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Effective Non-linear Dynamics of Binary
Condensates and Open Problems

Alessandro Olgiati

Abstract We report on a recent result concerning the effective dynamics for a
mixture of Bose-Einstein condensates, a class of systems much studied in physics
and receiving a large amount of attention in the recent literature in mathematical
physics; for such models, the effective dynamics is described by a coupled system
of non-linear Schodinger equations. After reviewing and commenting our proof in
the mean-field regime from a previous paper, we collect the main details needed
to obtain the rigorous derivation of the effective dynamics in the Gross-Pitaevskii
scaling limit.
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1 Introduction

Bose-Einstein condensation is the physical phenomenon according to which a
macroscopic number of bosons collapse onto the same quantum state. This was
first predicted theoretically in the 1920s and then widely studied both in physics
and mathematics in the later decades; the topic received a further strong boost since
the mid 1990s, when the first condensates were produced in experiments.
Mathematically, to a system of N identical bosons is associated the Hilbert space
L>(R3)®»mN and states are positive trace-class operators yy on such space, with
unit trace. The notion of condensation is appropriately described in terms of the
corresponding one-body reduced density matrix, or one-body marginal,

)’1£/l) = Try—1yn, (1)
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where the degrees of freedom 2 to N are traced out; the operation Try—; in (1) is
called the partial trace. Thus, given a N-body density matrix yy of the system, and a
pure state u € L*>(R?), one says that yy exhibits complete asymptotic condensation
on the condensate wave-function u if
lim yy = |u){ul. )
N—00
Since the limit in (2) is a rank-one projection, weak convergence implies trace-norm
convergence, and thus, the limit can be considered in any of such topologies.
Within this framework, a problem naturally arising is the proof of persistence
of condensation under the dynamics generated by some many-body Hamiltonian.
Thus, given a time-evolution governed by Hy, and the flow

J/N — )/N,I‘ — e_irHN)/NeitHN,
one would like to prove that
1 1
= ool =y = ) Gl 3)

The interest in a result like (3) is manifest: a large system is well approximated
by a single-particle orbital, an object much more manageable in computations and
informative when one-body observables are considered. The price to pay is that in
the limit the interparticle interactions result in a non-linearity, or self-interaction
term; hence, a typical equation for u; is

10, = —Au; + AN (u)us,

where, as said, .4"(.) accounts for the effective two-body potential via a cubic self-
interaction. We refer to the review [3] for a comprehensive outlook on the problem.
It has to be remarked that this class of problems has involved many different
techniques, with tools from operator theory, measure theory and kinetic theory.

2 Two-Component Condensates

A consistent part of both theoretical and experimental studies on Bose-Einstein
condensation is devoted to systems in which two (or more) components interact;
such systems are usually referred to as two-component condensates (respectively
multi-component condensates). This can be attained in multiple ways: either by
considering bosons occupying different hyperfine spin states [16, 23] (spinor
condensates) or by considering different atomic species [15] (mixture condensates);
in the case of different spin states, one can also account for transitions between
the two components, for example by turning on an external magnetic field or a
spin-spin interaction (this is discussed in Sect.5). Physical evidence suggests that
the dynamics of a multi-component condensate is governed by a coupled system
of non-linear Schrodinger equations (see [22, Sect. 21]), the unknowns being the
condensate wave-functions of each component.
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In this work we consider the case of the mixture condensate, namely a system
consisting of N; identical bosons of some atomic species A and N, identical bosons
of some (different) species B; the Hilbert space of such system is

2 3N 2 3N
%I,Nz = Lsym(R Vdxy ... del) ® Lsym(R Ldy... dyNz)- @
We want to consider states of such system in which condensation is present in each

component: this can be monitored by means of a “double” reduced density matrix.
For each state yu, v, of the system, we define the trace-class operator

yl(\’llq,}\;z = Try,—1 ® Trvy—17n .8, (&)

acting on the space L*(R3, dx) ® L*(R?, dy) of one particle of type A and one of
type B.

In this setting, one can extend the notion of condensation, namely, one says yn, v,
exhibits complete condensation in both components, with condensate functions u
and v, if

Jim v, = U@ vhu® vl = Ju)(ul @ [v)vl. (©)
Nr—>00
In analogy to the one-component case, it is of interest to investigate the persistence
of condensation simultaneously in each component. Of course one has to specify a
Hamiltonian generating the time-evolution; moreover, since at the moment no result
is attainable in a genuine thermodynamic limit of large system, the Hamiltonian
must be chosen together with a scaling prescription that mimics the true limit [3, 10].

