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ABSTRACT. The results on I'-limits of sequences of free-discontinuity functionals with bounded
cohesive surface terms are extended to the case of vector-valued functions. In this framework, we
prove an integral representation result for the I'-limit, which is then used to study deterministic
and stochastic homogenisation problems for this type of functionals.
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1. INTRODUCTION

Free-discontinuity problems are minimisation problems for functionals of the form

/ f(z, Vu) dz +/ g(x, [u], v,) dHL, (1.1)
A Ju
where

e A is a bounded open set in R,

e f and g are two given scalar functions,

e the unknown wu is a function defined in A with values in R”,

e J, is the (d — 1)-dimensional essential discontinuity set of u, whose location and size are

unknown,

e Vu is the gradient of u in A\ Jy,

e v, is the measure theoretical unit normal to J,,

o [u]=ut —u, where vt and u~ are the traces of u on both sides of J,,

e 191 is the (d — 1)-dimensional Hausdorff measure.
Since the function w exhibits an essential discontinuity set, a suitable framework to study these
problems is the space BV (A;R¥) of functions of bounded variation. Problems of this type in
BV (A;RF) have been extensively studied (see for instance [7, Chapter 4.6] and [11]).

In his pioneering work [34], Griffith introduced the idea that the crack growth in an elastic
material is determined by the competition between the stored elastic energy and the energy spent
to open a new portion of the crack. Adopting this point of view, Francfort and Marigo proposed
in [29] a variational model to study crack growth which includes the requirement that at each time
t > 0 the displacement u(t) of the elastic body minimises a free-discontinuity functional of the
form (1.1), where g also depends on the cracks present before ¢. In these models, the crack at
time ¢ is the union of J,) for s < ¢, the volume integral represents the stored elastic energy,
while the surface integral is related the energy spent to produce the crack. For an overview on this
subject we refer to [10].

In cohesive models of fracture mechanics, it is natural to assume that the function ¢ satisfies
the following growth conditions

(KAL) < gz, ¢,v) < C(ICI A ), (1.2)

for suitable constants 0 < ¢ < C, where for s,t € R, s At = min{s,t}. In particular, the Dugdale
model [26] can be reformulated in the language of [10], using g¢(¢) := a(|¢] A D), for suitable
constants a,b € [0,400). Unfortunately, under hypotheses (1.2) the functional (1.1) is never lower
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semicontinuous in BV (A; R¥) with respect to the weak* convergence. Under suitable hypotheses
(see for instance [8, Theorem 3.1] and [9]), its lower semicontinuous envelope has the form

dDu
[ e vudes [ (o gy apd [ gle o) ant (1.3)
" d| Deul JunA
for different functions f and g, where f satisfy the growth conditions
c(|€] = 1) < fz,€) < C(|¢] +1) for every z € RY and € € R¥*? (1.4)

and f°° is its recession function with respect £. Here and in the rest of the paper D¢u is the
Cantor part of the measure Du (see [7, Definition 3.91]), and dDu/d|D¢u| is the Radon-Nikodym
derivative of Du with respect to its total variation.

Since condition (1.2) does not allow us to control the total variation of |Du|(A) along a minimis-
ing sequence, to gain coerciveness it is convenient to extend the functional to a space larger than
BV (A;RF) | where all terms of (1.3) can still be defined. We choose to extend these functionals to
the space GBV, (4;RF), studied by the second author in [24], and defined using the scalar version
GBV,(A) introduced in [19]. This is a vector space and, although Du is not defined for every
u € GBV,(A;RF), one can always define Vu and D®u in a convenient way. Moreover, the bounds
for a minimising sequence obtained from (1.2) are enough to apply a suitable compactness result
with respect to convergence L£%-a.e. (see [19, Theorem 5.4], [21, Theorem 7.13], and [24, Theorem
4.8]).

In this paper, we study the I'-convergence with respect to the convergence in measure of se-
quences of functionals of the form (1.3), where f and g satisfy (1.4) and (1.2). We first prove
a compactness result (Theorem 4.1), which shows that under suitable hypotheses (see Definitions
3.1 and 3.3) on the integrands f,, and g, corresponding to a sequence of functionals (E,), , there
always exists a subsequence I'-converging to a functional F, whose volume and jump terms can
be written as integral functionals associated to some functions f and g (see Theorem 5.16).

To obtain a complete integral representation of E as in (1.3) it remains to deal with the term
depending on the Cantor part. This requires stronger hypotheses on f,, and g, , studied in Section
6, concerning quantitative estimates on the behaviour of f, and g, near co and near 0, respec-
tively. Under these assumptions, we show that f and g can be obtained by taking suitable limits
of the infima of some minimisation problems for E,(-,Q) on suitable small cubes @ and that, if
f is independent of x, we have the integral representation

E(u, A) / f(Vu)dx +/ foo dD “ d|Dcu| +/ glx, [u], vy) dHIL.
d|Déul JunA

These results are then applied to the case of homogenisation, where the functionals F, are
given by

En(u,A):/Af(%,Vu) dx+/Af°°(;i |gcu|)dpcu|+/ng(;,[u],yu) dHY, (1.5)

for a sequence &, — 07. We determine general conditions on f and g which imply that the
I'-limit of these sequence of functionals exists and has the form
dDu
Bron(t:4) = [ from(V)do+ [ i (Go ) dD%ul+ [ gron(la i) a0, (10)
A A d|Deul nAa

u

for some functions fhom and ghom independent of x. These functions fhom and gnom are obtained
by taking the limits of infima of certain minimisation problems for FE,,, with ¢, = 1, on cubes
whose sides tend to infinity.

Thanks to these properties, we can apply the previous results to stochastic homogenisation
problems, where f and g are random integrands satisfying suitable properties (see Definition 9.3).
Under these assumptions, we show that the sequence F, I'-converges to E given by (1.6) almost
surely.

These results were obtained in the scalar case in [21, 20]. In these papers, the truncation
u(™ := (uAm)V(—m) and the corresponding estimates for the functionals are frequently used. The
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main difficulty in the vector-valued setting is that these truncations have to be replaced by a sort
of smooth truncations of the form 1%, ou, i € {1,...,m} for suitable functions ¢, € C°(R*;R¥)
satisfying
Un(y) =y for [yl < Ry and 4y, (y) =0 for [y| > o™ R,

where the sequence R,, — +oc and the constant o > 2 are prescribed. These types of truncations
were already considered in previous works (see, for instance, [12, 13, 16, 28, 31]). The main
difficulty here is that an estimate for E, (¢!, ou, A) in terms of E,(u, A) cannot be obtained for
every i € {1,...,m}, but only for a suitable choice of i, depending on n,m,u, and A. This requires
deep changes in many technical results of [21] and [20], which introduce new terms depending on
m and which cannot be neglected (see, for instance, Lemma 5.9 and Proposition 6.14).

Our results can be considered as a preliminary step for the study of the asymptotic behaviour
of the crack growth in a heterogeneous cohesive material, when the size of the grains tends to zero.
Indeed, according to the approach of [40] (see also [36, 39, 38, 41]), in the variational theory of rate-
independent problems the convergence of the quasi-static evolutions requires the I'-convergence
of the corresponding energy-dissipation functionals and the existence of a joint recovery sequence.
Our results give a complete answer to the first part of this program in the case of cohesive models
for fracture. In this paper we do not address the construction of a joint recovery sequence.

The problem of homogenisation of free-discontinuity functionals has already been addressed in
a wide variety of cases. In the now classical work [12], Braides, Defranceschi, and Vitali first dealt
with the deterministic periodic case for integrands f and ¢ satisfying

cleP < f(z,6) < C(1+|€|P)  for every z € R? and ¢ € RF*4, (1.7)
c(L+[¢]) < g(a,¢,v) SCA+[C]) forevery z e RY,( € R, v e 8771 (1.8)

for some suitable constants ¢, C' > 0 and for p > 1. Under these growth conditions one can use the
compactness results on SBV by Ambrosio [5, Theorem 2.1] (see also [4, 6]) and the functionals to
homogenise are of type (1.1). The main result of their paper is a periodic homogenisation theorem
for such functionals. They also show that, in this case, the bulk integrand fion, of the I'-limit is
determined only by f and the surface integrand gpon, is determined only by g.

Later Giacomini and Ponsiglione studied the scalar case £ = 1 in [32], assuming that f satisfies
(1.7) and that g does not depend on ¢ and

c<g(z,v) <C forevery x € R4 and v € S,

Note that in their result no periodicity assumption on f and ¢ is made. As in the periodic case
studied by Braides et al. [12], under these hypotheses they are able to show that fjom dependes
only on f and that gnom depends only on g.

More recently, Cagnetti et al. considered the vectorial case k¥ > 1 in [13] with non-periodic
integrands f and g, where f satisfies (1.7) and g satisfies

c<g(x,(,v) <CA+|¢|) forevery z € RY, ¢ € R* and v € S41. (1.9)

In a subsequent work [14], the results of [13] are then employed to deal with the stochastic
homogenisation of free-discontinuity integral functionals satisfying growth conditions (1.7) and
(1.9). Under the standard assumptions of stochastic homogenisation they prove an almost sure
I'-convergence result for functionals of type (1.1).

Building on the techniques devised in [13, 14], the same authors tackled in [15] the problem of
deterministic and stochastic homogenisation for sequences of type (1.5) under the hypotheses that
both f and g have linear growth. In this case, the underlying function space becomes BV (A4;R¥)
and the integral depending on the Cantor part of the derivative has to be considered in (1.5).

Recently, the problem of homogenisation of free-discontinuity functionals was also addressed in
the context of functions of bounded deformation. In [30], Friedrich, Peruguini, and Solombrino
tackle in dimension d = 2 the I'-convergence with respect to the convergence in measure of
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functionals F,, given by

En(u,A):/Af(i,gu) dx+/Ag(ﬁ,[u],uu) HI-1, (1.10)

n STL
where A C R? is open and bounded, u € GSBDP(A;R?), and Eu = (Vu + VuTl)/2 is the
approximate symmetric gradient of u, assuming that the integrand f: R? x Rsyxrﬁ — [0, +00) has
p-growth and that ¢ is bounded from below by a positive constant.
In a recent work [25], the stochastic homogenisation of functionals of type (1.10) restricted to
piecewise rigid functions, i.e., functions u(z) = "2 (R;z+b;)xE, for R; € R™? skew-symmetric,
b; € R?, and E; of finite perimeter, was tackled in dimensions d > 2.

Our paper is organised as follows. In Section 2 we fix the notation and lay out the basic tools
used throughout the paper. We then introduce in Section 3 the collections of volume integrands
F and surface integrands G which will be the object of our study; we also introduce a class of
abstract functionals € which contains the integral functionals corresponding to integrands in F
and G.

Section 4 is devoted to proving a compactness result for sequences of integral functionals. In
Section 5 we investigate the properties of the class &, by proving an integral representation result
for &, showing that if £ € € is lower-semicontinuous with respect to the convergence in measure
then its “absolutely continuous part” E¢ and its “jump part” E7 can be represented by integral
functionals, with integrands f € F and g € G, respectively.

In Section 6 we introduce two smaller collections of integrands F* and GV and study the T'-
limits of sequences of integral functionals associated with them. We then prove in Section 7 that
under some suitable hypotheses these I'-limits can be fully represented as the sum of three integral
functionals as in (1.3), including the term depending on the Cantor part.

In Section 8 we exploit the representation result of Section 7 to give a necessary sufficient
condition for the I'-convergence of sequences of functionals of the form (1.3) with f € F* and
g € GY. Finally, Section 9 is devoted to the study of the I'-limit of functionals of type (1.5). As an
application, these results are then employed in the final part of Section 9 to deal with stochastic
homogenisation.

2. NOTATION AND PRELIMINARIES

In this Section we fix the notation and introduce the basic tools used in the rest of the paper.

(a) Let n € N. The scalar product in R™ is denoted by - and the Euclidean norm of R” is
denoted by | |. Given x € R™, the i-th component of z is denoted by z;. For every p > 0
and = € R™ the open ball of radius p and center z is denoted by B,(x).

(b) We fix once and for all two positive integer numbers d > 1, k > 1. the unit spere in R?
is denote by 4! := {v e R%: || = 1}, . We also set ST! := {v € 41 : +vi) > 0},
where i(v) € {1,...,d} is the largest index such that v*") #£ 0.

(c) Vectors in R? are identified with 1 x d matrices, while R¥*? is identified with the space
of all k x d matrices. For ¢ € RF*? and 2 € R? ¢x € RF is defined by the usual rules of
matrix multiplication and ¢! is the i-th row of £. Given a matrix £ = (&;;) € R¥*4 its
Frobenius norm is defined by

k¢ 1/2
g=(Xye)”
i=1 j=1

(d) For p>0 weset Q(p) :=={y € R?: |y-e;| < p/2}, where (e;)L, is the canonical basis of
Re. Given x € R, we set Q(z,p) :=z + Q(p).

(e) For n € N the space of all n x n orthonormal matrices R with det(R) = 1 is denoted
by SO(n). For every v € S%~! we fix once and for all an element R, € SO(d) such
that R,(eq) = v. We suppose that R., = I, the identity matrix, that the restrictions of
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v — %1 to 8471 is continuous, and that R, (Q(p)) = R_,(Q(p)) for every v € S¥1 (see
[14, Example A.1] for the proof of the existence of such v — R,).
(f) For z € R4, v € S41, A >1, and p > 0, we consider the rectangle
A _ Ap Apyd-t P P\,
o= e ((-55) < (-55))
we omit the indication of A when A =1.

(g) Given an open set Q C RY, A(Q) (resp. B(Q)) is the collection of all open (resp. Borel)
sets A C Q. Given A, B € A(Q), A CC B means that A is relatively compact in B. We
set A(Q):={A € A(Q): ACCQ}.

(h) For every x € R?, ¢ e R¥*4 ¢ € R¥ and v € ST! the two functions ¢¢: R — R* and
Ug, ¢t R¢ — RF are defined for every y € R? by

le(y) = &y,

_J ¢ ify—=z)v>0,
Uz,C,V(y) '_{0 if (y—x)'l/<0'

Moreover, we set 11% := {x € R%: (y — ) -v = 0}.

(i) Given A € A(R?), the space of R"-valued bounded Radon measures on A is denoted by
My(A;R™). If n =1 we omit the indication of R™. If y € My(A;R¥*9) and X € M,(A)
is non-negative, du/d\ denotes the Radon-Nikodym derivative of pu with respect to A.
The Lebesgue measure is denoted by £¢ and the (d— 1)-dimensional Hausdorff measure is
denoted by H4~1. For p € My(A;R¥*9) the total variation |u| is computed with respect
to the Frobenius norm.

(j) For every A € A(RY), L°(A;R") is the space of all £?-measurable functions u: A — R¥
with the topology induced by the convergence in measure. We recall that such topology is
metrisable and separable. When n = 1 the indication R” is omitted.

(k) Given an L£%-measurable set E C 2, a point x € ) such that

LYENB,(z))

lim sup ~

p—0+ P

>0,

and an £%-measurable function u: E — R, we say that a € R* is the approximate limit
of u at x, in symbols
aplimu(y) = a,
y—x
yeE
if for every € > 0 we have
LY({Ju—a| > e} N By ()

lim ]

p—0F P
where {|u—a|>¢e}:={y € E: |[u(y) —a| > ¢c}.
(1) Given A € A(R?) and an £¢-measurable function u: A — R*, the jump set J, is the set
of all points * € A such that there exists a triple (u™(z),u™ (), v, (z)) € RF x R¥ x S4-1,
with u™(z) # u™ (), such that, setting

HY:={ycA: (y—2) v(z) >0} and H :={y € A: (y —x) - vu(z) <0},

:07

we have
aplimu(y) =u*(z) and aplimu(y) =u" ().
Yy—x Yy—x
yeHT yEH—

The triple (ut(z),u™ (z), vy (z)) is well-defined up to interchanging the roles of ™ (z) and
u~ (z) and swapping the sign of v, (x).
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(m) Given A € A(R?) the symbol BV (A;R¥) denotes the space of R¥-valued functions with
bounded variation on A. We refer the reader to [7] (see also [11, 27, 33]) for an exhaustive
introduction to this function space. We recall that if u € BV (A;RF) then for H9 !-a.e.
x € A\ J, there exists

a(z) := aplimu(y).

y—x
yEA

We recall also that if u € BV (A4;R¥), then J, is a (d — 1)-countably rectifiable set, and
for H¢ '-a.e. z € J, the vector vy (z) is a measure theoretical normal to J,. For every
x € J, we set
[u](z) = u™(2) —u” (2).
A change of sign of v, (x) obviously implies a change of sign in [u](z).
(n) Given u € BV (A;R¥), its distributional derivative Du, which is by definition a bounded
R¥*?_valued Radon measure, can be decomposed as

Du = Vul® + Du+ [u] @ v, H L J,,
where
e Vu € L'(A;R¥*9) is the approximate gradient of u, that is, the only R**?_valued
function such that for £%-a.e x € A we have
ap lim u(y) — a(x) — Vu(z)(y — x)

y—x ly — x|
yEA

—0, (2.1)

e D°u, called the Cantor part of Du, is a measure singular with respect to £¢ and
vanishing on all Borel sets B € B(A) with H¢1(B) < +o0,

e ® denotes the tensor product defined by (a ® b);; = a;b; for a € RF, b € R?,
H4=1L_J, is the Borel measure on A defined by H?~(B) := HI~Y(BnN.J,) for every
B € B(A), and [u] ® v, H4" 'L J, denotes the measure with density [u] ® v, with
respect to HI1L J,.

We briefly recall the definition and the main properties of the space G BV, (A;RF), introduced
in the scalar setting by the first author and Toader in [19] and in the vectorial setting by the second
author in [24]. For s,t € R we set s At = min{s,¢} and sV ¢ = max{s,t}. For every t € R,

a € R¥ and m > 0, we set t(™ := (t Am)V (—m) and a(™ := (agm), ...,a,im)). In the rest of the
section, A C R? will always be a bounded open set.

Definition 2.1. Let u € L°(A;R¥). Then u € GBV,(A;R¥) if and only u(™ € BV (A;RF) for
every m > 0 and there exists M > 0 such that

sup / (V'™ | da + |Du™|(A) + / ™) A 1dHY < M. (2.2)
m>0.J A J o (m)

u

GBV,(A) is defined similarly for scalar functions.

Remark 2.2. It follows immediately from the definition that u belongs to GBV,(A;RF) if
and only if each component wu; belongs to GBV,(A). By [21, Theorem 3.9] this implies that
GBV,(A;RF) is a vector space.

To characterise G BV, (A; R¥) by means of smooth truncations we introduce the following func-
tions.
Given a positive constant o > 2, we fix a smooth radial function ¢ € C>°(R*; R¥) satisfying

Y(y) =y if [y <1,
Y(y) =0 if [y| > o,
[Y(y)| < o,
Lip(y) = 1.

(2.3)
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It is not difficult to construct such a function (see for instance [13, Section 4]).
Given R > 0, we set

Yr(y) = Rq/)(%) for every y € R¥. (2.4)
Note that g satisfies
Vr(y) =y if [yl < R,
Yr(y) =0 if |yl > oR, (2.5)
[Vr(y)| < oR,
Lip(¢r) = 1.

The following proposition characterises G BV, (A; R¥) in terms of smooth truncations.

Proposition 2.3 ([24, Proposition 3.8]). For every u € GBV,(A;R¥) there exists a constant
Cy > 0 such that for every Lipschitz function ¢ with compact support the function v := ¢ ou
belongs to BV (A;R¥) and satisfies the inequality

/A|W\ dx + | Dv|(A) +/J [v]] A 1dHI™! < C,(Lip(p) V 1). (2.6)

Conversely, if u € L°(A;R¥) and there ezists a constant C,, > 0 such that for every integer R > 0
(2.6) holds with v =Yrou and ¢ =P then u € GBV,(A;RF).

In the following proposition we recall the fine properties of functions in G BV, (A;RF).

