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1. Introduction

Free-discontinuity problems are minimisation problems for functionals of the formˆ
A

f(x,∇u) dx+

ˆ
Ju

g(x, [u], νu) dHd−1, (1.1)

where

• A is a bounded open set in Rd ,
• f and g are two given scalar functions,
• the unknown u is a function defined in A with values in Rk ,
• Ju is the (d− 1)-dimensional essential discontinuity set of u , whose location and size are
unknown,

• ∇u is the gradient of u in A \ Ju ,
• νu is the measure theoretical unit normal to Ju ,
• [u] = u+ − u− , where u+ and u− are the traces of u on both sides of Ju ,
• Hd−1 is the (d− 1)-dimensional Hausdorff measure.

Since the function u exhibits an essential discontinuity set, a suitable framework to study these
problems is the space BV (A;Rk) of functions of bounded variation. Problems of this type in
BV (A;Rk) have been extensively studied (see for instance [7, Chapter 4.6] and [11]).

In his pioneering work [34], Griffith introduced the idea that the crack growth in an elastic
material is determined by the competition between the stored elastic energy and the energy spent
to open a new portion of the crack. Adopting this point of view, Francfort and Marigo proposed
in [29] a variational model to study crack growth which includes the requirement that at each time
t > 0 the displacement u(t) of the elastic body minimises a free-discontinuity functional of the
form (1.1), where g also depends on the cracks present before t . In these models, the crack at
time t is the union of Ju(s) for s ≤ t , the volume integral represents the stored elastic energy,
while the surface integral is related the energy spent to produce the crack. For an overview on this
subject we refer to [10].

In cohesive models of fracture mechanics, it is natural to assume that the function g satisfies
the following growth conditions

c(|ζ| ∧ 1) ≤ g(x, ζ, ν) ≤ C(|ζ| ∧ 1), (1.2)

for suitable constants 0 < c ≤ C , where for s, t ∈ R , s∧ t = min{s, t} . In particular, the Dugdale
model [26] can be reformulated in the language of [10], using g(ζ) := a(|ζ| ∧ b), for suitable
constants a, b ∈ [0,+∞). Unfortunately, under hypotheses (1.2) the functional (1.1) is never lower
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semicontinuous in BV (A;Rk) with respect to the weak∗ convergence. Under suitable hypotheses
(see for instance [8, Theorem 3.1] and [9]), its lower semicontinuous envelope has the formˆ

A

f(x,∇u) dx+

ˆ
A

f∞
(
x,

dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩A

g(x, [u], νu) dHd−1, (1.3)

for different functions f and g , where f satisfy the growth conditions

c(|ξ| − 1) ≤ f(x, ξ) ≤ C(|ξ|+ 1) for every x ∈ Rd and ξ ∈ Rk×d , (1.4)

and f∞ is its recession function with respect ξ . Here and in the rest of the paper Dcu is the
Cantor part of the measure Du (see [7, Definition 3.91]), and dDcu/d|Dcu| is the Radon-Nikodým
derivative of Dcu with respect to its total variation.

Since condition (1.2) does not allow us to control the total variation of |Du|(A) along a minimis-
ing sequence, to gain coerciveness it is convenient to extend the functional to a space larger than
BV (A;Rk), where all terms of (1.3) can still be defined. We choose to extend these functionals to
the space GBV⋆(A;Rk), studied by the second author in [24], and defined using the scalar version
GBV⋆(A) introduced in [19]. This is a vector space and, although Du is not defined for every
u ∈ GBV⋆(A;Rk), one can always define ∇u and Dcu in a convenient way. Moreover, the bounds
for a minimising sequence obtained from (1.2) are enough to apply a suitable compactness result
with respect to convergence Ld -a.e. (see [19, Theorem 5.4], [21, Theorem 7.13], and [24, Theorem
4.8]).

In this paper, we study the Γ-convergence with respect to the convergence in measure of se-
quences of functionals of the form (1.3), where f and g satisfy (1.4) and (1.2). We first prove
a compactness result (Theorem 4.1), which shows that under suitable hypotheses (see Definitions
3.1 and 3.3) on the integrands fn and gn corresponding to a sequence of functionals (En)n , there
always exists a subsequence Γ-converging to a functional E , whose volume and jump terms can
be written as integral functionals associated to some functions f and g (see Theorem 5.16).

To obtain a complete integral representation of E as in (1.3) it remains to deal with the term
depending on the Cantor part. This requires stronger hypotheses on fn and gn , studied in Section
6, concerning quantitative estimates on the behaviour of fn and gn near ∞ and near 0, respec-
tively. Under these assumptions, we show that f and g can be obtained by taking suitable limits
of the infima of some minimisation problems for En(·, Q) on suitable small cubes Q and that, if
f is independent of x , we have the integral representation

E(u,A) =

ˆ
A

f(∇u) dx+

ˆ
A

f∞
( dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩A

g(x, [u], νu) dHd−1.

These results are then applied to the case of homogenisation, where the functionals En are
given by

En(u,A) =

ˆ
A

f
( x
εn
,∇u

)
dx+

ˆ
A

f∞
( x
εn
,
Dcu

|Dcu|

)
d|Dcu|+

ˆ
Ju∩A

g
( x
εn
, [u], νu

)
dHd−1, (1.5)

for a sequence εn → 0+ . We determine general conditions on f and g which imply that the
Γ-limit of these sequence of functionals exists and has the form

Ehom(u,A) =

ˆ
A

fhom(∇u) dx+

ˆ
A

f∞hom

( dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩A

ghom([u], νu) dHd−1, (1.6)

for some functions fhom and ghom independent of x . These functions fhom and ghom are obtained
by taking the limits of infima of certain minimisation problems for En , with εn = 1, on cubes
whose sides tend to infinity.

Thanks to these properties, we can apply the previous results to stochastic homogenisation
problems, where f and g are random integrands satisfying suitable properties (see Definition 9.3).
Under these assumptions, we show that the sequence En Γ-converges to E given by (1.6) almost
surely.

These results were obtained in the scalar case in [21, 20]. In these papers, the truncation
u(m) := (u∧m)∨(−m) and the corresponding estimates for the functionals are frequently used. The
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main difficulty in the vector-valued setting is that these truncations have to be replaced by a sort
of smooth truncations of the form ψim ◦ u , i ∈ {1, ...,m} for suitable functions ψim ∈ C∞

c (Rk;Rk)
satisfying

ψim(y) = y for |y| ≤ Rm and ψim(y) = 0 for |y| ≥ σmRm ,

where the sequence Rm → +∞ and the constant σ > 2 are prescribed. These types of truncations
were already considered in previous works (see, for instance, [12, 13, 16, 28, 31]). The main
difficulty here is that an estimate for En(ψ

i
m ◦ u,A) in terms of En(u,A) cannot be obtained for

every i ∈ {1, ...,m} , but only for a suitable choice of i , depending on n,m, u, and A . This requires
deep changes in many technical results of [21] and [20], which introduce new terms depending on
m and which cannot be neglected (see, for instance, Lemma 5.9 and Proposition 6.14).

Our results can be considered as a preliminary step for the study of the asymptotic behaviour
of the crack growth in a heterogeneous cohesive material, when the size of the grains tends to zero.
Indeed, according to the approach of [40] (see also [36, 39, 38, 41]), in the variational theory of rate-
independent problems the convergence of the quasi-static evolutions requires the Γ-convergence
of the corresponding energy-dissipation functionals and the existence of a joint recovery sequence.
Our results give a complete answer to the first part of this program in the case of cohesive models
for fracture. In this paper we do not address the construction of a joint recovery sequence.

The problem of homogenisation of free-discontinuity functionals has already been addressed in
a wide variety of cases. In the now classical work [12], Braides, Defranceschi, and Vitali first dealt
with the deterministic periodic case for integrands f and g satisfying

c|ξ|p ≤ f(x, ξ) ≤ C(1 + |ξ|p) for every x ∈ Rd and ξ ∈ Rk×d, (1.7)

c(1 + |ζ|) ≤ g(x, ζ, ν) ≤ C(1 + |ζ|) for every x ∈ Rd, ζ ∈ Rk, ν ∈ Sd−1 (1.8)

for some suitable constants c, C > 0 and for p > 1. Under these growth conditions one can use the
compactness results on SBV by Ambrosio [5, Theorem 2.1] (see also [4, 6]) and the functionals to
homogenise are of type (1.1). The main result of their paper is a periodic homogenisation theorem
for such functionals. They also show that, in this case, the bulk integrand fhom of the Γ-limit is
determined only by f and the surface integrand ghom is determined only by g .

Later Giacomini and Ponsiglione studied the scalar case k = 1 in [32], assuming that f satisfies
(1.7) and that g does not depend on ζ and

c ≤ g(x, ν) ≤ C for every x ∈ Rd and ν ∈ Sd−1.

Note that in their result no periodicity assumption on f and g is made. As in the periodic case
studied by Braides et al. [12], under these hypotheses they are able to show that fhom dependes
only on f and that ghom depends only on g .

More recently, Cagnetti et al. considered the vectorial case k ≥ 1 in [13] with non-periodic
integrands f and g , where f satisfies (1.7) and g satisfies

c ≤ g(x, ζ, ν) ≤ C(1 + |ζ|) for every x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 . (1.9)

In a subsequent work [14], the results of [13] are then employed to deal with the stochastic
homogenisation of free-discontinuity integral functionals satisfying growth conditions (1.7) and
(1.9). Under the standard assumptions of stochastic homogenisation they prove an almost sure
Γ-convergence result for functionals of type (1.1).

Building on the techniques devised in [13, 14], the same authors tackled in [15] the problem of
deterministic and stochastic homogenisation for sequences of type (1.5) under the hypotheses that
both f and g have linear growth. In this case, the underlying function space becomes BV (A;Rk)
and the integral depending on the Cantor part of the derivative has to be considered in (1.5).

Recently, the problem of homogenisation of free-discontinuity functionals was also addressed in
the context of functions of bounded deformation. In [30], Friedrich, Peruguini, and Solombrino
tackle in dimension d = 2 the Γ-convergence with respect to the convergence in measure of
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functionals En given by

En(u,A) =

ˆ
A

f
( x
εn
, Eu

)
dx+

ˆ
A

g
( x
εn
, [u], νu

)
Hd−1, (1.10)

where A ⊂ R2 is open and bounded, u ∈ GSBDp(A;R2), and Eu = (∇u + ∇uT )/2 is the
approximate symmetric gradient of u , assuming that the integrand f : R2 × R2×2

sym → [0,+∞) has
p -growth and that g is bounded from below by a positive constant.

In a recent work [25], the stochastic homogenisation of functionals of type (1.10) restricted to
piecewise rigid functions, i.e., functions u(x) =

∑∞
i=1(Rix+bi)χEi for Ri ∈ Rd×d skew-symmetric,

bi ∈ Rd, and Ei of finite perimeter, was tackled in dimensions d ≥ 2.

Our paper is organised as follows. In Section 2 we fix the notation and lay out the basic tools
used throughout the paper. We then introduce in Section 3 the collections of volume integrands
F and surface integrands G which will be the object of our study; we also introduce a class of
abstract functionals E which contains the integral functionals corresponding to integrands in F
and G .

Section 4 is devoted to proving a compactness result for sequences of integral functionals. In
Section 5 we investigate the properties of the class E , by proving an integral representation result
for E , showing that if E ∈ E is lower-semicontinuous with respect to the convergence in measure
then its “absolutely continuous part”Ea and its “jump part”Ej can be represented by integral
functionals, with integrands f ∈ F and g ∈ G , respectively.

In Section 6 we introduce two smaller collections of integrands Fα and Gϑ and study the Γ-
limits of sequences of integral functionals associated with them. We then prove in Section 7 that
under some suitable hypotheses these Γ-limits can be fully represented as the sum of three integral
functionals as in (1.3), including the term depending on the Cantor part.

In Section 8 we exploit the representation result of Section 7 to give a necessary sufficient
condition for the Γ-convergence of sequences of functionals of the form (1.3) with f ∈ Fα and
g ∈ Gϑ . Finally, Section 9 is devoted to the study of the Γ-limit of functionals of type (1.5). As an
application, these results are then employed in the final part of Section 9 to deal with stochastic
homogenisation.

2. Notation and preliminaries

In this Section we fix the notation and introduce the basic tools used in the rest of the paper.

(a) Let n ∈ N . The scalar product in Rn is denoted by · and the Euclidean norm of Rn is
denoted by | | . Given x ∈ Rn , the i-th component of x is denoted by xi . For every ρ > 0
and x ∈ Rn the open ball of radius ρ and center x is denoted by Bρ(x).

(b) We fix once and for all two positive integer numbers d ≥ 1, k ≥ 1. the unit spere in Rd
is denote by Sd−1 := {ν ∈ Rd : |ν| = 1} , . We also set Sd−1

± := {ν ∈ Sd−1 : ±νi(ν) > 0} ,
where i(ν) ∈ {1, ..., d} is the largest index such that νi(ν) ̸= 0.

(c) Vectors in Rd are identified with 1 × d matrices, while Rk×d is identified with the space
of all k × d matrices. For ξ ∈ Rk×d and x ∈ Rd ξx ∈ Rk is defined by the usual rules of
matrix multiplication and ξi is the i-th row of ξ . Given a matrix ξ = (ξij) ∈ Rk×d , its
Frobenius norm is defined by

|ξ| :=
( k∑
i=1

d∑
j=1

ξ2ij

)1/2

.

(d) For ρ > 0 we set Q(ρ) := {y ∈ Rd : |y · ei| < ρ/2} , where (ei)
d
i=1 is the canonical basis of

Rd . Given x ∈ Rd , we set Q(x, ρ) := x+Q(ρ).
(e) For n ∈ N the space of all n × n orthonormal matrices R with det(R) = 1 is denoted

by SO(n). For every ν ∈ Sd−1 we fix once and for all an element Rν ∈ SO(d) such
that Rν(ed) = ν . We suppose that Red = I , the identity matrix, that the restrictions of



HOMOGENISATION OF VECTORIAL FREE-DISCONTINUITY PROBLEMS 5

ν → Sd−1 to Sd−1
± is continuous, and that Rν(Q(ρ)) = R−ν(Q(ρ)) for every ν ∈ Sd−1 (see

[14, Example A.1] for the proof of the existence of such ν 7→ Rν ).
(f) For x ∈ Rd , ν ∈ Sd−1 , λ ≥ 1, and ρ > 0, we consider the rectangle

Qλν (x, ρ) := x+Rν

((
− λρ

2
,
λρ

2

)d−1

×
(
− ρ

2
,
ρ

2

))
;

we omit the indication of λ when λ = 1.
(g) Given an open set Ω ⊂ Rd , A(Ω) (resp. B(Ω)) is the collection of all open (resp. Borel)

sets A ⊂ Ω. Given A,B ∈ A(Ω), A ⊂⊂ B means that A is relatively compact in B . We
set Ac(Ω) := {A ∈ A(Ω): A ⊂⊂ Ω} .

(h) For every x ∈ Rd , ξ ∈ Rk×d , ζ ∈ Rk , and ν ∈ Sd−1 the two functions ℓξ : Rd → Rk and
ux,ζ,ν : Rd → Rk are defined for every y ∈ Rd by

ℓξ(y) := ξy,

ux,ζ,ν(y) :=

{
ζ if (y − x) · ν ≥ 0,

0 if (y − x) · ν < 0.

Moreover, we set Πνx := {x ∈ Rd : (y − x) · ν = 0} .
(i) Given A ∈ A(Rd), the space of Rn -valued bounded Radon measures on A is denoted by

Mb(A;Rn). If n = 1 we omit the indication of Rn . If µ ∈ Mb(A;Rk×d) and λ ∈ Mb(A)
is non-negative, dµ/dλ denotes the Radon-Nikodým derivative of µ with respect to λ .
The Lebesgue measure is denoted by Ld and the (d−1)-dimensional Hausdorff measure is
denoted by Hd−1 . For µ ∈ Mb(A;Rk×d) the total variation |µ| is computed with respect
to the Frobenius norm.

(j) For every A ∈ A(Rd), L0(A;Rn) is the space of all Ld -measurable functions u : A → Rk
with the topology induced by the convergence in measure. We recall that such topology is
metrisable and separable. When n = 1 the indication Rn is omitted.

(k) Given an Ld -measurable set E ⊂ Ω, a point x ∈ Ω such that

lim sup
ρ→0+

Ld(E ∩Bρ(x))
ρd

> 0,

and an Ld -measurable function u : E → Rk , we say that a ∈ Rk is the approximate limit
of u at x , in symbols

ap lim
y→x
y∈E

u(y) = a,

if for every ε > 0 we have

lim
ρ→0+

Ld({|u− a| > ε} ∩Bρ(x))
ρd

= 0,

where {|u− a| > ε} := {y ∈ E : |u(y)− a| > ε} .
(l) Given A ∈ A(Rd) and an Ld -measurable function u : A→ Rk , the jump set Ju is the set

of all points x ∈ A such that there exists a triple (u+(x), u−(x), νu(x)) ∈ Rk ×Rk × Sd−1 ,
with u+(x) ̸= u−(x), such that, setting

H+ := {y ∈ A : (y − x) · νu(x) > 0} and H− := {y ∈ A : (y − x) · νu(x) < 0},
we have

ap lim
y→x
y∈H+

u(y) = u+(x) and ap lim
y→x
y∈H−

u(y) = u−(x).

The triple (u+(x), u−(x), νu(x)) is well-defined up to interchanging the roles of u+(x) and
u−(x) and swapping the sign of νu(x).
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(m) Given A ∈ A(Rd) the symbol BV (A;Rk) denotes the space of Rk -valued functions with
bounded variation on A . We refer the reader to [7] (see also [11, 27, 33]) for an exhaustive
introduction to this function space. We recall that if u ∈ BV (A;Rk) then for Hd−1 -a.e.
x ∈ A \ Ju there exists

ũ(x) := ap lim
y→x
y∈A

u(y).

We recall also that if u ∈ BV (A;Rk), then Ju is a (d − 1)-countably rectifiable set, and
for Hd−1 -a.e. x ∈ Ju the vector νu(x) is a measure theoretical normal to Ju . For every
x ∈ Ju we set

[u](x) := u+(x)− u−(x).

A change of sign of νu(x) obviously implies a change of sign in [u](x).
(n) Given u ∈ BV (A;Rk), its distributional derivative Du , which is by definition a bounded

Rk×d -valued Radon measure, can be decomposed as

Du = ∇uLd +Dcu+ [u]⊗ νuHd−1 Ju,

where
• ∇u ∈ L1(A;Rk×d) is the approximate gradient of u , that is, the only Rk×d -valued
function such that for Ld -a.e x ∈ A we have

ap lim
y→x
y∈A

u(y)− ũ(x)−∇u(x)(y − x)

|y − x|
= 0, (2.1)

• Dcu , called the Cantor part of Du , is a measure singular with respect to Ld and
vanishing on all Borel sets B ∈ B(A) with Hd−1(B) < +∞ ,

• ⊗ denotes the tensor product defined by (a ⊗ b)ij = aibj for a ∈ Rk , b ∈ Rd ,
Hd−1 Ju is the Borel measure on A defined by Hd−1(B) := Hd−1(B ∩Ju) for every
B ∈ B(A), and [u] ⊗ νuHd−1 Ju denotes the measure with density [u] ⊗ νu with
respect to Hd−1 Ju .

We briefly recall the definition and the main properties of the space GBV⋆(A;Rk), introduced
in the scalar setting by the first author and Toader in [19] and in the vectorial setting by the second
author in [24]. For s, t ∈ R we set s ∧ t = min{s, t} and s ∨ t = max{s, t} . For every t ∈ R ,

a ∈ Rk and m > 0, we set t(m) := (t ∧m) ∨ (−m) and a(m) := (a
(m)
1 , ..., a

(m)
k ). In the rest of the

section, A ⊂ Rd will always be a bounded open set.

Definition 2.1. Let u ∈ L0(A;Rk). Then u ∈ GBV⋆(A;Rk) if and only u(m) ∈ BV (A;Rk) for
every m > 0 and there exists M > 0 such that

sup
m>0

ˆ
A

|∇u(m)| dx+ |Dcu(m)|(A) +
ˆ
J
u(m)

|[u(m)]| ∧ 1 dHd−1 ≤M. (2.2)

GBV⋆(A) is defined similarly for scalar functions.

Remark 2.2. It follows immediately from the definition that u belongs to GBV⋆(A;Rk) if
and only if each component ui belongs to GBV⋆(A). By [21, Theorem 3.9] this implies that
GBV⋆(A;Rk) is a vector space.

To characterise GBV⋆(A;Rk) by means of smooth truncations we introduce the following func-
tions.

Given a positive constant σ > 2, we fix a smooth radial function ψ ∈ C∞
c (Rk;Rk) satisfying

ψ(y) = y if |y| ≤ 1,

ψ(y) = 0 if |y| ≥ σ,

|ψ(y)| ≤ σ,

Lip(ψ) = 1.

(2.3)
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It is not difficult to construct such a function (see for instance [13, Section 4]).
Given R > 0, we set

ψR(y) := Rψ
( y
R

)
for every y ∈ Rk . (2.4)

Note that ψR satisfies 
ψR(y) = y if |y| ≤ R,

ψR(y) = 0 if |y| ≥ σR,

|ψR(y)| ≤ σR,

Lip(ψR) = 1.