2.1 Mean-Field Regime

For the multi-component system built in Sect. 2, we define the three-dimensional
mean-field Hamiltonian

N1 Nl
1
HquNz = Z(_Axl') + N Zvl(xi _)Qi)

i=1 i<j
Nz 1 N2

+ Z(_Ayr) + N, Z VZ(YV _ys) )
r=1 r<s

Ni M

+ N, j—Nz DO Vil =y,

i=1 r=1

where the variables x,...xy,,¥1 ... yn, are referred to the ones in Eq. (4).
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Throughout this paper, we will consider the case in which N; and N, scale in
such a way that their ratio is asymptotically constant, namely there exist constants
c1, ¢z > 0 such that

. N;
¢, = lim ,
Ni—>00 Nl +N2

Nr—>00

i=1,2. (8)

For simplicity of presentation, we assume that (8) holds identically for every fixed
N; and N,, and not only in the limit; this stronger assumption could easily be
removed. Under such assumptions, it is easy to see that our choice of the mean-
field pre-factors Ny L Ny, ! (N1 + Nz)_1 ensures all terms in (7) to remain of the
same order O(N; + N,). Of course, one could argue that many other choices would
ensure this behavior, for example a common (N, Nz)_l/ 2 factor; the reader can refer
to Sect. 4 in [12] for a discussion of why the choice in (7) is the physically relevant
mean-field scaling.

Our result is the proof of persistence of condensation under the dynamics
generated by (7), namely

Yo ©) = o @ vo) (o @ vol = vy (D = | @ v ® vl (9)

where (u;, v;) solves the initial value problem

i, = —Au, + (Vq * |’4t|2)’4t + 2 (Vip * |Ut|2)ur (10)
idv, = —Av, + (Vo * |Ut|2)Ur +c1(Vip * |’4t|2)vts

with initial datum (ug, v).
Let us now state the assumptions on V; and (uo, vo) under which it is possible to
prove (9).

* (Al) The potentials V}, j € {1, 2, 12} are real-valued, even, and such that
Vi % 19Plec < ¢l Yo eH'RY)  j=1.2.12

(11)
IV %16 loe S l¢lzn Vo eH'®)  j=12,12.

* (A2) The initial data for the system (10) are u(0) = uo and v(0) = vy for given

functions ug, v9 € H'(R?) with ||ug|2 = |vo|l» = 1. By general theory, this is
enough to have a unique global-in-time solution

(us,v;) € CR,H'(R*) ® H'(R*)) N C'R, H'(R*) & H'(R?)). (12)

* (A3) The many-body initial datum is Y, 5, € Z[Hwn,.N,] N F, Nysym With
PN, s [l = 1.
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Let Wy, v, (1) = e Mm@y v be the unique solution in C(R, Z[Hy, n,] N
JE, N sym) to the many-body Schrodinger equation

iatlI/Nl,Nz(t) = HN],qule,Nz(t) ) lI/Nl,Nz(O) = lIjN]JVz ) (13)

and let (&, v;) be the unique solution to the system of coupled NLS (10) as in (12).
Our main result in the mean-field regime is the following Theorem.

Theorem 1 ([12]) Consider a two-species bosonic system under assumptions
(Al)—(A3) above. Let 7’15/1122 () be the double reduced density matrix associated with
Uy, N, (1), given by (5), and define

a0 = 1= {4, ® vy, vy, (1) 1 ® vy). (14)

Then

1,1 1,1
oy, (1) < (%(vl&z(OH Ny + Nz)ef(”, (15)

where f does not depend on N.
Corollary 1 ([12]) In the same hypothesis of Theorem 1, if

(1.1)

N111_1>n00 Yy, (0) = |uo ® vo) (o ® o,
Np—00
in trace norm, then
lim y{Y (1) = Ju ® v,)(u, ® v,
Niso Yin\D) = U 1) \Ut tls
Np—00

again in trace norm.
We show here the immediate proof of Corollary 1, postponing to Sect. 3 a sketch
of the proof of Theorem 1,

Proof (Corollary 1) The thesis follows from (15) using the chain of inequalities
(see [12] Eq.(3.7) or [11])

(1,1 (1,1)

oy, (6 < Ty o () = e @ i) (s ® vil| < CrJergy N, (). (16)

A few remarks on the results we stated are in order.