Proposition 2.4. Let u € GBV,(A;RF). Then
(a) for H¥'-a.e x € A\ J, there exists

a(z) := aplimu(y);

y—x

(b) there exists a Borel function Vu € L'(A;R¥*?) such that for L% -a.e. x € A formula (2.1)

holds true; moreover, for every R > 0 we have
Vu(z) = V(pgou)(z) for L -a.e. x € {|u] < R};

(c) there exists a unique Radon measure D°u € My(A;RF*Y) such that for every R > 0
we have D°u(B) = 0 for every B € B(A) with HY(B\ J,) = 0 and D°u(B) =
De(yg ou)(B) for every B C {xz € A\ Jyu: u(x) exists and |u(x)| < R}; moreover, for
every B € B(A) we have

Du(B) = Rlirilw D¢(¢gou)(B), (2.7)
Dul(B) = lim_|D* (4o u)|(B); (28)

(d) for every R >0 we have Jypou C Ju up to an HE L -negligible set and |[¢gr o u]| < |[u]|
on JyppouNJy. Moreover, for H* -a.e x in J, and every R > |ut(x)|V |u~(x)| we have

[Yr o ul(z)] = [[ul(z)]-

For the proof of these facts we refer the reader to [24, Proposition 3.7].
We conclude this section recalling some useful facts related to the Cantor part of compositions
with smooth function with compact support.

Proposition 2.5. Let A € A.(R?), u € GBV,(A;R*) and ¢ € CL(R¥;R¥). Then
(i) V(pou)=Vo(u)Vu L-a.c. in A;
(ii) D%(¢ou) = Vé(u)Du as Radon measures on A;
(iii) for every R >0 we have

dDC(QZ}R o u) dDu . R
= D¢ul-a.e. A
dD (g ow)]  dpea] e Auo,
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where Al :={z € A: u(z) exists and |u(x)] < R}. As a consequence we have
dD¢(¢Yrou dD‘u

lim = |Dul|-a.e. in A.

)
Ro4oo d|D¢(Ypgou)|  d|Deul

For the proof we refer the reader to [24]. In accordance with the notation of [21, 20] and [24],
we introduce two functionals on L°(R¢;R¥) closely related to the space GBV,(4;RF).

Definition 2.6. Given u € L°(R% RF), with components ui,...,uy, for every A € A.(R?) we

define
k

V(u, A) ;:Z(/ |Vui\dx+|Dcui|(A)+/

1 NJA Ju;NA
if ulsa € GBV,(A) and we set V = 400 otherwise. The definition is then extended to A € A(R?)
by setting

I[ai]| A 1de*1),

V(u, A) :=sup{V(u,A'): A’ C A, A" € A(R%)}
and then to B € B(RY) by setting
V(u, B) :=inf{V(u,A): BC A, Ac ARY}.
Definition 2.7. Given u € L°(R% RF), for every A € A.(R?) we define
Va(u, A) ;:/ V| de + |D°ul(A) +/ ] A 1 dHeY,
A JuNA
if u € GBV,(A;R*) and we set Va(u, A) = +oco otherwise. The definition is then extended to

every Borel set as in Definition 2.6.

Remark 2.8. Let A € A.(R?) and let u € LO(R?%; R¥). Tt follows immediately from Remark 2.2
that
ula € GBV,(A;R¥) if and only if V(u, A) < +oo.

Remark 2.9. It follows from [8, Theorem 2.1] and [19, Theorem 3.11] that the functional V' of
Definition 2.6 is lower semicontinuous with respect to the topology of L°(R%; R¥). We don’t know
whether this property holds for the functional V5 of Definition 2.7.

3. VOLUME AND SURFACE INTEGRANDS
Throughout the rest of the paper we fix six constants ¢y, ...,c¢ > 0 and a bounded continuous
function 7: [0, +00) — [0, +00). We assume that
0<er <1<e3<ecs, c5>(cafer)k®?, (3.1)
7(0) =0 and 7(t) > c3(t A1) for every t > 0.
We now introduce the collection of volume integrands considered in this paper.

Definition 3.1. Let F be the space of functions f: R% x R¥*4 — [0, 4-00) satisfying the following
conditions:

(f1) f is Borel measurable;

(f2) 1 Zle €| — ca < f(x,&) for every x € R? and ¢ € RF*4;

(f3) f(x,8) < e Zle |&:| + ¢4 for every x € R? and & € RF*4;

(f4) |f(x, &) — f(z,8)| < cs|€ —n| for every z € R? and &,n € RFX4,

Remark 3.2. It follows from the inequalities |¢] < Zle & < k'/2|€| that
(f2") c1é| — e < f(x,€) for every z € RY and ¢ € RF*4,
(f3") f(x,€) < c3k'?|¢| + ¢4 for every x € R? and & € RF*4,

The following definition introduces the collection of surface integrands considered in this paper.
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Definition 3.3. Let G be the space of functions g : R? x RF x S9=1 — [0, +-00) that satisfy the
following conditions:

(gl) g is Borel measurable;

(g2) ¢ El (GIATL) < g(x, ¢ v) for every x € RY, ¢ € R¥, and v € S471;

(g3) g(z,(,v) <cs Zi:l(Kl' A1) for every z € RY, ¢ € RF, and v € S471;

(g4) g (x,C,l/) —g(z,0,v)| < 7(|¢ —0]) for every x € R?, (,0 € R¥ and v € S771;
(g5) g(x,—¢,—v) = g(z,(,v) for every z € RY, ( € R¥ | and v € S?71;
(g6) for every C 0 € R* with csk|¢| < || we have g(z,¢,v) < g(z,0,v) for every x € R? and
vesit

g

g
Remark 3.4. A variant of property (g6) was already used in [13]. Combining (g2) and (g3), it is
easy to show that g(z,(,v) < cz/c1g9(z,0,v) whenever Zle <] < Zle |0;|. Arguing as in [13,
Remark 3.2] we can show that this property and (g6) are weaker than monotonicity in || of g.

Definition 3.5. For every f: R? x R¥*4 — [0, +00), the recession function f>: R? x R¥*d —
[0,4+00] (with respect to &) is the function defined by

F(x, &) :=limsup

t—+4oo

fz:19 52)

for every x € R? and for every & € RFX4.
Remark 3.6. For every z € R? the function ¢ +— f*°(z,&) is positively 1-homogeneous. If for
every x € R? the function ¢ — f(z,¢) is convex, the limsup in (3.2) is a limit. If f satisfies (f2)
and (f3), then f satisfies

k

calél <a Z €| < F2(x,€) < esk/?|€] for every z € R? and & € RF*9, (3.3)

i=1

If f satisfies (f4), then f°° satisfies
7(@,€) = F=(,m)| < cslé — ] for every & € RY and &7 € RFX4.

In Section 8 we will consider also integrands ¢° that do not belong to G. For this reason, in
the following definition we do not assume g € G.

Definition 3.7. Given f € F and a Borel function g: R? x R* x S¥=1 — [0, +00) satisfying (g5),
the functional E/9 : LO(R%; RF) x B(RY) — [O Jroo} is the functional defined for A € A.(RY) by

E19(u, A) / f(z, Vu) dm—i—/ f°° - )d|D“u| +/ gz, [u], v,) HEE,
\D ul JunA
if ula € GBV,(A;R¥), and by Ef9(u, A) = +oo otherwise. The definition is then extended to
A € A(R?) by setting
EN9(u, A) := sup{E/9(u, A'): A" C A, A" € A(R?)},
and then to B € B(R?) by setting
Ef9(u, B) := inf{Ef9(u,A): BC A, Aec AR}

To study the integral representation of I'-limits of sequences of functionals of the form FE7-9
with f € F and ¢ € G, it is convenient to study the properties of functionals E7+9 that pass to the
[-limit. This leads to define the abstract space & of functionals defined on L°(R%; R¥) x B(RY).
We shall prove that the I'-limit of a sequence of functionals in & belongs to € (see Theorem 4.1)
and that for every lower semicontinuous functional in & the volume and surface part admit and
integral representation of the form

/Af(zv,Vu) dz and /Ju (@, [u], ) HAL

with integrands f € F and g € G (see Theorem 5.16).
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For technical reasons, in the definition of the space &, we consider the behaviour of the func-
tionals with respect to some smooth truncations. To this aim, for every R > 0 and every integer
i > 1 we consider the function 1% defined by (2.4) with R replaced by ¢*"'R and o = cgk + 2.
Note that by (2.5) for every integer ¢ > 1 we have

Ph(y) =y if |yl <o'"'R,

Yir(y) =0 if |y| > o' R, (3.4)
[Vi(y)| < o'R, '
Lip(¢yr) = 1.

We are now in a position to introduce the space of abstract functionals &.

Definition 3.8. Let € be the space of functionals E: LO(R%;R*) x B(R?) — [0, +00] satisfying
the following conditions:
(a) for every A € A(R?) and for every u,v € L°(R% RF) with u =v L£%-a.e. in A, we have
E(u,A) = E(v,A);
(b) for every u € L°(R% R¥) the set function B — E(u, B) is a non-negative Borel measure
on R? and for every B € B(R?) we have

E(u, B) = inf{E(u,A): A€ AR?) and B C A};
(cl) for every u € L°(R%;R¥), and B € B(R?) we have
c1V(u, B) — coL%B) < E(u, B);
(c2) for every u € L°(R%;R*) and B € B(R?) we have
E(u, B) < 3V (u, B) + c4L%(B);
(d) for every u € L°(R%;R*), B € B(R?), and a € R* we have
E(u+ a,B) = E(u, B);
(e) for every u € LO(R%:RF), ¢ € RF*4 B € B(R?) we have
E(u+ 4, B) < E(u, B) + ¢5|¢|£%(B);
(f) for every u € LO(R%;RF), B € B(RY), 2 € R?, ¢ € R¥, and v € S¥~! we have
B+ ttac., B) < E(u, B) + 7(C)H (B AT,
(g) for every m € N, u € L°(R%:R*), B € B(RY), w € I/Vli’cl(Rd;]Rk), and R > 0 we have

% ZE(w + % o (u—w), B) < E(u, B) + 03k1/2/ |Vw|dx + C4£d(B7ij)
i=1 B

. S
n E(E(u, B) + LY(B) + /B V| de), (3.5)

where BE = {z € B: |u(z) — w(z)| > R} and C := max{9csk/c1,2csk'/?, cs};
(h) for every 0 < A < 1/(cek), R € SO(k), B € B(R?), and u € L°(R%;R¥) we have
E(ARu, B) < E(u, B) + (¢4 + c2)L%B).

The subspace of all functionals £ € & such that for every A € A(R?) the functional E(-, A) is
lower semicontinuous with respect to the topology of L°(R¢;R¥) is denoted by &,..

Remark 3.9. Let £ € &, A€ A(RY), and u € L°(A;RF). We can define E(u, B) for every B €
B(A) by extending the function u to a function v € LO(R%; R¥) and setting E(u, B) := E(v, B).
The value of E(u, B) does not depend on the chosen extension thanks to the locality property (a)
of Definition 3.8.
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Remark 3.10. The inequalities (c1) and (c2) imply that
c1Va(u, B) — coLY(B) < E(u, B) (c1”)
E(u, B) < cskVa(u, B) + ¢4, (c2))
for every u € LO(R%RF) and B € B(RY). This follows from the elementary inequalities |¢| <

Zle & < kY21€] and [(| A1 < Zle [[GIIATL < E(|C| A1), where & is the i-th row of the matrix
¢ and (; is the i-th component of (.

Remark 3.11. The technical condition (g) replaces the simpler condition (g) of [21, Definition
3.1], which in the particular case w; = —m and wy = m reads as

Eu™ A) < E(u, A) + LY{|u| > m}). (3.6)

Although this truncation procedure is still available in the vector-valued case (see [24, Definition
3.1, Proposition 3.8]), acting componentwise, an estimate of the form (3.6) does not hold for
k > 1, even for the prototypical integral functional V5. This is one of the main difficulties in
generalising these results to the vector-valued case. The new condition (g) of Definition 3.8 is
crucial to introduce a different type of truncation operators with good estimates. Similar smooth
truncations were already considered in [12, 13, 16, 28, 31].

Remark 3.12. It follows directly from Remark 2.8 and from Definition 3.8 that if A € A.(R?)
and u € LO°(R%; R¥) then

E(u, A) < oo if and only if u|s € GBV,(A;R").
The following proposition shows that functionals of type E¥9 belong to €.

Proposition 3.13. Let f € F and g € G. Then the functional E9 belongs to & and for every
A€ A.(RY). Moreover, u € GBV,(A;R*) we have
DC
B0 B) = [ f@Vadot [ (e Z ) dDu+ [ g fdm) 1t @)
B B | Déul JuNB

for every B € B(A).

Proof. The proof of the fact that E/9 satisfies (3.7) and (a)-(f) of Definition 3.8 may be deduced
from the proof of [21, Proposition 3.11], with minor changes.

We are left with showing that E/+9 enjoys properties (g) and (h) of Definition 3.8. We begin
proving (g). Since E79 satisfies properties (a) and (b), it is enough to prove (3.5) for every
A € A.(R?). Without loss of generality, we may assume that u|4 € GBV,(A4;R¥). Let w €
WL RERE), et R > 0, let m € N, and let i € {1,...,m}. We set vl := w + ¢k o (u — w) and
note that vh|a € GBV,(A;RF), thanks to Proposition 2.3 and to the fact that GBV,(A;R¥) is a
vector space.

Consider the set Ayeq := {x € A: u(x), w(x) exist}. We observe that by Proposition 2.4 A,eg

and J, are Borel sets and that H? 1(A\ (Aeg U Jy)) = 0. We set
Al = {2 € Apeg: |u(z) — w(z)| < 0" 'R},
A" = {2 € Areg: 0" 'R < |(z) — w(x)| < o' R},
Al = {x € Apeg: [U(z) — w(2)| > o' R}.
Thanks to (i) of Proposition 2.5, for every ¢ € {1,...,m} we have that
Vvl =Vu L%a.e. in Al ,
Vol = Vw + Vibh o (u — w)(Vu — Vw)  L%a.e. in A, (3.8)
Vol = Vw L% ae. in A7 .
Therefore,

/f(x,VviR)da:: - flz,Vu)dz + [ [z, Vob)dx + - f(@,Vw) dz. (3.9)
A Al A A

in str out
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Exploiting (f2'), (f3"), and (3.8), and recalling that Lip(/%) = 1, we obtain

[z, Vo) de < 2c3k'/? / |Vw|dz + cskt/? / \Vu|dz + cs LY(AY)
Al A i
Cgkl /2

IN

2c3k'/? |Vw| dv +—— [ f(a:7 Vu) dx + e, LY(AY),

03k1/2/ |Vw|d1:+04£d(Afzw).

R
out Au,w

These inequalites and (3.9) lead to
Z/ fz, Vo) de < m(/ f(z,Vu) dm+03k1/2/ |Vw|dsc+04£d(Aiw))
/A A AR

63k1/2

\
Kﬁ
<l
S
A

+

/ f(z, Vu) dz + 2c3 / |Vw| dx + c4 LI(A). (3.10)
A A

To estimate the term depending on D°u in E/9, we use Proposition 2.5(ii) to rewrite

/foo " Dew z|) d|D* |:/?-, foo(m’ dcngZ|>d|Dc“|

0o vwﬁ%(a_ﬂ;) dDu \V/ i d| D¢ 0o 0) d| D¢
# (o wmapa) TUR@ @D+ [ o ap

IV%(U — D) dDwu]
Vb (u —w) dDu S
oo d| D¢ ] , R — — Vot _ d| D¢ ,
/ d dIDC I) D% +/vf (= V(i — @) d|DCu|) V¥R — w)|d| D]
where we have used that w € W2' (R4 R¥) and that f°°(z,0) = 0. Taking advantage once again

loc

of (3.3) and of Lip(¢%) = 1, we infer that

oo, V(i —w) dDu S
/,:p / <I|V1/)§%(ﬂ— )] d\DCu|) Vg (t —w)|d|Dul

. kl/2 dDu
< egkt/? Vol (i — @)|d|DCu| < & / - d|Du
<eok!l? [ Vo - @Dl < == [ (e, D ‘) |D%ul.

Together with the previous inequalities this leads to

D, , dDu
OO L dDCl < C)O(7 )dDC
/f " Doty DR < m [ 1 (o ey ) dlDeu

03k1/2 Oo dDu .
/f " De >d|D ul. (3.11)

We now estimate the surface term in E¥9. To this scope, we first remark that JU;'? C A\ Areg
and that for H t-a.e z € Jyi, we have v, (z) = vu(z). Moreover, since w € Wlicl (R, R¥), for

Hi 1 ae. z € A the approx1mate limit w(z ) exists, so that for H4 1-a.e. every = € Jyi, we have

(vR)*(2) = @(x) + Pp(u’(z) — @(2)), (3.12)
(vR) ™ (x) = w(x) + PR (u”(z) — w(2)). (3.13)
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For i € {1,...,m} we introduce the following partition of j = {z € J; : w(z) exists}:
Si = {w € Jyp ¢ lut(2) — B(@)] < IR, ju~(z) — @(x)| < oL},
Sy = {x € Jyy,: JuT () — @(@))|, |u” (z) - @(x)| € [0 'R, 0" R]},
Sy ={x € Jy. : [ut(2) — B(x)| > o'R, ju” (x) — B(x)| > o' R}},

Sii={a € Ty : Jut (@) — @(x)| < o' 'R, |u” () — ()| > o' R},

Sii={a € Ty : Jut(2) - @(a)| > o'R, Ju~(2) — B(2)] < o' R},
Si=f{a € T Jut (@) — 3(@)] € [0 R.o'R], |u” (¢) — ()| ¢ [0 'R, 0" R]},
Sii=f{a € gy Jut(@) - 8@)] ¢ [0 Ro'R], |u”(2) - @(2)| € [0 "R, 0"R]}.

Note that for ¢ € {2,6,7} .
if S;NS; #O then |i—j| <1,

so that .
Z(XSE + Xsi T Xs2) < 9. (3.14)
i=1
By definition of Si and of S%, recalling (3.12) and (3.13), we have
/, g(z, [v}ﬂ,uv}é) dH = / g(x, [u], v,) dHL, (3.15)
/‘ g(z, [v}é],u%)d?{d_l = / g(x,0,v,) dH = 0. (3.16)
5 5

Since Lip(y%) = 1, we have |[t%(u — w)]| < |[u — w]| = |[u]] in ij Hence, by (g2) and (g3) we
deduce that

[ salleg)antt < ak | [Wa(u = w))| A LA
SiUSIUSE SIUSLUSE

k
< csk I[u]| A 1dHA &2
SiUSLUSL €1 Jsiusiusi

IN

gz, [u], vu) dH. (3.17)

We are left with estimating the surface integral over Si and Si. By definition, if = € S¢ then
|uT(z) —w(z)| < o 'R and |u~(z) — w(z)| > o' R. Therefore,

[W)(@)] = u"(z) —u"(2)] = |u™(z) —@(z)| - Jut(z) — D(z)|
> 0'R—0"'R=0"'R(c — 1) > cgko" 'R, (3.18)
where we have used that o > cgk + 1. On the other hand, [v}](z) = ut(x) — w(x) so that

cek|[vy]| = coklut(x) — w(z)| < cgka™ ' R.
From these inequalities we deduce that cgk|[v’]| < |[u]|, which by (g6) implies
oo ), vig) < gl fulvy) = g, [l ) M ae, in S,
The same argument shows that H¢ !-a.e. in S it holds
9(, [0l s, ) < 9o [, ).

From these last two inequalities we get

[ s loplwg)ant < [ g o) ant (3.19)
StuSt

Siuse
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Combining (3.15)-(3.19), we obtain

/ g(z, ['U;z],l/v}é) dH < / g(z, [u],v,) dHY +
Ty J

Ju

k
csk / 9, [u], ) ML,
€1 Jsiusiusi

"R

which, in light of (3.14), implies that

Z/ vy a1 < (m gzjk)/J o [u], ) dHA 1. (3.20)

u

Finally, from (3.10), (3.11), and (3.20) we deduce that

1 « ;
EZEf’g(vﬁ,A) < Ef’g(u,A)+C3k:1/2/ \Vw|dx + ca LI (A ’w)

u,w

ﬂ(;: (Efg(u A)+ LA / |dex)

where C' := max{9csk/c1,2c3k'/? ¢4} . This shows that E/9 satisfies (g).
To see that E7+9 satisfies (h) it is enough to verify it for A € A.(R9) and for u|4 € GBV,(4;R¥).
Let A < 1/¢g and let R € SO(k). Note that by (3.1) we also have A\ < (c1/c3)k~'/2. We set

v := ARu. By (f2°), (£3), and (g6) we can estimate
Ef9(v, A) = / fz, Vo) dx—i—/ el dD"v >d|DCv| —|—/ g(z, [v],v) dH?
"d| D]’ ANJ,

IN

03k1/2)\(/A |Vu|dx + |Dcu\(A)) + /Ag(x7 [u], v) dHI! + c4 LU A)

< EN9(u,A) + (c4 + c2)LA(A),
concluding the proof. O

Remark 3.14. It follows from Remark 2.9 and Proposition 3.13 that the functional V' of Definition
2.6 belongs to €.