(2.5)

The following proposition characterises GBV⋆(A;Rk) in terms of smooth truncations.

Proposition 2.3 ([24, Proposition 3.8]). For every u ∈ GBV⋆(A;Rk) there exists a constant
Cu > 0 such that for every Lipschitz function ϕ with compact support the function v := ϕ ◦ u
belongs to BV (A;Rk) and satisfies the inequalityˆ

A

|∇v| dx+ |Dcv|(A) +
ˆ
Jv

|[v]| ∧ 1 dHd−1 ≤ Cu(Lip(ϕ) ∨ 1). (2.6)

Conversely, if u ∈ L0(A;Rk) and there exists a constant Cu > 0 such that for every integer R > 0
(2.6) holds with v = ψR ◦ u and ϕ = ψR then u ∈ GBV⋆(A;Rk) .

In the following proposition we recall the fine properties of functions in GBV⋆(A;Rk).

Proposition 2.4. Let u ∈ GBV⋆(A;Rk) . Then

(a) for Hd−1 -a.e x ∈ A \ Ju there exists

ũ(x) := ap lim
y→x

u(y);

(b) there exists a Borel function ∇u ∈ L1(A;Rk×d) such that for Ld -a.e. x ∈ A formula (2.1)
holds true; moreover, for every R > 0 we have

∇u(x) = ∇(ψR ◦ u)(x) for Ld -a.e. x ∈ {|u| ≤ R};
(c) there exists a unique Radon measure Dcu ∈ Mb(A;Rk×d) such that for every R > 0

we have Dcu(B) = 0 for every B ∈ B(A) with Hd−1(B \ Ju) = 0 and Dcu(B) =
Dc(ψR ◦ u)(B) for every B ⊂ {x ∈ A \ Ju : ũ(x) exists and |ũ(x)| ≤ R} ; moreover, for
every B ∈ B(A) we have

Dcu(B) = lim
R→+∞

Dc(ψR ◦ u)(B), (2.7)

|Dcu|(B) = lim
R→+∞

|Dc(ψR ◦ u)|(B); (2.8)

(d) for every R > 0 we have JψR◦u ⊂ Ju up to an Hd−1 -negligible set and |[ψR ◦ u]| ≤ |[u]|
on JψR◦u∩Ju . Moreover, for Hd−1 -a.e x in Ju and every R > |u+(x)|∨ |u−(x)| we have
|[ψR ◦ u](x)| = |[u](x)| .

For the proof of these facts we refer the reader to [24, Proposition 3.7].
We conclude this section recalling some useful facts related to the Cantor part of compositions

with smooth function with compact support.

Proposition 2.5. Let A ∈ Ac(Rd) , u ∈ GBV⋆(A;Rk) and ϕ ∈ C1
c (Rk;Rk) . Then

(i) ∇(ϕ ◦ u) = ∇ϕ(ũ)∇u Ld -a.e. in A ;
(ii) Dc(ϕ ◦ u) = ∇ϕ(ũ)Dcu as Radon measures on A ;
(iii) for every R > 0 we have

dDc(ψR ◦ u)
d|Dc(ψR ◦ u)|

=
dDcu

d|Dcu|
|Dcu|-a.e. in ARu,0 ,
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where ARu,0 := {x ∈ A : ũ(x) exists and |ũ(x)| ≤ R} . As a consequence we have

lim
R→+∞

dDc(ψR ◦ u)
d|Dc(ψR ◦ u)|

=
dDcu

d|Dcu|
|Dcu|-a.e. in A.

For the proof we refer the reader to [24]. In accordance with the notation of [21, 20] and [24],
we introduce two functionals on L0(Rd;Rk) closely related to the space GBV⋆(A;Rk).

Definition 2.6. Given u ∈ L0(Rd;Rk), with components u1, ..., uk , for every A ∈ Ac(Rd) we
define

V (u,A) :=

k∑
i=1

(ˆ
A

|∇ui| dx+ |Dcui|(A) +
ˆ
Jui∩A

|[ui]| ∧ 1 dHd−1
)
,

if u|A ∈ GBV⋆(A) and we set V = +∞ otherwise. The definition is then extended to A ∈ A(Rd)
by setting

V (u,A) := sup{V (u,A′) : A′ ⊂ A, A′ ∈ Ac(Rd)}
and then to B ∈ B(Rd) by setting

V (u,B) := inf{V (u,A) : B ⊂ A, A ∈ A(Rd)}.

Definition 2.7. Given u ∈ L0(Rd;Rk), for every A ∈ Ac(Rd) we define

V2(u,A) :=

ˆ
A

|∇u| dx+ |Dcu|(A) +
ˆ
Ju∩A

|[u]| ∧ 1 dHd−1,

if u ∈ GBV⋆(A;Rk) and we set V2(u,A) = +∞ otherwise. The definition is then extended to
every Borel set as in Definition 2.6.

Remark 2.8. Let A ∈ Ac(Rd) and let u ∈ L0(Rd;Rk). It follows immediately from Remark 2.2
that

u|A ∈ GBV⋆(A;Rk) if and only if V (u,A) < +∞.

Remark 2.9. It follows from [8, Theorem 2.1] and [19, Theorem 3.11] that the functional V of
Definition 2.6 is lower semicontinuous with respect to the topology of L0(Rd;Rk). We don’t know
whether this property holds for the functional V2 of Definition 2.7.

3. Volume and Surface integrands

Throughout the rest of the paper we fix six constants c1, ..., c6 ≥ 0 and a bounded continuous
function τ : [0,+∞) → [0,+∞). We assume that

0 < c1 ≤ 1 ≤ c3 ≤ c5, c6 ≥ (c3/c1)k
3/2, (3.1)

τ(0) = 0 and τ(t) ≥ c3(t ∧ 1) for every t ≥ 0.

We now introduce the collection of volume integrands considered in this paper.

Definition 3.1. Let F be the space of functions f : Rd×Rk×d → [0,+∞) satisfying the following
conditions:

(f1) f is Borel measurable;

(f2) c1
∑k
i=1 |ξi| − c2 ≤ f(x, ξ) for every x ∈ Rd and ξ ∈ Rk×d ;

(f3) f(x, ξ) ≤ c3
∑k
i=1 |ξi|+ c4 for every x ∈ Rd and ξ ∈ Rk×d ;

(f4) |f(x, ξ)− f(x, ξ)| ≤ c5|ξ − η| for every x ∈ Rd and ξ, η ∈ Rk×d .

Remark 3.2. It follows from the inequalities |ξ| ≤
∑k
i=1 |ξi| ≤ k1/2|ξ| that

(f2 ′ ) c1|ξ| − c2 ≤ f(x, ξ) for every x ∈ Rd and ξ ∈ Rk×d,
(f3 ′ ) f(x, ξ) ≤ c3k

1/2|ξ|+ c4 for every x ∈ Rd and ξ ∈ Rk×d .

The following definition introduces the collection of surface integrands considered in this paper.
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Definition 3.3. Let G be the space of functions g : Rd × Rk × Sd−1 → [0,+∞) that satisfy the
following conditions:

(g1) g is Borel measurable;

(g2) c1
∑k
i=1(|ζi| ∧ 1) ≤ g(x, ζ, ν) for every x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 ;

(g3) g(x, ζ, ν) ≤ c3
∑k
i=1(|ζi| ∧ 1) for every x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 ;

(g4) |g(x, ζ, ν)− g(x, θ, ν)| ≤ τ(|ζ − θ|) for every x ∈ Rd , ζ, θ ∈ Rk , and ν ∈ Sd−1 ;
(g5) g(x,−ζ,−ν) = g(x, ζ, ν) for every x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 ;
(g6) for every ζ, θ ∈ Rk with c6k|ζ| ≤ |θ| we have g(x, ζ, ν) ≤ g(x, θ, ν) for every x ∈ Rd and

ν ∈ Sd−1 .

Remark 3.4. A variant of property (g6) was already used in [13]. Combining (g2) and (g3), it is

easy to show that g(x, ζ, ν) ≤ c3/c1g(x, θ, ν) whenever
∑k
i=1 |ζi| ≤

∑k
i=1 |θi| . Arguing as in [13,

Remark 3.2] we can show that this property and (g6) are weaker than monotonicity in |ζ| of g .

Definition 3.5. For every f : Rd × Rk×d → [0,+∞), the recession function f∞ : Rd × Rk×d →
[0,+∞] (with respect to ξ ) is the function defined by

f∞(x, ξ) := lim sup
t→+∞

f(x, tξ)

t
(3.2)

for every x ∈ Rd and for every ξ ∈ Rk×d .

Remark 3.6. For every x ∈ Rd the function ξ 7→ f∞(x, ξ) is positively 1-homogeneous. If for
every x ∈ Rd the function ξ 7→ f(x, ξ) is convex, the lim sup in (3.2) is a limit. If f satisfies (f2)
and (f3), then f∞ satisfies

c1|ξ| ≤ c1

k∑
i=1

|ξi| ≤ f∞(x, ξ) ≤ c3k
1/2|ξ| for every x ∈ Rd and ξ ∈ Rk×d . (3.3)

If f satisfies (f4), then f∞ satisfies

|f∞(x, ξ)− f∞(x, η)| ≤ c5|ξ − η| for every x ∈ Rd and ξ, η ∈ Rk×d .

In Section 8 we will consider also integrands g0 that do not belong to G . For this reason, in
the following definition we do not assume g ∈ G .

Definition 3.7. Given f ∈ F and a Borel function g : Rd×Rk×Sd−1 → [0,+∞) satisfying (g5),
the functional Ef,g : L0(Rd;Rk)× B(Rd) → [0,+∞] is the functional defined for A ∈ Ac(Rd) by

Ef,g(u,A) :=

ˆ
A

f(x,∇u) dx+

ˆ
A

f∞
(
x,

Dcu

|Dcu|

)
d|Dcu|+

ˆ
Ju∩A

g(x, [u], νu)Hd−1,

if u|A ∈ GBV⋆(A;Rk), and by Ef,g(u,A) = +∞ otherwise. The definition is then extended to
A ∈ A(Rd) by setting

Ef,g(u,A) := sup{Ef,g(u,A′) : A′ ⊂ A, A′ ∈ Ac(Rd)},
and then to B ∈ B(Rd) by setting

Ef,g(u,B) := inf{Ef,g(u,A) : B ⊂ A, A ∈ A(Rd)}.

To study the integral representation of Γ-limits of sequences of functionals of the form Ef,g

with f ∈ F and g ∈ G , it is convenient to study the properties of functionals Ef,g that pass to the
Γ-limit. This leads to define the abstract space E of functionals defined on L0(Rd;Rk) × B(Rd).
We shall prove that the Γ-limit of a sequence of functionals in E belongs to E (see Theorem 4.1)
and that for every lower semicontinuous functional in E the volume and surface part admit and
integral representation of the formˆ

A

f(x,∇u) dx and

ˆ
Ju

g(x, [u], νu)Hd−1

with integrands f ∈ F and g ∈ G (see Theorem 5.16).
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For technical reasons, in the definition of the space E , we consider the behaviour of the func-
tionals with respect to some smooth truncations. To this aim, for every R > 0 and every integer
i ≥ 1 we consider the function ψiR defined by (2.4) with R replaced by σi−1R and σ = c6k + 2.
Note that by (2.5) for every integer i ≥ 1 we have

ψiR(y) = y if |y| ≤ σi−1R,

ψiR(y) = 0 if |y| ≥ σiR,

|ψiR(y)| ≤ σiR,

Lip(ψR) = 1.

(3.4)

We are now in a position to introduce the space of abstract functionals E .

Definition 3.8. Let E be the space of functionals E : L0(Rd;Rk) × B(Rd) → [0,+∞] satisfying
the following conditions:

(a) for every A ∈ A(Rd) and for every u, v ∈ L0(Rd;Rk) with u = v Ld -a.e. in A , we have
E(u,A) = E(v,A);

(b) for every u ∈ L0(Rd;Rk) the set function B 7→ E(u,B) is a non-negative Borel measure
on Rd and for every B ∈ B(Rd) we have

E(u,B) = inf{E(u,A) : A ∈ A(Rd) and B ⊂ A};
(c1) for every u ∈ L0(Rd;Rk), and B ∈ B(Rd) we have

c1V (u,B)− c2Ld(B) ≤ E(u,B);

(c2) for every u ∈ L0(Rd;Rk) and B ∈ B(Rd) we have

E(u,B) ≤ c3V (u,B) + c4Ld(B);

(d) for every u ∈ L0(Rd;Rk), B ∈ B(Rd), and a ∈ Rk we have

E(u+ a,B) = E(u,B);

(e) for every u ∈ L0(Rd;Rk), ξ ∈ Rk×d , B ∈ B(Rd) we have

E(u+ ℓξ, B) ≤ E(u,B) + c5|ξ|Ld(B);

(f) for every u ∈ L0(Rd;Rk), B ∈ B(Rd), x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 we have

E(u+ ux,ζ,ν , B) ≤ E(u,B) + τ(|ζ|)Hd−1(B ∩Πνx);

(g) for every m ∈ N , u ∈ L0(Rd;Rk), B ∈ B(Rd), w ∈W 1,1
loc (Rd;Rk), and R > 0 we have

1

m

m∑
i=1

E(w + ψiR ◦ (u− w), B) ≤ E(u,B) + c3k
1/2

ˆ
BRu,w

|∇w| dx+ c4Ld(BRu,w)

+
C

m

(
E(u,B) + Ld(B) +

ˆ
B

|∇w| dx
)
, (3.5)

where BRu,w := {x ∈ B : |u(x)− w(x)| ≥ R} and C := max{9c3k/c1, 2c3k1/2, c4} ;
(h) for every 0 < λ ≤ 1/(c6k), R ∈ SO(k), B ∈ B(Rd), and u ∈ L0(Rd;Rk) we have

E(λRu,B) ≤ E(u,B) + (c4 + c2)Ld(B).

The subspace of all functionals E ∈ E such that for every A ∈ A(Rd) the functional E(·, A) is
lower semicontinuous with respect to the topology of L0(Rd;Rk) is denoted by Esc .

Remark 3.9. Let E ∈ E , A ∈ A(Rd), and u ∈ L0(A;Rk). We can define E(u,B) for every B ∈
B(A) by extending the function u to a function v ∈ L0(Rd;Rk) and setting E(u,B) := E(v,B).
The value of E(u,B) does not depend on the chosen extension thanks to the locality property (a)
of Definition 3.8.
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Remark 3.10. The inequalities (c1) and (c2) imply that

c1V2(u,B)− c2Ld(B) ≤ E(u,B) (c1′)

E(u,B) ≤ c3kV2(u,B) + c4, (c2′)

for every u ∈ L0(Rd;Rk) and B ∈ B(Rd). This follows from the elementary inequalities |ξ| ≤∑k
i=1 |ξi| ≤ k1/2|ξ| and |ζ| ∧ 1 ≤

∑k
i=1 |[ζi]| ∧ 1 ≤ k(|ζ| ∧ 1), where ξi is the i -th row of the matrix

ξ and ζi is the i-th component of ζ .

Remark 3.11. The technical condition (g) replaces the simpler condition (g) of [21, Definition
3.1], which in the particular case w1 = −m and w2 = m reads as

E(u(m), A) ≤ E(u,A) + Ld({|u| > m}). (3.6)

Although this truncation procedure is still available in the vector-valued case (see [24, Definition
3.1, Proposition 3.8]), acting componentwise, an estimate of the form (3.6) does not hold for
k > 1, even for the prototypical integral functional V2 . This is one of the main difficulties in
generalising these results to the vector-valued case. The new condition (g) of Definition 3.8 is
crucial to introduce a different type of truncation operators with good estimates. Similar smooth
truncations were already considered in [12, 13, 16, 28, 31].

Remark 3.12. It follows directly from Remark 2.8 and from Definition 3.8 that if A ∈ Ac(Rd)
and u ∈ L0(Rd;Rk) then

E(u,A) < +∞ if and only if u|A ∈ GBV⋆(A;Rk).

The following proposition shows that functionals of type Ef,g belong to E .

Proposition 3.13. Let f ∈ F and g ∈ G . Then the functional Ef,g belongs to E and for every
A ∈ Ac(Rd) . Moreover, u ∈ GBV⋆(A;Rk) we have

Ef,g(u,B) =

ˆ
B

f(x,∇u) dx+

ˆ
B

f∞
(
x,

Dcu

|Dcu|

)
d|Dcu|+

ˆ
Ju∩B

g(x, [u], νu)Hd−1 (3.7)

for every B ∈ B(A) .

Proof. The proof of the fact that Ef,g satisfies (3.7) and (a)-(f) of Definition 3.8 may be deduced
from the proof of [21, Proposition 3.11], with minor changes.

We are left with showing that Ef,g enjoys properties (g) and (h) of Definition 3.8. We begin
proving (g). Since Ef,g satisfies properties (a) and (b), it is enough to prove (3.5) for every
A ∈ Ac(Rd). Without loss of generality, we may assume that u|A ∈ GBV⋆(A;Rk). Let w ∈
W 1,1

loc (Rd;Rk), let R > 0, let m ∈ N , and let i ∈ {1, ...,m} . We set viR := w + ψiR ◦ (u − w) and

note that viR|A ∈ GBV⋆(A;Rk), thanks to Proposition 2.3 and to the fact that GBV⋆(A;Rk) is a
vector space.

Consider the set Areg := {x ∈ A : ũ(x), w̃(x) exist} . We observe that by Proposition 2.4 Areg

and Ju are Borel sets and that Hd−1(A \ (Areg ∪ Ju)) = 0. We set

Aiin := {x ∈ Areg : |ũ(x)− w̃(x)| ≤ σi−1R},
Ai := {x ∈ Areg : σ

i−1R < |ũ(x)− w̃(x)| < σiR},
Aiout := {x ∈ Areg : |ũ(x)− w̃(x)| ≥ σiR}.

Thanks to (i) of Proposition 2.5, for every i ∈ {1, ...,m} we have that

∇viR = ∇u Ld-a.e. in Aiin,
∇viR = ∇w +∇ψiR ◦ (u− w)(∇u−∇w) Ld-a.e. in Ai, (3.8)

∇viR = ∇w Ld- a.e. in Aiout.
Therefore,ˆ

A

f(x,∇viR) dx =

ˆ
Aiin

f(x,∇u) dx+

ˆ
Aistr

f(x,∇viR) dx+

ˆ
Aiout

f(x,∇w) dx. (3.9)
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Exploiting (f2 ′ ), (f3 ′ ), and (3.8), and recalling that Lip(ψiR) = 1, we obtainˆ
Ai
f(x,∇viR) dx ≤ 2c3k

1/2

ˆ
Ai

|∇w| dx+ c3k
1/2

ˆ
Ai

|∇u| dx+ c4Ld(Ai)

≤ 2c3k
1/2

ˆ
Ai

|∇w| dx+
c3k

1/2

c1

ˆ
Ai
f(x,∇u) dx+ c4Ld(Ai),

ˆ
Aiout

f(x,∇w) dx ≤ c3k
1/2

ˆ
ARu,w

|∇w| dx+ c4Ld(ARu,w).

These inequalites and (3.9) lead to
m∑
i=1

ˆ
A

f(x,∇viR) dx ≤ m
(ˆ

A

f(x,∇u) dx+ c3k
1/2

ˆ
ARu,w

|∇w| dx+ c4Ld(ARu,w)
)

+
c3k

1/2

c1

ˆ
A

f(x,∇u) dx+ 2c3

ˆ
A

|∇w| dx+ c4Ld(A). (3.10)

To estimate the term depending on Dcu in Ef,g , we use Proposition 2.5(ii) to rewrite
ˆ
A

f∞
(
x,

DcviR
|DcviR|

)
d|DcviR| =

ˆ
Aiin

f∞
(
x,

dDcu

d|Dcu|

)
d|Dcu|

+

ˆ
Ai
f∞

(
x,

∇ψiR(ũ− w̃)

|∇ψiR(ũ− w̃)|
dDcu

d|Dcu|

)
|∇ψiR(ũ− w̃)|d|Dcu|+

ˆ
Aiout

f∞(x, 0) d|Dcu|

≤
ˆ
A

f∞
(
x,

dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ai
f∞

(
x,

∇ψiR(ũ− w̃)

|∇ψiR(ũ− w̃)|
dDcu

d|Dcu|

)
|∇ψiR(ũ− w̃)|d|Dcu|,

where we have used that w ∈ W 1,1
loc (Rd;Rk) and that f∞(x, 0) = 0. Taking advantage once again

of (3.3) and of Lip(ψiR) = 1, we infer thatˆ
Ai
f∞

(
x
∇ψiR(ũ− w̃)

|∇ψiR(ũ− w̃)|
dDcu

d|Dcu|

)
|∇ψiR(ũ− w̃)|d|Dcu|

≤ c3k
1/2

ˆ
Ai

|∇ψiR(ũ− w̃)|d|Dcu| ≤ c3k
1/2

c1

ˆ
Ai
f∞

(
x,
dDcu

|Dcu|

)
d|Dcu|.