Remark 1 Assumption (A1) covers, by Hardy inequality, the physically relevant
case of Coulomb singularities |x| ™!

Remark 2 To keep the exposition short and self-contained, we limited the class
of Hamiltonians for which a result like Theorem 1 holds; in particular, one could
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deal with several meaningful generalizations of the one-body operator —A, as for
example the magnetic Laplacian with external potential —A4 + U(x), or its semi-
relativistic counterpart (1 — A4)'/2 4 U(x), where Ay 1= (V — iA)>.

Remark 3 The second bound in (16) is not sharp: indeed, one could adapt a
recent result [14] and obtain convergence in trace norm with the same rate as the
convergence of al(\,ll”ll\),z. This, by (15), implies that the total rate is the worst among

the rates of a](\,ll”llz,z (0) and of (N; + M)~

The functional ocl(vll’ 11\),2 (1) is a two-component generalization of the one-component
functional

an(t) == 1= (Yn@).p1(OYn (1)),

where

p1(t) == |us)1{uey 17

is the projection onto the condensate wave-function in the variable x;; for later
convenience we also define the orthogonal complement to p as

qi(t) =1 —p1(2). (18)

Such a construction is the starting point of the so-called “counting” method
introduced by Pickl in [20] and by Knowles and Pickl in [9]. In those works, o (?)
is used to prove trace-norm convergence with a quantitative rate for a wide class of
potentials in the single component case.

The meaning of Eq. (16) (and of its one-component counterpart, see Lemma 2.3
in [9]) is that oc](vll’,l]\),z is a convenient indicator of condensation, namely its conver-
gence to zero is tantamount as the convergence in trace norm to the condensate
wave-function. In our two-component case, one could also argue that condensation
can also be expressed in terms of one-component reduced density matrices, which
can be defined as

Vl(\fll(l)\)fz = Ty -1 @ Trw, Yy v Vl(v(:i\)fz = Ty, ® Trn,—1VN s - 19)

The control of condensation by means of both y,(\,ll’,(])\;z and y,(\,?’xz has been addressed

by Heil [6] (we also refer to [1] for a more recent work); in Lemma 3.1 in [12] we
establish the bound

1,0 0.1 L1
max {1 - (u,yji,l’l\zzu) , 1 —{v, V]i/l,[\ZZU)} < 1—-(u®v, yl(\,l’l\),zu ® v) 0)
1,0 0,1
< (U= ) + (= (.70, 0)s
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which shows that our collective indicator yli,ll”}\fz covers (and is in fact equivalent to)
such a control.

2.2 Gross-Pitaevskii Regime

The mean-field result stated above can be extended to the more interesting and

realistic Gross-Pitaevskii regime we describe in the following; in its essence, what

we report already stems from the work [12]. Nonetheless, we state here the result

and present the main steps of the proof, in order to provide an explicit reference.
Consider the two-component Hamiltonian

Ny N
Hy,n, = Y (=A) + NP Y VitNi(xi — x7)

i=1 i<j

N> N>
+ DA VT Y VaNa i — ) 1)
r=1 r<s
N1 Ny

+ (N1 + N»)? Z Z Via((N1 + N2) (x; — yi)),

i=1 r=1

where now the potentials are rescaled according to the Gross-Pitaevskii scaling. This
implies very strong (~ N?) but rare interactions, since particles interact only when
their distances are of order N™!, and this makes the regime quite different from the
mean field in Sect.2.1: whereas in mean field each particle only feels the average
density of the whole gas, in the Gross-Pitaevskii regime interactions are very strong
and effective only on short spatial scales. For this reason, this scaling is a much more
realistic approximation for a gas in a zero temperature and high dilution regime.

One can prove a statement similar to Theorem 1 also in this case, but with an
amount of modifications. Indeed, now the limit (9) holds for («;, v;) solutions to the
local system of NLS

10,u; —Au; + 8may |u,|2u, + 0 87m12|v,|2u,

(22)
iBtvt = —AU, + 87‘[612|U,|2U, + C1 87‘[6112|u,|2vt,

where, for j € {1,2, 12}, g; is the s-wave scattering length of V.