The following lemma provides an estimate for smooth truncations of the form g o u, which
can be considered as an extension to the vector-valued case of the simpler inequality (3.6), valid
in the scalar case. The proof heavily relies on property (g) of Definition 3.8. More refined versions
of the following result will be presented in the forthcoming sections.

Lemma 3.15. Let Ay, Ay € A(R?), let uy € LO(A1;RF) and uy € LO(Ag;RF), and for j = 1,2
let E(-,A;): LO(A;;R*) — [0,+00] be a a lower semicontinuous functional satisfying (c2') and
(g) of Definition 3.8 with B = Ay and B = Ay. Then there exists a strictly increasing sequence
R,, >0, with R,, = 400 as m — 400, such that

lim E(yYg, ouj,A;) = E(u;, A;) (3.21)

m——+o0

for j=1,2.

Proof. For every sequence R,, — +00 as m — +o0o, we have that g, ou — u; in LO(A;RF) as
m — +00, so that the lower semicontinuity of E(-, A;) with respect to the topology of L°(A;;R¥)
implies that

E(Uj, A]) < lirrlri)lglof E(?/JRM O Uy, AJ) (322)

for 7 =1,2.
Assume now that E(uj, A1) and FE(ug, A2) are both finite. We can choose a sequence r,
converging to 400 as m — 400 such that
1

C4£d(AZ’;’,0) < o for every m € N and for j =1, 2.
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From (g) of Definition 3.8 applied with w = 0, we obtain that there exists i(m) € {1,...,m}, such
that

E@N™ oy, Ay) + E(%Ef") ouy, Az) < E(u1, A1) + E(us, As)

2 + C'(E(ul, Al) + E(ug, AQ)) + 2C4C[,d(A)) .

+

We now set R, := o'™r,. so that 1/’%:1)

liIIlSup(E(’lj)Rm [¢] U17A1) —+ E(’(/}Rm o UQ,AQ)) S E(ul,Al) + E(UQ,AQ).

= 1R, . Hence, the previous inequality gives

m—0o0
Combining this last inequality with (3.22), we obtain (3.21) in the case where E(uj, A1) and
E(ug, Ag) are both finite. A simpler proof yields the result when in the other cases. O

4. A COMPACTNESS RESULT

The main result of this section is a compactness theorem for the class €. The strategy here
adopted is the one of [21, Lemma 3.24]. As already mentioned, the main difference in the proof
this compactness result in the vectorial case lies in the different type of truncation used, which is
dealt with in Lemma 4.5 below.

In what follows, given a sequence (E,), C € and A € A(R?), we set

E'(-,A):=T- linl}infEn(yA) and E"(-,A) :=I-limsup E, (-, A), (4.1)
n oo n—oo

E' (- A):= sup F'(,A) and E’(-,A):= sup E"'(,A), (4.2)
A’e A (A) A€ AL (A)

where the T-liminf and the I-limsup are computed with respect to the topology of L°(R%; RF).
Given u € LO(R% R¥), it is immediate to check that E'(u,-), E"(u,-), E' (u,-), and E” (u,-) are
all increasing set functions.

Theorem 4.1. Let (E,), C € be a sequence of functionals. Then there exists a subsequence of

(Ey)n, not relabelled, and a functional E € & such that for every A € A.(R?) the sequence
E,(-,A) T-converges to E(-, A) in the topology of L°(R%;RF).

Proof. By a compactness theorem for I'-convergence of increasing functionals (see [17, Theorem
16.9]), there exists a subsequence of (E,),, not relabelled, such that

E(u,A) := E" (u,A) = E” (u, A) for every u € L°(R% R) and for A € A(R?). (4.3)
Thus, we can define E: L°(R%4;R*) x B(R?) — [0 + oo] as
E(u, B) = inf{E(u,A): A€ AR?), Bc A} for every B € B(R?). (4.4)

We claim that E € €, and that for every A € A.(R?) we have E(-,A) = E'(-,A) = E"(-, A).

From some general I'-convergence results (see [17, Proposition 16.15]), it follows that E satisfies
property (a) of Definition 3.8.

To show that E enjoys also property (b), we make use of the De Giorgi-Letta Criterion for
measures [22] (see also [17, Theorem 14.23] for the particular version of the theorem here employed).
As already mentioned, for every u € L°(R%;R¥) the set function E(u,-) is increasing. The inner
regularity follows by definition of E(u,-), while superadditivity is a consequence of [17, Proposition
16.12] and of the fact that E,, satisfies (b) of Definition 3.8. We are left with proving that E(u,-)
is subadditive. To prove this, we make use of a truncation argument and of the following estimate
for which we refer to [21, Lemma 3.19], the proof in the vectorial case being the same as in the
scalar case.

Lemma 4.2 ([21, Lemma 3.19]). Let (E,) C € be a sequence of functionals and let A’, A", A,U €
A (R, with A cc A" cc A. Let u € L. _(RLRF) and let (wp)n, (va)n C Li (R RF)

loc loc

be two sequence converging to u in Li _(R%R¥) and such that (wy|a) C BV (A;RY), (v,|v) C
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BV (U;R¥). Then for every § > 0 there exists a sequence (¢y,)n, C C(R%,[0,1]), with supp(pn) C
A" and @, =1 in a neighborhood of Z/, such that the functions u, defined by

Up = PpWnp + (1 - @n)vn
converge to u in LL (RGRF) ) w,|auy € BV(A' UU;RF), and

loc

liminf E, (u,, A UU) < (1+9) liglJirnf(En(wn,A) + E, (v, U)) + 6,

n—-+oo
lim sup Ey, (up, A" UU) < (1 + 6)limsup(E, (wy, A) + Ey,(vn,U)) + 6.
n—-+oo n—-+o0o
We now consider the truncated functions ¢ g o u and prove that E'(¢gou,-) and E”(Ygou,-)
satisfy a weak subadditivity inequality.

Lemma 4.3. Let (E,), C € be a sequence of functionals, let E' and E" be the functionals defined
by (4.1), let uw € LO(R%RY), and let A, A,U € A.(R?), with A’ CC A. Then for every R > 0,
m € N we have

E'(prou, A UU) < E"(¢Yrou,A) + E'(Yrou,U), (4.5)
E'(¢Yrou, A"UU) < E"(Yrou, A) + E" (g ou,U). (4.6)
Proof. We prove (4.5). Without loss of generality, we assume that E”(¢Ygou, A) and E'(Ygrou,U)
are both finite. Let w,,v, € L°(R% R¥) be two sequence of functions converging in L?(R¢; RF)

to ©¥gr ou and such that
limsup E,, (wn, A) = E" (g ou, A) and liminf E, (v,,U) = E' (g o u, U). (4.7)

n—oo n—00

We fix a subsequence (E,, ), of (E,), such that
lim En,, (vn,,U) = liminf E,,(v,,U) = E'(¢Yg o u,U).

h—+o0 n—oo
Without loss of generality we may assume that there exists M > 0 such that
E,, (wp,,A) <M and E,, (v,,,U) <M,

for every h € N. Remark 3.12 then implies (wp,, |4)n C GBV,i(4;R*), (v, |v)n € GBV,(U;RF).
By property (g) of Definition 3.8 for every h,m € N we can find ip m, jn,m € {1,...,m} such that

in. M+ L£%A
B (W5 0 s, 4) < By (w0, 4) 048 ) 4 0T, (43)
M + L4U)

By, (" 00y, U) < By (vn,, U) + e LYUZE )+ C (4.9)

Since wy, and vy, converge in LO(R%RY) to ¢rou as n— +oo, 155" | oo gy < 0™ FLR
I ff}}i’gmHLoo(Rd;Rk) <o™R, and |[¢R o ul| oo (rasrry < oR, for every m € N we infer that
P 0wy, = prou in LYREGRF) as h — oo,

M ov,, = Yrou in LYRYGRF) as h — +oo,

Jim LUATE o) = LY(ATou0) =0, (4.10)
Jim LUUTE o) = LYUF ou0) = 0- (4.11)

For every V € A(R?) we set
E'(V):=T- liminf £,, (-, V) and E"(,V):=T- 11}13Ls01ip E,, (- V), (4.12)

and observe that R R
El(', V) < El('a V) and E”('v V) < EH('a V) (413)
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By (4.7)-(4.11), we deduce that

i M d(A
lim sup B, (41547 0wy, A) < B (Y 0, 4) + 0 LT ELA) (4.14)
h—o0
. M d
liminf B, (65" ov,,..U) < B'(wg o u,U) + 0 L), (4.15)

By Proposition 2.3 we have that wlh " 0w, |4 € BV(A;RF) and that wi’};{m owvy, |U € BV(U,R¥).
Thus, for § > 0 and for every m € N we may apply Lemma 4.2 to obtain a sequence of functions
(up? )h C BV(A'UU;R¥) such that u* — rou in Ll (R%RF) as h — +oo and such that

liminf E,,, (u}’, A’ UU) < (1+94) 1im inf (Enh (w;h]’{” owp,,A)+ Ep, ( f;’gm 0 Up,, U)) +96
h—00

h—+o0

< (14 0) limsup Ey, (425" 0 way,, A) + (14 0) liminf By, (625" 0 v, U) + 6
— 400

h—o00
This inequality, combined with (4.14), and (4.15), yields
S
lim inf B, (uf!, A’ UU) < (1+08)(E"(pr 0w, A) + E'(Yrow,U) + =) +4,
— 00

where S is a positive constant independent of m. Recalling that uj* — ¥growu as h — +o00, by
(4.12) and (4.13) we obtain that

~ S
E' (b ou, A UU) < E'(Yrou, A'UU) < (1+0) (E”(z/;R ou, A) + E' (g ou,U) + E) + 6.
Letting m — +o0o and § — 07, we obtain (4.5).
A similar, but easier, argument shows that (4.6) holds true. ]

To prove a weak subadditivity inequality for E’(u,-) we will approximate E’(u, A) by E’(¥go
u, A). For technical reasons, this approximation result is obtained using property (g) of Definition
3.8 for E’, which is proved in the following lemma.

Lemma 4.4. Let (E,), be a sequence in €, let E’ be the functional defined by (4.1), let A €
AR, u € GBV,(A;RF), and let w € W1 o Y(R%RF). Then for every R > 0 and m € N we

have

1 & :
— ZE’(w +Yho(u—w),A) < E'(u, A) + 03k1/2/ V| 4 caLY(AR )
m & :

A'}j,w
¢ / d
+ — | E'(u, A) + LY \Vw| dx (4.16)
m

where C = {9czk/c1,2c3k' /2, ¢4}

Proof. Let us fix u € L°(R%R*) and w € Wli)’cl(Rd;Rk). Without loss of generality, we may
assume that E'(u, A) < +00. Let (uy), C L°(R% R¥) be a sequence of functions converging to u
in LO(R%; R¥) and such that

liminfEn(un,A) = E'(u, A). (4.17)
n—-+0oo
Fix R > 0 and m € N. For every i € {1,....,m}, we set v}, :== w + ¢% o (u,, — w) and v’ =

w + Yr o (u — w). Note that for every i € {1,...,m} the sequence (v}), converges to v’ in
LO(R% R¥) | so that by Definition of E’ we have

—ZE/ v', A) < — hmlnfE (vl <hm1nf—ZE vy, A (4.18)

1 n—-+oo n—+oo m
1=
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By property (g) and by (4.17) we get
1 — , C a4
— 'L < —
- ;:1 E,(vi,A) < E.(up, A)+ - (En(un, + LY / |Vw|)

+eskt/? / |Vw|dx + 04£d(A5n7w)

y (4.17), this inequality gives

1 % s / C d
E;E(U,A) < E(u,A)+m( (u, A) + L9 /\Vw\

+ limsup (03k1/2/ \Vw|dx 4 c4 LY (A umw)) (4.19)
AR

n—-+4oo

Up,,w

Since u,, — u in L°(R%; R¥), we have that

imsupxar () < Xaz, (z) for L%ae. z € A.
n— 4o w

Thus, from Fatou’s Lemma, we deduce that

lim sup (/ [Vw|dz + Ed(Afmw)) < / V| de + LA, (4.20)
notoo AR L A
which combined with (4.19) yields (4.16). O

To obtain the weak subadditivity of E’(u,:) we show that E’(u, A) can be approximated by
E'(pg o u, A) for a suitable choice of R.

Lemma 4.5. Let (E,,), be a sequence in €, let E' be the functional defined by (4.1), let Ay, Ay €
ARY), uy € LO(A1;RF) and ug € LP(Ag; R¥). Then there exists an increasing sequence R, > 0,
with R, — 400 as m — 400, such that

lim E'(Ur,, 0uj, 4) = E'(uj, A)) (4.21)

for 5 =1,2.

Proof. Tt is immediate to check that E’ satisfies property (c2), and by Lemma 4.4, we have
that B’ satisfies property (g) for B = A; and B = A,. Since the functional E’'(-, A;) is lower
semicontinuous with respect to the topology of L°(A;;R¥) for j = 1,2 (see [17, Proposition 6.8]),
an application of Lemma 3.15 then proves the claim. ]

We now prove a weak subadditivity inequality for E'(u,-).

Lemma 4.6. Let (E,), be a sequence of functionals in € and let E',E"” be defined by (4.1).
Assume that there exists a functional E: L°(R;R¥) x A(RY) — [0, +00] such that (4.3) holds. Let
u € LO(RYGRF), and A, AU € A(R?) with A’ CC A. Then we have

E'(u,A"UU) < E'(u, A) + E'(u,U). (4.22)
Proof. By [17, Proposition 15.15] we may choose A” € A.(R?), with A’ CC A” CC A, such that
E"(v,A") = E'(v,A") = E(v,A"”) for every v € L°(R% R¥). (4.23)

Lemma 4.5 implies that there exists R,, — +00 as m — +o0o such that
hIE E'(¢Yr,, ou, A”) = E'(u, A"), (4.24)
ml_lffoo E'(¢r,, ou,U) = E'(u,U). (4.25)

Thanks, to Lemma 4.3, we obtain that
El(z/)Rm ou, AU U) < Eu(me ou, AN) + El("/)Rm ou, U) < E/(’(/)Rm ou, A) + E/<’(/}R7n ou, U)’
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where in the equality we have used (4.23). Since g, ou — u in L°(R% R¥) as m — +oc, by the
lower semicontinuity of E’, (4.24), and (4.25) we obtain

E'(u,A"uU) < E'(u,A") + E'(u,U) < E'(u, A) + E'(u,U),
concluding the proof. O
We are now ready to prove the subadditivity of E(u,-) on A(R?).

Lemma 4.7. Let E,, be a sequence in € for which (4.3) holds for some functional E. Then for
every u € LO(R%:RF) and A, U € A(RY) we have

E(u,AUU) < E(u, A) + E(u,U).

Proof. The result follows from Lemma 4.6 and by standard arguments (see for instance the proof
of [17, Lemma 18.4]). O

Finally, we show that (E, (-, A)), ['-converges for every A € A.(R%).

Lemma 4.8. Let (E,), be a sequence of functionals in €, let E', E” be the functionals defined by
(4.1). Assume that there exists a functional E such that (4.3) holds. Then E(u,A) = E'(u, A) =
E"(u, A) for every u € L°(R%;R*) and A € A.(R?).

Proof. Fix v € L°(R%;RF) and A € A.(RY). We first show that E(u,A) = E’(u,A). Since
E(u,A) < E'(u, A), it is enough to show the converse inequality. Without loss of generality we
may suppose that E(u, A) < +oo. It is immediate to check that E’ and E satisfies properties
(c2) Definition 3.8 on A(R?) and using Remark 2.9 we check that E’ and E also satisfy (c1) on
A(R?). Hence, u € GBV,(A;R¥). Fix € > 0 and consider a compact set K C A such that

3V (u, A\K) + s LYA\K) < e. (4.26)

Consider now A’, A” € A.(A) with K C A’ CcC A” and let U = A\ K. Note that A’UU = A.
Hence, by Lemma 4.6 to obtain

E'(u, A) < E'(u, A") + E'(u, A\ K) < E(u, A) +¢, (4.27)

where in the last inequality we have used (4.3), property (c2) for E’ and (4.26). These arguments
shows that E(u, A) = E'(u, A) for every u € L°(R?;R¥) and A € A.(R?).

We now prove that E(u, A) = E"(u, A). Since E(u, A) < E"(u,A) it is enough to show that
E"(u,A) < E(u, A). Tt is not restrictive to assume that E(u, A) < +00, so that u € GBV, (A;RF).
Given R > 0, we can exploit the same argument used to obtain (4.27), replacing (4.22) of Lemma
4.6 with (4.6), to show that for every € >0

E”(wR ou, A) < E(’l/}R ou, A) +e= E/(TZ)R ou, A) +¢, (428)
where we have used the equality E = E’. By Lemma 4.5 there exists a positive sequence R,, —

400 such that
lim E'(Yg, ou,A) = E'(u, A) = E(u, A).

m——+oo
Since ¥g, ou — u in LO(R% R¥) as m — 400, exploiting the lower semicontinuity of E” and
this last equality, we deduce from (4.28) that
E"(u,A) < E(u, A) +¢.

Since € > 0 is arbitrary, we get E"(u, A) < E(u, A), concluding the proof. O

Continuation of the Proof of Theorem 4.1. Thanks to Lemma 4.8, for every u € L°(R%; R¥) and
A€ A.(RY) we have that
E(u,A) = E'(u, A) = E"(u, A). (4.29)
We are left with proving that E € &,.. We already noted that E satisfies (a) of Definition 3.8.
From Lemma 4.7 and De Giorgi-Letta theorem, we deduce that E satisfies (b) as well. Properties
(c2)-(f) can be derived arguing as in [21, Theorem 3.16].
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By Remark 2.9 and (4.29), we infer that for ever u € L(R%;R¥) and A € A.(R%) we have
1V (u, A) — L4 A) < E(u, A).

By inner regularity the inequality can be extended to A(R?) and, recalling (4.4), to B(R?).
Property (g) for E on A.(R?) is proved in Lemma 4.4, while (h) is trivial. The extension of (g)
and (h) to all Borel sets can easily be obtained using (4.4).

Finally, by [17, Proposition 6.8] for every A € A.(R?%) the functionals E’(-, A) and E”(-, A)
are lower semicontinuous with respect to the convergence of L°(R%;R¥). Since E = E' = E", we
conclude that E € ¢. O

5. PARTIAL INTEGRAL REPRESENTATION

In this Section we present and prove a (partial) representation result for functionals in &,.. We
postpone the full representation to Section 7, where we will work with functionals in &g, satisfying
an additional property.

We introduce a splitting of F that mimics the structure of functionals in E/9.

Definition 5.1. Let E: LO(R% R¥) x B(R?) — [0, +oc] be a functional satisfying (b) and (c2) of
Definition 3.8, and let A € A.(RY). For every u € L°(R?%; R¥), we introduce E%(u,-), E*(u,-),
E¢(u,-), and E’(u, A) as the Borel measures on B(A) defined as:

E%(u, ) is the absolutely continuous part of E(u, ) with respect to £,
E*(u, ) is the singular part of E(u,-) with respect to £%,
EI(u,B) = E*(u, BN J,) for every B € B(A),

E¢(u,B) = E°(u, B\ J,) for every B € B(A).

Note that by arguing as in [21, Remark 4.2], we see that when u € GBV,(A;R¥), the measures
FEi(u,-) and E°(u,-) are the absolutely continuous parts with respect to H?~!'L .J, and |D°ul,
respectively. Additionally, for every A € A.(R) it holds

E(ua ) = Ea(ua ) + Ec(ua ) + Ej(uﬂ ) on B(A)

The aim of this section is to show that for every A € A.(R?) and for every u € GBV,(A;RF)
we may represent the two measures E%(u,-) and E’(u,-) as integrals.

As in [21], the idea is to take advantage of the representation results of [9] for functionals on
BV (A;RF) with linear growth. These results cannot be directly applied to E%(u,-) and E7(u,-),
since functionals in & are not bounded from below by the total variation measure |Du|. This
difficulty is treated by restricting our attention first to functions u € BV (A;RF) N L>=(A,R¥),
and by considering the perturbed functionals E°(u,A) := E(u, A) + §|Du|(A). The absolutely
continuous part and the jump part of E° can then be represented by means of an integral thanks
to [9]. We then show that it is possible to pass to the limit as § — 0% and to recover an integral
representation of F%(u,-) and of E’(u,-) for every u € BV (A;R¥).