Together with the previous inequalities this leads to
m∑
i=1

ˆ
A

f∞
(
x,

DcviR
|DcviR|

)
d|DcviR| ≤ m

ˆ
A

f∞
(
x,

dDcu

d|Dcu|

)
d|Dcu|

+
c3k

1/2

c1

ˆ
A

f∞
(
x,
dDcu

|Dcu|

)
d|Dcu|. (3.11)

We now estimate the surface term in Ef,g . To this scope, we first remark that JviR ⊂ A \Areg

and that for Hd−1 -a.e x ∈ JviR we have νviR(x) = νu(x). Moreover, since w ∈ W 1,1
loc (Rd;Rk), for

Hd−1 -a.e. x ∈ A the approximate limit w̃(x) exists, so that for Hd−1 -a.e. every x ∈ JviR we have

(viR)
+(x) = w̃(x) + ψiR(u

+(x)− w̃(x)), (3.12)

(viR)
−(x) = w̃(x) + ψiR(u

−(x)− w̃(x)). (3.13)
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For i ∈ {1, ...,m} we introduce the following partition of J̃viR := {x ∈ JviR : w̃(x) exists} :

Si1 := {x ∈ J̃viR : |u
+(x)− w̃(x)| < σi−1R, |u−(x)− w̃(x)| < σi−1R},

Si2 := {x ∈ J̃viR : |u
+(x)− w̃(x))|, |u−(x)− w̃(x)| ∈ [σi−1R, σiR]},

Si3 := {x ∈ J̃viR : |u
+(x)− w̃(x)| > σiR, |u−(x)− w̃(x)| > σiR}},

Si4 := {x ∈ J̃viR : |u
+(x)− w̃(x)| < σi−1R, |u−(x)− w̃(x)| > σiR},

Si5 := {x ∈ J̃viR : |u
+(x)− w̃(x)| > σiR, |u−(x)− w̃(x)| < σi−1R},

Si6 := {x ∈ J̃viR : |u
+(x)− w̃(x)| ∈ [σi−1R, σiR], |u−(x)− w̃(x)| /∈ [σi−1R, σiR]},

Si7 := {x ∈ J̃viR : |u+(x)− w̃(x)| /∈ [σi−1R, σiR], |u−(x)− w̃(x)| ∈ [σi−1R, σiR]}.

Note that for ℓ ∈ {2, 6, 7}
if Siℓ ∩ S

j
ℓ ̸= Ø then |i− j| ≤ 1 ,

so that
m∑
i=1

(χSi2 + χSi6 + χSi7) ≤ 9. (3.14)

By definition of Si1 and of Si3 , recalling (3.12) and (3.13), we haveˆ
Si1

g(x, [viR], νviR) dH
d−1 =

ˆ
Si1

g(x, [u], νu) dHd−1, (3.15)

ˆ
Si3

g(x, [viR], νviR) dH
d−1 =

ˆ
Si3

g(x, 0, νu) dHd−1 = 0. (3.16)

Since Lip(ψiR) = 1, we have |[ψiR(u− w)]| ≤ |[u− w]| = |[u]| in J̃viR . Hence, by (g2) and (g3) we

deduce thatˆ
Si2∪Si6∪Si7

g(x, [viR], νviR) dH
d−1 ≤ c3k

ˆ
Si2∪Si6∪Si7

|[ψiR(u− w)]| ∧ 1 dHd−1

≤ c3k

ˆ
Si2∪Si6∪Si7

|[u]| ∧ 1 dHd−1 ≤ c3k

c1

ˆ
Si2∪Si6∪Si7

g(x, [u], νu) dHd−1. (3.17)

We are left with estimating the surface integral over Si4 and Si5 . By definition, if x ∈ Si4 then
|u+(x)− w̃(x)| < σi−1R and |u−(x)− w̃(x)| > σiR. Therefore,

|[u](x)| = |u+(x)− u−(x)| ≥ |u−(x)− w̃(x)| − |u+(x)− w̃(x)|
≥ σiR− σi−1R = σi−1R(σ − 1) ≥ c6kσ

i−1R, (3.18)

where we have used that σ > c6k + 1. On the other hand, [viR](x) = u+(x)− w̃(x) so that

c6k|[viR]| = c6k|u+(x)− w̃(x)| ≤ c6kσ
i−1R.

From these inequalities we deduce that c6k|[viR]| ≤ |[u]| , which by (g6) implies

g(x, [viR], νviR) ≤ g(x, [u], νviR) = g(x, [u], νu) Hd−1 -a.e. in Si4 .

The same argument shows that Hd−1 -a.e. in Si5 it holds

g(x, [viR], νviR) ≤ g(x, [u], νu).

From these last two inequalities we getˆ
Si4∪Si5

g(x, [viR], νviR) dH
d−1 ≤

ˆ
Si4∪Si5

g(x, [u], νu) dHd−1. (3.19)
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Combining (3.15)-(3.19), we obtainˆ
J
vi
R

g(x, [viR], νviR) dH
d−1 ≤

ˆ
Ju

g(x, [u], νu) dHd−1 +
c3k

c1

ˆ
Si2∪Si6∪Si7

g(x, [u], νu) dHd−1,

which, in light of (3.14), implies that
m∑
i=1

ˆ
J
vi
R

g(x, [viR], νviR) dH
d−1 ≤

(
m+

9c3k

c1

)ˆ
Ju

g(x, [u], νu) dHd−1. (3.20)

Finally, from (3.10), (3.11), and (3.20) we deduce that

1

m

m∑
i=1

Ef,g(viR, A) ≤ Ef,g(u,A) + c3k
1/2

ˆ
ARu,w

|∇w| dx+ c4Ld(ARu,w)

+
C

m

(
Ef,g(u,A) + Ld(A) +

ˆ
A

|∇w| dx
)
,

where C := max{9c3k/c1, 2c3k1/2, c4} . This shows that Ef,g satisfies (g).
To see that Ef,g satisfies (h) it is enough to verify it for A ∈ Ac(Rd) and for u|A ∈ GBV⋆(A;Rk).

Let λ ≤ 1/c6 and let R ∈ SO(k). Note that by (3.1) we also have λ ≤ (c1/c3)k
−1/2 . We set

v := λRu . By (f2’), (f3), and (g6) we can estimate

Ef,g(v,A) =

ˆ
A

f(x,∇v) dx+

ˆ
A

f∞
(
x,

dDcv

d|Dcv|
,
)
d|Dcv|+

ˆ
A∩Ju

g(x, [v], ν) dHd−1

≤ c3k
1/2λ

(ˆ
A

|∇u| dx+ |Dcu|(A)
)
+

ˆ
A

g(x, [u], ν) dHd−1 + c4Ld(A)

≤ Ef,g(u,A) + (c4 + c2)Ld(A),
concluding the proof. □

Remark 3.14. It follows from Remark 2.9 and Proposition 3.13 that the functional V of Definition
2.6 belongs to E .

The following lemma provides an estimate for smooth truncations of the form ψR ◦ u , which
can be considered as an extension to the vector-valued case of the simpler inequality (3.6), valid
in the scalar case. The proof heavily relies on property (g) of Definition 3.8. More refined versions
of the following result will be presented in the forthcoming sections.

Lemma 3.15. Let A1, A2 ∈ Ac(Rd) , let u1 ∈ L0(A1;Rk) and u2 ∈ L0(A2;Rk) , and for j = 1, 2
let E(·, Aj) : L0(Aj ;Rk) → [0,+∞] be a a lower semicontinuous functional satisfying (c2 ′ ) and
(g) of Definition 3.8 with B = A1 and B = A2 . Then there exists a strictly increasing sequence
Rm > 0 , with Rm → +∞ as m→ +∞ , such that

lim
m→+∞

E(ψRm ◦ uj , Aj) = E(uj , Aj) (3.21)

for j = 1, 2 .

Proof. For every sequence Rm → +∞ as m→ +∞ , we have that ψRm ◦ u→ uj in L0(A;Rk) as
m→ +∞ , so that the lower semicontinuity of E(·, Aj) with respect to the topology of L0(Aj ;Rk)
implies that

E(uj , Aj) ≤ lim inf
m→∞

E(ψRm ◦ uj , Aj) (3.22)

for j = 1, 2.
Assume now that E(u1, A1) and E(u2, A2) are both finite. We can choose a sequence rm

converging to +∞ as m→ +∞ such that

c4Ld(Armuj ,0) ≤
1

m
for every m ∈ N and for j = 1, 2 .
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From (g) of Definition 3.8 applied with w = 0, we obtain that there exists i(m) ∈ {1, ...,m} , such
that

E(ψi(m)
rm ◦ u1, A1) + E(ψi(m)

rm ◦ u2, A2) ≤ E(u1, A1) + E(u2, A2)

+
2 + C(E(u1, A1) + E(u2, A2)) + 2c4CLd(A))

m
.

We now set Rm := σi(m)rm , so that ψ
i(m)
rm = ψRm . Hence, the previous inequality gives

lim sup
m→∞

(E(ψRm ◦ u1, A1) + E(ψRm ◦ u2, A2)) ≤ E(u1, A1) + E(u2, A2).

Combining this last inequality with (3.22), we obtain (3.21) in the case where E(u1, A1) and
E(u2, A2) are both finite. A simpler proof yields the result when in the other cases. □

4. A compactness result

The main result of this section is a compactness theorem for the class E . The strategy here
adopted is the one of [21, Lemma 3.24]. As already mentioned, the main difference in the proof
this compactness result in the vectorial case lies in the different type of truncation used, which is
dealt with in Lemma 4.5 below.

In what follows, given a sequence (En)n ⊂ E and A ∈ A(Rd), we set

E′(·, A) := Γ- lim inf
n→∞

En(·, A) and E′′(·, A) := Γ- lim sup
n→∞

En(·, A), (4.1)

E′
−(·, A) := sup

A′∈Ac(A)

E′(·, A) and E′′
−(·, A) := sup

A′∈Ac(A)

E′′(·, A′), (4.2)

where the Γ- lim inf and the Γ- lim sup are computed with respect to the topology of L0(Rd;Rk).
Given u ∈ L0(Rd;Rk), it is immediate to check that E′(u, ·), E′′(u, ·), E′

−(u, ·), and E′′
−(u, ·) are

all increasing set functions.

Theorem 4.1. Let (En)n ⊂ E be a sequence of functionals. Then there exists a subsequence of
(En)n , not relabelled, and a functional E ∈ Esc such that for every A ∈ Ac(Rd) the sequence
En(·, A) Γ-converges to E(·, A) in the topology of L0(Rd;Rk) .

Proof. By a compactness theorem for Γ-convergence of increasing functionals (see [17, Theorem
16.9]), there exists a subsequence of (En)n , not relabelled, such that

E(u,A) := E′
−(u,A) = E′′

−(u,A) for every u ∈ L0(Rd;Rk) and for A ∈ A(Rd). (4.3)

Thus, we can define E : L0(Rd;Rk)× B(Rd) → [0 +∞] as

E(u,B) = inf{E(u,A) : A ∈ A(Rd), B ⊂ A} for every B ∈ B(Rd). (4.4)

We claim that E ∈ Esc and that for every A ∈ Ac(Rd) we have E(·, A) = E′(·, A) = E′′(·, A).
From some general Γ-convergence results (see [17, Proposition 16.15]), it follows that E satisfies

property (a) of Definition 3.8.
To show that E enjoys also property (b), we make use of the De Giorgi-Letta Criterion for

measures [22] (see also [17, Theorem 14.23] for the particular version of the theorem here employed).
As already mentioned, for every u ∈ L0(Rd;Rk) the set function E(u, ·) is increasing. The inner
regularity follows by definition of E(u, ·), while superadditivity is a consequence of [17, Proposition
16.12] and of the fact that En satisfies (b) of Definition 3.8. We are left with proving that E(u, ·)
is subadditive. To prove this, we make use of a truncation argument and of the following estimate
for which we refer to [21, Lemma 3.19], the proof in the vectorial case being the same as in the
scalar case.

Lemma 4.2 ([21, Lemma 3.19]). Let (En) ⊂ E be a sequence of functionals and let A′, A′′, A, U ∈
Ac(Rd) , with A′ ⊂⊂ A′′ ⊂⊂ A . Let u ∈ L1

loc(Rd;Rk) and let (wn)n, (vn)n ⊂ L1
loc(Rd;Rk)

be two sequence converging to u in L1
loc(Rd;Rk) and such that (wn|A) ⊂ BV (A;Rk) , (vn|U ) ⊂
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BV (U ;Rk) . Then for every δ > 0 there exists a sequence (φn)n ⊂ C∞
c (Rd, [0, 1]) , with supp(φn) ⊂

A′′ and φn = 1 in a neighborhood of A
′
, such that the functions un defined by

un := φnwn + (1− φn)vn

converge to u in L1
loc(Rd;Rk) , un|A′∪U ∈ BV (A′ ∪ U ;Rk) , and

lim inf
n→+∞

En(un, A
′ ∪ U) ≤ (1 + δ) lim inf

n→+∞
(En(wn, A) + En(vn, U)) + δ,

lim sup
n→+∞

En(un, A
′ ∪ U) ≤ (1 + δ) lim sup

n→+∞
(En(wn, A) + En(vn, U)) + δ.

We now consider the truncated functions ψR ◦ u and prove that E′(ψR ◦ u, ·) and E′′(ψR ◦ u, ·)
satisfy a weak subadditivity inequality.

Lemma 4.3. Let (En)n ⊂ E be a sequence of functionals, let E′ and E′′ be the functionals defined
by (4.1), let u ∈ L0(Rd;Rk) , and let A′, A, U ∈ Ac(Rd) , with A′ ⊂⊂ A . Then for every R > 0 ,
m ∈ N we have

E′(ψR ◦ u,A′ ∪ U) ≤ E′′(ψR ◦ u,A) + E′(ψR ◦ u, U), (4.5)

E′′(ψR ◦ u,A′ ∪ U) ≤ E′′(ψR ◦ u,A) + E′′(ψR ◦ u, U). (4.6)

Proof. We prove (4.5). Without loss of generality, we assume that E′′(ψR◦u,A) and E′(ψR◦u, U)
are both finite. Let wn, vn ∈ L0(Rd;Rk) be two sequence of functions converging in L0(Rd;Rk)
to ψR ◦ u and such that

lim sup
n→∞

En(wn, A) = E′′(ψR ◦ u,A) and lim inf
n→∞

En(vn, U) = E′(ψR ◦ u, U). (4.7)

We fix a subsequence (Enh)h of (En)n such that

lim
h→+∞

Enh(vnh , U) = lim inf
n→∞

En(vn, U) = E′(ψR ◦ u, U).

Without loss of generality we may assume that there exists M > 0 such that

Enh(wnh , A) < M and Enh(vnh , U) < M,

for every h ∈ N . Remark 3.12 then implies (wnh |A)h ⊂ GBV⋆(A;Rk), (vnh |U )h ⊂ GBV⋆(U ;Rk).
By property (g) of Definition 3.8 for every h,m ∈ N we can find ih,m, jh,m ∈ {1, ...,m} such that

Enh(ψ
ih,m
σR ◦ wnh , A) ≤ Enh(wnh , A) + c4Ld(AσRwnh ,0) + C

M + Ld(A)
m

, (4.8)

Enh(ψ
jh,m
σR ◦ vnh , U) ≤ Enh(vnh , U) + c4Ld(UσRvnh ,0) + C

M + Ld(U)

m
. (4.9)

Since wnh and vnh converge in L0(Rd;Rk) to ψR ◦ u as n→ +∞ , ∥ψih,mσR ∥L∞(Rd;Rk) ≤ σm+1R ,

∥ψjh,mσR ∥L∞(Rd;Rk) ≤ σm+1R , and ∥ψR ◦ u∥L∞(Rd;Rk) ≤ σR , for every m ∈ N we infer that

ψ
ih,m
σR ◦ wnh → ψR ◦ u in L1(Rd;Rk) as h→ +∞,

ψ
jh,m
σR ◦ vnh → ψR ◦ u in L1(Rd;Rk) as h→ +∞,

lim
h→∞

Ld(AσRwnh ,0) = Ld(AσRψR◦u,0) = 0, (4.10)

lim
h→∞

Ld(UσRvnh ,0) = Ld(UσRψR◦u,0) = 0. (4.11)

For every V ∈ A(Rd) we set

Ê′(·, V ) := Γ- lim inf
h→∞

Enh(·, V ) and Ê′′(·, V ) := Γ- lim sup
h→∞

Enh(·, V ), (4.12)

and observe that
E′(·, V ) ≤ Ê′(·, V ) and Ê′′(·, V ) ≤ E′′(·, V ). (4.13)
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By (4.7)-(4.11), we deduce that

lim sup
h→∞

Enh(ψ
ih,m
σR ◦ wnh , A) ≤ E′′(ψR ◦ u,A) + C

M + Ld(A)
m

(4.14)

lim inf
h→∞

Enh(ψ
jh,m
σR ◦ vnh , U) ≤ E′(ψR ◦ u, U) + C

M + Ld(U)

m
. (4.15)

By Proposition 2.3 we have that ψ
ih,m
σR ◦wnh |A ∈ BV (A;Rk) and that ψ

jh,m
σR ◦vnh |U ∈ BV (U,Rk).

Thus, for δ > 0 and for every m ∈ N we may apply Lemma 4.2 to obtain a sequence of functions
(umh )h ⊂ BV (A′ ∪ U ;Rk) such that umh → ψR ◦ u in L1

loc(Rd;Rk) as h→ +∞ and such that

lim inf
h→+∞

Enh(u
m
h , A

′ ∪ U) ≤ (1 + δ) lim inf
h→∞

(
Enh(ψ

ih,m
σR ◦ wnh , A) + Enh(ψ

jh,m
σR ◦ vnh , U)

)
+ δ

≤ (1 + δ) lim sup
h→∞

Enh(ψ
ih,m
σR ◦ wnh , A) + (1 + δ) lim inf

h→+∞
Enh(ψ

jh,m
σR ◦ vnh , U) + δ

This inequality, combined with (4.14), and (4.15), yields

lim inf
h→∞

Enh(u
m
h , A

′ ∪ U) ≤ (1 + δ)
(
E′′(ψR ◦ u,A) + E′(ψR ◦ u, U) +

S

m

)
+ δ,

where S is a positive constant independent of m . Recalling that umh → ψR ◦ u as h → +∞ , by
(4.12) and (4.13) we obtain that

E′(ψR ◦ u,A′ ∪ U) ≤ Ê′(ψR ◦ u,A′ ∪ U) ≤ (1 + δ)
(
E′′(ψR ◦ u,A) + E′(ψR ◦ u, U) +

S

m

)
+ δ.

Letting m→ +∞ and δ → 0+ , we obtain (4.5).
A similar, but easier, argument shows that (4.6) holds true. □

To prove a weak subadditivity inequality for E′(u, ·) we will approximate E′(u,A) by E′(ψR ◦
u,A). For technical reasons, this approximation result is obtained using property (g) of Definition
3.8 for E′ , which is proved in the following lemma.

Lemma 4.4. Let (En)n be a sequence in E , let E′ be the functional defined by (4.1), let A ∈
Ac(Rd) , u ∈ GBV⋆(A;Rk) , and let w ∈ W 1,1

loc (Rd;Rk) . Then for every R > 0 and m ∈ N we
have

1

m

m∑
i=1

E′(w + ψiR ◦ (u− w), A) ≤ E′(u,A) + c3k
1/2

ˆ
ARu,w

|∇w|+ c4Ld(ARu,w)

+
C

m

(
E′(u,A) + Ld(A) +

ˆ
A

|∇w| dx
)
, (4.16)

where C = {9c3k/c1, 2c3k1/2, c4} .

Proof. Let us fix u ∈ L0(Rd;Rk) and w ∈ W 1,1
loc (Rd;Rk). Without loss of generality, we may

assume that E′(u,A) < +∞ . Let (un)n ⊂ L0(Rd;Rk) be a sequence of functions converging to u
in L0(Rd;Rk) and such that

lim inf
n→+∞

En(un, A) = E′(u,A). (4.17)

Fix R > 0 and m ∈ N . For every i ∈ {1, ...,m} , we set vin := w + ψiR ◦ (un − w) and vi :=
w + ψR ◦ (u − w). Note that for every i ∈ {1, ...,m} the sequence (vin)n converges to vi in
L0(Rd;Rk), so that by Definition of E′ we have

1

m

m∑
i=1

E′(vi, A) ≤ 1

m

m∑
i=1

lim inf
n→+∞

En(v
i
n, A) ≤ lim inf

n→+∞

1

m

m∑
i=1

En(v
i
n, A). (4.18)
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By property (g) and by (4.17) we get

1

m

m∑
i=1

En(v
i
n, A) ≤ En(un, A) +

C

m

(
En(un, A) + Ld(A) +

ˆ
A

|∇w|
)

+c3k
1/2

ˆ
ARun,w

|∇w| dx+ c4Ld(ARun,w).

By (4.17), this inequality gives

1

m

m∑
i=1

E′(vi, A) ≤ E′(u,A) +
C

m

(
E′(u,A) + Ld(A) +

ˆ
A

|∇w|
)

+ lim sup
n→+∞

(
c3k

1/2

ˆ
ARun,w

|∇w| dx+ c4Ld(ARun,w)
)
. (4.19)

Since un → u in L0(Rd;Rk), we have that

lim sup
n→+∞

χARun,w(x) ≤ χARu,w(x) for Ld-a.e. x ∈ A.