Since, to treat the Gross-Pitaevskii case, one also has to take into account energy
comparisons between many-body and effective dynamics, we define the following
two functionals: the many-body energy functional

Eniny (P ) = (Vv Hy o NN ) s (23)

1
Ni + N>
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and the Gross-Pitaevskii energy

EP (u,v) :=(u, —Au) + (v, —Av) + 4ma; (u, |u|*u)
(24)
+ dras (v, |v|*v) + 8may (u, |v|*u).

We suppose the following on the potential and on the initial data.

e (B1) The potentials V,, « € {1,2,12} are positive, spherically symmetric,
compactly supported, L>°-functions.

e (B2) The initial data for the system (10) are u(0) = uo and v(0) = vy for given
functions ug, vo € L*(R?) with [|lug||> = [Jvo|l2 = 1 chosen such that the solution
belongs to

L (R, H®RY) @ HZ(R3)).

* (B3) The many-body initial datum is Yy, n, € Z[Hwy, N,] N R, Ny sym With
||WN1,N2”2 =1 and

: ) _
Nlll_rfloo Yain, = 1o ® vo)(uo ® vol.
Nz—)OO

* (B4) The sequence Wy, y, satisfies

lim gNl,Nz(lI/Nl,Nz) = éaGP(u(), U()).
N1—00

Ny—00

Here is our main result.

Theorem 2 Consider a two-species bosonic system under assumptions (B1)—(B4)

above. Let 7’15/1122 (t) be the double reduced density matrix associated with Wy, n, (1),
given by (5). Then

lim yl(\fll,i\)fz (t) = Iut ® vt)(”l‘ ® vt|7 (25)
N1—o00 ’
Nz—)OO
and
Nli_r>noo Eny .y (Vg v, (1) = gGP(“t, V), (26)
N;—>oo

where (u;, v;) are solutions of (22) with initial data (ug, vo).

Remark 4 A generalization of the technique used in the proof allows one to cover
also the case of one-body Hamiltonians more general than —A. This has been
pointed out in the single component case in Remark 2.1 in [21]; we refer the reader
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to [18] for a more detailed analysis of what is needed in order to adapt the argument
to the relevant case of the magnetic Laplacian Ay, = (V — iA)2.

Remark 5 Assumption (B1) on the potential is crucial in this formalism; with dif-
ferent techniques (see [2]) it is possible to consider potentials with some singularity
and unbounded support. Conversely, the removal of the positivity condition is an
important open problem in the subject; in [19], it is proven positivity can be removed
for a much softer scaling than the one in (21).

The one-component problem, namely the derivation of the Gross-Pitaevskii
equation

ia,u,« = —Aut + 87'[a|u,|2ut,

has been an important open problem in mathematical physics in recent years. It
was first solved by Erdés, Schlein and Yau in 2006 (see [4] and [5]); their proof
was based on the BBGKY formalism and did not provide a convergence rate. Later
results by Benedikter et al. [2] and by Pickl [21] relied on different techniques and
allowed to get a quantitative control of the convergence.

3 Proof of Theorem 1

The strategy to get (15) is to establish an estimate of type

3.0 (1) < ) (af‘vﬂ Do+ @

N +N2)’

and then to apply Gronwall lemma to get the result. The function f will depend on
the population ratios ci, ¢, and on certain norms of the potentials Vi, V>, V> and
of the solutions u;, v,. For brevity, we will use from now on the shorthand notation
ah = otl(\,l1 llg,z(t).

One can show that our hypothesis certainly assure a*') to be differentiable
in time; its derivative can be shown to split into three pieces, each one of them
containing only one potential, according to

d(l'l) = i(CVl + CVz + CVIZ)’ (28)
with
N
= () St 30m) 3 )
i<j k=1 (=1

cv = (w[(, 5 Vr -0 - %(Vz) 3 HNI”;ZP‘Z] V). G0

r<s r=1 k=1 {=1
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N1 N

Cv, = ( [Nl +N, Z Z Via(xi —yr) — &2 Z(Vlz)A

i=1 r=1

N, N M _ ot @1
B 55 ).
r=1 k=1 (=1

Here and in what follows, the superscript A (respectively B) indicates that p{ acts
on the first variable of the sector A, namely x; (respectively y;). Each of these three
summands will be estimated in terms of o""!) and of (N, 4+N,) ™! so as to obtain (27).
The terms Cy, and Cy, contain only infra-species interactions, and, for this reason,
their estimate is less involved; the detailed proof can be found in [12] (see also [9]
for the single-component case).

