet-periodic conditions on I'y, and Robin-periodic on I's.

We can deal with the problem

{ﬁun:Fn(x,t,ul,...,uM) in Q,

Bu, =0 on 90 . n=1,...,M.
Also in this setting our choice of taking the same differential operator and
boundary conditions for all components has only the aim of simplifying the
exposition. A solution of problem (P) is a function u € W?2!(Q) which satisfies
the differential equation almost everywhere in () and the boundary conditions
pointwise. A function with these properties is usually called “strong solution”
in the literature. All the existence results of this paper can be adapted to this
situation. See [10] for the verification of the corresponding Assumptions 1-5.

As a final example, we can consider the system of the mixed Dirichlet-
periodic and Neumann-periodic problem

Oy — Auy = —ud + wy(x, t, uy, us) in @,
Oyug — Aug = arctanug + wo(x,t,uy,us) in @,
up =0, Ous =0 on 082 x [0,7T7,

ul(xao):ul(xaT)7 u2($,0):u2($,T> OHQ'

If wy,wy : Q@ x R? = R are continuous and bounded, with |ws|s. < 7/2,
we obtain the existence of at least one solution, taking the constant pairs
of lower/upper solutions («, ), with « = (—=m,n) and 8 = (m,—n), for
sufficiently large positive integers m and n.
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