The following result then allows us to obtain the result for a general u € GBV,(A;R¥).
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Lemma 5.2. Let E € €., let A€ A.(RY), let u € GBV,(A;R¥), and let (R,,)m be a sequence
with R,, >0 and R,, — +00. Then

1 :
lim (E B ou, B)) = E(u, B), (5.1)
=1
lim (iZEa( L ou,B)) = E%(u, B), (5.2)
m— 400 m
=1
1 m )
m (3" BV, ouB)) = B*(u, B), (5.3)
=1
1 & .
Jim (=Y BV, ouB)) = B (u, B), (5.4)
i=1
: 1 - C 7 C
lim (EZE (¥t ou,B)) = E°(u, B), (5.5)

for every B € B(A).

Proof. For every m € N we set

1 « .
w(B) = — S E@ ,B) f BeB(A
p(B) 1= 0SB (v, 0. B) - for every B € B(4)
and note that this defines a finite Radon measure, being u € GBV, (4;R¥).
Let U € A(A). Thanks to property (g) of Definition 3.8, we have that

pm(U) < E(u,U) 4+ eal (UL ) + % (B(u,U) + LYD)).

Taking the limsup for m — 400 in the previous inequality, we get
lim sup pm, (U) < E(u, U).

m——+oo

For every m € N, there exists i(m) € {1,...,m} such that
E@R™ ou,U) < pm(U).

Since }g:}) ou — u in LO(R%GRF) when m — +o0o and E(-,U) is lower semicontinuous with
respect to the topology of LO(R%;R¥), we have
E(u,U) < liminf E(z/ﬁgm) ou,U) < limsup pum (U) < E(u,U),
m——+00 m m——+4o0o
so that (5.1) holds for every U € A(A). From [21, Lemma 4.4] we then deduce that (5.1) holds
for every B € B(A).
To show that (5.2) holds true, consider a set N € B(A), with £4(N) = 0 , such that for every
B € B(A) we have E*(u, B) = E(u, B\ N) and u% (B) = pm(B\ N) for every m € N, where u®
is the absolutely continuous part of x with respect to £¢. By (5.1) we have that
lim % (B)= lim pi(B\N) = E(u, B\ N) = E*(u, B),
m—+00

m—»—+00
which proves (5.2). Taking the difference of (5.1) and of (5.2) we obtain (5.3).
Finally, equalities (5.4) and (5.5) can be obtained arguing as in [21, Proposition 4.3], replacing
Theorem 2.2(d) with our Proposition 2.4(d). O

The following result shows that the singular part E° satisfies a simplified version of property
(g) of Definition 3.8.
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Lemma 5.3. Let E € ¢, A € A.(RY), u € GBV,(4RF), R >0, m € N, B € B(A), and
w e WEHREGRY). Then

1 ; C

_ S 1 _ < _ S

— ;lE (w + P o (u — w), B) < (1+ m)E (u, B),

where C = max{9csk/cy,2c3k™?, ¢4} .

Proof. Let N € B(R?) be a Borel set, with £L4(N) = 0, such that E*(u, B) = E(u, BN N) and
Es(w + Y% o (u—w), B) = EB(w + ¢% o (u —w), BN N) for every i € {1,...m}, and for every
B € B(A). Since (3.5) holds for every Borel set B € B(A), we get

%ZES(w—i—WRO(u—w),B) = %ZE(M—}—w}}CO(u—w),BﬂN)
i=1 i=1

< E(u, BON) +/ (csk 2| V| + ea) dz + & (E(u,B AN) +/ (V] + 1)da:)
BE NN m BNN
C CN s
= B(u, BON) + —B(u, BON) = (1 + %)E (u, B),
which proves the claim. O

We now introduce the perturbed functionals F5 which will play a fundamental role in the proof
of our representation result for functionals in &.

Definition 5.4. Let £ € ¢ and let A € A.(RY) be given. For every § > 0 the functional
Es: BV(A;R*) x B(A) — [0, +00) is defined for every u € BV (A4;R¥) and B € B(A) as

Es(u, B) := E(u, B) + §|Dul|(B). (5.6)

Given u € BV (A;RF), the measures E¢(u,-), Ej(u,-), Eg(u, -), and E§(u,-) are defined as in
Definition 5.1 with E replaced by Ej.

Remark 5.5. Let £ € ¢, A€ A.(R?), and § > 0. Thanks to (c1’) and (c2’) of Remark 3.10 we
have that for every v € BV (A4;R¥) it holds

§|Du|(A) — 2L (A) < Es(u, A) < (c3 + )| Du|(A) + c4LU(A).

Definition 5.6. Let A € A.(R?) and let E: BV(A;R*) x B(A) — [0, 4+0oc]. For every U € A(A)
with Lipschitz boundary and w € BV (U;R¥), we set

mP(w,U) == inf{E(u,U) : ue BV(U;R"), trpu = trpw}, (5.7)
where try: BV(U;RF) — L} .-, (OU;R¥) is the trace operator. Given ¢ > 0, we set

mEP(w,U) := inf{E(u,U) : ue BV(U;R"), trpu = tryw, |ju— W[ oo (rry < T} (5.8)

We now introduce some functions which will play a crucial role in the integral representation
of the bulk part E* and the surface part E7 of a functional E € &,.. We recall that the cubes
Q(z, p) and Q,(z,p) are defined in (f) of Section 2, while the functions ¢¢ and u, ¢, are defined
in (h) of Section 2.
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Definition 5.7. Let £ € & and § > 0. We define the functions f, fs: R x R¥*4 — [0, +00) and
g,95: R4 x RF x §4=1 [0, +00) as

B
f(z, &) :=limsup MS(LP)) for every = € R? and ¢ € R**?, (5.9)
p—0+
E5 g
fo(z, &) = lim?)lip m(g;g?(x,p)) for every € R? and ¢ € RF*?, (5.10)
p—

mE(ux,(,Va QV('I’ p))

g(z, ¢, v) = limsup for every z € RY, ¢ e R¥, and v € S¥1,  (5.11)

p—0+ pd71
Es
gs(z,¢,v) :=lim 51J1rp m (umi;ile(x’p)) for every z € R, ¢ € R¥, and € S9!, (5.12)
p—0

Remark 5.8. It is immediate to check that the functions 6 — fs(z,£) and 0 — gs(z,(,v) are
non-decreasing and that

f(x7£)§f5(xa§) and g(IIL’,C,V)Sg(;(ZL',C,V)
for every § >0, x € R?, ¢ e R¥*? ¢ € R¥ and v € S 1.

When Fi., we shall see that the functions fs and gs will be used in the integral representation
of E§ and E7J thanks to the results of [9]. This will lead to an integral representation of E* and
E7 by means of the functions (see the proof of Theorem 5.16)

f(z,€) = (isr>1g fs(x, &) for every x € RY, & € RF*4, (5.13)
g(z,C,v) = }ngg(;(x,c,u) for every z € RY, ¢ € R*, v e 471,
>

For the applications to homogenisation it is important to prove that f = f and g = g, so that by
(5.9) and (5.11) the integrands used in the bulk and surface part can be obtained by solving some
auxiliary minum problems on small cubes.

The proof of the equality f = f is not direct and requires a lot of technical tools, one of which
being the following truncation lemma. For future use we prove the result also for the rectangles
Q) (z,p), defined in (f) of Section 2. Given ¢ € R¥*? and m € N, we set

com = (™ + 1)d? (Jg + AL (5.14)
1

Lemma 5.9. Let E € &. Assume that there exists a function fe F such that
E%(u,A) = / fx, Vu) dz, (5.15)
A
for every A € A.(R?) and u € BV (A;R¥). Then there exists a set N € B(R?), with L4Y(N) =0,
satisfying the following property: for every x € RE\ N, m € N, & € R¥*4 y ¢ S¥1 and
A > 1 there exists pﬁfg(m) > 0 such that for every p € (O,p;\nug(x)) and v € BV(Q)(z,p); RF),

with trox(e,p)t = trQx(e,p)le » there exists v € BV (Q)(x, p); RF), with QA (2,p)V = 1TQA (2, p)be and
[v = Lel| Loo (@2 (2,p)rE) < Ce.mAp, satisfying the inequality

C C
B0, Q) w,p) < (14— ) B(uw, Q. p) + - A", (5.16)
where C' is a constant depending only on the structural constants ci,ca, c3, 4,5, and k. Moreover,
if f is continuous on R* x R¥*? then N = & . Finally, if f is independent of x, then p;\nl'g(x) =
+00.

Proof. Let us fix m € N. Arguing as in [21, Lemma 4.16], one can construct a Borel function
Wy R — R*¥*d guch that

F(a,wm(a)) < F(2,6) + (517)
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for every x € R? and every ¢ € RF*4. Note that (f2'), (f3), and (5.17) imply that for every x € R?

one has
Co + Cy + 1

C1
Since w,, € L>® (R R¥*4) by the Lebesgue Differentiation Theorem there exists N, € B(R%),
with £4(N,,) = 0, such that for every z € R*\ N,,,, v € S¥~! and A > 1 there exists pi‘nug(x) >0
such that for every p € (0, p;\nl’g(as)) we have

1
/ m (2) — i ()| dy < —pAAIL.
QX (z,p) m

We set N :=|J,,cy Nm and note that £4(N) = 0. Using (f5) we get that for every z € R*\ N,
meN, ¢ eR> eSS and pe (O,pm)g( 7)) we have

/@( )If(y,wm(x)) — fy,wm(y))| dy < fn—f’pd)\d—l. (5.19)

|wm (z)| < (5.18)

For every y € Q) (z,p) and i € {1,...,m} we set
w(y) = wm(x)(y — ) + e (@),

1
Ri= a2 (Jg)+ 20y, (5.20)

v (y) = w(y) + Yru ( ) — w(y))-
Note that with this choice of R we have [trgx(,, ) (u—w)| < R HP'-ae. on 9Q)(x,p). Recalling
(3.4), we obtain trgx(,, ,)v" = trox g, le and
Hvi - EEHL‘”(QQ(LP);R’C) < (O_m + 1)R = Cg,m>\,0.

We claim that there exists i € {1,...,m} such that (5.16) holds with v = v’. To this aim, for
every i € {1,...,m} we consider the following partition of Q}(z,p):

i = {y € Q). p): luly) —w(y)| < 'R},

Q' ={y € Q(z,p): 0" "R < |u(y) — w(y)| < o'R},

out = 1y € Qy(w,p): Ju(y) —w(y)| = o'R}.
Using (b) of Definition 3.8 we may write

E(v',Q(z,p)) = B(W', Q},) + B(W', Q") + E(v", Qo).
Recalling (3.4) and (5.20), from (5.15) we obtain
B (', Q) p)) = /Q S Vut)dys | Vo) [ fon) iy

Taking advantage of (5.18)-(5.20), by (f2") and (£3) we get

L Fw e wndr < ekt [ lon@) + Vo) - ) (Tut) - (@)l dy + e£4Q)

< egk? / V()] dy + CeskVfuom (@) + e) £4(Q)
Ql

03]{1/2
C1 Q'
By (5.17) and (5.19) we have

. R A cs+1
/Qi f (W, wm(z)) dy < o fly,w ())dy+ A=yt < o f(y,VU(y))dy+5T/\d ot

k‘l/z co+cg+1
bt

<

Fy, Vu(y)) dy + (26 et 04)Ed(Qi)-
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From the previous inequalities, we get
! /2

B0, Q). p) < | fly, Vuly))dy + = Fly, Vuly)) dy

Q;‘in C1 Qi
(i ; s+1lig1 4
FCILAQ) + [ [y, Vuly)) dy + —=——=1T"p",

i
out

for some constant C; depending only on ¢y, ¢, ¢3, ¢4, ¢5, and k. Summing over ¢ € {1,...,m} and
dividing by m, we obtain

L ZEG Q) < (14 ) B @ Q) + N, (5:21)

for some constant C’ dependmg only on ¢y, ¢o, 3, ¢4, c5, and k, which we may assume to be larger
than the constant of Lemma 5.3. Finally, using that lemma, we get

—ZES Q) < (14 ) B Qe ). (5.22)

so that combining (5.21) Wlth (5.22) we obtain that there exists ¢ € {1,...,m} such that (5.16)
holds with v = v"*.

Suppose now that f is continuous in R% x R¥*4_ Thanks to (f2) and to (f4), we have that for
every & € R? there exists w(z) which minimizes the continuous function & — f(x,£).

Since f € F, we also have that

Co + ¢4
|w(@)] < :
C1
This inequality, together with the uniform continuity of f on compact sets of R? x R¥*? implies
that there exists a p)”(x) > 0 such that for every p € (0, p);”(x)) one has
2 - 1
1y, 8) = fl@, ) < — (5.23)
for every y € Q) (x,p) and [£] < (c2 + ¢4)/c1. In particular, we have
. . 1
|y, w(z)) = flz,w(@))] < —. (5.24)
Exploiting these inequalities and the minimality of w(x), we obtain that
P P 2
Flow(e) < F0.9) + = (5.29)
for every y € Q) (x,p) and ¢ € R4, Indeed, if [£] < (c2 + c4)/c1, we apply (5.23) twice to get

. . 1 p 1 A 2

fly @) < o) + - < f6) + - < f,6) + =
If |¢] > (c4 + ¢2)/c1, recalling the minimality of w(z), by (£3) and (f2') we have f(z,w(z)) <
f(x,0) < es < f(y,€), which, togheter with (5.24), implies (5.25). As in the previous part of the
proof, for every y € R? we denote w(y) := w(z )(y x) + Le(x). We can replace (5.19) by (5.25) in
the argument that we used in the case where f was not assumed to be continuous on R¢ x R**¢
and this leads to the existence of i € {1,...,m} such that

B(w+ o (u =), @Y p)) < (14 © ) Blu, @3, ) + At

In the case where f does not depend on z the same is true for w and (5.25) holds for every
p > 0, since it is a direct consequence of the minimality. O
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The next result follows immediately from Lemma 5.9. Given ¢ € R¥*d

Ce := 2c3kY2C|€] + 20(cs + 1), (5.26)

where C' is the constant of Lemma 5.9. We also recall that the constant c¢,, is given by (5.14).

, we set

Corollary 5.10. Let E € € and assume that there exists a function f € F satisfying (5.15).
Then there exists a set N € B(R?), with LY(N) = 0, such that for every x € R*\ N, m € N,
e RF¥Y 1y e S¥1 and X\ > 1 there exists p;)‘g(x) > 0 such that for every p € (O,p:ﬁf‘g(x))
there exists u € BV (Q)(z,p); RF) N L2(Q) (x, p); RF), with QA (e, U = rQx(a,p)le and [lu —
Clell Lo (@ (2,p)irR) < CemAP, such that

C )\d—l d
E(u, Q) (x, p)) < mP(le, Q) (w, p)) + ——L-. (5.27)
In particular for t = ce¢ mA, we have
C )\dfl d
m(le, Q) (. p)) < mP (L, QX(w, p)) + = (5.28)

m

Moreover, sz is continuous in R? x R¥X? then N = @. Finally, sz is independent on x then
P (@) = +oo.
Proof. Let N € B(R?) and pl;n)‘f(m) > 0 be as in Lemma 5.9. Consider a v € BV(Q)(x, p); RF),
with trQa(z,p) 0 = trQa(e,p)le » such that

d—1 ,.d

E(,Q)(x,p)) < mP(le, Q) (w, p)) + L.

Since the function ¢¢ is a competitor for the minimisation problem in the right-hand side of the
previous inequality, we also get

E(v,Q)(z,p)) < (esk'2[€] + ca + 1A,
Thus, we may apply Lemma 5.9 to obtain a function u € BV (Q)(z, p); R¥) N L>®(Q)(z, p); R¥),

With trox (20U = tTQ) (2,p)le and [[u — Lel|Loo (@ (2,p)irH) < Ce,mAp, such that (5.27) holds, con-
cluding the proof. |

The following proposition shows that under the hypotheses of Lemma 5.9 the functions f5 and
f$° converge L%-a.e. as § — 07 to f and f°°, respectively.

Proposition 5.11. Let E € €. Assume that there exists f € F such that (5.15) holds. Then

f(z,8) = 61_i>rgl+ fs(z,€) for L%a.e.x € R? and for every & € RF*¢, (5.29)
fo(x,8) = 51_i>%1+ f$2(x,€)  for L%a.e.x € R? and for every & € R¥*4, (5.30)

Proof. From Remark 5.8, we deduce that the limits in the right-hand side of (5.29) and of (5.30)
exist and that

F(@,€) < inf f5(a.9).
[ (@,6) < inf f7(,€).

We are left with proving that the converse inequality also holds. Let N € B(RY) the £9-
negligible set of Corollary 5.10, let z € R\ N, m € N, £ € R¥*4 and t > 1. By (5.9), for p > 0
small enough we have

tpd t tm’
We can now apply Corollary 5.10, with ¢ replaced by £, to obtain a function u € BV (Q(z, p); R¥),
With t1Q(4,0)u = trq,ptle and [[u — tle| Lo (Q(w,p)rE) < Cte,mp, such that (5.27) holds with &

IN

(5.31)



HOMOGENISATION OF VECTORIAL FREE-DISCONTINUITY PROBLEMS 27

replaced by t£. By taking p > 0 small enough, we may also suppose that ||u —tle| Lo (Q(a,p);r*) <
1/2. Inequality (5.31) then yields

B(w Q) _ f@19) | Citl _ [t | et
tpd -t tm — Ot m

)

where C¢ > 0 is the constant given by (5.26). Note that in the last inequality we have used the
estimate Cye < tC¢ for every ¢ > 1.

We now compare Es(u, Q(,p)) and E(u,Q(x,p)). Since ||u—tle|| (g
|[u]| <1 H4 1-ae. on J,. Hence, by (c1’) we get

Es(u,Q(x,p)) = E(u,Q(x,p)) + 0| Dul(Q(z, p))

E(u, Q(x, p)) + 6 Vul dz + 61D°ul(Q(x, p)) + 6 / [u]| A1 dHI
Q(z,p) Ju

2,p)RF) < 1/2, we have

IN

IA

) 625 d
(14 2 ) B + 220",
Letting § be so small that 6/¢; < 1/m and dea/cq < 1/m, we then obtain

Sl < (1 )l 1) (9 Y

and, recalling that trg, ,)u = trgs,p)tle , we get
m¥s (e, Q(z, p)) < (1 n i) (f(x,tf) L Ce + 1).
tpd m t m
Evaluating this last inequality at ¢ = 1 and taking the limsup as p — 0, we deduce
1 Ce+1
S ) < (14 =) (@) + =52,
m m
while taking the limsup as p — 07 first and letting then ¢ — 400, we obtain
1 Ce+1
P60 < (14 ) (2@ + =),
@< (1+ ) (2@ + =<
Finally, letting 6 — 07 first and then taking the limit for m — 400, we conclude the proof. [

We now pass to the study of the minimisation problems used to define the integrands for the
surface terms.
Lemma 5.12. Let E€ &, z € R?, v € S* ', meN, ¢ €RF, and p > 0. Then there exists u €
BV (Q.(z, p); RF) N L=(Q,(z, p); RF), with trQ, (@,p)t = Q, (z,p)Uz,cp and ||U||L00(Qy(z’p);Rk) <
o™, such that

K
B, Qu (. p)) < m (1 ¢ Q) + FHL AL

where K := max{c3kC, (C 4+ ¢4+ 1)} and C is the constant of (g) of Definition 3.8.
Proof. By (5.7) there exists v € BV (Q,(z, p); RF), with t1Q, (2.p)U = tTQ, (2,p)Uz,¢,v , Such that
E(v,Qu(x,p)) <m" (g cv, Qul, p)) + p* < esk(IC| A 1)p" ! + pf, (5.33)

where the second inequality follows from (c¢2’) and the fact that wu, ¢, is a competitor for the
minimisation problem.