Thus, from Fatou’s Lemma, we deduce that

lim sup
n→+∞

(ˆ
ARun,w

|∇w| dx+ Ld(ARun,w)
)
≤
ˆ
ARu,w

|∇w| dx+ Ld(ARw), (4.20)

which combined with (4.19) yields (4.16). □

To obtain the weak subadditivity of E′(u, ·) we show that E′(u,A) can be approximated by
E′(ψR ◦ u,A) for a suitable choice of R .

Lemma 4.5. Let (En)n be a sequence in E , let E′ be the functional defined by (4.1), let A1, A2 ∈
Ac(Rd) , u1 ∈ L0(A1;Rk) and u2 ∈ L0(A2;Rk) . Then there exists an increasing sequence Rm > 0 ,
with Rm → +∞ as m→ +∞ , such that

lim
m→+∞

E′(ψRm ◦ uj , Aj) = E′(uj , Aj) (4.21)

for j = 1, 2.

Proof. It is immediate to check that E′ satisfies property (c2), and by Lemma 4.4, we have
that E′ satisfies property (g) for B = A1 and B = A2 . Since the functional E′(·, Aj) is lower
semicontinuous with respect to the topology of L0(Aj ;Rk) for j = 1, 2 (see [17, Proposition 6.8]),
an application of Lemma 3.15 then proves the claim. □

We now prove a weak subadditivity inequality for E′(u, ·).

Lemma 4.6. Let (En)n be a sequence of functionals in E and let E′, E′′ be defined by (4.1).
Assume that there exists a functional E : L0(Rd;Rk)×A(Rd) → [0,+∞] such that (4.3) holds. Let
u ∈ L0(Rd;Rk) , and A′, A, U ∈ Ac(Rd) with A′ ⊂⊂ A . Then we have

E′(u,A′ ∪ U) ≤ E′(u,A) + E′(u, U). (4.22)

Proof. By [17, Proposition 15.15] we may choose A′′ ∈ Ac(Rd), with A′ ⊂⊂ A′′ ⊂⊂ A , such that

E′′(v,A′′) = E′(v,A′′) = E(v,A′′) for every v ∈ L0(Rd;Rk). (4.23)

Lemma 4.5 implies that there exists Rm → +∞ as m→ +∞ such that

lim
m→+∞

E′(ψRm ◦ u,A′′) = E′(u,A′′), (4.24)

lim
m→+∞

E′(ψRm ◦ u, U) = E′(u, U). (4.25)

Thanks, to Lemma 4.3, we obtain that

E′(ψRm ◦ u,A′ ∪ U) ≤ E′′(ψRm ◦ u,A′′) + E′(ψRm ◦ u, U) ≤ E′(ψRm ◦ u,A) + E′(ψRm ◦ u, U),
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where in the equality we have used (4.23). Since ψRm ◦u→ u in L0(Rd;Rk) as m→ +∞ , by the
lower semicontinuity of E′ , (4.24), and (4.25) we obtain

E′(u,A′ ∪ U) ≤ E′(u,A′′) + E′(u, U) ≤ E′(u,A) + E′(u, U),

concluding the proof. □

We are now ready to prove the subadditivity of E(u, ·) on A(Rd).

Lemma 4.7. Let En be a sequence in E for which (4.3) holds for some functional E . Then for
every u ∈ L0(Rd;Rk) and A,U ∈ A(Rd) we have

E(u,A ∪ U) ≤ E(u,A) + E(u, U).

Proof. The result follows from Lemma 4.6 and by standard arguments (see for instance the proof
of [17, Lemma 18.4]). □

Finally, we show that (En(·, A))n Γ-converges for every A ∈ Ac(Rd).

Lemma 4.8. Let (En)n be a sequence of functionals in E , let E′, E′′ be the functionals defined by
(4.1). Assume that there exists a functional E such that (4.3) holds. Then E(u,A) = E′(u,A) =
E′′(u,A) for every u ∈ L0(Rd;Rk) and A ∈ Ac(Rd) .

Proof. Fix u ∈ L0(Rd;Rk) and A ∈ Ac(Rd). We first show that E(u,A) = E′(u,A). Since
E(u,A) ≤ E′(u,A), it is enough to show the converse inequality. Without loss of generality we
may suppose that E(u,A) < +∞ . It is immediate to check that E′ and E satisfies properties
(c2) Definition 3.8 on A(Rd) and using Remark 2.9 we check that E′ and E also satisfy (c1) on
A(Rd). Hence, u ∈ GBV⋆(A;Rk). Fix ε > 0 and consider a compact set K ⊂ A such that

c3V (u,A \K) + c4Ld(A \K) ≤ ε. (4.26)

Consider now A′, A′′ ∈ Ac(A) with K ⊂ A′ ⊂⊂ A′′ and let U = A \K . Note that A′ ∪ U = A .
Hence, by Lemma 4.6 to obtain

E′(u,A) ≤ E′(u,A′′) + E′(u,A \K) ≤ E(u,A) + ε, (4.27)

where in the last inequality we have used (4.3), property (c2) for E′ and (4.26). These arguments
shows that E(u,A) = E′(u,A) for every u ∈ L0(Rd;Rk) and A ∈ Ac(Rd).

We now prove that E(u,A) = E′′(u,A). Since E(u,A) ≤ E′′(u,A) it is enough to show that
E′′(u,A) ≤ E(u,A). It is not restrictive to assume that E(u,A) < +∞ , so that u ∈ GBV⋆(A;Rk).
Given R > 0, we can exploit the same argument used to obtain (4.27), replacing (4.22) of Lemma
4.6 with (4.6), to show that for every ε > 0

E′′(ψR ◦ u,A) ≤ E(ψR ◦ u,A) + ε = E′(ψR ◦ u,A) + ε, (4.28)

where we have used the equality E = E′ . By Lemma 4.5 there exists a positive sequence Rm →
+∞ such that

lim
m→+∞

E′(ψRm ◦ u,A) = E′(u,A) = E(u,A).

Since ψRm ◦ u → u in L0(Rd;Rk) as m → +∞ , exploiting the lower semicontinuity of E′′ and
this last equality, we deduce from (4.28) that

E′′(u,A) ≤ E(u,A) + ε.

Since ε > 0 is arbitrary, we get E′′(u,A) ≤ E(u,A), concluding the proof. □

Continuation of the Proof of Theorem 4.1. Thanks to Lemma 4.8, for every u ∈ L0(Rd;Rk) and
A ∈ Ac(Rd) we have that

E(u,A) = E′(u,A) = E′′(u,A). (4.29)

We are left with proving that E ∈ Esc . We already noted that E satisfies (a) of Definition 3.8.
From Lemma 4.7 and De Giorgi-Letta theorem, we deduce that E satisfies (b) as well. Properties
(c2)-(f) can be derived arguing as in [21, Theorem 3.16].
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By Remark 2.9 and (4.29), we infer that for ever u ∈ L0(Rd;Rk) and A ∈ Ac(Rd) we have

c1V (u,A)− c2Ld(A) ≤ E(u,A).

By inner regularity the inequality can be extended to A(Rd) and, recalling (4.4), to B(Rd).
Property (g) for E on Ac(Rd) is proved in Lemma 4.4, while (h) is trivial. The extension of (g)
and (h) to all Borel sets can easily be obtained using (4.4).

Finally, by [17, Proposition 6.8] for every A ∈ Ac(Rd) the functionals E′(·, A) and E′′(·, A)
are lower semicontinuous with respect to the convergence of L0(Rd;Rk). Since E = E′ = E′′ , we
conclude that E ∈ Esc . □

5. Partial Integral representation

In this Section we present and prove a (partial) representation result for functionals in Esc . We
postpone the full representation to Section 7, where we will work with functionals in Esc satisfying
an additional property.

We introduce a splitting of E that mimics the structure of functionals in Ef,g .

Definition 5.1. Let E : L0(Rd;Rk)×B(Rd) → [0,+∞] be a functional satisfying (b) and (c2) of
Definition 3.8, and let A ∈ Ac(Rd). For every u ∈ L0(Rd;Rk), we introduce Ea(u, ·), Es(u, ·),
Ec(u, ·), and Ej(u,A) as the Borel measures on B(A) defined as:

Ea(u, ·) is the absolutely continuous part of E(u, ·) with respect to Ld,
Es(u, ·) is the singular part of E(u, ·) with respect to Ld,

Ej(u,B) = Es(u,B ∩ Ju) for every B ∈ B(A),
Ec(u,B) = Es(u,B \ Ju) for every B ∈ B(A).

Note that by arguing as in [21, Remark 4.2], we see that when u ∈ GBV⋆(A;Rk), the measures
Ej(u, ·) and Ec(u, ·) are the absolutely continuous parts with respect to Hd−1 Ju and |Dcu| ,
respectively. Additionally, for every A ∈ Ac(R) it holds

E(u, ·) = Ea(u, ·) + Ec(u, ·) + Ej(u, ·) on B(A).
The aim of this section is to show that for every A ∈ Ac(Rd) and for every u ∈ GBV⋆(A;Rk)

we may represent the two measures Ea(u, ·) and Ej(u, ·) as integrals.
As in [21], the idea is to take advantage of the representation results of [9] for functionals on

BV (A;Rk) with linear growth. These results cannot be directly applied to Ea(u, ·) and Ej(u, ·),
since functionals in E are not bounded from below by the total variation measure |Du| . This
difficulty is treated by restricting our attention first to functions u ∈ BV (A;Rk) ∩ L∞(A,Rk),
and by considering the perturbed functionals Eδ(u,A) := E(u,A) + δ|Du|(A). The absolutely
continuous part and the jump part of Eδ can then be represented by means of an integral thanks
to [9]. We then show that it is possible to pass to the limit as δ → 0+ and to recover an integral
representation of Ea(u, ·) and of Ej(u, ·) for every u ∈ BV (A;Rk).

The following result then allows us to obtain the result for a general u ∈ GBV⋆(A;Rk).
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Lemma 5.2. Let E ∈ Esc , let A ∈ Ac(Rd) , let u ∈ GBV⋆(A;Rk) , and let (Rm)m be a sequence
with Rm > 0 and Rm → +∞ . Then

lim
m→+∞

( 1

m

m∑
i=1

E(ψiRm ◦ u,B)
)
= E(u,B), (5.1)

lim
m→+∞

( 1

m

m∑
i=1

Ea(ψiRm ◦ u,B)
)
= Ea(u,B), (5.2)

lim
m→+∞

( 1

m

m∑
i=1

Es(ψiRm ◦ u,B)
)
= Es(u,B), (5.3)

lim
m→+∞

( 1

m

m∑
i=1

Ej(ψiRm ◦ u,B)
)
= Ej(u,B), (5.4)

lim
m→+∞

( 1

m

m∑
i=1

Ec(ψiRm ◦ u,B)
)
= Ec(u,B), (5.5)

for every B ∈ B(A) .

Proof. For every m ∈ N we set

µm(B) :=
1

m

m∑
i=1

E(ψiRm ◦ u,B) for every B ∈ B(A)

and note that this defines a finite Radon measure, being u ∈ GBV⋆(A;Rk).
Let U ∈ A(A). Thanks to property (g) of Definition 3.8, we have that

µm(U) ≤ E(u, U) + c4Ld(URmu,0 ) +
C

m

(
E(u, U) + Ld(U)

)
.

Taking the limsup for m→ +∞ in the previous inequality, we get

lim sup
m→+∞

µm(U) ≤ E(u, U).

For every m ∈ N , there exists i(m) ∈ {1, ...,m} such that

E(ψ
i(m)
Rm

◦ u, U) ≤ µm(U).

Since ψ
i(m)
Rm

◦ u → u in L0(Rd;Rk) when m → +∞ and E(·, U) is lower semicontinuous with

respect to the topology of L0(Rd;Rk), we have

E(u, U) ≤ lim inf
m→+∞

E(ψ
i(m)
Rm

◦ u, U) ≤ lim sup
m→+∞

µm(U) ≤ E(u, U),

so that (5.1) holds for every U ∈ A(A). From [21, Lemma 4.4] we then deduce that (5.1) holds
for every B ∈ B(A).

To show that (5.2) holds true, consider a set N ∈ B(A), with Ld(N) = 0 , such that for every
B ∈ B(A) we have Ea(u,B) = E(u,B \N) and µam(B) = µm(B \N) for every m ∈ N , where µa

is the absolutely continuous part of µ with respect to Ld . By (5.1) we have that

lim
m→+∞

µam(B) = lim
m→+∞

µm(B \N) = E(u,B \N) = Ea(u,B),

which proves (5.2). Taking the difference of (5.1) and of (5.2) we obtain (5.3).
Finally, equalities (5.4) and (5.5) can be obtained arguing as in [21, Proposition 4.3], replacing

Theorem 2.2(d) with our Proposition 2.4(d). □

The following result shows that the singular part Es satisfies a simplified version of property
(g) of Definition 3.8.
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Lemma 5.3. Let E ∈ E , A ∈ Ac(Rd) , u ∈ GBV⋆(A;Rk) , R > 0 , m ∈ N , B ∈ B(A) , and

w ∈W 1,1
loc (Rd;Rk) . Then

1

m

m∑
i=1

Es(w + ψiR ◦ (u− w), B) ≤
(
1 +

C

m

)
Es(u,B),

where C = max{9c3k/c1, 2c3k1/2, c4} .

Proof. Let N ∈ B(Rd) be a Borel set, with Ld(N) = 0, such that Es(u,B) = E(u,B ∩ N) and
Es(w + ψiR ◦ (u − w), B) = E(w + ψiR ◦ (u − w), B ∩ N) for every i ∈ {1, ...m} , and for every
B ∈ B(A). Since (3.5) holds for every Borel set B ∈ B(A), we get

1

m

m∑
i=1

Es(w + ψiR ◦ (u− w), B) =
1

m

m∑
i=1

E(w + ψiR ◦ (u− w), B ∩N)

≤ E(u,B ∩N) +

ˆ
BRu,w∩N

(c3k
1/2|∇w|+ c4) dx+

C

m

(
E(u,B ∩N) +

ˆ
B∩N

(|∇w|+ 1) dx

)
= E(u,B ∩N) +

C

m
E(u,B ∩N) =

(
1 +

C

m

)
Es(u,B),

which proves the claim. □

We now introduce the perturbed functionals Eδ which will play a fundamental role in the proof
of our representation result for functionals in E .

Definition 5.4. Let E ∈ E and let A ∈ Ac(Rd) be given. For every δ > 0 the functional
Eδ : BV (A;Rk)× B(A) → [0,+∞) is defined for every u ∈ BV (A;Rk) and B ∈ B(A) as

Eδ(u,B) := E(u,B) + δ|Du|(B). (5.6)

Given u ∈ BV (A;Rk), the measures Eaδ (u, ·), Esδ (u, ·), E
j
δ(u, ·), and Ecδ(u, ·) are defined as in

Definition 5.1 with E replaced by Eδ .

Remark 5.5. Let E ∈ E , A ∈ Ac(Rd), and δ > 0. Thanks to (c1 ′ ) and (c2 ′ ) of Remark 3.10 we
have that for every u ∈ BV (A;Rk) it holds

δ|Du|(A)− c2Ld(A) ≤ Eδ(u,A) ≤ (c3 + δ)|Du|(A) + c4Ld(A).

Definition 5.6. Let A ∈ Ac(Rd) and let E : BV (A;Rk)×B(A) → [0,+∞] . For every U ∈ A(A)
with Lipschitz boundary and w ∈ BV (U ;Rk), we set

mE(w,U) := inf{E(u, U) : u ∈ BV (U ;Rk), trUu = trUw}, (5.7)

where trU : BV (U ;Rk) → L1
Hd−1(∂U ;Rk) is the trace operator. Given t > 0, we set

mE
t (w,U) := inf{E(u, U) : u ∈ BV (U ;Rk), trUu = trUw, ∥u− w∥L∞(U ;Rk) ≤ t}. (5.8)

We now introduce some functions which will play a crucial role in the integral representation
of the bulk part Ea and the surface part Ej of a functional E ∈ Esc . We recall that the cubes
Q(x, ρ) and Qν(x, ρ) are defined in (f) of Section 2, while the functions ℓξ and ux,ζ,ν are defined
in (h) of Section 2.
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Definition 5.7. Let E ∈ E and δ > 0. We define the functions f, fδ : Rd ×Rk×d → [0,+∞) and
g, gδ : Rd × Rk × Sd−1 → [0,+∞) as

f(x, ξ) := lim sup
ρ→0+

mE(ℓξ, Q(x, ρ))

ρd
for every x ∈ Rd and ξ ∈ Rk×d, (5.9)

fδ(x, ξ) := lim sup
ρ→0+

mEδ(ℓξ, Q(x, ρ))

ρd
for every x ∈ Rd and ξ ∈ Rk×d, (5.10)

g(x, ζ, ν) := lim sup
ρ→0+

mE(ux,ζ,ν , Qν(x, ρ))

ρd−1
for every x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1, (5.11)

gδ(x, ζ, ν) := lim sup
ρ→0+

mEδ(ux,ζ,ν , Qν(x, ρ))

ρd−1
for every x ∈ Rd, ζ ∈ Rk, and ∈ Sd−1. (5.12)

Remark 5.8. It is immediate to check that the functions δ 7→ fδ(x, ξ) and δ 7→ gδ(x, ζ, ν) are
non-decreasing and that

f(x, ξ) ≤ fδ(x, ξ) and g(x, ζ, ν) ≤ gδ(x, ζ, ν)

for every δ > 0, x ∈ Rd , ξ ∈ Rk×d , ζ ∈ Rk , and ν ∈ Sd−1 .

When Esc , we shall see that the functions fδ and gδ will be used in the integral representation
of Eaδ and Ejδ thanks to the results of [9]. This will lead to an integral representation of Ea and
Ej by means of the functions (see the proof of Theorem 5.16)

f̂(x, ξ) := inf
δ>0

fδ(x, ξ) for every x ∈ Rd, ξ ∈ Rk×d, (5.13)

ĝ(x, ζ, ν) := inf
δ>0

gδ(x, ζ, ν) for every x ∈ Rd, ζ ∈ Rk, ν ∈ Sd−1.

For the applications to homogenisation it is important to prove that f̂ = f and ĝ = g , so that by
(5.9) and (5.11) the integrands used in the bulk and surface part can be obtained by solving some
auxiliary minum problems on small cubes.

The proof of the equality f̂ = f is not direct and requires a lot of technical tools, one of which
being the following truncation lemma. For future use we prove the result also for the rectangles
Qλν (x, ρ), defined in (f) of Section 2. Given ξ ∈ Rk×d and m ∈ N , we set

cξ,m := (σm + 1)d1/2
(
|ξ|+ c2 + c4 + 1

c1

)
(5.14)

Lemma 5.9. Let E ∈ E . Assume that there exists a function f̂ ∈ F such that

Ea(u,A) =

ˆ
A

f̂(x,∇u) dx, (5.15)

for every A ∈ Ac(Rd) and u ∈ BV (A;Rk) . Then there exists a set N ∈ B(Rd) , with Ld(N) = 0 ,
satisfying the following property: for every x ∈ Rd \ N , m ∈ N , ξ ∈ Rk×d , ν ∈ Sd−1 , and

λ ≥ 1 there exists ρλ,νm,ξ(x) > 0 such that for every ρ ∈ (0, ρλ,νm,ξ(x)) and u ∈ BV (Qλν (x, ρ);Rk) ,
with trQλν (x,ρ)u = trQλν (x,ρ)ℓξ , there exists v ∈ BV (Qλν (x, ρ);Rk) , with trQλν (x,ρ)v = trQλν (x,ρ)ℓξ and

∥v − ℓξ∥L∞(Qλν (x,ρ);Rk) ≤ cξ,mλρ , satisfying the inequality

E(v,Qλν (x, ρ)) ≤
(
1 +

C

m

)
E(u,Qλν (x, ρ)) +

C

m
λd−1ρd, (5.16)

where C is a constant depending only on the structural constants c1, c2, c3, c4, c5 , and k . Moreover,

if f is continuous on Rd×Rk×d , then N = ∅ . Finally, if f̂ is independent of x , then ρλ,νm,ξ(x) =
+∞ .

Proof. Let us fix m ∈ N . Arguing as in [21, Lemma 4.16], one can construct a Borel function
ωm : Rd → Rk×d such that

f(x, ωm(x)) ≤ f(x, ξ) +
1

m
(5.17)
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for every x ∈ Rd and every ξ ∈ Rk×d . Note that (f2 ′ ), (f3), and (5.17) imply that for every x ∈ Rd
one has

|ωm(x)| ≤ c2 + c4 + 1

c1
. (5.18)

Since ωm ∈ L∞(Rd;Rk×d), by the Lebesgue Differentiation Theorem there exists Nm ∈ B(Rd),
with Ld(Nm) = 0, such that for every x ∈ Rd \Nm , ν ∈ Sd−1 , and λ ≥ 1 there exists ρλ,νm,ξ(x) > 0

such that for every ρ ∈ (0, ρλ,νm,ξ(x)) we haveˆ
Qλν (x,ρ)

|ωm(x)− ωm(y)| dy ≤ 1

m
ρdλd−1.