To estimate Cy,, one can exploit the bosonic symmetry of ¥ and the definition
of ¢; to obtain the bound

Cval < 0 (e [ - vt - %Z”A el e
k=1 (=1

At this point, one is free to insert, on both sides of the commutator, the identity

= (P} +a) (7 + ). (33)

with p and ¢ as in (17), (18). The insertion clearly produces 16 terms, that we can
split into two groups with a self-explanatory notation

= (pp.pp) + [(Pq.pq) + (gp.qp)) + (99.99)

(34)
+ [(pq. gp) + complex conjugate]
and

= (pp.qp) + (gp.99) + (pp.qq) + (pp.Pq9) + (Pq.qq9)

+ complex conjugate.

(35)

The terms (pp, pp), (99,499), (pq.pq) + (gp. gp) in (34) vanish identically, which
can be easily checked using the fact that p{¢; = 0; all the others could, in principle,

provide some contribution to (27). While we refer the reader to Sect. 5 in [12] for
the detailed computation, we try to sketch here how each term can be handled.
Since we need to reconstruct a'V = 1 — (¥, p{pB¥) [as in (27)], we can make
a clever use of every g{'¥ or ¢g®W in the non-vanishing terms: indeed, ||¢{'¥|? <
o'V, For this reason, when at least one g from (33) appears on each side of the
commutator, one only has to control the operator norm of p;Vi,(x; — y;) and this
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allows to obtain the bound

[(pg.qp) +c.c.]+ [(qp.qq) + (pqg.qq) +c.c] }
(36)

< f() (a;”; (1 + M4 Nz) .

The term (pp, qq) has the correct number of ¢’s too, but they appear on the same
side, and this would not allow to extract ||g{'¥||?; however, one g can be brought to
the other side at the expense of some (N; + N,)~! smallness. This allows to obtain

(37)

(pp.q9) + 0.0-) < @) (“z(vlf,lzez(‘) Tt Nz) '

The only remaining term, ( pp, gp), is the most important: in this case, only one ¢ is
surely not enough to re-create ') and thus, some cancellation is needed to close
the Gronwall estimate (27). Indeed, the key fact is that

PiViater = y0pf = pf (Vi * [o]?) Gpf.

This “dressing” of the true potential V|, allows one to get an exact cancellation with
the mean-field potential and obtain

(pp,gp) + cc. = 0. (38)

Collecting (36)—(38), one finally gets (27).

4 Proof of Theorem 2

To describe how the proof proceeds, we need to revisit more in detail the so-called
“counting” method developed by Pickl. In order to get more compact expressions,
we drop the subscript Ni, N, in o, ¥, &; the reader should keep in mind that
everything always depends on the two population numbers. Given p{ and g;' as
in (17) and (18), we define a new family of projectors: for each k € N, take

Py = <Q?"'qﬁpf+l'--p§)wm’ (39)

with the convention that P{ = 0 if k > N or k < 0; we remark that the symbol
‘sym’ in (39) denotes the mere sum (without normalisation factor) of all possible
permuted versions of the considered string of projections. A perfectly analogous
definition of P# of course holds for the sector B. By definition, the range of P is
the component of the Hilbert space in which exactly k particles of type A are in a
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state orthogonal to u (recall that p = |u)(u|), that is to say outside of the condensate.
Thus, || P{ ¥ |12 = (YN, vy, P Wa, ., ) is @ measure of how large the component of
Wy, n, 1s, with exactly k particles of type A outside the condensate.

Now, given a positive function g : N — R, define the operator

N
3= gk Py, (40)
k=0

and the functional
g Ve = (P 8 W, )- @1

This amounts to assign some weight g(k) to the component of a many-body state
with exactly k particles of type A outside the condensate, and then summing over k.
In the same way one defines

AN e = (Pnve 85 Wws ) (42)

The interest in this construction of course depends on the choice of g; it turns out
that for some g’s, convergence to zero of both a](\,ll’g\),z, . and a}fl*.‘;z. ¢ 18 equivalent to
convergence in trace norm (25). This is true, for example, for the special choice of
the weight function s(k) := k/N, which yields to the single-component analogous

of (14).