Let us fix R > [(]. Note that with this choice of R by (3.4) we have trg, (U = tTQ, (,p)Uz,¢c,v
and [[ul| o (q, (z,p)rF) < 0. By property (g) of Definition 3.8 and (5.33) there exists i € {1,...,m}
such that u := 1% o v satisfies

B, Qu(r,0)) S B, Qulw o) de+ eap’ + o (B, Qulw, ) +0°)

4 CQAAD) 4y
m

= K, (5.32)

)

< mE(uLCﬂ/v Qv(xap» + (C +cq+ 1)pd
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concluding the proof. O
We are now ready to prove that gs converges to g.
Proposition 5.13. Let E€ & , x € RY, ( € R*, and v € ST!. Then
=1 . 5.34
gl Cv) = Jim_gs(z,¢,v) (5.34)
Proof. Thanks to Remark 5.8, the limit in the right-hand side of (5.34) exists and
< 1
g(xaC7y) > 52%1_'_ 96(1'7C7V)-

We now prove that the converse inequality holds true as well. Let us fix m € N. By (5.11) for
p > 0 small enough we have that

m¥ (uI,C,I/’ Qv(xa P))
pd—l

ggugwy+%. (5.35)

We can now apply Lemma 5.12 to obtain a function u € BV (Q,(z, p); RF) N L2(Q,(z, p); R¥),
with tro, (@,p)U = trqQ, (2,p)Uz,¢.r a0 [[Ul| Lo (@, (,p)rF) < 0™, such that
K ,
E(u, Qu(,p)) < m" (g0 Qulw, p)) + —p" "1 + Kp".
From (5.35) we then deduce that

E(u,Q,(x, K+1
1% m

To conclude, we compare Es(u, Q,(z,p)) with E(u,Q,(z,p)). Since ||ullp(q, @ prr) < 0™,
we have |[u]| < 20™|[u]| A 1. Hence, we get

Es(u,Qu(z,p)) = E(u,Qu(z,p))+0|Dul(Qu(z,p))
E(u,Qu(z,p)) + (5/ |Vul dz + 6| Du|(Qy (z, p)) + 200™ /|[u}| ATHI!
Q Ju

V(LP)

IN

202 oo™ pd.

IN

(1+ 225 B, Qula ) +

Letting 0 be so small that 260™ /¢y < 1/m and 2c200™ /c; < 1, we get
Es(u, Q. (z, 1 K+1
W < (1 + —)g(m,g,u) R E (1 +K)p.
P m m
Recalling the definition of m®, from this last estimate we deduce that
B vs Qulz, 1 K+1
e @) < (14 Do e+ KLy (14 k),
P m m

Taking the limsup as p — 07 , we obtain

K
0s(x,Cw) < (14 oo, )+ 0

Taking the limsup for 6 — 0T first, and the limit for m — +o0o then, we conclude the proof. [

As the following proposition shows, the functions f and g defined by (5.9) and (5.11), belong
to F and to G, respectively.

Proposition 5.14. Let E € €, f, f, and g be the functions defined by (5.9), (5.13), and
(5.11), respectively. Then f,f € F, g€G.
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Proof. The proof of the inclusions f, f € F and of properties (g1)-(g4) for g, can be obtained by
adapting the arguments of [21, Section 5], with minor changes.

We are left with proving that g satisfies (g5). To see this, let (1, (o € R¥\{0} with cgk|(1| < |Col.
We set A := [(1|/|¢2] and note that A < 1/(cgk). Let R € SO(k) be a rotation that maps A(z
to (1. Let z € RY, v € S%71 and m € N. By (5.11) there exists u € BV(Q,(z,p)); R¥), with
trQ, (2,0) U = tTQ, (2,p) Uz 2,0 » SUCh that

E(u, Qu(x,p)) <mP(uzc, ., Qulx, p)) + po. (5.36)

We set v := ARu and note that trg, (z,,)v = trQ, (2,0)Uz,¢c;,»- Then, by means of (h) of Definition
3.8, we have

E(v,Qu(z,p)) < E(u,Qu(x, p)) + (ca + c2)p,
so that, by (5.36), we infer

E(v,Qu(w,p)) < m" (. ¢y, Qu(w, p)) + (ca + 2 + 1) (5.37)
Dividing this last inequality by p¢~! and taking the limsup for p — 07, we obtain
E(v,Qu(z,p))

hmsolip 4pd71 §9(337C2a1/)7
p—

which, in light of the fact that trg, (. ,)v = trQ, (2,0)Uz,¢; v, implies

g(xv Cla V) < g(xv 427 V)y
which concludes the proof. O

Using the results of [9], we can now establish an integral representation both for the absolutely
continuous part and the jump part of the perturbed functionals Fs. This representation is achieved
by means of the functions fs5 and gs defined above.

Proposition 5.15. Let E € ¢, A € A.(R?), and § > 0. Let E¢ and Eg be the functionals
introduced in Definition 5.4 and let fs and gs be the functions defined by (5.10) and (5.12),
respectively. Then

Eg(u,B):/Bfg(x,Vu) dx, (5.38)

Ej(u, B) = / gs(, [ul,v) HITY, (5.39)

BNJy
for every u € BV (A;R*) and for every B € B(A).
Proof. The result follows from [9], using the same arguments of [21, Theorem 6.1]. O

With this proposition at hand, we are ready to prove the integral representation of E“ and of
EJ.

Theorem 5.16. Let E € €,., A € A.(R?), and let f and g be the functions defined by (5.9) and
(5.11), respectively. Then

E“(u,B):/Bf(x,Vu) dx, (5.40)

BwB) = [ glaful)ni (5.41)
JuNB
for every u € GBV,(A;R*) and for every B € B(A).
Proof. Let f be the function defined by (5.13). We first show that

E*(u,B) = / f(x,Vu)dz for every u € BV(A;RF) and B € B(A). (5.42)
B
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To this aim, we begin noting that Ef(u, B) = E%(u,B) + 6 [, |Vu| for every u € BV (A4;R¥)
and for every B € B(A), so that

E*(u,B) = égg E§(u,B) = }Sli% E§(u, B).
By definition of fs, we have that
fs(@,€) < (csk'/? 4+ 0)[€] + cu,

for every x € R? and for every &€ € R¥¥¢, so that by invoking the Dominate Convergence Theorem,
we obtain (5.42).
We now prove that

Ei(u,B) = / gz, [u], v,) dHY™! for every u € BV (A;R*) and B € B(A). (5.43)
B

To show this, note that E3(u, B) = E’(u, B) + (SfJumB |[u]|dHI~! for every u € BV (A;R*) and
B € B(A); therefore,
j e -
E’(u, B) égfoE(S(u’B) }sli%E(;(u,B).
It is immediate to see that for every # € R, ¢ € R* and v € S~ we have

g[s(a?,(:, V) < (C3k + 6)|C| AL
Hence, recalling Proposition 5.13 and using (5.39), by the Dominated Convergence Theorem we
obtain (5.41).
Consider now v € GBV,(A;RF). Let R,, > 0 with R,, — +oco. . By Lemma 5.2, both (5.2)
and (5.4) hold for every B € B(A) To conclude, it is enough to show that

ml_l}r_Ii_loo p ZE (W ou,A) / fz,Vu)d (5.44)
7 d—1
mgIEOO — Z Bl (4% ou,A) = /JuﬂA gz, [u], vy) dH . (5.45)

Since for every i € {1,..m} we have that ¢}, ou € BV (4;RF) N L>(A;R¥), from (5.40) and
(5.43) we deduce that

By, ou, A) = /A f(2, VW, ou))dz,

Ej(d)j%m ou,A) = / g(z, [@/}}ém oul, ) HAL
J NA

v (u)

By (3.4) we have |V(¢% ou)| < |Vu| for every m € N and i € {1,...,m}. Morover, Vu €
LY (R4;R**4) by Proposition 2.4(a). For every m € N there exists i(m),j(m) € {1,...,m} such
that

/f(%V(wfém dw<—ZEwR o u, A) /waW,T) w)) da.

We observe that both V(me) ou) and V(wj(m) ou) converge to Vu pointwise £%-a.e. in A as
m — 400. Hence, recalling that by Proposmon 5.14 the function f belongs to F, the Dominated
Convergence Theorem implies (5.44).

As for (5.45), by Proposition 2.4(d), for every i € {1,...,m} we have that |[¢}; ou]| A1 <
[[u]] A1 and that [¢f o ul(x) — [u](z) for H* '-ae. x € J,. For every m € N we choose
i(m),j(m) € {1,...,m} such that

i(m — 1 < j 1 j(m —
gl [0 o) MO < Y B, 0w )< [ gl R o) dHi
i1 JuNA
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Since by Proposition 5.14 the function g belongs to G, an application of the Dominated Conver-
gence Theorem yields (5.45), concluding the proof. O

6. A SMALLER COLLECTION OF INTEGRANDS

As the scalar case studied in [21] and [20] suggests, to recover a full integral representation for
functionals in &, it is convenient to consider a smaller collection of integrands, whose definition is
closely related to those studied in [15]. In particular, we will show that the Cantor part E° can be
represented as an integral functional whenever F € €. is the I'-limit of a sequence of functionals
associated to integrands in this in this smaller class and the volume integrand corresponding to F
does not depend on z (see Theorem 7.1).

In the rest of the paper we fix two new constants ¢; > 0 and « € (0,1). Moreover, we fix a
continuous non-decreasing function ¥: [0, +00) — [0, +00) such that

9(0) =0 and 9(t) > Z—lt —1 forevery t >0. (6.1)
3
The smaller collection of volume integrands is introduced in the following definition.

Definition 6.1. Let F“ be the collection of functions f € F such that
fas§)  f@1)| e

s t s
for £L2-a.e. 2 € R? and for every s,t > 0 and & € RFX9,

Fays€)' =+ T+ Tl e) o+ T

(6.2)

Remark 6.2. Arguing as in [20, Remark 4.3], one can show that f € F< if and only if for £¢-a.e.
z € R? and for every ¢ € RF*? we have

FR@,6) = lim L f(z, s6),

s—+o0 §

and 1 o e ~
~f(w,58) = 12 (@,6)] < T+ D (a5
for £L%-a.e. x € RY, for every ¢ € R*¥*? and for every s > 0. This is closely related to condition
(H4) of [9].
We now introduce the smaller collection of surface integrands.
Definition 6.3. Let GV be the collection of functions g € G such that

x,8C, v x,tC, v x,8C, v x,t, v
s t s t
for every s,t >0, x € R?, ( € R*, and v € S~ L.

Remark 6.4. The arguments of [20, Remark 4.5] show that g € GV if and only if for z € R?,
¢ € R¥ and v € S*! we have that the limit

1
0 ;= lim — 6.3
g (z,¢,v) = lim —g(z,5(,v) (63)
exists and 1 .
;g(l’, SC? l/) - go(xa Cv V) < ﬁ(s\d);g(x, SC? V) < C3k19(8‘<|)|<|
for every s > 0, x € R, ¢ € R¥ and v € S¥~!. By [15, Remark 3.5] this is closely related to
condition (gh) of that paper.

Remark 6.5. The class G” is non-empty, since the function (z,¢,v) — Zle((cﬂgﬂ)/\c;g) belongs
to G¥. Arguing as in [20, Remark 4.7], it is possible to show that G” # @ if and only if ¥ satisfies
(6.1) .

As in Section 3, we introduce a space of functionals €*? containing Ef9 for every f € F
and g € GY.
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Definition 6.6. Let &7 be the space of functionals E € & satisfying the condition

E(S'ZvA) _ E(t":A) < %cd(A)aE(SU7A)1_a +19(SUA)E(SZ7A) + ﬁ

L4

+ LAy B, )~ oty PO

for every t,s > 0, A € A.(R?), and u € BV(A;RF) N L®(A;R¥), where u? := oscqu :=
esssup, ,ca |u(r) —u(y)|. We also set eV = gvV N ¢,

+ %Ed(A), (6.4)

Proposition 6.7. Let f € F* and g € GY. Then the functional ET9 of Definition 3.7 belongs
to €47,

Proof. The result is proved as in [20, Proposition 4.9], replacing Remark 2.9 by our Proposition
3.13. 0

To study the I'-limit of sequences of functionals (E,), C ¢*? given A € A.(R?) and a
function u € BV (A;RF) N L>®(A;RF), it is important to be able to find approximate recovery
sequences for u which are bounded in L°°(A;R¥). This is taken care of in the next lemma.

Lemma 6.8. Let m € N, A € A.(RY), u € BV(A;R¥) N L2(A;R¥), E € €, and (E,)n C
¢, with E, (-, A) T-converging to E in the topology of L°(R%;R¥). Then there exist sequences
(un)n C BV(A;R*) and (v,), C BV(A;R*) converging to u in L'(A;R¥) such that

ut < 40™u? and lvnllLoo (asmry < 20™ ||l poo(asmr)  for everyn €N, (6.5)
E(u, A d(A
limsup E,, (uy, A) V limsup E,, (v,, A) < E(u, A) + C (u, 4) + £ ), (6.6)
n—s+4o0 n——+o0o m

where C is the constant in property (g) of Definition 3.8.

Proof. By property (d) of Definition 3.8, it is not restrictive to assume that u? = llull oo asmEY -
By TI'-convergence there exists a sequence (w,,) C L°(R%; R¥) converging to u in L°(R%;R¥) such
that

lim E,(w,,A) = E(u, A). (6.7)

n—-+o0o
Let us fix R := 2[|ul|po(a;r¥)- By property (g) of Definition 3.8 for every n € N there exists an
index i(n) € {1,...,m} such that

En(Wi™ 0wy, A) < Ep(w,, A) + C

E(u, A (A
(u? )/n;i—ﬁ ( )+c4£d(A5L7O)~

Since wy, — u in L°(R%R¥), by our choice of R we have LY(Af ) — 0. Setting uy, := wg")own,
we deduce from (6.7) and the previous inequality that

E(u, A) + L4(A)

lim sup By (u, A) < Elu, A) + C

n—-+4oo
We conclude noting that by (3.4) we have uji < 2||un || oo (arr) < 40™ |l oo (amr) = 4o u” and
U, — u in LY(A;RF).
The construction of v,, is similar. O

We now want study I'-limits of sequences of functionals in &*?Y. To this aim, it is convenient
to introduce a family of subspaces of &, in which (6.4) holds in a weaker form. Given m € N, we
set

I (t) := ¥(4o™t) (6.8)
for every t > 0.
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Definition 6.9. Given m € N, we denote by ¢%9= the space of functionals E € & satisfying the
condition

E(SZ7A) _ E(t’IZ,A) S %Ed(A)O{E(Su,A)l_O’ + 19m(5UA)E(SZ,A) + %Ed(A)
+ %cd(A)aE(m Al ﬁm(tuA)w + c%cd(A) + Ron.s(uy A) + Rpnt(u, A)  (6.9)

for every t,5 > 0, A € A.(R%), u € BV(A4;RF) N L>®(A,R¥), where 9,, is the function defined
by (6.8) and for every ¢ >0

1+ 9 (tu?) E(tu, A) + LY(A)
t m

C being the constant of property (g) of Definition 3.8. We also set €%V := (ﬂoo Qfﬁ‘n”%") NEy.

E(tu, A) + L4(A)

m ,A =
R ,t(u ) O m

+ ca‘;l( )1_a.cd(A)a, (6.10)

m=1
We now show that I'-limits of sequences in *?¥ belong to the larger space €%

Proposition 6.10. Let (E,), be a sequence of functionals in €Y and let E € €. Assume that
for every A € A.(R?) the sequence E,(-,A) T -converges to E(-, A) with respect to the topology
of L°(R%,R¥). Then E € €%9= N &, for every m € N. In particular, E € 7.

Proof. By the semicontinuity of I'-limits we have E € &,.. Thus, given m € N, we only need to
prove that E € ¢%9m.

By the continuity of 1, and exchanging the roles of s and ¢, to conclude it is enough to show
that

E(su, A)

(1 — I (su™)) - %Ld(A) - %cd(A)aE(su, Al

< (1t (1) PO T ) ) B, 40 4 By, 4), (6.11)

assuming that the left-hand side is stricty positive.
Let A € A.(R?), u € L®(A;R¥), and t,s > 0. By Lemma 6.8, there exists a sequence
(un)n C BV (A;RF) N L>®(A; R*) such that u, — u in L'(A;R¥), u? <4o™u?, and

d
lim sup E,, (tu,, A) < E(tu, A) + CE(tu, A+ L (A)
n—-+oo m
Since u, € BV (A;R*) N L>(A;R*), by (6.4) we get

En(sun, 4) TLIA) = LA B (s, A0

E,(tuy,, A)
t
Taking the limsup as n — 400 and using the monotonicity of ¢ and (6.12), we deduce that
E, (suy, A)
S

(6.12)

(1= 9(suit)) =

< (14 0(tusd)) + SLIA) + LA By (tun, 4)' 7

lim sup ((1 — O (su?))

n—-+oo

= i) = T L) By (sun, 4)' )
s 5
< limsup ((1 —~ ﬁ(suﬁ))w

n—-+oo

_ci d _ﬂ d « 11—«
- L L7(4) = T LA By (sun, A) )

E, (tuy, A)

< lim sup (1 + 9(tud)) ,

n—-+o0o

< (14 Dy (tu™))

+ SLhA) + LA B (tug, 4) )

E(tu, A
Bt 4) TLA) + LA B(tu, A)' 7+ Ry, A), (6.13)
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where Ry, (u, A) is defined by (6.10). To deal with the first term in the previous chain of inequal-
ities we introduce the function ® defined for every z € [0, 400) as
z

(2) 1= (1= D (su))" — %Ed(A)l’azl’o‘ -

C7

. LA(A).

Since the left-hand side of (6.11) is strictly positive, we have that ®(E(su, A)) > 0, which implies
(1= O (su?)) > 0. We set 2o := et/ (1 — Oy (su?))"1/*LI(A) and observe that & is increasing
on (zp,+o0) and that if ®(z) > 0 then z > zp; in particular, F(su,A) > zp. Finally, from the
I'-convergence of F,(-,A) to E(-,A) and from the convergence of u, to u in L°(R%RF), we
deduce that

E(su, A) < liminf E,, (su,, A),

n—+oo

which, by the monotonicity of ®, implies
O (E(su, A)) < lim+inf<I>(En(sun, A)).
n—-+0oo

Recalling the definition of ®, from this inequality and (6.13) we obtain (6.11), concluding the
proof. O

The next technical results will used in the proof of the representation theorem presented in
Section 7. Given & € R*¥*? and m € N, we set

Fem = 2Ce m + 2dY2|€], (6.14)
where c¢ ., the constant defined by (5.14).