We set N :=
⋃
m∈NNm and note that Ld(N) = 0. Using (f5) we get that for every x ∈ Rd \N ,

m ∈ N , ξ ∈ Rk×d , ν ∈ Sd−1 and ρ ∈ (0, ρλ,νm,ξ(x)) we haveˆ
Qλν (x,ρ)

|f̂(y, ωm(x))− f̂(y, ωm(y))| dy ≤ c5
m
ρdλd−1. (5.19)

For every y ∈ Qλν (x, ρ) and i ∈ {1, ...,m} we set

w(y) := ωm(x)(y − x) + ℓξ(x),

R := d1/2
(
|ξ|+ c2 + c4 + 1

c1

)
λρ, (5.20)

vi(y) := w(y) + ψiR(u(y)− w(y)).

Note that with this choice of R we have |trQλν (x,ρ)(u−w)| ≤ R Hd−1 -a.e. on ∂Qλν (x, ρ). Recalling

(3.4), we obtain trQλν (x,ρ)v
i = trQλν (x,ρ)ℓξ and

∥vi − ℓξ∥L∞(Qλν (x,ρ);Rk) ≤ (σm + 1)R = cξ,mλρ.

We claim that there exists i ∈ {1, ...,m} such that (5.16) holds with v = vi. To this aim, for
every i ∈ {1, ...,m} we consider the following partition of Qλν (x, ρ):

Qiin := {y ∈ Qλν (x, ρ) : |u(y)− w(y)| ≤ σi−1R},

Qi := {y ∈ Qλν (x, ρ) : σ
i−1R < |u(y)− w(y)| < σiR},

Qiout := {y ∈ Qλν (x, ρ) : |u(y)− w(y)| ≥ σiR}.
Using (b) of Definition 3.8 we may write

E(vi, Qλν (x, ρ)) = E(vi, Qiin) + E(vi, Qi) + E(vi, Qiout).

Recalling (3.4) and (5.20), from (5.15) we obtain

Ea(vi, Qλν (x, ρ)) =

ˆ
Qiin

f̂(y,∇u(y)) dy +
ˆ
Qi
f̂(y,∇vi(y)) dy +

ˆ
Qiout

f̂(y, ωm(x)) dy.

Taking advantage of (5.18)-(5.20), by (f2 ′ ) and (f3) we getˆ
Qi
f̂(y,∇vi(y)) dy ≤ c3k

1/2

ˆ
Qi

|ωm(x) +∇ψiR(u(y)− w(y))(∇u(y)− ωm(x))| dy + c4Ld(Qi)

≤ c3k
1/2

ˆ
Qi

|∇u(y)| dy + (2c3k
1/2|ωm(x)|+ c4)Ld(Qi)

≤ c3k
1/2

c1

ˆ
Qi
f̂(y,∇u(y)) dy +

(
2c3k

1/2 c2 + c4 + 1

c1
+ c2 + c4

)
Ld(Qi).

By (5.17) and (5.19) we haveˆ
Qiout

f̂(y, ωm(x)) dy ≤
ˆ
Qiout

f̂(y, ω(y)) dy +
c5
m
λd−1ρd ≤

ˆ
Qiout

f̂(y,∇u(y)) dy + c5 + 1

m
λd−1ρd.
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From the previous inequalities, we get

Ea(vi, Qλν (x, ρ)) ≤
ˆ
Qiin

f̂(y,∇u(y)) dy + c3k
1/2

c1

ˆ
Qi
f̂(y,∇u(y)) dy

+C1Ld(Qi) +
ˆ
Qiout

f̂(y,∇u(y)) dy + c5 + 1

m
λd−1ρd,

for some constant C1 depending only on c1, c2, c3, c4, c5 , and k . Summing over i ∈ {1, ...,m} and
dividing by m , we obtain

1

m

m∑
i=1

Ea(vi, Qλν (x, ρ)) ≤
(
1 +

C

m

)
Ea(u,Qλν (x, ρ)) +

C

m
λd−1ρd, (5.21)

for some constant C depending only on c1, c2, c3, c4, c5 , and k , which we may assume to be larger
than the constant of Lemma 5.3. Finally, using that lemma, we get

1

m

m∑
i=1

Es(vi, Qλν (x, ρ)) ≤
(
1 +

C

m

)
Es(u,Qλν (x, ρ)), (5.22)

so that combining (5.21) with (5.22) we obtain that there exists i ∈ {1, ...,m} such that (5.16)
holds with v = vi .

Suppose now that f̂ is continuous in Rd ×Rk×d . Thanks to (f2 ′ ) and to (f4), we have that for

every x ∈ Rd there exists ω(x) which minimizes the continuous function ξ 7→ f̂(x, ξ).

Since f̂ ∈ F , we also have that

|ω(x)| ≤ c2 + c4
c1

.

This inequality, together with the uniform continuity of f̂ on compact sets of Rd ×Rk×d , implies
that there exists a ρλ,νm (x) > 0 such that for every ρ ∈ (0, ρλ,νm (x)) one has

|f̂(y, ξ)− f̂(x, ξ)| ≤ 1

m
(5.23)

for every y ∈ Qλν (x, ρ) and |ξ| ≤ (c2 + c4)/c1 . In particular, we have

|f̂(y, ω(x))− f̂(x, ω(x))| ≤ 1

m
. (5.24)

Exploiting these inequalities and the minimality of ω(x), we obtain that

f̂(y, ω(x)) ≤ f̂(y, ξ) +
2

m
(5.25)

for every y ∈ Qλν (x, ρ) and ξ ∈ Rk×d . Indeed, if |ξ| ≤ (c2 + c4)/c1 , we apply (5.23) twice to get

f̂(y, ω(x)) ≤ f̂(x, ω(x)) +
1

m
≤ f̂(x, ξ) +

1

m
≤ f̂(y, ξ) +

2

m
.

If |ξ| > (c4 + c2)/c1 , recalling the minimality of ω(x), by (f3) and (f2 ′ ) we have f̂(x, ω(x)) ≤
f̂(x, 0) ≤ c4 ≤ f̂(y, ξ), which, togheter with (5.24), implies (5.25). As in the previous part of the
proof, for every y ∈ Rd we denote w(y) := ω(x)(y−x)+ ℓξ(x). We can replace (5.19) by (5.25) in

the argument that we used in the case where f̂ was not assumed to be continuous on Rd × Rk×d
and this leads to the existence of i ∈ {1, ...,m} such that

E(w + ψiR ◦ (u− w), Qλν (x, ρ)) ≤
(
1 +

C

m

)
E(u,Qλν (x, ρ)) +

C

m
λd−1ρd.

In the case where f̂ does not depend on x the same is true for ω and (5.25) holds for every
ρ > 0, since it is a direct consequence of the minimality. □



26 G. DAL MASO AND D.DONATI

The next result follows immediately from Lemma 5.9. Given ξ ∈ Rk×d , we set

Cξ := 2c3k
1/2C|ξ|+ 2C(c4 + 1), (5.26)

where C is the constant of Lemma 5.9. We also recall that the constant cξ,m is given by (5.14).

Corollary 5.10. Let E ∈ E and assume that there exists a function f̂ ∈ F satisfying (5.15).
Then there exists a set N ∈ B(Rd) , with Ld(N) = 0 , such that for every x ∈ Rd \ N , m ∈ N ,

ξ ∈ Rk×d , ν ∈ Sd−1 , and λ ≥ 1 there exists ρν,λm,ξ(x) > 0 such that for every ρ ∈ (0, ρν,λm,ξ(x))

there exists u ∈ BV (Qλν (x, ρ);Rk) ∩ L∞(Qλν (x, ρ);Rk) , with trQλν (x,ρ)u = trQλν (x,ρ)ℓξ and ∥u −
ℓξ∥L∞(Qλν (x,ρ);Rk) ≤ cξ,mλρ , such that

E(u,Qλν (x, ρ)) ≤ mE(ℓξ, Q
λ
ν (x, ρ)) +

Cξλ
d−1ρd

m
. (5.27)

In particular for t = cξ,mλ , we have

mE
tρ(ℓξ, Q

λ
ν (x, ρ)) ≤ mE(ℓξ, Q

λ
ν (x, ρ)) +

Cξλ
d−1ρd

m
. (5.28)

Moreover, if f̂ is continuous in Rd × Rk×d then N = ∅ . Finally, if f̂ is independent on x then

ρη,λξ,ν (x) = +∞ .

Proof. Let N ∈ B(Rd) and ρν,λm,ξ(x) > 0 be as in Lemma 5.9. Consider a v ∈ BV (Qλν (x, ρ);Rk),
with trQλν (x,ρ)v = trQλν (x,ρ)ℓξ , such that

E(v,Qλν (x, ρ)) ≤ mE(ℓξ, Q
λ
ν (x, ρ)) +

λd−1ρd

m
.

Since the function ℓξ is a competitor for the minimisation problem in the right-hand side of the
previous inequality, we also get

E(v,Qλν (x, ρ)) ≤ (c3k
1/2|ξ|+ c4 + 1)λd−1ρd.

Thus, we may apply Lemma 5.9 to obtain a function u ∈ BV (Qλν (x, ρ);Rk) ∩ L∞(Qλν (x, ρ);Rk),
with trQλν (x,ρ)u = trQλν (x,ρ)ℓξ and ∥u − ℓξ∥L∞(Qλν (x,ρ);Rk) ≤ cξ,mλρ , such that (5.27) holds, con-
cluding the proof. □

The following proposition shows that under the hypotheses of Lemma 5.9 the functions fδ and
f∞δ converge Ld -a.e. as δ → 0+ to f and f∞ , respectively.

Proposition 5.11. Let E ∈ E . Assume that there exists f̂ ∈ F such that (5.15) holds. Then

f(x, ξ) = lim
δ→0+

fδ(x, ξ) for Ld-a.e. x ∈ Rd and for every ξ ∈ Rk×d, (5.29)

f∞(x, ξ) = lim
δ→0+

f∞δ (x, ξ) for Ld-a.e. x ∈ Rd and for every ξ ∈ Rk×d. (5.30)

Proof. From Remark 5.8, we deduce that the limits in the right-hand side of (5.29) and of (5.30)
exist and that

f(x, ξ) ≤ inf
δ>0

fδ(x, ξ),

f∞(x, ξ) ≤ inf
δ>0

f∞δ (x, ξ).

We are left with proving that the converse inequality also holds. Let N ∈ B(Rd) the Ld -
negligible set of Corollary 5.10, let x ∈ Rd \N , m ∈ N , ξ ∈ Rk×d , and t ≥ 1. By (5.9), for ρ > 0
small enough we have

mE(tℓξ, Q(x, ρ))

tρd
≤ f(x, tξ)

t
+

1

tm
. (5.31)

We can now apply Corollary 5.10, with ξ replaced by tξ , to obtain a function u ∈ BV (Q(x, ρ);Rk),
with trQ(x,ρ)u = trQ(x,ρ)tℓξ and ∥u − tℓξ∥L∞(Q(x,ρ);Rk) ≤ ctξ,mρ , such that (5.27) holds with ξ
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replaced by tξ . By taking ρ > 0 small enough, we may also suppose that ∥u− tℓξ∥L∞(Q(x,ρ);Rk) ≤
1/2. Inequality (5.31) then yields

E(u,Q(x, ρ))

tρd
≤ f(x, tξ)

t
+
Ctξ + 1

tm
≤ f(x, tξ)

t
+
Cξ + 1

m
,

where Cξ > 0 is the constant given by (5.26). Note that in the last inequality we have used the
estimate Ctξ ≤ tCξ for every t ≥ 1.

We now compare Eδ(u,Q(x, ρ)) and E(u,Q(x, ρ)). Since ∥u− tℓξ∥L∞(Q(x,ρ);Rk) ≤ 1/2, we have

|[u]| ≤ 1 Hd−1 -a.e. on Ju . Hence, by (c1 ′ ) we get

Eδ(u,Q(x, ρ)) = E(u,Q(x, ρ)) + δ|Du|(Q(x, ρ))

≤ E(u,Q(x, ρ)) + δ

ˆ
Q(x,ρ)

|∇u| dx+ δ|Dcu|(Q(x, ρ)) + δ

ˆ
Ju

|[u]| ∧ 1 dHd−1

≤
(
1 +

δ

c1

)
E(u,Q(x, ρ)) +

c2δ

c1
ρd.

Letting δ be so small that δ/c1 ≤ 1/m and δc2/c1 ≤ 1/m, we then obtain

Eδ(u,Q(x, ρ))

tρd
≤

(
1 +

1

m

)E(u,Q(x, ρ))

tρd
+

1

m
≤

(
1 +

1

m

)(f(x, tξ)
t

+
Cξ + 1

m

)
and, recalling that trQ(x,ρ)u = trQ(x,ρ)tℓξ , we get

mEδ(ℓtξ, Q(x, ρ))

tρd
≤

(
1 +

1

m

)(f(x, tξ)
t

+
Cξ + 1

m

)
.

Evaluating this last inequality at t = 1 and taking the lim sup as ρ→ 0+ , we deduce

fδ(x, ξ) ≤
(
1 +

1

m

)(
f(x, ξ) +

Cξ + 1

m

)
,

while taking the lim sup as ρ→ 0+ first and letting then t→ +∞ , we obtain

f∞δ (x, ξ) ≤
(
1 +

1

m

)(
f∞(x, ξ) +

Cξ + 1

m

)
.

Finally, letting δ → 0+ first and then taking the limit for m→ +∞ , we conclude the proof. □

We now pass to the study of the minimisation problems used to define the integrands for the
surface terms.

Lemma 5.12. Let E ∈ E , x ∈ Rd , ν ∈ Sd−1 , m ∈ N , ζ ∈ Rk , and ρ > 0 . Then there exists u ∈
BV (Qν(x, ρ);Rk) ∩ L∞(Qν(x, ρ);Rk) , with trQν(x,ρ)u = trQν(x,ρ)ux,ζ,ν and ∥u∥L∞(Qν(x,ρ);Rk) ≤
σm , such that

E(u,Qν(x, ρ)) ≤ mE(ux,ζ,ν , Qν(x, ρ)) +
K(|ζ| ∧ 1)

m
ρd−1 +Kρd, (5.32)

where K := max{c3kC, (C + c4 + 1)} and C is the constant of (g) of Definition 3.8.

Proof. By (5.7) there exists v ∈ BV (Qν(x, ρ);Rk), with trQν(x,ρ)u = trQν(x,ρ)ux,ζ,ν , such that

E(v,Qν(x, ρ)) ≤ mE(ux,ζ,ν , Qν(x, ρ)) + ρd ≤ c3k(|ζ| ∧ 1)ρd−1 + ρd, (5.33)

where the second inequality follows from (c2 ′ ) and the fact that ux,ζ,ν is a competitor for the
minimisation problem.

Let us fix R ≥ |ζ| . Note that with this choice of R by (3.4) we have trQν(x,ρ)u = trQν(x,ρ)ux,ζ,ν
and ∥u∥L∞(Qν(x,ρ);Rk) ≤ σm . By property (g) of Definition 3.8 and (5.33) there exists i ∈ {1, ...,m}
such that u := ψiR ◦ v satisfies

E(u,Qν(x, ρ)) ≤ E(v,Qν(x, ρ)) dx+ c4ρ
d +

C

m

(
E(v,Qν(x, ρ)) + ρd

)
≤ mE(ux,ζ,ν , Qν(x, ρ)) + (C + c4 + 1)ρd +

c3kC(|ζ| ∧ 1)

m
ρd−1,
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concluding the proof. □

We are now ready to prove that gδ converges to g .

Proposition 5.13. Let E ∈ E , x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1 . Then

g(x, ζ, ν) = lim
δ→0+

gδ(x, ζ, ν). (5.34)

Proof. Thanks to Remark 5.8, the limit in the right-hand side of (5.34) exists and

g(x, ζ, ν) ≤ lim
δ→0+

gδ(x, ζ, ν).

We now prove that the converse inequality holds true as well. Let us fix m ∈ N . By (5.11) for
ρ > 0 small enough we have that

mE(ux,ζ,ν , Qν(x, ρ))

ρd−1
≤ g(x, ζ, ν) +

1

m
. (5.35)

We can now apply Lemma 5.12 to obtain a function u ∈ BV (Qν(x, ρ);Rk) ∩ L∞(Qν(x, ρ);Rk),
with trQν(x,ρ)u = trQν(x,ρ)ux,ζ,ν and ∥u∥L∞(Qν(x,ρ):Rk) ≤ σm , such that

E(u,Qν(x, ρ)) ≤ mE(ux,ζ,ν .Qν(x, ρ)) +
K

m
ρd−1 +Kρd.

From (5.35) we then deduce that

E(u,Qν(x, ρ))

ρd−1
≤ g(x, ζ, ν) +

K + 1

m
+Kρ.

To conclude, we compare Eδ(u,Qν(x, ρ)) with E(u,Qν(x, ρ)). Since ∥u∥L∞(Qν(x,ρ);Rk) ≤ σm ,
we have |[u]| ≤ 2σm|[u]| ∧ 1. Hence, we get

Eδ(u,Qν(x, ρ)) = E(u,Qν(x, ρ)) + δ|Du|(Qν(x, ρ))

≤ E(u,Qν(x, ρ)) + δ

ˆ
Qν(x,ρ)

|∇u| dx+ δ|Dcu|(Qν(x, ρ)) + 2δσm
ˆ
Ju

|[u]| ∧ 1Hd−1

≤
(
1 +

2δσm

c1

)
E(u,Qν(x, ρ)) +

2c2δσ
m

c1
ρd.

Letting δ be so small that 2δσm/c1 ≤ 1/m and 2c2δσ
m/c1 ≤ 1, we get

Eδ(u,Qν(x, ρ))

ρd−1
≤

(
1 +

1

m

)
g(x, ζ, ν) +

K + 1

m
+

(
1 +K

)
ρ.

Recalling the definition of mEδ , from this last estimate we deduce that

mEδ(ux,ζ,ν , Qν(x, ρ))

ρd−1
≤

(
1 +

1

m

)
g(x, ζ, ν) +

K + 1

m
+

(
1 +K

)
ρ.

Taking the limsup as ρ→ 0+ , we obtain

gδ(x, ζ, ν) ≤
(
1 +

1

m

)
g(x, ζ, ν) +

K + 1

m
.

Taking the lim sup for δ → 0+ first, and the limit for m→ +∞ then, we conclude the proof. □

As the following proposition shows, the functions f and g defined by (5.9) and (5.11), belong
to F and to G , respectively.

Proposition 5.14. Let E ∈ Esc , f , f̂ , and g be the functions defined by (5.9), (5.13), and

(5.11), respectively. Then f̂ , f ∈ F , g ∈ G .
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Proof. The proof of the inclusions f̂ , f ∈ F and of properties (g1)-(g4) for g , can be obtained by
adapting the arguments of [21, Section 5], with minor changes.

We are left with proving that g satisfies (g5). To see this, let ζ1, ζ2 ∈ Rk\{0} with c6k|ζ1| ≤ |ζ2| .
We set λ := |ζ1|/|ζ2| and note that λ ≤ 1/(c6k). Let R ∈ SO(k) be a rotation that maps λζ2
to ζ1 . Let x ∈ Rd , ν ∈ Sd−1 , and m ∈ N . By (5.11) there exists u ∈ BV (Qν(x, ρ));Rk), with
trQν(x,ρ)u = trQν(x,ρ)ux,ζ2,ν , such that

E(u,Qν(x, ρ)) ≤ mE(ux,ζ2,ν , Qν(x, ρ)) + ρd. (5.36)

We set v := λRu and note that trQν(x,ρ)v = trQν(x,ρ)ux,ζ1,ν . Then, by means of (h) of Definition
3.8, we have

E(v,Qν(x, ρ)) ≤ E(u,Qν(x, ρ)) + (c4 + c2)ρ
d,

so that, by (5.36), we infer

E(v,Qν(x, ρ)) ≤ mE(ux,ζ2,ν , Qν(x, ρ)) + (c4 + c2 + 1)ρd. (5.37)

Dividing this last inequality by ρd−1 and taking the lim sup for ρ→ 0+ , we obtain

lim sup
ρ→0+

E(v,Qν(x, ρ))

ρd−1
≤ g(x, ζ2, ν),

which, in light of the fact that trQν(x,ρ)v = trQν(x,ρ)ux,ζ1,ν , implies

g(x, ζ1, ν) ≤ g(x, ζ2, ν),

which concludes the proof. □

Using the results of [9], we can now establish an integral representation both for the absolutely
continuous part and the jump part of the perturbed functionals Eδ . This representation is achieved
by means of the functions fδ and gδ defined above.

Proposition 5.15. Let E ∈ Esc , A ∈ Ac(Rd) , and δ > 0 . Let Eaδ and Ejδ be the functionals
introduced in Definition 5.4 and let fδ and gδ be the functions defined by (5.10) and (5.12),
respectively. Then

Eaδ (u,B) =

ˆ
B

fδ(x,∇u) dx, (5.38)

Ejδ(u,B) =

ˆ
B∩Ju

gδ(x, [u], ν)Hd−1, (5.39)

for every u ∈ BV (A;Rk) and for every B ∈ B(A) .

Proof. The result follows from [9], using the same arguments of [21, Theorem 6.1]. □

With this proposition at hand, we are ready to prove the integral representation of Ea and of
Ej .