4.1 The Functional oc,(,}”g)

Unfortunately, the scaling in (21) is too singular to allow one to close a Gronwall
argument for the weight s(k). We try to explain here all the modifications needed
in order to get the machinery working. It turns out that, if one tries to perform
calculations with the weight s, one gets

where n(k) := (k/N)"/?. Since n(k) > s(k), the summand (¥, 7 ¥) cannot be
bounded and the estimate cannot be closed. This would suggest, in principle, that a
Gronwall estimate could be proven only by choosing as functional to control

|0,(w, 34 )| < c(( WA W) 4 (W, 7 W)+ o(1) + |EW) — E (u,v)

G0 = (v, W) + |EW) — P (u,v)]. (43)

We observe that the convergence to zero of such @ would allow again to obtain
the statement in trace norm (25), since (see Lemma 6.1 in [21], adaptable to the
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two-component case)

lim (¢, 7¥)=0 < lim "0 = |, ® v,){u, ® vyl
Nj—o00 N1—00
Ny—o00 Ny—00

The functional @ is however not efficient enough yet; the reason is that its first and
second derivative, which crucially enter in computations (see again [21], Appendix
A.2), are singular for k = 0. For this reason, one defines a new weight, with a less
singular behavior for small k’s. For some fixed £ > 0, we define

Vk/N, for k > N'~%
m(k) := (44)
;(N_H'Ek +x_5), else.

With this weight, we define a new functional as
ay? = (W, W)+ |EW) — E(u, v). (45)

The vanishing of this indicator and of its corresponding 0{,(,2 ’<1)

convergence in trace norm since

is again equivalent to

n(k) < m(k) < max{n(k), N5}

It turns out that af,,l,’g) and afﬁ Y allow to control convergence for the softer scaling
Vy = NPV - y)), (46)
with 0 < B < 1, but not for the true Gross-Pitaevskii scaling, corresponding to

the case B = 1. The reason is that, for § = 1, an important role is played by the
short-scale correlation among particles.

4.2 Adding Correlations

In the derivation of Gross-Pitaevskii equation, correlations are customarily
accounted for (see for example [2]) by means of the solution fy to the zero-energy
scattering equation

(—Ax + ;VN(x))fN(x) =0, with f(x) — 1 for |x| = oo, 47
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where Vy(x) = N?V(Nx). In the setting we are considering, it is however more
efficient [21] to consider a slight modification of (47). Recalling that we defined ay
as the scattering length of V; for k € {1,2, 12}, we can define, for given constants
Cj, C12, the new potentials

dna; . .
TUNE for NP <x <GNP
Ivj J J S

Wp(x) == (48)
0 else,

with j € {1,2}, and

4mapn(Ny + NP1 (N +Ny) ™ < x < Cra(Ny + Ny)™F
Wiz p(x) ==

0 else.
(49)

One can show that there exist C;, C1, such that the scattering lengths of sz V(Nf ) —
W; () and of (N, +N,)2V((N, +N2)/3-)—W12,/3 () are zero (see Lemma 5.1 in [21] or
Lemma 5.5 in [8] for a more detailed proof). One can now define two functions f; g
and g;g,j = 1,2, by means of a modified zero-energy scattering equation, namely

(—Ax + ;(V]N](x) — Wi,ﬁ(x)))fiﬁ(x) =0, with f; g(x) — 1 for |x| — oo,
(50

and

gip=1—fip, (51)

with the analogous definition for fi, g and g12 g. By insertion of the new potential, it
turns that out the norms of g; g have a better behavior in (N; 4 N,) than they would
have without the additional potential.

Now, by construction, the key properties of W; g are

[Wiglli ~ Oy +No)™',  and  [|[Wjglloe ~ O(Nt + No)~' 3,

and the same holds for Wi, g. For this reason, replacing V;, ; (respectively V12 n+n,)
in the proof with W;g (respectively Wy, g) one would deal with a potential with
a much less peaked scaling; of course the price to pay is the appearance of their
difference, but this can be dealt with by adding a further term to the functional one
aims to control.
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Definition 1 (o:,(,,l 0 and a,(,,o - ) We define the indicators of convergence for the

Hamiltonian (21) as

all0 = af? — Ni(Ny — DRe( ¥, g1.8(x1 —x2) Rﬁz)lﬁ)

(52)
— NiNRe( W, giap(x1 —y1) RV )

and

oD = o) — No(N2 — DRe( W, g25(y1 — ) Ry ¥ )

(53)
— NiNaRe( W, giap(x1 —y1) Riy ¥ ).

where Rz i= p1p2(m —my) + (p1g2 + q1p2) (M — ), having used the shorthand
notation i := Zivzo m(k) Py+;.