Lemma 6.11. For every & € RFX4 there exists a constant with the following property: for every
m €N and E € €9 N &, there exists a set Let m € N and E € Q‘E%ﬁm N&s.. Then there exists
N, € B(R?), with LY(N,,) = 0, satisfying the following property: for every x € RT\ Np,, A > 1,
v e Sl 5t >0, and £ € R¥*? there exist pV’)‘ (x) > 0, and M, the latter depending only

m,&,t,s
on €] and on the structurual constants cy,...,c7,k and «, such that for every p € (O,p:,’:‘g’t,s(x))
we have

m”(sle, Q) (z, p)) mE(w&Qi(%p))‘

S t

E Q)\
cr a(d-1) da,  E A - SH&J")\/’ m (8657 l,(.%',ﬁ)) CTyd—1 d
<
S)\ pim” (sle, Q) (x, p)) —H9m((s/\1)(t/\1)) . +—s)\ p

E A
7 ya(d-1) do, E by -« themAp m” (tle, @y (2, p)) 7 \d=1
+A p*m” (tle, @, (x, p)) _H?m((S/\l)(t/\l)) t G

+(1+q9m((siﬁf,),&xf1)))(s iwlg)mAd,lder (éJr%)%Xde

tKk )\p Mf _ 1 1 Mg _
L O (o2l Xt () SN, 6.15

+( +Um (sAD(EANL)// (EAL)M T t‘l+t ml-a p (6.15)
where K¢ is the constant defined by (6.14). If, in addition the function f defined by (5.9) does
not depend on x, the set Ny, = @ and p,, (x) = +oc0.

m,&,t,s

Proof. By hypothesis E € €., so that by Theorem 5.16, the function f defined by (5.9) satisfies
(5.15) for every A € A.(R?) and u € BV (A;R¥). Hence, we may apply Corollary 5.10 to obtain
a set N, € B(R?), with L4(N,,) = 0, satisfying the following property: for every = € R%\ N,,,
R +>0, veS¥ ! and A > 1 there exists p;'rf‘tg(x) such that for every p € (07/’2/,\155(37))7
there exists u € BV(Q)(x, p); R*) N L=(Q)(z, p); RF), with tr Qa (2,0t =tT Q)
£f||Loo(Q£\((E7p);Rk) < %Ct&m)\p < M%Cgm/\p, such that

(wjp)fg and ||u—

C, _ tv1)Ce
B0, Q2w ) < mP(#e, Q2w ) + X0t < m (11, Qe p) + LD N1 (.06)
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where C¢ is defined by (5.26). Note that the oscillation of u satisfies
e R¢m
w0 < (Freem + pd PIEDA = 5. (6.17)
We can estimate m (tlg, Q) (z, p)) by evaluating E(-, Q;(z, p)) at tle. Recalling (6.16) and (c2’)
of Definition 3.8, this leads to
E(tu, Q) (x,p)) < (csk?t|€] + ca + (¢t V 1)Ce) X1 pt. (6.18)

Since E € €%Y= by (6.9) for every s > 0 we have that

1- ﬁm(suQﬁ(I’p)))w - %(,\dflpd)"‘E(su, Q) (z,p))t—™

C _
_fAd 1pd - Rm,s(uv Qi\(xvp))
Ay E(tu, Q) (x, c _ o o
< (1t (@) PO QL) it iy g, Q) )"

C _
FAT P R (0, Q) (), (6.19)

where R is defined by (6.10). Using the monotonicity of 9,,, (6.16), (6.17), (6.18), and the
subadditivity of the function z — 2!~ on [0,+00) we see that there exists a positive constant
My, independent of m, such that the left-hand side can be bounded from below by

_ Slig,m)\p E(SU,Q&(I,/))) _Cl a(dfl) ad A 1—a
(1 ﬁm( tA1 )) P 2 P E(su, Q(x, p))

a1 4 ske.mAP\\ E(su, Q) (z,p)) + A4~ 1pd
s>\ P C(l—’_ﬂm( tA1l )) sm
_CaCiE(S'Lh Q3($7p))1—aAa(d—1)pad + )\d—lpd
s ml—«
while the right-hand side of (6.19) can be bounded from above by
thie mA E(tee, Q)
(1 + ﬁm( ’itf,/\ 1,0)) m ( Ethv(zap)) + CtlmE(tég’Qi\(gj’p))lfoo\a(dfl)pad
m&m/\P)) Cl(csk'2|€] + ¢y + Ce + 1) + C¢ =
tAl tAL)m P

er ey (csk"PlEl +ea+ Ce) TN+ 14+ L
+(coZ+ )
te ot ml-a

Therefore, by (6.19)-(6.21) there exists a constant M, independent of m, such that

_ skiemAP\\ E(su, Q) (x, p)) %7 a(d-1) jad A 1—a _ CTyd—1 d
(1=t (Z2m2E)) - A0 B(su, Q) p)) IXp

_C(l_Hg (Sﬁé,mkp)) E(su, Q)(w, p)+M"1p? o er B(su, Q)(x, p))' AT prd AT e
m\tAl sm s mi-o

t’y"’f m)\ﬁ m (tef’ Qi\(‘ra ,0)) 7 B A l—aya(d—1) ,ad
< 19 )
> (1 m( N )) ¢ n n (t£§7Q1/(I7p)) A p

C7yd—1 d thg,mAp M d—1 d 1 IN Me 41 4
S\ (1 9 ( )) A (7 7)—>\ .
A U\ T ) A om s P T e T et

We claim that the previous inequality still holds replacing E(su, Q) (z, p)) by mZ(sle, Q) (x, p)).
To prove the claim, for given s,¢t > 0 we introduce the function ® defined for every z € [0, +00)

: (6.20)

+ct—7>\d*1pd + (1 + ﬁm(

A1l (6.21)
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as
SkemAP\\ 2  c1 a(d-1) ad l—a _ C7yd—1 d
D(2) = (1 -0, (LEm2LY)E &7 -
(2) ( ﬂm( tA1l ))s s/\ Pz 5)\ P
Skg mA Z+/\d_1pd o CT Zl—a/\a(d—l)pad+)\d—1pd
—cf(1 ; _oer
C( +19m( tA1 )) sm ¢ s ml-e ’
so that the left-hand side of (6.20) is equal to ®(E(su, Q) (x, p)). We now show that
®(m” (sle, Q) (z, p))) < ®(E(su, Q)(x, p))). (6.22)

Since the righ-hand side is clearly larger than zero, it is enough to prove this inequality when
®(mF (sle, Q) (z,p))) > 0. Note that this positivity condition implies that 1 — 19m(m§X"l’\p) > 0.
Some straightforward computations, show that if ®(z) > 0 then z > zy, where
-1/« Cca \1/a
(05 ) - () ) (06

0= e (( "\l Ul tAl m e P
One can also see that @ is increasing on (20, +00). Since trQa(z,)sU = trQA(x,0)Sle, We obtain
that

mP (ste, Q. p))) < Elsu, @Az p)). (6.23)
Since we assumed that ®(m¥(sle, Q) (x,p))) > 0, we have that mP(sle, Q) (z,p)) > zp. Hence,
recalling that @ is increasing on (2, +00), from (6.23) we obtain that (6.22). Thus, in (6.20) we
can substitute E(su,Q)(z,p)) by m®(sle, Q(x, p)). This new inequality, together with

mE (ste, Q)r.p)) _ eskV2lel +es o o
S sA1

implies that

E A
(1= o (e )y A BAL L) _ 00t s, QA )
S

tA1 S
_%)\d—lpd _ (1 +ﬂm(si§}inl)\p)) G /]:/[f)m)‘d_l d _ %%)\dqu
< (1 +19m<m£’m>‘p>)mE(w&’Q’é(aj’p)) + TmE (tle, QX (, p)) o A:(d=1) pad
tA1 t t
P o () e

Exchanging the roles of s and ¢, this gives (6.15).
If, in addition, the function f defined by (5.9) does not depend on z, then in Corollary 5.10 we

have N,, = @ and pf,’:‘tg (z) = pZ’ﬁsg (x) = +oo, concluding the proof in this case. O

The following lemma deals with the case with boundary conditions related to the the jump
functions uy¢ ..

Lemma 6.12. There exists a positive constant M > 0, depending only on the structural constants
c1,..,cr, k, and on «, such that for every m € N, E € ¢x9n N ¢, r € R?, (€ RF, v €SI,
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s,t >0, and p > 0 we have

mE(sum,C,v,Qu(xap)) . mE(tum)ny,Qy(x,p))
s t
E
7T da —a m=Sug, ,VaQV x,p C7
< T (s, Qo)) = ) T QAT D) €7

_|_

mE(tux,(,anu(Iap)) C7 4
t t”

C —«
{pdamE@ux,C,wQV(x,p)f + Do (t[C])

Mi¢| 40 | M 1 M 4 qie 1 M
+(1+192m(8|CD)(JPd 1+7Pd) j%ﬂd ey~ 1_a/fi
m sm S m sm
ML 4oy M ;N 1M, 1 M
1+ o (t (— — ) B e . (6.24
HA+ Do (= >0+ o0 ) + o= togart (624)

Proof. By Lemma 5.12 for every z € R, ¢ € R¥, t > 0, v € S', and p > 0 there ex-
ists a function u € BV (Q,(z, p); RF) N L>=(Q,(x, p); R¥) such that trg, )t = trQ, (2,0 U
[ull Lo (@, (z.p)irr) < 0™[(], and

E(tu, Qu(x, p)) < m”(tug ¢, Qu(w, p)) + %Mlpd’l + Kp’, (6.25)

where K > 0 is the constant in Lemma 5.12. Note that the oscillation of u satisfies u@(®r) <
20™[¢|. We now estimate m® (tu, ¢, Q. (z,p)) by evaluating E(-,Q,(z,p)) at tuyc, and by
(c2) we get

mE(tum,C,w QV(CC,/))) < CSktKlpd_l + C4pda
so that from (6.25) we deduce

Bltu, Qu(, p)) < tl¢](esk + )0+ (s + ) (6.26)

Since E € €Y= by (6.9) for every s > 0 we have that

(1 Dy (su@eto)) QAT 0 oy (0, )= — Tt~ By (1, Qu ()

w + T B(tu, Qulw. p)' 7 + o + Rolu, Qula. ).

Using the inequality u®v(*#) < 2¢™|¢|, the monotonicity of ¥,,, and the subadditivity of z

l—o

z , we deduce that the left-hand side of the last inequality can be estimated from below by

A
(1 D) PG s, Qu o) = "

d —a ,ad d
—C’(l+ﬁ2m(s|4\))E(su’QV§:p))+p _CQ%E(SquV(x;npl)_)i P+ p )

while the right-hand side can be bounded from above by

< (14 O (tu Qv (@P)Y)

mE ty V7QV z,p cr —a .« C7
(1 4 D ]¢])) P s QAT €0y, Q)% 4 T

t
(€ +D¢lkes +2K) 4y (L4 Fom(tIC)) (€ +1)(ea + 2K +1) 4
m P t m P

+ (1 + 192m(t|C|))

11—« « l—-a l—« 11—«
e [S77(C +1)(k " 2K ) d71+a+ﬁ(0a+1)(ci_a+2Klﬂl+l) d

ta ml-a P t ml-a P
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Therefore, there exists a constant M > 0 such that
E(SU7QV($7P)) CT —a Cr
(1 = Dam (i) D T et (s, Q, (2, p)) e — Lt

S
E(su, Qu(,p) + " acr E(su,Qu(x, p))'=p*" + pf

sm s ml—a

—C(1+ Dam(s[C]))

m¥ (tug ¢, Qu(z, c e ad | €
< (14 Do (1)) e QB | gy, Q)+
MG o, (O )My UMIP o 1M
U Do (1)) Tt o SR 0y LS ey L,

Arguing as in the proof of Lemma 6.11 we may substitute E(su, Q,(z,p)) by m¥ (suz.¢ ., Qu(z, p)),
so that, taking into account the estimate

m® (sua,¢.o, Qu(x,p)) < csslClp?™" + cap?,

we obtain

mE (suy ¢, Qu(z, c _ c
(1 (slcl)) et QAL e, Q)= 4 T

s
MIC| 4y (L4 Dam(s[C])) M 1 M), 1 M
0t Do (sl Sl oot QDo Mg LML mra 1AL
m s m s m sm
m¥ tug V)Ql/ Z, P Ccr — C7
< (Ut ty(tfc)) e Q0D T, (o)) = 4
MIG| qoy, A APam(tC)) M 4 1 M¢I" 4y 1 M
14 Do (£]¢])) 212 LT Yam S 2 a2 2L d-t4a | 2 a,
1+ (1)) 8l ooy (Do) Mg L MU 1A,
Exchanging the roles of s,¢, we obtain (6.24). O

We now investigate the properties of the integrands f and g associated with functionals in
e,

Proposition 6.13. Let E € €%V . Then the function f defined by (5.9) belongs to F«.

Proof. For every m € N let N,, € B(R?) be the £%-negligible set of Lemma 6.11 and let N :=
Umen Nim - By the same lemma for every = € RI\ N, £ € R¥*4 m € N, s,¢t > 0 and every p
small enough we have

mP(sle, Q(z, p)) mE(M&’Q(%P))’

S t

SK¢mpP m” (sle, Q(x,p)) | 1 4

(s/\l)(t/\l)) s M
the mp mP (tle, Q(z,p))  cr 4

(s/\l)(t/\l)) / e

+(1 + 19m(($ /‘\9'?5)(’:6\ 1))) (s /]:41€)mpd + (si“ + é) mﬂl{gapd

thg,mp Me 4 (1 1\ Me
1 0m( : )) (7 7)7 : 6.27

s Grnean ) Ernm” T\ T 1) el (6.27)
where K¢, is the constant defined by (6.14). Since ¥, is continuous and ¥,,(0) = 0, we have
that

€7 da —a
< ;pd m¥ (sle, Q(x, p))* +19m<

C e
+%pdamE(tfg, Q(z,p)' ™ + ﬁm(

lim sup (ﬂm(( stip )mE(sfg,Q(axp))) o,

=0+ sSAD(EATL) sp
. trp m¥P (tle, Q(z, p))\
h,fi%lip (ﬁm ( (s A1) (tA 1)) tpd ) =0
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Therefore, dividing (6.27) by p¢ and taking the limsup as p — 0%, we obtain

f<x;5€) S f(.’l? tg) + f( x, é)l—a 4 6;7 +f($,t€)1_a + Cti
M,5 1 1y M M 11\ M
Jr(s Al)m + (sia g) mi-e + tAL)m (tio‘ ;) ml-e’

Letting m — 400 and exchanging the roles of s and ¢, we recover (6.2), which concludes the
proof. O

Proposition 6.14. Let E € ¢%Y meN, z € RY, ( € R¥, v € S41 and s,t > 0. Then the
function g defined by (5.11) satisfies

S t -

g(, SC, V) g(z, ¢, v)

t

+ 192m(t|C|)

2 4 Do (s |<|>+z92m<t|<|>>M‘<'

where M > 0 is the constant of Lemma 6.12.

Proof. Thanks to Lemma 6.12, inequality (6.24) holds. Dividing this inequality by p?~! and taking
the limsup as p — 0%, we immediately get
gz, s¢,v) _ g(z,t¢, ) ( V) g9(z, C, V)
R A B R ()
Mic| Micl
1+ Y9 14 Jom (t
(14 D (SICD) T+ (1 D (EIC]) =
Exchanging the roles of s and t we conclude the proof. O

Remark 6.15. In the scalar case, due to the different nature of the required vertical truncations,
it is possible to prove a stronger version of Propositions 6.10 and 6.14. First, the space *? turns
out to be closed under I'-convergence with respect to the topology of L°(R?). Then, exploiting
this stronger version of Proposition 6.10, it is shown that the function g associated to E by (5.11)
belongs to Ggv.

However, due to the presence of error terms in the truncation procedure, which depend on
U, in the case k > 1 one cannot recover the closedness of €*? and subsequently conclude that
gegy.

7. FULL INTEGRAL REPRESENTATION

We are finally ready to state and prove the full integral representation result for functionals in
the class %Y. More precisely, we will show that if E € €%V and if the bulk integrand f defined
by (5.9) does not depend on x, then the Cantor part E¢ of the functional E can be represented by
means of f°°. Since this result will be employed to obtain an integral representation for functionals
arising from homogenisation of functionals in 7 the hypothesis that f does not depend on z
is not restrictive for our purposes.

We now state the main result of this section.

Theorem 7.1. Let E € ¢%7 and f and g be defined by (5.9) and by (5.11), respectively. Assume
that there exists a function f: R¥*4 — [0, +00) such that
f(x,6) = f(&) for every x € RY and for every & € RF*9, (7.1)
Then E = ET9 where ET9 is the functional introduced in Definition 3.7.
To prove this result, we try to characterise the Radon-Nikodym derivative of the measures
E¢(u,-) with respect to |Du| for any u € GBV,(A4;R*) with A € A.(R?). This is done via a

careful truncation procedure and taking advantage of the results of [9]. We recall that given A €
A.(R?) and u € BV (A;R¥), Alberti’s Rank-One Theorem (see [2, Corollary 4.6] and [3, 23, 37])
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ensures that for |D°u|-a.e. © € A the matrix dD/d|D°u|(x) has rank one, i.e., there exists two
Borel functions a,: A — S¥~1 and v,: A — S?! such that for |[Dul-a.e. © € A we have

dDu

d|Deul|
Lemma 7.2. Let E € &, Ac A.(R?), and u € BV (A;RF). Assume that there exists a function
f:RF¥d [0, +00) satisfying (7.1). For |D¢u|-a.e. x € R%, for every A > 1, and p > 0 we set

— 1Du|(@, (1 (. )

() = ay(x) @ vy (x). (7.2)

sg(a: : N1 and 5;‘(95) = s;‘(x)(au(x) ® vy (x)), (7.3)
where (a,(x),v,(z)) € SF=1 x S~ s given by (7.2). Then
: Aoy . Aoy
pgrfoo sy(r) =400 and pglfoo psy(w) =0 for every A > 1, (7.4)
dE(u,-) N m®(ley (@), @), () (% P))
_— = 1 1 2 = ) 75
D] (¢) = lm im sup AT 053 (z) (7.5)

for |Dul-a.e. x € A.

Proof. Let us fix 6 > 0 and consider the function Es defined by (5.6). It is shown in [9, Lemma
3.7] that (7.4) holds true for |Du|-a.e. x € A and that for 6 > 0 one has
E A
dE°(u,") dES(u, ) o M= (e (), @y, () (T P))
= \»J §= 28037 Ty = ] 1 L i )
Dl (z) + D] (@)= lim im sup A3 (1)
Since E < Ej, we deduce that

(y, - mE(lex(ay, Q) z,
M(I) + ¢ > limsup lim sup ( £ (@) V“(w)( p))

d|Déul A—4o00  p—0+ A=1pdsi(x)

Thus, it is enough to show that there exists a constant K > 0, depending only on ¢y, ...,c4 and
on k, such that for every A > 1, for every § > 0, and for |Du|-a.e. € A we have

mEégk:an)\ Z,p mEZ*xaQ)\ Z,p

lim sup ( E’;Ei = V;(I)( ) < (1 + K(S) lim sup ( 6057)1 d”;‘\(z)( ))
p—0+ A=pdsy(x) p—0+ A=tptsh (@)

We fix m € N, A > 1, and consider a point = € A such that (7.2) and (7.4) hold. By The-

orem 5.16 hypothesis (5.15) of Corollary 5.10 is satisfied. Thus, there exists a function uy €

BV(Qy, (2 (%, p)i RE) with trgn o g = tron o pyley@) and [lug—Lley@ll=(@3 ., ore) <

C{g‘(z),m)‘pa such that

(7.6)

Cer) 4
E(u, Q) ) (,0)) <mP(ber @), QD (o) (@, 0)) + pTV 'o?, (7.7)

where CeX(w),m and OEQ(I) are the positive constants defined by (5.14) and (5.26), respectively.
Recalling that [luj — EEZ‘(m)H < €ex(z),mAp and observing that [fug]l = |[uf — 653@)“7 we deduce
that |[uj]| < 2¢¢x(2),mAp- Therefore, we may estimate

| gl

x
“p

IN

/( o I 2 A )
ug uz

IN

(1+2c52(x)7m)\p)/ ] A 1dHI,

x
“p
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From this inequality, by (c1) and (¢2) of Definition 3.8 we see that
By (uy, Q) (. ) = B, Q) (. ) + 01 DU [(Q}, (0 (%, )

< B2, Q) oy (3, 9)) + 6 /Q ) [Vl AU, )
x,p

vy ()

3(1+ 26y (1 D) / [u]] A 1dHE

ug

14 2¢en gy m AP
< (1 n 6L>E(uz A o@0) + 5%(1 + 2y (o), m M)A,

C1 P’

Since ter NEL trQuuu)(w”’)Eg?(z)’ combining the previous inequality with (7.7), we get

mPs (ff;(a:),Qyu(x)(%P)) - (1 N 61 + Qng(x),m)\P) (mE(fgg(x)aQ,’,\u(x)(x,P)) Cex(a) )

+
A=t pdsd(2) c1 A=t pdsd () sp(z)m

C2
0—(1+2 A .
+ Cl( + Cgf;(z),m p)Si)‘(Jj)

It is immediate to check that when s)(z) > 1 we have

m®(ley (@), @), () ()
ALl (z)
Hence, from this inequality, (5.14), (5.26), and (7.4), we see that there exist two cosntants C; and
C5 depending only on the structural constants ci,...,cq4, k, and d such that

(7.8)

< 03k1/2 + c4.

lim su (5(1 + 265*(30 )\p) <mE(€££\(x)7 Qt)/\u(z) (J,‘, p)) Cff;‘(a:) )
p0t & Npls) (@) s3(xm
) Cox, )
<1 —(1+2 1)A d'?+c 3K/ £
e 2 (120 Dl ) (o + S22
5 Cy
< —(e3k!/? = )
_Cl(@,k tet ), (7.9)
As for the remaining terms of (7.8), by (5.26) we see that
Cex 2¢3Cs,(x) +20(ca +1) 2
lim sup )\g Sl = lim sup 303, z\ (cat1) = 6307 (7.10)
p—0+ Sp (J")m p—0+ Sp (J?)m m
while by (5.14) and (7.4) we get that
1
lim sup —(5(1 + 2¢ex (), )\p) =0. (7.11)
p—0t ( )

Finally, using (7.9)-(7.11) we can take the limsup in (7.8) as p — 0T, obtaining an estimate that
depends on m and §. Then, taking the limit as m — 400 we get (7.6), concluding the proof. O

The next result ensures that estimates on the volume integrand f translate into estimates on
the right-hand side of (7.5). For the proof of this result we refer the reader to [20, Lemma 5.3].