Theorem 5.16. Let E ∈ Esc , A ∈ Ac(Rd), and let f and g be the functions defined by (5.9) and
(5.11), respectively. Then

Ea(u,B) =

ˆ
B

f(x,∇u) dx, (5.40)

Ej(u,B) =

ˆ
Ju∩B

g(x, [u], ν)Hd−1 (5.41)

for every u ∈ GBV⋆(A;Rk) and for every B ∈ B(A) .

Proof. Let f̂ be the function defined by (5.13). We first show that

Ea(u,B) =

ˆ
B

f̂(x,∇u) dx for every u ∈ BV (A;Rk) and B ∈ B(A). (5.42)
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To this aim, we begin noting that Eaδ (u,B) = Ea(u,B) + δ
´
B
|∇u| for every u ∈ BV (A;Rk)

and for every B ∈ B(A), so that

Ea(u,B) = inf
δ>0

Eaδ (u,B) = lim
δ>0

Eaδ (u,B).

By definition of fδ , we have that

fδ(x, ξ) ≤ (c3k
1/2 + δ)|ξ|+ c4,

for every x ∈ Rd and for every ξ ∈ Rk×d , so that by invoking the Dominate Convergence Theorem,
we obtain (5.42).

We now prove that

Ej(u,B) =

ˆ
B

g(x, [u], νu) dHd−1 for every u ∈ BV (A;Rk) and B ∈ B(A). (5.43)

To show this, note that Ejδ(u,B) = Ej(u,B) + δ
´
Ju∩B |[u]|dHd−1 for every u ∈ BV (A;Rk) and

B ∈ B(A); therefore,
Ej(u,B) = inf

δ>0
Ejδ(u,B) = lim

δ>0
Ejδ(u,B).

It is immediate to see that for every x ∈ Rd , ζ ∈ Rk and ν ∈ Sd−1 we have

gδ(x, ζ, ν) ≤ (c3k + δ)|ζ| ∧ 1.

Hence, recalling Proposition 5.13 and using (5.39), by the Dominated Convergence Theorem we
obtain (5.41).

Consider now u ∈ GBV⋆(A;Rk). Let Rm > 0 with Rm → +∞ . . By Lemma 5.2, both (5.2)
and (5.4) hold for every B ∈ B(A). To conclude, it is enough to show that

lim
m→+∞

1

m

m∑
i=1

Ea(ψiRm ◦ u,A) =
ˆ
A

f(x,∇u) dx, (5.44)

lim
m→+∞

1

m

m∑
i=1

Ej(ψiRm ◦ u,A) =
ˆ
Ju∩A

g(x, [u], νu) dHd−1. (5.45)

Since for every i ∈ {1, ...m} we have that ψiRm ◦ u ∈ BV (A;Rk) ∩ L∞(A;Rk), from (5.40) and
(5.43) we deduce that

Ea(ψiRm ◦ u,A) =
ˆ
A

f(x,∇(ψiRm ◦ u)) dx,

Ej(ψiRm ◦ u,A) =
ˆ
J
ψi
Rm

(u)
∩A
g(x, [ψiRm ◦ u], νu)Hd−1.

By (3.4) we have |∇(ψiRm ◦ u)| ≤ |∇u| for every m ∈ N and i ∈ {1, ...,m} . Morover, ∇u ∈
L1(Rd;Rk×d) by Proposition 2.4(a). For every m ∈ N there exists i(m), j(m) ∈ {1, ...,m} such
that ˆ

A

f(x,∇(ψ
i(m)
Rm

◦ u)) dx ≤ 1

m

m∑
i=1

Ea(ψiRm ◦ u,A) ≤
ˆ
A

f(x,∇(ψ
j(m)
Rm

◦ u)) dx.

We observe that both ∇(ψ
i(m)
Rm

◦ u) and ∇(ψ
j(m)
Rm

◦ u) converge to ∇u pointwise Ld -a.e. in A as
m→ +∞ . Hence, recalling that by Proposition 5.14 the function f belongs to F , the Dominated
Convergence Theorem implies (5.44).

As for (5.45), by Proposition 2.4(d), for every i ∈ {1, ...,m} we have that |[ψiRm ◦ u]| ∧ 1 ≤
|[u]| ∧ 1 and that [ψiRm ◦ u](x) → [u](x) for Hd−1 -a.e. x ∈ Ju . For every m ∈ N we choose
i(m), j(m) ∈ {1, ...,m} such thatˆ

Ju∩A
g(x, [ψ

i(m)
Rm

◦ u], νu) dHd−1 ≤ 1

m

m∑
i=1

Ej(ψiRm ◦ u,A) ≤
ˆ
Ju∩A

g(x, [ψ
j(m)
Rm

◦ u], νu) dHd−1.
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Since by Proposition 5.14 the function g belongs to G , an application of the Dominated Conver-
gence Theorem yields (5.45), concluding the proof. □

6. A smaller collection of integrands

As the scalar case studied in [21] and [20] suggests, to recover a full integral representation for
functionals in Esc , it is convenient to consider a smaller collection of integrands, whose definition is
closely related to those studied in [15]. In particular, we will show that the Cantor part Ec can be
represented as an integral functional whenever E ∈ Esc is the Γ-limit of a sequence of functionals
associated to integrands in this in this smaller class and the volume integrand corresponding to E
does not depend on x (see Theorem 7.1).

In the rest of the paper we fix two new constants c7 > 0 and α ∈ (0, 1). Moreover, we fix a
continuous non-decreasing function ϑ : [0,+∞) → [0,+∞) such that

ϑ(0) = 0 and ϑ(t) ≥ c1
c3
t− 1 for every t ≥ 0 . (6.1)

The smaller collection of volume integrands is introduced in the following definition.

Definition 6.1. Let Fα be the collection of functions f ∈ F such that∣∣∣f(x, sξ)
s

− f(x, tξ)

t

∣∣∣ ≤ c7
s
f(x, sξ)1−α +

c7
s

+
c7
t
f(x, tξ)1−α +

c7
t

(6.2)

for Ld -a.e. x ∈ Rd and for every s, t > 0 and ξ ∈ Rk×d .

Remark 6.2. Arguing as in [20, Remark 4.3], one can show that f ∈ Fα if and only if for Ld -a.e.
x ∈ Rd and for every ξ ∈ Rk×d we have

f∞(x, ξ) = lim
s→+∞

1

s
f(x, sξ),

and ∣∣∣1
s
f(x, sξ)− f∞(x, ξ)

∣∣∣ ≤ c7
s

+
c7
s
f(x, sξ)1−α

for Ld -a.e. x ∈ Rd , for every ξ ∈ Rk×d and for every s > 0. This is closely related to condition
(H4) of [9].

We now introduce the smaller collection of surface integrands.

Definition 6.3. Let Gϑ be the collection of functions g ∈ G such that∣∣∣g(x, sζ, ν)
s

− g(x, tζ, ν)

t

∣∣∣ ≤ ϑ(s|ζ|)g(x, sζ, ν)
s

+ ϑ(t|ζ|)g(x, t, ν)
t

,

for every s, t > 0, x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 .

Remark 6.4. The arguments of [20, Remark 4.5] show that g ∈ Gϑ if and only if for x ∈ Rd ,
ζ ∈ Rk and ν ∈ Sd−1 we have that the limit

g0(x, ζ, ν) := lim
s→0+

1

s
g(x, sζ, ν) (6.3)

exists and ∣∣∣1
s
g(x, sζ, ν)− g0(x, ζ, ν)

∣∣∣ ≤ ϑ(s|ζ|)1
s
g(x, sζ, ν) ≤ c3kϑ(s|ζ|)|ζ|

for every s > 0, x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 . By [15, Remark 3.5] this is closely related to
condition (g5) of that paper.

Remark 6.5. The class Gϑ is non-empty, since the function (x, ζ, ν) 7→
∑k
i=1((c1|ζi|)∧c3) belongs

to Gϑ . Arguing as in [20, Remark 4.7], it is possible to show that Gϑ ̸= Ø if and only if ϑ satisfies
(6.1) .

As in Section 3, we introduce a space of functionals Eα,ϑ containing Ef,g for every f ∈ Fα

and g ∈ Gϑ .
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Definition 6.6. Let Eα,ϑ be the space of functionals E ∈ E satisfying the condition∣∣∣E(su,A)

s
− E(tu,A)

t

∣∣∣ ≤ c7
s
Ld(A)αE(su,A)1−α + ϑ(suA)

E(su,A)

s
+
c7
s
Ld(A)

+
c7
t
Ld(A)αE(tu,A)1−α + ϑ(tuA)

E(tu,A)

t
+
c7
t
Ld(A), (6.4)

for every t, s > 0, A ∈ Ac(Rd), and u ∈ BV (A;Rk) ∩ L∞(A;Rk), where uA := oscAu :=
ess supx,y∈A |u(x)− u(y)| . We also set Eα,ϑsc := Eα,ϑ ∩ Esc.

Proposition 6.7. Let f ∈ Fα and g ∈ Gϑ . Then the functional Ef,g of Definition 3.7 belongs
to Eα,ϑ .

Proof. The result is proved as in [20, Proposition 4.9], replacing Remark 2.9 by our Proposition
3.13. □

To study the Γ-limit of sequences of functionals (En)n ⊂ Eα,ϑ , given A ∈ Ac(Rd) and a
function u ∈ BV (A;Rk) ∩ L∞(A;Rk), it is important to be able to find approximate recovery
sequences for u which are bounded in L∞(A;Rk). This is taken care of in the next lemma.

Lemma 6.8. Let m ∈ N , A ∈ Ac(Rd) , u ∈ BV (A;Rk) ∩ L∞(A;Rk) , E ∈ E , and (En)n ⊂
E , with En(·, A) Γ-converging to E in the topology of L0(Rd;Rk) . Then there exist sequences
(un)n ⊂ BV (A;Rk) and (vn)n ⊂ BV (A;Rk) converging to u in L1(A;Rk) such that

uAn ≤ 4σmuA and ∥vn∥L∞(A;Rk) ≤ 2σm∥u∥L∞(A;Rk) for every n ∈ N, (6.5)

lim sup
n→+∞

En(un, A) ∨ lim sup
n→+∞

En(vn, A) ≤ E(u,A) + C
E(u,A) + Ld(A)

m
, (6.6)

where C is the constant in property (g) of Definition 3.8.

Proof. By property (d) of Definition 3.8, it is not restrictive to assume that uA = ∥u∥L∞(A;Rk) .

By Γ-convergence there exists a sequence (wn) ⊂ L0(Rd;Rk) converging to u in L0(Rd;Rk) such
that

lim
n→+∞

En(wn, A) = E(u,A). (6.7)

Let us fix R := 2∥u∥L∞(A;Rk) . By property (g) of Definition 3.8 for every n ∈ N there exists an
index i(n) ∈ {1, ...,m} such that

En(ψ
i(n)
R ◦ wn, A) ≤ En(wn, A) + C

E(u,A) + Ld(A)
m

+ c4Ld(ARvn,0).

Since wn → u in L0(Rd;Rk), by our choice of R we have Ld(ARwn,0) → 0. Setting un := ψ
i(n)
R ◦wn ,

we deduce from (6.7) and the previous inequality that

lim sup
n→+∞

En(un, A) ≤ E(u,A) + C
E(u,A) + Ld(A)

m
.

We conclude noting that by (3.4) we have uAn ≤ 2∥un∥L∞(A;Rk) ≤ 4σm∥u∥L∞(A;Rk) = 4σmuA and

un → u in L1(A;Rk).
The construction of vn is similar. □

We now want study Γ-limits of sequences of functionals in Eα,ϑ . To this aim, it is convenient
to introduce a family of subspaces of E , in which (6.4) holds in a weaker form. Given m ∈ N , we
set

ϑm(t) := ϑ(4σmt) (6.8)

for every t ≥ 0.



HOMOGENISATION OF VECTORIAL FREE-DISCONTINUITY PROBLEMS 33

Definition 6.9. Given m ∈ N , we denote by Eα,ϑmm the space of functionals E ∈ E satisfying the
condition∣∣∣E(su,A)

s
− E(tu,A)

t

∣∣∣ ≤ c7
s
Ld(A)αE(su,A)1−α + ϑm(suA)

E(su,A)

s
+
c7
s
Ld(A)

+
c7
t
Ld(A)αE(tu,A)1−α + ϑm(tuA)

E(tu,A)

t
+
c7
t
Ld(A) +Rm,s(u,A) +Rm,t(u,A) (6.9)

for every t, s > 0, A ∈ Ac(Rd), u ∈ BV (A;Rk) ∩ L∞(A,Rk), where ϑm is the function defined
by (6.8) and for every t > 0

Rm,t(u,A) := C
1 + ϑm(tuA)

t

E(tu,A) + Ld(A)
m

+ Cα
c7
t

(E(tu,A) + Ld(A)
m

)1−α
Ld(A)α, (6.10)

C being the constant of property (g) of Definition 3.8. We also set Eα,ϑw :=
(⋂∞

m=1 E
α,ϑm
m

)
∩Esc .

We now show that Γ-limits of sequences in Eα,ϑ belong to the larger space Eα,ϑw .

Proposition 6.10. Let (En)n be a sequence of functionals in Eα,ϑ and let E ∈ E . Assume that
for every A ∈ Ac(Rd) the sequence En(·, A) Γ-converges to E(·, A) with respect to the topology
of L0(Rd;Rk) . Then E ∈ Eα,ϑmm ∩ Esc for every m ∈ N . In particular, E ∈ Eα,ϑw .

Proof. By the semicontinuity of Γ-limits we have E ∈ Esc . Thus, given m ∈ N , we only need to
prove that E ∈ Eα,ϑmm .

By the continuity of ϑm and exchanging the roles of s and t , to conclude it is enough to show
that

(1− ϑm(suA))
E(su,A)

s
− c7

s
Ld(A)− c7

s
Ld(A)αE(su,A)1−α

≤ (1 + ϑm(tuA))
E(tu,A)

t
+
c7
t
Ld(A) + c7

t
Ld(A)αE(tu,A)1−α +Rm,t(u,A), (6.11)

assuming that the left-hand side is stricty positive.
Let A ∈ Ac(Rd), u ∈ L∞(A;Rk), and t, s > 0. By Lemma 6.8, there exists a sequence

(un)n ⊂ BV (A;Rk) ∩ L∞(A;Rk) such that un → u in L1(A;Rk), uAn ≤ 4σmuA , and

lim sup
n→+∞

En(tun, A) ≤ E(tu,A) + C
E(tu,A) + Ld(A)

m
. (6.12)

Since un ∈ BV (A;Rk) ∩ L∞(A;Rk), by (6.4) we get

(1− ϑ(suAn ))
En(sun, A)

s
− c7

s
Ld(A)− c7

s
Ld(A)αEn(sun, A)1−α

≤ (1 + ϑ(tuAn ))
En(tun, A)

t
+
c7
t
Ld(A) + c7

t
Ld(A)αEn(tun, A)1−α.

Taking the limsup as n→ +∞ and using the monotonicity of ϑ and (6.12), we deduce that

lim sup
n→+∞

(
(1− ϑm(suA))

En(sun, A)

s
− c7

s
Ld(A)− c7

s
Ld(A)αEn(sun, A)1−α

)
≤ lim sup

n→+∞

(
(1− ϑ(suAn ))

En(sun, A)

s
− c7

s
Ld(A)− c7

s
Ld(A)αEn(sun, A)1−α

)
≤ lim sup

n→+∞

(
1 + ϑ(tuAn ))

En(tun, A)

t
+
c7
t
Ld(A) + c7

t
Ld(A)αEn(tun, A)1−α

)
≤ (1 + ϑm(tuA))

E(tu,A)

t
+
c7
t
Ld(A) + c7

t
Ld(A)αE(tu,A)1−α +Rm,t(u,A), (6.13)
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where Rm,t(u,A) is defined by (6.10). To deal with the first term in the previous chain of inequal-
ities we introduce the function Φ defined for every z ∈ [0,+∞) as

Φ(z) := (1− ϑm(suA))
z

s
− c7

s
Ld(A)1−αz1−α − c7

s
Ld(A).

Since the left-hand side of (6.11) is strictly positive, we have that Φ(E(su,A)) > 0, which implies

(1− ϑm(suA)) > 0. We set z0 := c
1/α
7 (1− ϑm(suA))−1/αLd(A) and observe that Φ is increasing

on (z0,+∞) and that if Φ(z) > 0 then z > z0 ; in particular, E(su,A) > z0 . Finally, from the
Γ-convergence of En(·, A) to E(·, A) and from the convergence of un to u in L0(Rd;Rk), we
deduce that

E(su,A) ≤ lim inf
n→+∞

En(sun, A),

which, by the monotonicity of Φ, implies

Φ(E(su,A)) ≤ lim inf
n→+∞

Φ(En(sun, A)).

Recalling the definition of Φ, from this inequality and (6.13) we obtain (6.11), concluding the
proof. □

The next technical results will used in the proof of the representation theorem presented in
Section 7. Given ξ ∈ Rk×d , and m ∈ N , we set

κξ,m := 2cξ,m + 2d1/2|ξ|, (6.14)

where cξ,m the constant defined by (5.14).

Lemma 6.11. For every ξ ∈ Rk×d there exists a constant with the following property: for every
m ∈ N and E ∈ Eα,ϑm ∩Esc there exists a set Let m ∈ N and E ∈ Eα,ϑmm ∩Esc . Then there exists
Nm ∈ B(Rd), with Ld(Nm) = 0 , satisfying the following property: for every x ∈ Rd \Nm , λ ≥ 1 ,

ν ∈ Sd−1 , s, t > 0 , and ξ ∈ Rk×d there exist ρν,λm,ξ,t,s(x) > 0 , and Mξ , the latter depending only

on |ξ| and on the structurual constants c1, ..., c7 ,k and α , such that for every ρ ∈ (0, ρν,λm,ξ,t,s(x))
we have∣∣∣mE(sℓξ, Q

λ
ν (x, ρ))

s
− mE(tℓξ, Q

λ
ν (x, ρ))

t

∣∣∣
≤ c7

s
λα(d−1)ρdαmE(sℓξ, Q

λ
ν (x, ρ))

1−α + ϑm

( sκξ,mλρ

(s ∧ 1)(t ∧ 1)

)mE(sℓξ, Q
λ
ν (x, ρ))

s
+
c7
s
λd−1ρd

+
c7
t
λα(d−1)ρdαmE(tℓξ, Q

λ
ν (x, ρ))

1−α + ϑm

( tκξ,mλρ

(s ∧ 1)(t ∧ 1)

)mE(tℓξ, Q
λ
ν (x, ρ))

t
+
c7
t
λd−1ρd

+
(
1 + ϑm

( sκξ,mλρ

(s ∧ 1)(t ∧ 1)

)) Mξ

(s ∧ 1)m
λd−1ρd +

( 1

sα
+

1

s

) Mξ

m1−αλ
d−1ρd

+
(
1 + ϑm

( tκξ,mλρ

(s ∧ 1)(t ∧ 1)

)) Mξ

(t ∧ 1)m
λd−1ρd +

( 1

tα
+

1

t

) Mξ

m1−αλ
d−1ρd, (6.15)

where κξ,m is the constant defined by (6.14). If, in addition the function f defined by (5.9) does

not depend on x , the set Nm = Ø and ρν,λm,ξ,t,s(x) = +∞ .