Remark 6 The terms m — m; and m — m, are bounded in operator norm by
sup, |m’(k)|. This is the reason why we had to define m(k) by cutting (k/N)'/? for
small k’s.

Remark 7 The terms subtracted from a,‘,},ﬁ’ and af,g ") in Definition 1 are real but

with no definite sign. However, one can easily prove a priori estimates for them; for
example

Ni(Ny — DRe( . g15(x1 —x2) Riipy¥r) < N7, (54)
for some 7 > 0, and the same holds for the other four terms. This helps in closing
the Gronwall estimate even though the considered functionals have no definite sign.

By repeating the computations in Appendix A.2 in [21] with minor changes, one
can prove the estimate

d _
@00 + o0 0) < 0 (a0 + ol 0 + W+ M) 7).
Now, by using the a priori estimate (54) and Gronwall Lemma, this is enough to get
a2 (1) + aly? (1) < OB (o0D(0) + &1 (0) + N77).

Since o 0)+ alt® (0) is converging to zero by Assumption (B3) and by Eq. (16)

for r = 0, we get the thesis by using again Eq. (16) for # > 0.
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5 Spinor Condensates and Other Multi-Component Models

As already remarked, the study of multi-component condensates is a very popular
topic in theoretical and experimental physics; we would like to present in this section
an account of some highly studied models, different from the mixture gas considered
in this paper, that fall under the name of multi-component condensates.

In Sect. 2 we mentioned that a well-known example of multi-component conden-
sate is a gas of spin bosons. Consider for example a system of atoms allowed to
populate different hyperfine states; it is often assumed (and easily realizable with
modern experimental techniques), that an external field is tuned in such a way that
only two hyperfine levels are coupled and enter the effective Hamiltonian. When this
is the case, then one can model the system by means of an auxiliary spin-1/2 bosonic
theory. These systems are often referred to as pseudo-spinor condensates, since a
proper spin-spin interaction is not present; nonetheless, the situation is already non
trivial since one could even account for transitions between the two hyperfine levels:
this can be realized for example by a (possibly time-dependent) external magnetic
field. In this setting, the effective equations for the spin-1/2 case are (see for example
[22, Sect. 21.3])

0, = —Auy + 8ma(|u:|* + |vi|*)uy + B(t)v; 55
i0,v; = —Av; + 87”1(|’4t|2 + |Ur|2)Ut + B()uy,

where a is the scattering length of the interaction and B(f) is the magnetic field,;
the linear coupling provided by B(¢) is called Rabi coupling. We refer the reader
to [13] for the derivation of (55) from the many-body dynamics of a pseudo-spinor
condensate.

An even more interesting situation is the presence of spin-spin interaction. In the
relevant case of a gas of alkali atoms, one should in principle take into account
the presence of different values of hyperfine spin (e.g. F = 1 and F = 2);
however, due to energetic arguments, a good low-energy approximation for the
interaction can be obtained by completely neglecting the presence of one of the
two hyperfine level, say F' = 2. Under this approximation, it turns out that a general
interaction Hamiltonian that preserves the hyperfine spin of the individual atoms
and is rotationally invariant in the hyperfine spin space has the form

S(Xi —xj)(C() +c1S; - Sj), (56)

where S; is the vector of spin-1 operators for the particle i. This not only provides
population transfer, but it also correlates particles and for this reason the effect must
be present on the non-linearity too. The factor §(x; — x;) can be modeled by some
Gross-Pitaevskii potential with scattering length ¢, and thus we can write the total
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spin-spin interaction term for a spinor condensate (neglecting the irrelevant c) as

N> V(N(xi — x)))Si - S;. (57)

i<j

For the spin-1 case, this produces the equations [7, 17]

i3tu, = —Aut + 87‘[61(|U,|2ut + thtz + |I/lt|2Mt — IWt|2“t)

i0,v; = —Av; + 87m(|u,|2v, + 2uwu; + |w,|2v,) (58)
. _ 2 2 2 2

0w, = —Aw; + 87ra(|v,| Wr 4 w0y — i wy 4 |[wy| w,),

where again a is the scattering length of V. The rigorous derivation of the
system (58) from many-body quantum dynamics is undoubtedly one of the next
frontiers in the mathematics of the Bose gas.
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