Lemma 7.3. Let E € €., EecRF>*4 X>1, veS¥! t>0, and p € [0,+00). Assume that
for every x € R? and p > 0 we have
mf, (e, Qz, p)) < pp?.
Then
mi, (le, Q) (, p)) < pA? ! p



42 G. DAL MASO AND D.DONATI

for every x € R% and p > 0. If, in addition, there exists some xo € R such that

me,(le, Q(xo, p))

lim sup v = pu,
p—0+ P
then . \
lim sup mtAp(gfv Qy (x()? p)) _
bt

With these two lemmas at hand, we are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. Thanks to Theorem 5.16 and to (7.1), for every A € A.(R?) we have
Fou, B) = / F(Vu)de and  E*(u,B) = / o [u], va) dHA (7.12)
B JuNB

for every u € GBV,(A;RF) and B € B(A).
We are left with proving that for every A € A.(R%) we can represent the Cantor part E€ as

dDu
B) °° d D¢ .1
(u /f Tpr) D (713)
for every u € GBV,(A4;R*) and B € B(A
Since ¢ is an admissible function for the minimisation problem m(l, Q(z,p)), by (7.12) we
get that R
m"” (le, Q(x, p)) < f(£)p*

for every x € R4, ¢ € R¥*4 and p > 0. Recalling (5.9) and (7.1), applying Lemma 7.3 we obtain

. mE (¢ ,Qﬁ x, N

lim sup ( idlfgd P) f(&

p—0+

for every A > 1. In particular, for every ¢ > 0 we have

m¥ (tle, Q) (x,p)) _ f(t&)
lim su LA =
p_,0+p Ad—1pdt t

(7.14)

so that, taking the limsup for t — 400, we get

E by
tle, Q
lim sup lim sup m=( 2’71 ud(ma p))
t—+oo  p—0t Ad=1pdt

= [>(©). (7.15)

We claim that for every ¢ € RFX4 X > 1, and x € R? we have

mE(sple, Qp(x,p)) 5
lim sup i 1AL A = f> 7.16
s "G BRI e (7.16)

whenever s, — +oo and ps, — 07 as p — 0". To see this, first note that by (5.9) and (7.1) for
every p >0 we have mP(s,le, Q) (z,p)) < f(spf))\d’lpd, whence

mP(s Az .
( Pgﬁqu( 7p>) < ().

lim sup
d—1,d
p—0+ A pts),

Thus, to prove (7.16) it is enough to show that
; : m" (sple, Qy (@, p))

*) <1 7.17
) < l,fri,?ip NTpis, (7.17)
Let n > 0. By definition of f°°, there exists t, > 1/n such that
- flty€
f(e) -~ < 108, (7.18)

ty
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Hence, recalling (7.14) we have
m® (tyle, Q) (x, p))

fo(¢) — n < limsu 7.19
[ —n < /Hmp T, (7.19)
Let us fix m € N. By Lemma 6.11 we obtain
E(4 p. ON E(s . ON
sy Ml @) P50l Qe p)
p—0+ A=ty p—+o0 Ad=1pds,
mP (s,be, QMw,0)) | e (mP(s,le, Q. p)\1=0  er
li (ﬁm m/\ ptEs Wy ’ 7( ptH Xy \Ly ) =
+ im sup (spke.mAp) N Tpls, + P N s s,
M¢ 1 1N M
Lt O (sphiemAn)) — & + (o + — ) =5
HO+ dn(spremd) T8+ (5 + ) s
mE(Lyle, QX(5.p)  cr (mE(tyle, @M, p)\ 1= | cx
i (19 t A nt&H &y Ly 7( nt& Wy Ly ) cr
+ 1;1%‘? m (tntemAp) AT pdt, to =1 pdt, T t
M 1 1\ M
14+9,,(t e (7 7) ) 2
HU Dnltaremd0) 3+ (e + ) s (7.20)

where Mg > 0 is the constant of Lemma 6.11, which we recall is independent of p,s,, t, and m.

We separately study the summands of this last expression. Since 9, is continuous and 9,,(0) =

mE(S;;Z@G?f(LP))
Py

=15 is bounded uniformly
P

0, while s,p — 0 and s, — 400 as p — 01, recalling that
with respect to p by (c2) of Definition 3.8, we obtain

mE(Spgﬁv Ql)/\(z7p)) + Ci (mE(Spgf’ Qi\(x’p)))l—a

lim sup (19m(sp/€§,m>\f’))

0+ )\d_lpdsp Sg )\d—lpdsp
C7 Mf ( 1 1 ) Mg ) Mf
—+ 1+ Ap))— — + — =—. 7.21
H U nrend) T E+ (G4 ) ra) =50 (2)

By (c2) of Definition 3.8 there exists N > 0, independent of p and t,,, such that
mE(tn£§7 Qé (xa p))

)\d_lpdtn
Therefore, arguing as in the proof of (7.21), by (7.18) and (7.19), we obtain

< Ne.

E A E A _
t. L t. 0 11—«
lim sup (ﬁm(tn,.@&m)\p)m ( ndialey(l‘,P)) n g(m ( ndg,leu(x,p))) N cr
0t Ad—1pdt, to A1 pdt, t
M (1 1y M
1+ Vo (En ke mAp)) — (7 7) )
HU - DnltaremA) 70+ (e + ) s
N~ 11y M, M
3 &7 ( ) £ l—-a, « a I3
T\ T <N, , 7.22
- ote * 127 * 2 N t,/ mi-« ¢ mohem (n+n )ml_a (7.22)

where in the last inequality we have used that t,, > 1/n. Finally, combining (7.19) and (7.22), we
get

£ oo Mf l—a, o Mf : mE(SpE&Qz))(%P))
FRE =n—=—2 = Ne 0" +em+ (0 +0") —=5 < hllizlip N=Tpls,

Letting m — +oo and 1 — 0", we obtain (7.17).
Consider now a function u € BV (A;R¥). Let ay(x), vu(z), and s)(z) be as in (7.2) and (7.3),
and set £(z) := a,(z) ® vy(z). By Lemma 7.2 for |Dul-a.e. € A we have

el mP (sMx) ey, @ (x,
dE(U:) () i Timsup (00w, Qo) (7:2))

— 2/ . 7.23
d|Deul| A=Fo0 o+ A1 pdsh(x) (7.23)
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Recalling (7.4), in light of (7.16) and of (7.23), we then infer that
dE(u, - P
e d(a) = F2lau(e) © valo))
which by (7.2) gives (7.13) for every u € BV (A;R*) and B € B(A).

Let us assume now that u € GBV,(A;RF) and for every R > 0 we consider the set AF
introduced in Proposition 2.5. We claim that it is enough to prove (7.13) for every B € B(A) for
which there exists R > 0 such that B C Aff. Indeed, by Proposition 2.4 we have A 7 Areq :=
{z € A: u(x) exists} and that |D°u|(A \ Aweg) = 0. Hence, every B € B(A) can be written, up
to a |DCu|-negligble set, as the increasing union of Borel sets each contained in Aﬁo, for some R.
This proves the claim.

Let us fix R > 0 and a Borel set B C Af”. Let R,, > R be a sequence with R,, — 4o00.
Thanks to Lemma 5.2, we have

1 & ,
lim — E EC(Q/}’RM ou,B) = Ec(u,B). (7.24)
i=1

m——+00 M 4
Since each function wﬁ%m o u belongs to BV(A;RF) and the integral representation holds in
BV (A;RF), we have
- o D, o u) ,
E°(, ou, B :/fOO( ) d| D ()
B A R T D

for every i € {1,...,m}. Recalling that B C A C Af»  from Proposition 2.5 and from (3.4) we
obtain that

ou)| (7.25)

m

dD(¢k o) dDu
T = D¢ul-a.e. in A%
d|Dc(¢3%m ou)| d\DCu| | U| a.e. m A,

|D(¥% owu)|=|D| as measures in A,

for every i € {1,...,m}. These equalities, together with (7.24) and (7.25), give (7.13), concluding
the proof. O

8. INTEGRANDS OF THE I'-LIMITS

In this section we consider a sequence (F,), of functionals in &. In the first part we assume
that (E,), I'-converges to some functional E € &, and we characterise the bulk and surface
integrands f and g of E at a point x € R? by taking first the limit as n — 400 of the infima
of suitable minimisation problems for F, on small cubes and taking then the limit as these cubes
shrink to z.

In the last part we assume that each functional E,, belongs to &*¥ and prove the converse of
the previous results: if the limits mentioned above exist and are independent of x, then they define
two integrands f and g such that the sequence (E,,), I'-converges to the functional corresponding
to f and g¢.

We begin this analysis by showing that it is possible to obtain the function f introduced in
(5.9) by means of limits of constrained minimisation problems.

Lemma 8.1. Let E € &, and let f be the function defined by (5.9). Then there exists a L%-
negligible set N € B(R?), such that for every x € RT\ N and for every & € R¥*? we have

E
f(xv 6) = lim lim sup mpcfvm (KE;Q(.’IJ, P)) 7

m——+00 p—0+ 1%

(8.1)

where cg , is the constant defined by (5.14) and m¥ (b, Q(z,p)) is given by (5.8) with t = cg.mp.
If, in addition, there exists a function f: RF*d — [0,4+00) such that f(x,&) = f(é“) for L%-a.e.
r € R? and every &€ € RF*? | then (8.1) holds for every x € R and ¢ € RF*4,
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Proof. It follows immediately from (5.7) and (5.8) that for every m € N and ¢ € R¥*? we have
m¥ <mf . Thus, we only have to prove that

ce,m
o mp.. (le,Q(z,p))

lim limsup yi < lim sup

m—=+o0 o+ P p—0+t p

for £L4-a.e. x € R? and for every ¢ € R¥*9, Thanks to Theorem 5.16, the equality (5.15) is
satisfied. Hence, by Corollary 5.10 there exists a set N € B(RY), with £4(N) = 0, satisfying the
following property: for every x € R4\ N, ¢ € R¥*4 m € N and p > 0 small enough there exists a
function u € BV (Q(x, p); R¥) such that with tr g, )t =tr g(z,p)le, [|t—"Lell o (@,p)rr) < Cemps
and such that

m® (le, Q(z, p))
d

(8.2)

C,
me&m (857 Q(z,p)) < mE(gg, Q(z,p)) + ﬁpd’

where C¢ > 0 is the constant defined by (5.26). Dividing this inequality by p? and letting p — 01,
we conclude that

mEC u7 Q x’ E C

lim sup —~ g’m( - (@.7)) < lim sup m R P)) (, 2(56’ P) 4+ £

p—0+ P p—0+ p m

Taking the limit for m — +o00, we obtain (8.2).
To conclude the proof, we note that under the additional hypothesis we have N = @ in Corollary
5.10. 0

The next result is useful to understand the relation between the minima of problems associated
with a sequence (E,), on an open set A’ and the minimisation of the problem associated with
their I'-limit £, computed on a larger open set A”.

Lemma 8.2. Let (E,), C €, E € &, and let A", A” € A.(R?) with Lipschitz boundary and
such that A" CC A”. Assume that for every A € A.(RY), the sequence E, (-, A) T -converges to
E(-, A) with respect to the topology of L°(RY;R¥). Then for every w € VV&)C1 (R R¥) , we have
mP (w, A"y < liminf m® (w, A’) + csk!/? / |Vw| da + caLYA"\ A').
A\A

n—-+oo

Proof. The proof can be obtained by adapting the arguments of [20, Proposition 3.1], replacing
[21, Theorem 7.13] by [24, Theorem 3.22]. O

We now prove a result that allows to compare the limit of the minima of problems associated
with a sequence (E,), on a cube Q(zx,p) with the minimum of the problem associated with the
I'-limit F, computed on the same cube.

Lemma 8.3. Let (E,), C ¢, Ec ¢, x cR? ¢ cR> m e N, p>0, and s > d'/?€|p.
Assume that for every A € A.(R?) the sequence E, (-, A) T -converges to E(-, A) with respect to
the topology of L°(R%;R¥). Then

lim sup mE (£, Q(, p)) < mE (e, Qz, p) + L (83)
n—-+o0o m

where t = 20™(s + d*/?|¢|p) + dY/?|¢|p and K¢ > 0 is a constant depending on &, but not on
(f)ns (gn)n, m, s, and p.
Proof. Let us fix 0 < n < 1. Consider a function u € BV (Q(z, p); R¥), with [|u—Lel Loo (Q(a,p)ir%) <
s and trgz, U = trQ(s,p)le , Such that

E(u,Q(x,p)) < m (le, Q(x, p)) +1 < (esk2[€] + ca)p® + 1. (8.4)
By Lemma 6.8 there exists a sequence of functions (v,)n, C BV (Q(x, p); R¥), with [|vp || Lo (Q(z,p)) <
20™ (s 4 d'/?[€|p), such that v, — v in L'(R%;R¥)

lim sup By (vn, Q(z, p)) < E(u, Q(x, p)) +C

n—4oo

E(u,Q(J;;p)) + pd. (8.5)
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Let us fix 0 <np <1 and 0 <r < p. For every 0 < § <n we apply Lemma 4.2 to the open sets
A=Q(z,r) and U = Q(z,p) \ Q(z,r) to obtain a sequence (u,), C BV(Q(z, p); R¥) converging
to u in L'(R?%; R¥), with tTQ(2,p)Un = tTQ(z,p)le and [Juy —£5||LW(Q(I’p);Rk) < 207"(5+d1/2\§|p) +
d'/?|¢|p = t, such that

limsup By (n, Q(a, p)) < (1 -+ 8)limsup (Bo(vn, Qx, ) + En(le, Q(a, ) \ Q1)) ) +1

n—-+oo n—-+oo

Exploiting (8.4) and (8.5), from this last inequality we deduce that
lim sup By, (un, Q(x, p)) < m¥ (v, Q(x, p)) + 1+ ((csk2[¢] + ca)p® + 1)

n—-+oo

KV21E + ea+ Dpt +
(3 [3 77014 )p 77+(1_|_5)(C3k1/2|§|—|—64)(,0d—Td)+77- (8.6)

Choosing r so that 2(csk'/2|€] 4+ c4)(p? — r%) < n and § such that 6((csk'/2[€] + ca)p® + 1) <,
recalling that trg(y,p)Un = trQ(w,p)le and |ty — Le| Lo (Q(a,p)irr) < t, from (8.6) we obtain

+(1+0)C

k1/2 1) p?
timsup mf (6, Qe p)) < m¥ (u, Q(a, ) + 20 IENH T DITHD
n—-+oo

4n.

We conclude the proof by letting n — 0. |

The next result shows that when FE is the I'-limit of a sequence of functionals (E,,),,, the value
of its bulk integrand f at (z,£) can be obtained by taking first the limit of m® (¢¢, Q(z, p))/p? as
n — +oo and then the limit as p — 0. For technical reasons, we need also a similar result where
we replace m® (£e, Q(z, p)) by its constrained version m{" (¢, Q(x,p)), for a suitable choice of
t>0.

Given m € N and ¢ € R¥*? | the constraint ¢ will be given by pBe,m , with

Ben = 0™ (cen +d'(€]) + 2], (8.7)
where cg ., > 0 is the constant defined by (5.14).
Proposition 8.4. Let (E,), C €, E € €, and let f be the function defined by (5.9). Assume
that for every A € A.(R?) the sequence E,(-, A) T -converges to E(-, A) with respect to the topology

of L°(R%RF). Then there exist an L% -negligible set N € B(R?) such that for every x € R4\ N
and & € RF*4 we have

m? (b, Q(z, p) m (b, Q(z, p))
d

f(z,&) = lim sup lim inf = lim sup lim sup . , (8.8)
p—0+ n—00 P p—0+ n—00 14
E E,
m 2 (le,Q(x, p m 2 (L, Q(x, p
f(z,&) =lim limsup lim inf pB&’m( gd (=) =lim limsup lim sup pﬁg’m( gd ( )), (8.9)
m—+00 g+ N0 p m—=+00 , .0+ n—oo P

where B¢ m is defined by (8.7).

If in addition there exists a function f: RF*d — [0,400) such that f(z,&) = f(f) for L£2-
a.e. * € R and for every ¢ € RF*? | then (8.8) and (8.9) hold for every x € RY and for every
5 c RExd

Proof. Let N € B(R?) be the union of the £%-negligible sets of Corollary 5.10 and Lemma 8.1.
We fix m € N, let p > 0, and set r := p+ p?. Using first Lemma 8.2, then Lemma 8.3, and finally
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Corollary 5.10, for every # € R4\ N and p > 0 small enough we have

mP(le; Q(a,m) < liminfm® (b, Q(x, p)) + (esk'/?[¢] + ea) (r? = p)
< lminfmfy (6, Q. p) + (csk €] + ) (1! = o)
< limsup mfé; (L, Q(z, p)) + (csk2|€] + e4) (rd — p%)
n—-+oo ’
K
< mb (e Qo)) + (st 2IE] + ) = )+ 5t

< P, Qe ) + (esk el +en) (! — ) + TEL e
where K¢ is the constant of Lemma 8.3 and C¢ is given by (5.26). We divide all terms of the
previous chain of inequalities by p?, and take first the limsup for p — 0 and then the limit for
m — +oco. By (5.9) in this way we obtain (8.9), since (r¢ — p?)/p? — 0 as p — 0F.
To prove (8.8), one can simply replace the expression in the second line of the previous chain of
inequalities by
lim sup m® (£, Q. p)) + (csk/2[€] + ea)(r = p).

n—-+4o0o
If the additional hypothesis is satisfied, the last lines of Corollary 5.10 and of Lemma 8.8 ensure
that N = @0, which concludes the proof. O

In the next proposition we show that an equality similar to (8.8) holds also for the surface
integrand g.

Proposition 8.5. Let (E,), C €, let E € €, and let g be given by (5.11). Assume that for
every A € A.(R?) the sequence E,(-,A) T -converges to E(-,A) with respect to the topology of
LY(RY). Then for every x € RY, ¢ € R*, and v € S we have

mFn (uw,ﬁyV’QV(xvp)) mPn (uI7C7V7QV(x7p)).

g(x, ¢, v) = limsup lim sup p - = lim sup lim sup g (8.10)
p—0t n—+oo 4 p—0t n—+oo P
Proof. The proof can be obtained with the same arguments of [20, Proposition 3.3]. O

We conclude this section by stating a fundamental result for the proof of the homogenisation
theorem, which will be the object of the next section. We show that for sequences of functions
(fu)n € F* and (gn)n C GY, a sufficient conditions for E/"9n to I'-converge on every bounded
open set is that (8.9) and (8.10) hold and that the function f is independent of z.

Theorem 8.6. Let (E,), C €*Y. Assume that there exist f: R¥*4 — [0,4+00) and §: R? x
St — [0, +00) such that

E E
. myg.  (le, Q(x,p)) myg.  (le, Q(x,p))
f(¢&)= lim limsupliminf PBe,m £d = lim limsuplimsup pPem 7€ v ,
m—+o0o p—>0+ n——+o0o p m—+00o p—>0+ n—s+o0o p
mE”(ux’g’,,,Q,,(x,p)) mE"(UI,C,mQu(%p))

§(z,¢,v) = limsup lim sup
p—0t n—+oo P

for every x € R4, ¢ e RF*4 ¢ € R¥ | and v € ST™1, where B¢ is given by (8.7). Then feFe,
G € G and for every A € A(R?) the sequence E,(-,A) T -converges to Ef9 with respect to the
topology of L°(R%RF), where E¥9 is as in Definition 3.7.

= lim sup lim inf
p—0t n—r+0o0 P

d—1 d—1 ’

Proof. The proof follows closely the lines of [20, Theorem 5.4]. By Theorem 4.1 there exists a
subsequence, not relabelled, and a functional E € & such that for every A € A.(R?) the sequence
E,(-,A) T'-converges to E with respect to the topology of L°(R% RF) and by Proposition 6.10
E € &Y. Thanks to Theorem 5.16, the functions f and g defined by (5.9) and (5.11), respectively,
satisfy (5.40) and (5.41), and f € F* and g € G. Additionally, by Proposition 8.4 and Proposition
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8.5, f=f and g = §, so that (7.1) holds. Hence, by Theorem 7.1 we have that F = ET9. Since
the functions f and § are independent of the chosen subsequence, for every A € A.(R?) by
the Urysohn property of I'-convergence (see [17, Proposition 8.3]) the original sequence E, (-, A)
I'-converges to Ef’f’(-7 A), concluding the proof. O

9. HOMOGENISATION OF FREE-DISCONTINUITY FUNCTIONALS

We are now ready to deal with the homogenisation of functionals in 7. The arguments that
we will make use of are based on the method devised by in [20, Section 6]. The main difference
with respect to [20], is the dependence on m of the constant S ,, appearing in (8.6), which, in
the problem of stochastic homogenisation, forces us to use the Subadditive Ergodic Theorem at m
fixed and only then to pass to the limit for m — 4o00.