Proof. By hypothesis E ∈ Esc , so that by Theorem 5.16, the function f defined by (5.9) satisfies
(5.15) for every A ∈ Ac(Rd) and u ∈ BV (A;Rk). Hence, we may apply Corollary 5.10 to obtain
a set Nm ∈ B(Rd), with Ld(Nm) = 0, satisfying the following property: for every x ∈ Rd \Nm ,

ξ ∈ Rk×d , t > 0, ν ∈ Sd−1 , and λ ≥ 1 there exists ρν,λm,tξ(x) such that for every ρ ∈ (0, ρν,λm,tξ(x)),

there exists u ∈ BV (Qλν (x, ρ);Rk) ∩ L∞(Qλν (x, ρ);Rk), with trQλν (x,ρ)u =trQλν (x,ρ)ℓξ and ∥u −
ℓξ∥L∞(Qλν (x,ρ);Rk) ≤

1
t ctξ,mλρ ≤ 1

t∧1cξ,mλρ , such that

E(tu,Qλν (x, ρ)) ≤ mE(tℓξ, Q
λ
ν (x, ρ)) +

Ctξ
m
λd−1ρd ≤ mE(tℓξ, Q

λ
ν (x, ρ)) +

(t ∨ 1)Cξ
m

λd−1ρd, (6.16)
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where Cξ is defined by (5.26). Note that the oscillation of u satisfies

uQ
λ
ν (x,ρ) ≤ ( 2

t∧1cξ,m + 2
t∧1d

1/2|ξ|)λρ =
κξ,m
t ∧ 1

λρ. (6.17)

We can estimate mE(tℓξ, Q
λ
ν (x, ρ)) by evaluating E(·, Qλν (x, ρ)) at tℓξ . Recalling (6.16) and (c2 ′ )

of Definition 3.8, this leads to

E(tu,Qλν (x, ρ)) ≤
(
c3k

1/2t|ξ|+ c4 + (t ∨ 1)Cξ
)
λd−1ρd. (6.18)

Since E ∈ Eα,ϑmm , by (6.9) for every s > 0 we have that

(1− ϑm(suQ
λ
ν (x,ρ)))

E(su,Qλν (x, ρ))

s
− c7

s
(λd−1ρd)αE(su,Qλν (x, ρ))

1−α

−c7
s
λd−1ρd −Rm,s(u,Q

λ
ν (x, ρ))

≤ (1 + ϑm(tuQ
λ
ν (x,ρ)))

E(tu,Qλν (x, ρ))

t
+
c7
t
(λd−1ρd)αE(tu,Qλν (x, ρ))

1−α

+
c7
t
λd−1ρd +Rm,t(u,Q

λ
ν (x, ρ)), (6.19)

where R is defined by (6.10). Using the monotonicity of ϑm , (6.16), (6.17), (6.18), and the
subadditivity of the function z 7→ z1−α on [0,+∞) we see that there exists a positive constant
Mξ , independent of m , such that the left-hand side can be bounded from below by(

1− ϑm

(sκξ,mλρ
t ∧ 1

))E(su,Qλν (x, ρ))

s
− c7

s
λα(d−1)ραdE(su,Qλν (x, ρ))

1−α

−c7
s
λd−1ρd − C

(
1 + ϑm

(sκξ,mλρ
t ∧ 1

))E(su,Qλν (x, ρ)) + λd−1ρd

sm

−Cα c7
s

E(su,Qλν (x, ρ))
1−αλα(d−1)ραd + λd−1ρd

m1−α , (6.20)

while the right-hand side of (6.19) can be bounded from above by(
1 + ϑm

( tκξ,mλρ
t ∧ 1

))mE(tℓξ, Q
λ
ν (x, ρ))

t
+
c7
t
mE(tℓξ, Q

λ
ν (x, ρ))

1−αλα(d−1)ραd

+
c7
t
λd−1ρd +

(
1 + ϑm

( tκξ,mλρ
t ∧ 1

))C(c3k1/2|ξ|+ c4 + Cξ + 1) + Cξ
(t ∧ 1)m

λd−1ρd

+
(
Cα

c7
tα

+
c7
t

)(c3k1/2|ξ|+ c4 + Cξ
)1−α

+ 1 + C1−α
ξ

m1−α λd−1ρd. (6.21)

Therefore, by (6.19)-(6.21) there exists a constant Mξ , independent of m , such that(
1− ϑm

(sκξ,mλρ
t ∧ 1

))E(su,Qλν (x, ρ))

s
− c7

s
λα(d−1)ραdE(su,Qλν (x, ρ))

1−α − c7
s
λd−1ρd

−C
(
1+ϑm

(sκξ,mλρ
t ∧ 1

))E(su,Qλν (x, ρ))+λ
d−1ρd

sm
− Cα

c7
s

E(su,Qλν (x, ρ))
1−αλα(d−1)ραd+λd−1ρd

m1−α

≤
(
1 + ϑm

( tκξ,mλρ
t ∧ 1

))mE(tℓξ, Q
λ
ν (x, ρ))

t
+
c7
t
mE(tℓξ, Q

λ
ν (x, ρ))

1−αλα(d−1)ραd

+
c7
t
λd−1ρd +

(
1 + ϑm

( tκξ,mλρ
t ∧ 1

)) Mξ

(t ∧ 1)m
λd−1ρd +

( 1

tα
+

1

t

) Mξ

m1−αλ
d−1ρd.

We claim that the previous inequality still holds replacing E(su,Qλν (x, ρ)) by m
E(sℓξ, Q

λ
ν (x, ρ)).

To prove the claim, for given s, t > 0 we introduce the function Φ defined for every z ∈ [0,+∞)
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as

Φ(z) :=
(
1− ϑm

(sκξ,mλρ
t ∧ 1

))z
s
− c7

s
λα(d−1)ραdz1−α − c7

s
λd−1ρd

− C
(
1 + ϑm

(sκξ,mλ
t ∧ 1

ρ
))z + λd−1ρd

sm
− Cα

c7
s

z1−αλα(d−1)ραd + λd−1ρd

m1−α ,

so that the left-hand side of (6.20) is equal to Φ(E(su,Qλν (x, ρ)). We now show that

Φ(mE(sℓξ, Q
λ
ν (x, ρ))) ≤ Φ(E(su,Qλν (x, ρ))). (6.22)

Since the righ-hand side is clearly larger than zero, it is enough to prove this inequality when

Φ(mE(sℓξ, Q
λ
ν (x, ρ))) > 0. Note that this positivity condition implies that 1 − ϑm(

sκξ,mλρ
t∧1 ) > 0.

Some straightforward computations, show that if Φ(z) > 0 then z > z0 , where

z0 := c
1/α
7

(
(1− ϑm

(sκξ,mλρ
t ∧ 1

))
−
((

1 + ϑm(
sκξ,mλρ

t ∧ 1

))C
m

)−1/α(
1 +

Cα

m1−α

)1/α

λd−1ρd.

One can also see that Φ is increasing on (z0,+∞). Since trQλν (x,ρ)su = trQλν (x,ρ)sℓξ , we obtain
that

mE(sℓξ, Q
λ
ν (x, ρ))) ≤ E(su,Qλν (x, ρ)). (6.23)

Since we assumed that Φ(mE(sℓξ, Q
λ
ν (x, ρ))) > 0, we have that mE(sℓξ, Q

λ
ν (x, ρ)) > z0 . Hence,

recalling that Φ is increasing on (z0,+∞), from (6.23) we obtain that (6.22). Thus, in (6.20) we
can substitute E(su,Qλν (x, ρ)) by mE(sℓξ, Q(x, ρ)). This new inequality, together with

mE(sℓξ, Q
λ
ν (x, ρ))

s
≤ c3k

1/2|ξ|+ c4
s ∧ 1

λd−1ρd,

implies that(
1− ϑm

(sκξ,mλρ
t ∧ 1

))mE(sℓξ, Q
λ
ν (x, ρ))

s
− c7

s
λα(d−1)ραdmE(sℓξ, Q

λ
ν (x, ρ))

1−α

−c7
s
λd−1ρd −

(
1 + ϑm

(sκξ,mλρ
t ∧ 1

)) Mξ

(s ∧ 1)m
λd−1ρd − 1

s

Mξ

m1−αλ
d−1ρd

≤
(
1 + ϑm

( tκξ,mλρ
t ∧ 1

))mE(tℓξ, Q
λ
ν (x, ρ))

t
+
c7
t
mE(tℓξ, Q

λ
ν (x, ρ))

1−αλα(d−1)ραd

+
c7
t
λd−1ρd +

(
1 + ϑm

( tκξ,mλρ
t ∧ 1

)) Mξ

(t ∧ 1)m
λd−1ρd +

( 1

tα
+

1

t

) Mξ

m1−αλ
d−1ρd.

Exchanging the roles of s and t , this gives (6.15).
If, in addition, the function f defined by (5.9) does not depend on x , then in Corollary 5.10 we

have Nm = Ø and ρν,λm,tξ(x) = ρν,λm,sξ(x) = +∞ , concluding the proof in this case. □

The following lemma deals with the case with boundary conditions related to the the jump
functions ux,ζ,ν .

Lemma 6.12. There exists a positive constant M > 0 , depending only on the structural constants
c1, ..., c7 , k , and on α , such that for every m ∈ N , E ∈ Eα,ϑmm ∩ Esc , x ∈ Rd , ζ ∈ Rk , ν ∈ Sd−1 ,
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s, t > 0 , and ρ > 0 we have∣∣∣mE(sux,ζ,ν , Qν(x, ρ))

s
− mE(tux,ζ,ν , Qν(x, ρ))

t

∣∣∣
≤ c7

s
ρdαmE(sux,ζ,ν , Qν(x, ρ))

1−α + ϑ2m(s|ζ|)m
E(sux,ζ,ν , Qν(x, ρ))

s
+
c7
s
ρd

c7
t
ρdαmE(tux,ζ,ν , Qν(x, ρ))

1−α + ϑ2m(t|ζ|)m
E(tux,ζ,ν , Qν(x, ρ))

t
+
c7
t
ρd

+(1 + ϑ2m(s|ζ|))
(M |ζ|

m
ρd−1 +

M

sm
ρd
)
+

1

sα
M |ζ|1−α

m1−α ρd−1+α +
1

s

M

m1−α ρ
d

+(1 + ϑ2m(t|ζ|))
(M |ζ|

m
ρd−1 +

M

tm
ρd
)
+

1

tα
M |ζ|1−α

m1−α ρd−1+α +
1

t

M

m1−α ρ
d. (6.24)

Proof. By Lemma 5.12 for every x ∈ Rd , ζ ∈ Rk , t > 0, ν ∈ Sd−1 , and ρ > 0 there ex-
ists a function u ∈ BV (Qν(x, ρ);Rk) ∩ L∞(Qν(x, ρ);Rk) such that trQν(x,ρ)u = trQν(x,ρ)ux,ζ,ν ,
∥u∥L∞(Qν(x,ρ);Rk) ≤ σm|ζ| , and

E(tu,Qν(x, ρ)) ≤ mE(tux,ζ,ν , Qν(x, ρ)) +
tK|ζ|
m

ρd−1 +Kρd, (6.25)

where K > 0 is the constant in Lemma 5.12. Note that the oscillation of u satisfies uQν(x,ρ) ≤
2σm|ζ| . We now estimate mE(tux,ζ,ν , Qν(x, ρ)) by evaluating E(·, Qν(x, ρ)) at tux,ζ,ν and by
(c2) we get

mE(tux,ζ,ν , Qν(x, ρ)) ≤ c3kt|ζ|ρd−1 + c4ρ
d,

so that from (6.25) we deduce

E(tu,Qν(x, ρ)) ≤ t|ζ|
(
c3k +

K

m

)
ρd−1 + (c4 +K)ρd. (6.26)

Since E ∈ Eα,ϑmm , by (6.9) for every s > 0 we have that

(1− ϑm(suQν(x,ρ)))
E(su,Qν(x, ρ))

s
− c7

s
ραdE(su,Qν(x, ρ))

1−α − c7
s
ρd −Rs(u,Qν(x, ρ))

≤ (1 + ϑm(tuQν(x,ρ)))
E(tu,Qν(x, ρ))

t
+
c7
t
ραdE(tu,Qν(x, ρ))

1−α +
c7
t
ρd +Rt(u,Qν(x, ρ)).

Using the inequality uQν(x,ρ) ≤ 2σm|ζ| , the monotonicity of ϑm , and the subadditivity of z 7→
z1−α , we deduce that the left-hand side of the last inequality can be estimated from below by

(1− ϑ2m(s|ζ|))E(su,Qλν (x, ρ))

s
− c7

s
ραdE(su,Qν(x, ρ))

1−α − c7
s
ρd

−C(1 + ϑ2m(s|ζ|))E(su,Qν(x, ρ)) + ρd

sm
− Cα

c7
s

E(su,Qν(x, ρ))
1−αραd + ρd

m1−α .

while the right-hand side can be bounded from above by

(1 + ϑ2m(t|ζ|))m
E(tux,ζ,ν , Qν(x, ρ))

t
+
c7
t
mE(tux,ζ,ν , Qν(x, ρ))

1−αραd +
c7
t
ρd

+ (1 + ϑ2m(t|ζ|)) (C + 1)|ζ|(kc3 + 2K)

m
ρd−1 +

(1 + ϑ2m(t|ζ|))
t

(C + 1)(c4 + 2K + 1)

m
ρd

+
c7
tα

|ζ|1−α(Cα + 1)
(
k1−αc1−α3 + 2K1−α

)
m1−α ρd−1+α +

c7
t

(Cα + 1)(c1−α4 + 2K1−α + 1)

m1−α ρd,
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Therefore, there exists a constant M > 0 such that

(1− ϑ2m(s|ζ|))E(su,Qν(x, ρ))

s
− c7

s
ραdE(su,Qν(x, ρ))

1−α − c7
s
ρd

−C(1 + ϑ2m(s|ζ|))E(su,Qν(x, ρ)) + ρd

sm
− Cα

c7
s

E(su,Qν(x, ρ))
1−αραd + ρd

m1−α

≤ (1 + ϑ2m(t|ζ|))m
E(tux,ζ,ν , Qν(x, ρ))

t
+
c7
t
mE(tux,ζ,ν , Qν(x, ρ))

1−αραd +
c7
t
ρd

+(1 + ϑ2m(t|ζ|))M |ζ|
m

ρd−1 +
(1 + ϑ2m(t|ζ|))

t

M

m
ρd +

1

tα
M |ζ|1−α

m1−α ρd−1+α +
1

t

M

m1−α ρ
d,

Arguing as in the proof of Lemma 6.11 we may substitute E(su,Qν(x, ρ)) by m
E(sux,ζ,ν , Qν(x, ρ)),

so that, taking into account the estimate

mE(sux,ζ,ν , Qν(x, ρ)) ≤ c3s|ζ|ρd−1 + c4ρ
d,

we obtain

(1 + ϑ2m(s|ζ|))m
E(sux,ζ,ν , Qν(x, ρ))

s
+
c7
s
mE(sux,ζ,ν , Qν(x, ρ))

1−αραd +
c7
s
ρd

+(1 + ϑ2m(s|ζ|))M |ζ|
m

ρd−1 +
(1 + ϑ2m(s|ζ|))

s

M

m
ρd +

1

sα
M |ζ|1−α

m1−α ρd−1+α +
1

s

M

m1−α ρ
d

≤ (1 + ϑ2m(t|ζ|))m
E(tux,ζ,ν , Qν(x, ρ))

t
+
c7
t
mE(tux,ζ,ν , Qν(x, ρ))

1−αραd +
c7
t
ρd

+(1 + ϑ2m(t|ζ|))M |ζ|
m

ρd−1 +
(1 + ϑ2m(t|ζ|))

t

M

m
ρd +

1

tα
M |ζ|1−α

m1−α ρd−1+α +
1

t

M

m1−α ρ
d.

Exchanging the roles of s, t , we obtain (6.24). □

We now investigate the properties of the integrands f and g associated with functionals in
Eα,ϑw .

Proposition 6.13. Let E ∈ Eα,ϑw . Then the function f defined by (5.9) belongs to Fα .

Proof. For every m ∈ N let Nm ∈ B(Rd) be the Ld -negligible set of Lemma 6.11 and let N :=⋃
m∈NNm . By the same lemma for every x ∈ Rd \ N , ξ ∈ Rk×d , m ∈ N , s, t > 0 and every ρ

small enough we have∣∣∣mE(sℓξ, Q(x, ρ))

s
− mE(tℓξ, Q(x, ρ))

t

∣∣∣
≤ c7

s
ρdαmE(sℓξ, Q(x, ρ))1−α + ϑm

( sκξ,mρ

(s ∧ 1)(t ∧ 1)

)mE(sℓξ, Q(x, ρ))

s
+
c7
s
ρd

+
c7
t
ρdαmE(tℓξ, Q(x, ρ))1−α + ϑm

( tκξ,mρ

(s ∧ 1)(t ∧ 1)

)mE(tℓξ, Q(x, ρ))

t
+
c7
t
ρd

+
(
1 + ϑm

( sκξ,mρ

(s ∧ 1)(t ∧ 1)

)) Mξ

(s ∧ 1)m
ρd +

( 1

sα
+

1

s

) Mξ

m1−α ρ
d

+
(
1 + ϑm

( tκξ,mρ

(s ∧ 1)(t ∧ 1)

)) Mξ

(t ∧ 1)m
ρd +

( 1

tα
+

1

t

) Mξ

m1−α ρ
d, (6.27)

where κξ,m is the constant defined by (6.14). Since ϑm is continuous and ϑm(0) = 0, we have
that

lim sup
ρ→0+

(
ϑm

( sκρ

(s ∧ 1)(t ∧ 1)

)mE(sℓξ, Q(x, ρ))

sρd

)
= 0,

lim sup
ρ→0+

(
ϑm

( tκρ

(s ∧ 1)(t ∧ 1)

)mE(tℓξ, Q(x, ρ))

tρd

)
= 0.
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Therefore, dividing (6.27) by ρd and taking the limsup as ρ→ 0+ , we obtain

f(x, sξ)

s
≤ f(x, tξ)

t
+
c7
s
f(x, sξ)1−α +

c7
s

+ f(x, tξ)1−α +
c7
t

+
Mξ

(s ∧ 1)m
+
( 1

sα
+

1

s

) Mξ

m1−α +
Mξ

(t ∧ 1)m
+
( 1

tα
+

1

t

) Mξ

m1−α .

Letting m → +∞ and exchanging the roles of s and t , we recover (6.2), which concludes the
proof. □

Proposition 6.14. Let E ∈ Eα,ϑw , m ∈ N , x ∈ Rd , ζ ∈ Rk , ν ∈ Sd−1 , and s, t > 0 . Then the
function g defined by (5.11) satisfies∣∣∣g(x, sζ, ν)

s
− g(x, tζ, ν)

t

∣∣∣ ≤ ϑ2m(s|ζ|)g(x, sζ, ν)
s

+ ϑ2m(t|ζ|)g(x, tζ, ν)
t

+(2 + ϑ2m(s|ζ|) + ϑ2m(t|ζ|))M |ζ|
m

,

where M > 0 is the constant of Lemma 6.12.

Proof. Thanks to Lemma 6.12, inequality (6.24) holds. Dividing this inequality by ρd−1 and taking
the limsup as ρ→ 0+ , we immediately get

g(x, sζ, ν)

s
≤ g(x, tζ, ν)

t
+ ϑ2m(s|ζ|)g(x, ζ, ν)

s
+ ϑ2m(t|ζ|)g(x, ζ, ν)

t

+ (1 + ϑ2m(s|ζ|))M |ζ|
m

+ (1 + ϑ2m(t|ζ|))M |ζ|
m

.

Exchanging the roles of s and t we conclude the proof. □

Remark 6.15. In the scalar case, due to the different nature of the required vertical truncations,
it is possible to prove a stronger version of Propositions 6.10 and 6.14. First, the space Eα,ϑ turns
out to be closed under Γ-convergence with respect to the topology of L0(Rd). Then, exploiting
this stronger version of Proposition 6.10, it is shown that the function g associated to E by (5.11)
belongs to Gϑ .

However, due to the presence of error terms in the truncation procedure, which depend on
ϑm , in the case k > 1 one cannot recover the closedness of Eα,ϑ and subsequently conclude that
g ∈ Gϑ .

7. Full Integral representation

We are finally ready to state and prove the full integral representation result for functionals in
the class Eα,ϑw . More precisely, we will show that if E ∈ Eα,ϑw and if the bulk integrand f defined
by (5.9) does not depend on x , then the Cantor part Ec of the functional E can be represented by
means of f∞ . Since this result will be employed to obtain an integral representation for functionals
arising from homogenisation of functionals in Eα,ϑ , the hypothesis that f does not depend on x
is not restrictive for our purposes.

We now state the main result of this section.

Theorem 7.1. Let E ∈ Eα,ϑw and f and g be defined by (5.9) and by (5.11), respectively. Assume

that there exists a function f̂ : Rk×d → [0,+∞) such that

f(x, ξ) = f̂(ξ) for every x ∈ Rd and for every ξ ∈ Rk×d. (7.1)

Then E = Ef,g , where Ef,g is the functional introduced in Definition 3.7.

To prove this result, we try to characterise the Radon-Nikodým derivative of the measures
Ec(u, ·) with respect to |Dcu| for any u ∈ GBV⋆(A;Rk) with A ∈ Ac(Rd). This is done via a
careful truncation procedure and taking advantage of the results of [9]. We recall that given A ∈
Ac(Rd) and u ∈ BV (A;Rk), Alberti’s Rank-One Theorem (see [2, Corollary 4.6] and [3, 23, 37])
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ensures that for |Dcu| -a.e. x ∈ A the matrix dDcu/d|Dcu|(x) has rank one, i.e., there exists two
Borel functions au : A→ Sk−1 and νu : A→ Sd−1 such that for |Dcu| -a.e. x ∈ A we have

dDcu

d|Dcu|
(x) = au(x)⊗ νu(x). (7.2)

Lemma 7.2. Let E ∈ Esc , A ∈ Ac(Rd) , and u ∈ BV (A;Rk) . Assume that there exists a function

f̂ : Rk×d → [0,+∞) satisfying (7.1). For |Dcu|-a.e. x ∈ Rd , for every λ ≥ 1 , and ρ > 0 we set

sλρ(x) :=
|Dcu|(Qλνu(x)(x, ρ))

λd−1ρd
and ξλρ (x) := sλρ(x)(au(x)⊗ νu(x)), (7.3)

where (au(x), νu(x)) ∈ Sk−1 × Sd−1 is given by (7.2). Then

lim
ρ→+∞

sλρ(x) = +∞ and lim
ρ→+∞

ρsλρ(x) = 0 for every λ ≥ 1, (7.4)

dEc(u, ·)
d|Dcu|

(x) = lim
λ→+∞

lim sup
ρ→0+

mE(ℓξλρ (x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
, (7.5)

for |Dcu|-a.e. x ∈ A .

Proof. Let us fix δ > 0 and consider the function Eδ defined by (5.6). It is shown in [9, Lemma
3.7] that (7.4) holds true for |Dcu| -a.e. x ∈ A and that for δ > 0 one has

dEc(u, ·)
d|Dcu|

(x) + δ =
dEcδ(u, ·)
d|Dcu|

(x) = lim
λ→+∞

lim sup
ρ→0+

mEδ(ℓξλρ (x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
.