Before introducing the stochastic setting, we state a result which shows that, in the case of ho-
mogenisation, the sufficient conditions for I'-convergence presented in Theorem 8.6 can be rewritten
in terms of cubes whose side length r tends to 4+oo. This formulation will be more suitable for
the stochastic setting.

Given f € F* and g € G” for every ¢ > 0 we set f.(x,&) := f(z/e,€) and g.(z,(,v) =
g(z/e,¢,v) for every € R?, ¢ € RFX4 ¢ € R¥ v € ST"1. We observe that f. € F* and
g- € GY. We set E. := Ef-9- according to Definition 3.7. We recall that f* and ¢° are the
functions given by (3.2) and (6.3), that > € F, while ¢° ¢ G, since it does not satisfy (g3).

The following theorem provides a general condition that guarantees the I'-convergence of F.
towards an integral functional whose integrands do not depend on x. We shall see in Remark
9.10 that the hypotheses are satisfied in the case where f and g are periodic with respect to z.
The advantage of these formulation is that these hypotheses are satisfied almost surely under the
standard hypotheses of stochastic homogenisation.

Theorem 9.1. Assume that there exists a function ghom: R* xSt — [0, +00) and that for every
m € N there exists a function f :RF*? [0, +00) such that

2 (g Qra, 7))

fm (5) — 1 mT@E,m Rd kad 9.1
hom (§) = lim - for every x € R, € € , (9.1)
Efoowg
Jhom (¢, V) = ET m (Uri’dcfl’ Qu(rz,r)) for every x € RY, ¢ € R*, and v € $771.(9.2)
Let from: R¥¥9 — [0, 4+00) be the function defined by
fhom(é) = mgr}’kloo fl:vcl)m(g) = T%L%f;\] f}vlycl)m(g) (93)

fOT’ every E € RkXd' Then fhom € -Fa; Ghom € g; thmmghom € 6?0’19; and fOT eVery €n —7 0% and
for every A € A.(R?) the sequence E. (-, A) T -converges to Efwom:nom (. A) with respect to the
topology of L°(R%;RF).

0

Ef9

Proof. We first observe that the limit in (9.3) exists, since m — M Be

the same property holds for m — fi2 .
Let us fix a sequence &, — 0T as n — +o0o and set E, := Efe 9 . To prove the result, it
is enough to show that the hypotheses of Theorem 8.6 are satisfied by fhom and ghom. Since the
hypothesis concerning gnom can checked by repeating verbatim the arguments of [20, Theorem
6.3], we only prove that the hypothesis concerning fhom are satisfied.
To this aim, we fix m € N, p > 0 and set r, := p/e,,. The same computations performed in
[20, Lemma 6.1] show that for every € € (0,1), € R?, ¢ € R¥*¢ we have

[m5. (e, Q(w, ) — ' mEl . (e, Qla/e.p/o))| < Ked(208em)p' (90.4)

is non-increasing, hence,
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where K¢ > 0 is a constant depending on £, but not on m,p, and . Let us fix x € R? and
¢ € R¥F*4_ Using twice the previous inequality with ¢ replaced by &, , by (9.1) we get that

m . £.9°
Fiom(€)p" = Ke(2Bemp)p” = N (p/rn)'my s (Ce, Qrnz/p,1n)) = Ked (2Bg.mp)p

. . Esn : Esn
< liminfm g (le, Q(z, p)) < ljlgilig mgr (le, Q(z, p))

n—-+oo

. £.9° m
< lim (p/""n)dmiﬂg,m (55, Q(Tnx/pv Tn)) + Kgﬁ(Qﬁg,mp)Pd = fhom(g)pd + Kgﬁ(Qﬁg,mp)Pd-

n—-+o0o

Since 9 is continuous and 9¥(0) = 0, dividing by p? and taking the limsup for p — 0 we obtain

E E
mg. (e, Q(z, p)) my5. (L, Q(z, p))
Fm(€) = lim liminf —2%m gd = lim limsup —22&m Ed .

p—0+ n—+o0 P p—0t nstoo P

Taking the limit as m — +o0o we obtain that the hypothesis for fyom in Theorem 8.6 is satisfied,
so that the proof is concluded. O

The following result shows that hypothesis (9.1) can be slightly weakend

Lemma 9.2. Assume that for every m € N, x € R?, and & € Q¥ the space of k x d matrices
with rational entries, the limit

20 (1 Qra, 1))

fina(€) = lim e
homS /- L S oo rd

exists and is independent of x. Then the function fI7 = can be extended to a continuous function,
still denoted by fm  , defined on the whole R**4 and such that (9.1) is satisfied.

Proof. Tt is enough to repeat for every m € N the arguments of [20, Lemma 6.4]. |

We now introduce the stochastic setting in which we are going to deal with the homogenisation
problem.
We fix a probability space (2,7, P) and a group (7.),cze of P-preserving transformations on
(Q, T, P); that is, a family (7,),eze of T-measurable bijective maps 7,:  — Q such that
(a) for every E € T and every z € Z¢ we have P(7;1(E)) = P(E) ;
(b) 7o = id, the identity map on Q and for every 2,2’ € Z% one has 7,07, = 7., .
A group (7;),cze of P-preserving transformations is said to be ergodic if for every set E € T
with the property that 7,(E) = E for every z € Z%, has probability either 0 or 1. In analogy
with [20], we introduce two classes of stochastic integrands.

Definition 9.3. SF? is the collection of all 7 ® B(R? x R¥*4)_measurable functions f: Q x R? x
R¥*d — [0, +00) such that for every w € Q the function f(w) := f(w,-,-) belongs to F* the
following stochastic periodicity holds: for every w € Q, z € Z¢, x € R?, and ¢ € R**? we have
f(w,:c + Z,E) = f(’Tz(OJ),(E,f).
SG? is the collection of all 7 ® B(R? x R¥ x §~1)-measurable functions g: Q x R x R¥ x §¥~1 —
[0, +-00) such that for every w € Q the function g(w) := g(w, -, -, -) belongs to G?, and the following
stochastic periodicity holds: for every w € Q, z € Z¢, 2 € R?, ( € RF, and v € S*! we have
g(wax + ZaC,V) = g(Tz(w)vxa<7V)'

We now give the definition of subadditive process. Before doing this, we introduce R the
collection of rectangles defined by

R:={ReR% R=lay,b) X ... X [ag,by), for some a,b € R? with a; < b; for i € {1,...,d}}.

We also introduce (€2, 7, P) the completion of (2,7, P). It is immediate to see that (7). is a
group of P-preserving transformation on (Q,7, P).
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Definition 9.4. A function p: Q@ x R — R is said to be a covariant subadditive process with
respect to (7;),eza if the following properties are satisfied

(a) for every R € R the function u(-, R) is 7 -measurable;

(b) for every w € 2, R€ R, and z € Z? we have p(w, R+ z) = pu(r.(w), R);

(c) given R € R and a finite partition (R;)?; C R of R, we have

:U'(Wﬂ R) < Z /‘(wa Rz)
i=1

for every w € ;
(d) there exists C' > 0 such that 0 < p(w, R) < CLY(R) for every w € 2 and RER.

We recall the Subadditive Ergodic Theorem of Ackoglu and Krengel [1, Theorem 2.7]. For the
particular version here used we refer the reader to [18, Proposition 1] (see also [35]).

Theorem 9.5. Let 11 be a subadditive process with respect to the group (7,),cza. Then there exist
a T -measurable set ', with P(Y') =1, and a function ¢: Q — [0,4+00) such that

M QUET)

r—-+o00 Td
for every x € R and every w € Q. If the group (7.),cze is also ergodic, then ¢ is constant
P-a.e.

Let f € SF* and g € SGV. For every w € Q, we set f®(w) := f(w)*® and ¢°(w) := g(w)°.
The following lemma shows that it is possible to define a subadditive process closely related to
condition (9.1).
Lemma 9.6. Let f € SFY, let g € SG”, let € € R¥*4 and let m € N. For every R € R let
p(R) be the length of the longest of its sides. Then the function ®¢.,: QX R — [0,400) defined

by
B (@).9%w)

¢E7m(W,R) = mP(R)ﬁg,m (Eg,RO) (9.5)
s a covariant subadditive process.
Proof. The proof can be obtained by arguing exactly as in [20, Lemma 6.9]. ]

With this lemma at hand, we are ready to show that condition (9.1) with f replaced by f(w)
and g¢° replaced by ¢°(w) is satisfied for P-a.e w € Q and for every m € N.

Proposition 9.7. Let f € SF* and g € SG”. Then there exist a T -measurable set ', with
P(Q') =1, such that for every m € N there exists a function fi" :Q x RF*? — [0, +00), with
fin (-, &) T -measurable for every &€ € R¥*4  such that

Bf@)9%w)
i e QO
r—g{loo rd = Jhom\W,

for every w € ', x € R?, and ¢ € R¥*1. Moreover, the function fuom: © x R¥X4 — [0, 4+00)
defined by

fhom (wa f)

belongs to SF*. If, in addition, (7,),cza is ergodic, by choosing Q) appropriately, we have that
fin . and fhom are independent of w.

Proof. By Lemma 9.6 for every m € N and for every ¢ € QF*? the function ¢ ., defined by (9.5)
is a covariant subadditive process. Hence, by the Subadditive Ergodic Theorem 9.5, there exists a
T -measurable set ', with P(€)') = 1, and for every m € N a function fi*_: QxQF*? — [0, +00),
with f% (-, &) T -measurable for every & € Q¥*4 such that

F(w),£O(w)
L A 1 Gap)

r—-+o00 rd

lim  fi(w,€) = inf fit, (@,€) (9.6)

T m——+

= filom (@, €) (9.7)
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for every w € ', m € N, z € R?, and ¢ € Q¥*?. Thanks to Lemma 9.2, the function fin ., can be
extended to a function f{ :Q xRF*d [0,4+00), T -measurable with respect to w and continuous
with respect to &, such that (9.7) holds for every w € ', m € N, z € R?, and ¢ € R¥*4. We
now fix wg € Q and we redefine £ on Q\ Q' x R¥*4 by setting i (w,&) = fi*_ (wo, &) for
every w € © and ¢ € R¥¥9. Note that for every w € Q and & € R¥¥? | the sequence f™(w,¢) is
non-increasing with respect to m, which justifies (9.6) and that fhom(:,€) is T -measurable. By
Theorem 9.1 for every w € Q the function fhom(w) € F*, hence, from € SF<.

If, in addition, (7;),cza is ergodic, then fi7 (-,€) is constant P-a.e. for every m. This leads
to the last sentence of the statement, concluding the proof. O

The following proposition shows that P-a.e. in © condition (9.2) is also satisfied.
Proposition 9.8. Let f € SF®, let g € SG”. Then there exists a T -measurable set ', with

P(Q) =1, and a T ® B(R* x S4=1) -measurable function §: Q x R¥ x S4=t — [0, 4+o0) such that
Ef“(w»g(w)(u Q. (rz,7))

— = §(w.C,v) (9.8)
for every w € ', x € R?, ¢ € R¥, and v € S, If, in addition, the group (7.).cza is ergodic,
by choosing ' appropriately, we have that the function g is independent of w.

lim
r——400

Proof. The result is proved by adapting the same arguments used in [15, Proposition 9.3, Propo-
sition 9.4, Proposition 9.5]. O

Combining Theorem 8.6 with Propositions 9.7 and Proposition 9.8, we are finally able to obtain
the desired stochastic homogenisation theorem.

Theorem 9.9. Let f € SF*, let g € SG°, and for every € > 0 and w € Q let EY := Bfe(@)9:(w)
according to Definition 3.7. Let fuom: 2 x RFX? 1[0, +00) and gnom: 2 x R¥ x S=1 — [0, +00)
be the functions given in Propositions 9.7 and 9.8. Then for the function from(w,:) € F* and
Jhom (W, +,*) € G for every w € Q and there exists T -measurable set Q' , with P(Y') = 1, such that
for every sequence €, — 0%, w € ', and A € A.(R?), the sequence E¢ (-, A) T'-converges to
Efrom(@).gnom(@) (. A in the topology of L°(R%;RF).

If, in addition, the group (7),eza s ergodic, by choosing Y appropriately, the functions fhom
and gnhom are independent of w.

Remark 9.10. The periodic homogenisation in the deterministic case follows immediately from
Theorem 9.9 once we note that in the case where {2 consists of a single point and 7, = Id for
every z € Z¢, the stochastic periodicity reduces to the 1-periodicity in each variable.

Acknowledgments. This article is based on work supported by the National Research Project PRIN
2022J4FYNJ “Variational methods for stationary and evolution problems with singularities and
interfaces” funded by the Italian Ministry of University and Research. The authors are members
of GNAMPA of INdAM.

REFERENCES

[1] M. A. Akcoglu and U. Krengel. Ergodic theorems for superadditive processes. J. Reine Angew. Math., 323:53—
67, 1981.

[2] G. Alberti. Rank one property for derivatives of functions with bounded variation. Proc. Roy. Soc. Edinburgh
Sect. A, 123(2):239-274, 1993.

[3] G. Alberti, M. Csornyei, and D. Preiss. Structure of null sets in the plane and applications. In FEuropean
Congress of Mathematics, pages 3-22. Eur. Math. Soc., Ziirich, 2005.

[4] L. Ambrosio. A compactness theorem for a new class of functions of bounded variation. Boll. Un. Mat. Ital. B
(7), 3(4):857-881, 1989.

[5] L. Ambrosio. Existence theory for a new class of variational problems. Arch. Ration. Mech. Anal., 111(4):291—
322, 1990.

[6] L. Ambrosio. A new proof of the SBV compactness theorem. Calc. Var. Partial Differential Equations, 3(1):127—
137, 1995.



52

[7]

(8]

(9]
(10]
(11]
(12]
(13]
(14]
(15]
(16]

[17]
(18]

(19]
20]
(21]
(22]
(23]
[24]
25]
(26]
27]
(28]
29]
(30]
(31]
(32]

(33]
(34]

(35]
(36]
(37]

(38]

G. DAL MASO AND D.DONATI

L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded variation and free discontinuity problems. Oxford
Mathematical Monographs. The Clarendon Press, Oxford University Press, New York, 2000.

G. Bouchitté, A. Braides, and G. Buttazzo. Relaxation results for some free discontinuity problems. J. Reine
Angew. Math., 458:1-18, 1995.

G. Bouchitté, I. Fonseca, and L. Mascarenhas. A global method for relaxation. Arch. Ration. Mech. Anal.,
145(1):51-98, 1998.

B. Bourdin, G. A. Francfort, and J.-J. Marigo. The variational approach to fracture. Springer, New York, 2008.
[reprinted from. J. Elasticity 91, 5-148 (2008)].

A. Braides. Approxzimation of free-discontinuity problems, volume 1694 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1998.

A. Braides, A. Defranceschi, and E. Vitali. Homogenization of free discontinuity problems. Arch. Ration. Mech.
Anal., 135(4):297-356, 1996.

F. Cagnetti, G. Dal Maso, L. Scardia, and C. I. Zeppieri. I'-convergence of free-discontinuity problems. Ann.
Inst. H. Poincaré C Anal. Non Linéaire, 36(4):1035-1079, 2019.

F. Cagnetti, G. Dal Maso, L. Scardia, and C. I. Zeppieri. Stochastic homogenisation of free-discontinuity
problems. Arch. Ration. Mech. Anal., 233(2):935-974, 2019.

F. Cagnetti, G. Dal Maso, L. Scardia, and C. I. Zeppieri. A global method for deterministic and stochastic
homogenisation in BV . Ann. PDE, 8(1):Paper No. 8, 89, 2022.

P. Celada and G. Dal Maso. Further remarks on the lower semicontinuity of polyconvex integrals. Ann. Inst.
H. Poincaré C Anal. Non Linéaire, 11(6):661-691, 1994.

G. Dal Maso. An Introduction to T -convergence. Birkhauser, Basel, 1990.

G. Dal Maso and L. Modica. Nonlinear stochastic homogenization and ergodic theory. J. Reine Angew. Math.,
368:28-42, 1986.

G. Dal Maso and R. Toader. A new space of generalised functions with bounded variation motivated by fracture
mechanics. NoDEA Nonlinear Differential Equations Appl., 29(Paper No. 63.), 2022.

G. Dal Maso and R. Toader. Homogenisation problems for free discontinuity functionals with bounded cohesive
surface term. http://cvgmt.sns.it/paper/6125/, 2023. cvgmt preprint.

G. Dal Maso and R. Toader. Gamma-convergence and integral representation for a class of free discontinuity
functionals. J. Convex Anal., 31:411-476, 2024.

E. De Giorgi and G. Letta. Une notion générale de convergence faible pour des fonctions croissantes d’ensemble.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 4(1):61-99, 1977.

G. De Philippis and F. Rindler. On the structure of A-free measures and applications. Ann. of Math. (2),
184(3):1017-1039, 2016.

D. Donati. A new space of generalised vector-valued functions of bounded variation. https://doi.org/10.
48550/arXiv.2310.11538, 2023.

A. F. Donnarumma and M. Friedrich. Stochastic homogenisation for functionals defined on asymptotically
piecewise rigid functions. https://arxiv.org/abs/2312.12082, 2023.

D. S. Dugdale. Yielding of steel sheets containing slits. Journal of The Mechanics and Physics of Solids,
8:100-104, 1960.

L. C. Evans and R. F. Gariepy. Measure theory and fine properties of functions, revised edition. CRC Press,
2015.

I. Fonseca and S. Miiller. Quasi-convex integrands and lower semicontinuity in L'. SIAM J. Math. Anal.,
23(5):1081-1098, 1992.

G. A. Francfort and J.-J. Marigo. Revisiting brittle fracture as an energy minimization problem. J. Mech. Phys.
Solids, 46(8):1319-1342, 1998.

M. Friedrich, M. Perugini, and F. Solombrino. I"-convergence for free-discontinuity problems in linear elasticity:
homogenization and relaxation. Indiana Univ. Math. J., 72(5):1949-2023, 2023.

N. Fusco and J. E. Hutchinson. A direct proof for lower semicontinuity of polyconvex functionals. Manuscripta
Maith., 87(1):35-50, 1995.

A. Giacomini and M. Ponsiglione. A I'-convergence approach to stability of unilateral minimality properties in
fracture mechanics and applications. Arch. Ration. Mech. Anal., 180(3):399-447, 2006.

E. Giusti and G. H. Williams. Minimal surfaces and functions of bounded variation, volume 80. Springer, 1984.
A. A. Griffith. The phenomena of rupture and flow in solids. Philosophical Transactions of the Royal Society
of London. Series A, Containing Papers of a Mathematical or Physical Character, 221:163—-198, 1921.

C. Licht and G. Michaille. Global-local subadditive ergodic theorems and application to homogenization in
elasticity. Ann. Math. Blaise Pascal, 9(1):21-62, 2002.

A. Mainik and A. Mielke. Global existence for rate-independent gradient plasticity at finite strain. J. Nonlinear
Sei., 19(3):221-248, 2009.

A. Massaccesi and D. Vittone. An elementary proof of the rank-one theorem for BV functions. J. Eur. Math.
Soc. (JEMS), 21(10):3255-3258, 2019.

A. Mielke and T. Roubicek. Rate-independent systems. Applied Mathematical Sciences, 193, 2015.


http://cvgmt.sns.it/paper/6125/
 https://doi.org/10.48550/arXiv.2310.11538
 https://doi.org/10.48550/arXiv.2310.11538
https://arxiv.org/abs/2312.12082

HOMOGENISATION OF VECTORIAL FREE-DISCONTINUITY PROBLEMS 53

[39] A. Mielke and T. s. Roubi¢ek. Numerical approaches to rate-independent processes and applications in inelas-
ticity. M2AN Math. Model. Numer. Anal., 43(3):399-428, 2009.

[40] A. Mielke, T. s. Roubicek, and U. Stefanelli. I'-limits and relaxations for rate-independent evolutionary prob-
lems. Calc. Var. Partial Differential Equations, 31(3):387-416, 2008.

[41] A. Mielke and A. M. Timofte. Two-scale homogenization for evolutionary variational inequalities via the ener-
getic formulation. SIAM J. Math. Anal., 39(2):642-668, 2007.

SISSA, ViA BONOMEA 265, 34136 TRIESTE



	1. Introduction
	2. Notation and preliminaries
	3. Volume and Surface integrands
	4. A compactness result 
	5. Partial Integral representation
	6. A smaller collection of integrands
	7. Full Integral representation
	8. Integrands of the Gamma-limits
	9. Homogenisation of free-discontinuity functionals
	References