Since E ≤ Eδ , we deduce that

dEc(u, ·)
d|Dcu|

(x) + δ ≥ lim sup
λ→+∞

lim sup
ρ→0+

mE(ℓξλρ (x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
.

Thus, it is enough to show that there exists a constant K > 0, depending only on c1, ..., c4 and
on k , such that for every λ ≥ 1, for every δ > 0, and for |Dcu|-a.e. x ∈ A we have

lim sup
ρ→0+

mEδ(ℓξλρ (x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
≤

(
1 +Kδ

)
lim sup
ρ→0+

mE(ℓξλρ (x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
. (7.6)

We fix m ∈ N , λ ≥ 1, and consider a point x ∈ A such that (7.2) and (7.4) hold. By The-
orem 5.16 hypothesis (5.15) of Corollary 5.10 is satisfied. Thus, there exists a function uxρ ∈
BV (Qλνu(x)(x, ρ);R

k), with trQλ
νu(x)

(x,ρ)u
x
ρ = trQλ

νu(x)
(x,ρ)ℓξλρ (x) and ∥uxρ−ℓξλρ (x)∥L∞(Qλ

νu(x)
(x,ρ);Rk) ≤

cξλρ (x),mλρ , such that

E(uxρ , Q
λ
νu(x)

(x, ρ)) ≤ mE(ℓξλρ (x), Q
λ
νu(x)

(x, ρ)) +
Cξλρ (x)

m
λd−1ρd, (7.7)

where cξλρ (x),m and Cξλρ (x) are the positive constants defined by (5.14) and (5.26), respectively.

Recalling that ∥uxρ − ℓξλρ (x)∥ ≤ cξλρ (x),mλρ and observing that |[uxρ ]| = |[uxρ − ℓξλρ (x)]| , we deduce

that |[uxρ ]| ≤ 2cξλρ (x),mλρ . Therefore, we may estimate

ˆ
Juxρ

|[uxρ ]| dHd−1 ≤
ˆ
(Juxρ \J

1
uxρ

)

|[uxρ ]| dHd−1 + 2cξλρ (x),mλρH
d−1(J1

uxρ
)

≤ (1 + 2cξλρ (x),mλρ)

ˆ
Juxρ

|[uxρ ]| ∧ 1 dHd−1.
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From this inequality, by (c1) and (c2) of Definition 3.8 we see that

Eδ(u
x
ρ , Q

λ
νu(x)

(x, ρ)) = E(uxρ , Q
λ
νu(x)

(x, ρ)) + δ|Dcuxρ |(Qλνu(x)(x, ρ))

≤ E(uxρ , Q
λ
νu(x)

(x, ρ)) + δ

ˆ
Qλ
νu(x)

(x,ρ)

|∇uxρ | dx+ δ|Dcu|(Qλνu(x)(x, ρ))

+δ(1 + 2cξλρ (x),mλρ)

ˆ
Juxρ

|[uxρ ]| ∧ 1 dHd−1

≤
(
1 + δ

1 + 2cξλρ (x),mλρ

c1

)
E(uxρ , Q

λ
νu(x)

(x, ρ)) + δ
c2
c1

(1 + 2cξλρ (x),mλρ)λ
d−1ρd.

Since trQλ
νu(x)

(x,ρ)u
x
ρ = trQλ

νu(x)
(x,ρ)ℓξλρ (x) , combining the previous inequality with (7.7), we get

mEδ(ℓξλρ (x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
≤

(
1 + δ

1 + 2cξλρ (x),mλρ

c1

)(mE(ℓξλρ (x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
+

Cξλρ (x)

sλρ(x)m

)
+ δ

c2
c1

(1 + 2cξλρ (x),mλρ)
1

sλρ(x)
. (7.8)

It is immediate to check that when sλρ(x) ≥ 1 we have

mE(ℓξλρ (x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
≤ c3k

1/2 + c4.

Hence, from this inequality, (5.14), (5.26), and (7.4), we see that there exist two cosntants C1 and
C2 depending only on the structural constants c1, ..., c4 , k , and d such that

lim sup
ρ→0+

δ(1 + 2cξλρ (x),mλρ)

c1

(mE(ℓξλρ (x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
+

Cξλρ (x)

sλρ(x)m

)
≤ lim sup

ρ→0+

δ

c1

(
1 + 2(σm + 1)λρ

(
sλρ(x)d

1/2 + C1

))(
(c3k

1/2 + c4) +
Cξλρ(x)

sλρ(x)m

)
≤ δ

c1

(
c3k

1/2 + c4 +
C2

m

)
, (7.9)

As for the remaining terms of (7.8), by (5.26) we see that

lim sup
ρ→0+

Cξλρ (x)

sλρ(x)m
= lim sup

ρ→0+

2c3Cs
λ
ρ(x) + 2C(c4 + 1)

sλρ(x)m
=

2c3C

m
, (7.10)

while by (5.14) and (7.4) we get that

lim sup
ρ→0+

c2
c1
δ
(
1 + 2cξλρ (x),mλρ

) 1

sλρ(x)
= 0. (7.11)

Finally, using (7.9)-(7.11) we can take the limsup in (7.8) as ρ → 0+ , obtaining an estimate that
depends on m and δ . Then, taking the limit as m→ +∞ we get (7.6), concluding the proof. □

The next result ensures that estimates on the volume integrand f translate into estimates on
the right-hand side of (7.5). For the proof of this result we refer the reader to [20, Lemma 5.3].

Lemma 7.3. Let E ∈ Esc , ξ ∈ Rk×d , λ ≥ 1 , ν ∈ Sd−1 , t > 0 , and µ ∈ [0,+∞) . Assume that
for every x ∈ Rd and ρ > 0 we have

mE
tρ(ℓξ, Q(x, ρ)) ≤ µρd.

Then
mE
tλρ(ℓξ, Q

λ
ν (x, ρ)) ≤ µλd−1ρd
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for every x ∈ Rd and ρ > 0 . If, in addition, there exists some x0 ∈ Rd such that

lim sup
ρ→0+

mE
tρ(ℓξ, Q(x0, ρ))

ρd
= µ,

then

lim sup
ρ→0+

mE
tλρ(ℓξ, Q

λ
ν (x0, ρ))

λd−1ρd
= µ.

With these two lemmas at hand, we are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. Thanks to Theorem 5.16 and to (7.1), for every A ∈ Ac(Rd) we have

Ea(u,B) =

ˆ
B

f̂(∇u) dx and Es(u,B) =

ˆ
Ju∩B

g(x, [u], νu) dHd−1 (7.12)

for every u ∈ GBV⋆(A;Rk) and B ∈ B(A).
We are left with proving that for every A ∈ Ac(Rd) we can represent the Cantor part Ec as

Ec(u,B) =

ˆ
B

f̂∞
( dDcu

d|Dcu|

)
d|Dcu| (7.13)

for every u ∈ GBV⋆(A;Rk) and B ∈ B(A).
Since ℓξ is an admissible function for the minimisation problem mE(ℓξ, Q(x, ρ)), by (7.12) we

get that

mE(ℓξ, Q(x, ρ)) ≤ f̂(ξ)ρd

for every x ∈ Rd, ξ ∈ Rk×d , and ρ > 0. Recalling (5.9) and (7.1), applying Lemma 7.3 we obtain

lim sup
ρ→0+

mE(ℓξ, Q
λ
ν (x, ρ)))

λd−1ρd
= f̂(ξ)

for every λ ≥ 1. In particular, for every t > 0 we have

lim sup
ρ→0+

mE(tℓξ, Q
λ
ν (x, ρ))

λd−1ρdt
=
f̂(tξ)

t
(7.14)

so that, taking the lim sup for t→ +∞ , we get

lim sup
t→+∞

lim sup
ρ→0+

mE(tℓξ, Q
λ
ν (x, ρ))

λd−1ρdt
= f̂∞(ξ). (7.15)

We claim that for every ξ ∈ Rk×d , λ ≥ 1, and x ∈ Rd we have

lim sup
ρ→0+

mE(sρℓξ, Q
λ
ν (x, ρ))

λd−1ρdsρ
= f̂∞(ξ) (7.16)

whenever sρ → +∞ and ρsρ → 0+ as ρ → 0+ . To see this, first note that by (5.9) and (7.1) for

every ρ > 0 we have mE(sρℓξ, Q
λ
ν (x, ρ)) ≤ f̂(sρξ)λ

d−1ρd , whence

lim sup
ρ→0+

mE(sρℓξ, Q
λ
ν (x, ρ))

λd−1ρdsρ
≤ f̂∞(ξ).

Thus, to prove (7.16) it is enough to show that

f̂∞(ξ) ≤ lim sup
ρ→0+

mE(sρℓξ, Q
λ
ν (x, ρ))

λd−1ρdsρ
. (7.17)

Let η > 0. By definition of f̂∞ , there exists tη > 1/η such that

f̂∞(ξ)− η <
f̂(tηξ)

tη
. (7.18)
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Hence, recalling (7.14) we have

f̂∞(ξ)− η ≤ lim sup
ρ→0+

mE(tηℓξ, Q
λ
ν (x, ρ))

λd−1ρdtη
. (7.19)

Let us fix m ∈ N . By Lemma 6.11 we obtain

lim sup
ρ→0+

mE(tηℓξ, Q
λ
ν (x, ρ))

λd−1ρtη
≤ lim sup

ρ→+∞

mE(sρℓξ, Q
λ
ν (x, ρ))

λd−1ρdsρ

+ lim sup
ρ→0+

(
ϑm(sρκξ,mλρ)

mE(sρℓξ, Q
λ
ν (x, ρ))

λd−1ρdsρ
+
c7
sαρ

(mE(sρℓξ, Q
λ
ν (x, ρ))

λd−1ρdsρ

)1−α
+
c7
sρ

+(1 + ϑm(sρκξ,mλρ))
Mξ

m
+

( 1

sαρ
+

1

sρ

) Mξ

m1−α

)
+ lim sup

ρ→0+

(
ϑm(tηκξ,mλρ)

mE(tηℓξ, Q
λ
ν (x, ρ))

λd−1ρdtη
+
c7
tαη

(mE(tηℓξ, Q
λ
ν (x, ρ))

λd−1ρdtη

)1−α
+
c7
tη

+(1 + ϑm(tηκξ,mλρ))
Mξ

m
+
( 1

tαη
+

1

tη

) Mξ

m1−α

)
, (7.20)

where Mξ > 0 is the constant of Lemma 6.11, which we recall is independent of ρ, sρ , t , and m .
We separately study the summands of this last expression. Since ϑm is continuous and ϑm(0) =

0, while sρρ→ 0 and sρ → +∞ as ρ→ 0+ , recalling that
mE(sρℓξ,Q

λ
ν (x,ρ))

λd−1ρdsρ
is bounded uniformly

with respect to ρ by (c2) of Definition 3.8, we obtain

lim sup
ρ→0+

(
ϑm(sρκξ,mλρ))

mE(sρℓξ, Q
λ
ν (x, ρ))

λd−1ρdsρ
+
c7
sαρ

(mE(sρℓξ, Q
λ
ν (x, ρ))

λd−1ρdsρ

)1−α

+
c7
sρ

+ (1 + ϑm(sρκξ,mλρ))
Mξ

m
+

( 1

sαρ
+

1

sρ

) Mξ

m1−α

)
=
Mξ

m
. (7.21)

By (c2) of Definition 3.8 there exists Nξ > 0, independent of ρ and tη , such that

mE(tηℓξ, Q
λ
ν (x, ρ))

λd−1ρdtη
≤ Nξ.

Therefore, arguing as in the proof of (7.21), by (7.18) and (7.19), we obtain

lim sup
ρ→0+

(
ϑm(tηκξ,mλρ)

mE(tηℓξ, Q
λ
ν (x, ρ))

λd−1ρdtη
+
c7
tαη

(mE(tηℓξ, Q
λ
ν (x, ρ))

λd−1ρdtη

)1−α
+
c7
tη

+(1 + ϑm(tηκξ,mλρ))
Mξ

m
+

( 1

tαη
+

1

tη

) Mξ

m1−α

)
≤
N1−α
ξ

tαη
+
c7
tη

+
( 1

tαη
+

1

tη

) Mξ

m1−α < N1−α
ξ ηα + c7η + (η + ηα)

Mξ

m1−α , (7.22)

where in the last inequality we have used that tη > 1/η . Finally, combining (7.19) and (7.22), we
get

f̂∞(ξ)− η − Mξ

m
−N1−α

ξ ηα + c7η + (η + ηα)
Mξ

m1−α ≤ lim sup
ρ→0+

mE(sρℓξ, Q
λ
ν (x, ρ))

λd−1ρdsρ
.

Letting m→ +∞ and η → 0+ , we obtain (7.17).
Consider now a function u ∈ BV (A;Rk). Let au(x), νu(x), and sλρ(x) be as in (7.2) and (7.3),

and set ξ(x) := au(x)⊗ νu(x). By Lemma 7.2 for |Dcu| -a.e. x ∈ A we have

dEc(u, ·)
d|Dcu|

(x) = lim
λ→+∞

lim sup
ρ→0+

mE(sλρ(x)ℓξ(x), Q
λ
νu(x)

(x, ρ))

λd−1ρdsλρ(x)
. (7.23)
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Recalling (7.4), in light of (7.16) and of (7.23), we then infer that

dEc(u, ·)
d|Dcu|

(x) = f̂∞(au(x)⊗ νu(x)),

which by (7.2) gives (7.13) for every u ∈ BV (A;Rk) and B ∈ B(A).
Let us assume now that u ∈ GBV⋆(A;Rk) and for every R > 0 we consider the set ARu

introduced in Proposition 2.5. We claim that it is enough to prove (7.13) for every B ∈ B(A) for
which there exists R > 0 such that B ⊂ ARu . Indeed, by Proposition 2.4 we have ARu,0 ↗ Areg :=
{x ∈ A : ũ(x) exists} and that |Dcu|(A \ Areg) = 0. Hence, every B ∈ B(A) can be written, up
to a |Dcu| -negligble set, as the increasing union of Borel sets each contained in ARu,0 , for some R .
This proves the claim.

Let us fix R > 0 and a Borel set B ⊂ ARu . Let Rm > R be a sequence with Rm → +∞ .
Thanks to Lemma 5.2, we have

lim
m→+∞

1

m

m∑
i=1

Ec(ψiRm ◦ u,B) = Ec(u,B). (7.24)

Since each function ψiRm ◦ u belongs to BV (A;Rk) and the integral representation holds in

BV (A;Rk), we have

Ec(ψiRm ◦ u,B) =

ˆ
B

f̂∞
( dDc(ψiRm ◦ u)
d|Dc(ψiRm ◦ u)|

)
d|Dc(ψiRm ◦ u)| (7.25)

for every i ∈ {1, ...,m} . Recalling that B ⊂ ARu ⊂ ARmu , from Proposition 2.5 and from (3.4) we
obtain that

dDc(ψiRm ◦ u)
d|Dc(ψiRm ◦ u)|

=
dDcu

d|Dcu|
|Dcu|-a.e. in ARu ,

|Dc(ψiRm ◦ u)| = |Dcu| as measures in ARu ,

for every i ∈ {1, ...,m} . These equalities, together with (7.24) and (7.25), give (7.13), concluding
the proof. □

8. Integrands of the Γ-limits

In this section we consider a sequence (En)n of functionals in E . In the first part we assume
that (En)n Γ-converges to some functional E ∈ Esc and we characterise the bulk and surface
integrands f and g of E at a point x ∈ Rd by taking first the limit as n → +∞ of the infima
of suitable minimisation problems for En on small cubes and taking then the limit as these cubes
shrink to x .

In the last part we assume that each functional En belongs to Eα,ϑ and prove the converse of
the previous results: if the limits mentioned above exist and are independent of x , then they define
two integrands f and g such that the sequence (En)n Γ-converges to the functional corresponding
to f and g .

We begin this analysis by showing that it is possible to obtain the function f introduced in
(5.9) by means of limits of constrained minimisation problems.

Lemma 8.1. Let E ∈ Esc and let f be the function defined by (5.9). Then there exists a Ld -
negligible set N ∈ B(Rd) , such that for every x ∈ Rd \N and for every ξ ∈ Rk×d we have

f(x, ξ) = lim
m→+∞

lim sup
ρ→0+

mE
ρcξ,m

(ℓξ, Q(x, ρ))

ρd
, (8.1)

where cξ,m is the constant defined by (5.14) and mE
t (ℓξ, Q(x, ρ)) is given by (5.8) with t = cξ,mρ .

If, in addition, there exists a function f̂ : Rk×d → [0,+∞) such that f(x, ξ) = f̂(ξ) for Ld -a.e.
x ∈ Rd and every ξ ∈ Rk×d , then (8.1) holds for every x ∈ Rd and ξ ∈ Rk×d .
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Proof. It follows immediately from (5.7) and (5.8) that for every m ∈ N and ξ ∈ Rk×d we have
mE ≤ mE

cξ,mρ
. Thus, we only have to prove that

lim
m→+∞

lim sup
ρ→0+

mE
ρcξ,m

(ℓξ, Q(x, ρ))

ρd
≤ lim sup

ρ→0+

mE(ℓξ, Q(x, ρ))

ρd
(8.2)

for Ld -a.e. x ∈ Rd and for every ξ ∈ Rk×d . Thanks to Theorem 5.16, the equality (5.15) is
satisfied. Hence, by Corollary 5.10 there exists a set N ∈ B(Rd), with Ld(N) = 0, satisfying the
following property: for every x ∈ Rd \N , ξ ∈ Rk×d , m ∈ N and ρ > 0 small enough there exists a
function u ∈ BV (Q(x, ρ);Rk) such that with trQ(x,ρ)u =trQ(x,ρ)ℓξ , ∥u−ℓξ∥L∞(Q(x,ρ);Rk) ≤ cξ,mρ ,
and such that

mE
ρcξ,m

(ℓξ, Q(x, ρ)) ≤ mE(ℓξ, Q(x, ρ)) +
Cξ
m
ρd,

where Cξ > 0 is the constant defined by (5.26). Dividing this inequality by ρd and letting ρ→ 0+ ,
we conclude that

lim sup
ρ→0+

mE
ρcξ,m

(u,Q(x, ρ))

ρd
≤ lim sup

ρ→0+

mE(u,Q(x, ρ))

ρd
+
Cξ
m
.

Taking the limit for m→ +∞ , we obtain (8.2).
To conclude the proof, we note that under the additional hypothesis we have N = Ø in Corollary

5.10. □

The next result is useful to understand the relation between the minima of problems associated
with a sequence (En)n on an open set A′ and the minimisation of the problem associated with
their Γ-limit E , computed on a larger open set A′′ .

Lemma 8.2. Let (En)n ⊂ E , E ∈ Esc , and let A′, A′′ ∈ Ac(Rd) with Lipschitz boundary and
such that A′ ⊂⊂ A′′ . Assume that for every A ∈ Ac(Rd) , the sequence En(·, A) Γ-converges to

E(·, A) with respect to the topology of L0(Rd;Rk) . Then for every w ∈W 1,1
loc (Rd;Rk) , we have

mE(w,A′′) ≤ lim inf
n→+∞

mEn(w,A′) + c3k
1/2

ˆ
A\A′

|∇w| dx+ c4Ld(A′′ \A′).

Proof. The proof can be obtained by adapting the arguments of [20, Proposition 3.1], replacing
[21, Theorem 7.13] by [24, Theorem 3.22]. □

We now prove a result that allows to compare the limit of the minima of problems associated
with a sequence (En)n on a cube Q(x, ρ) with the minimum of the problem associated with the
Γ-limit E , computed on the same cube.

Lemma 8.3. Let (En)n ⊂ E , E ∈ E , x ∈ Rd , ξ ∈ Rk×d , m ∈ N , ρ > 0 , and s > d1/2|ξ|ρ .
Assume that for every A ∈ Ac(Rd) the sequence En(·, A) Γ-converges to E(·, A) with respect to
the topology of L0(Rd;Rk) . Then

lim sup
n→+∞

mEn
t (ℓξ, Q(x, ρ)) ≤ mE

s (ℓξ, Q(x, ρ)) +
Kξ

m
ρd (8.3)

where t := 2σm(s + d1/2|ξ|ρ) + d1/2|ξ|ρ and Kξ > 0 is a constant depending on ξ , but not on
(fn)n , (gn)n , m , s , and ρ .

Proof. Let us fix 0 < η < 1. Consider a function u ∈ BV (Q(x, ρ);Rk), with∥u−ℓξ∥L∞(Q(x,ρ);Rk) ≤
s and trQ(x,ρ)u = trQ(x,ρ)ℓξ , such that

E(u,Q(x, ρ)) ≤ mE
s (ℓξ, Q(x, ρ)) + η ≤ (c3k

1/2|ξ|+ c4)ρ
d + η. (8.4)

By Lemma 6.8 there exists a sequence of functions (vn)n ⊂ BV (Q(x, ρ);Rk), with ∥vn∥L∞(Q(x,ρ)) ≤
2σm(s+ d1/2|ξ|ρ), such that vn → u in L1(Rd;Rk)

lim sup
n→+∞

En(vn, Q(x, ρ)) ≤ E(u,Q(x, ρ)) + C
E(u,Q(x, ρ)) + ρd

m
. (8.5)
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Let us fix 0 < η < 1 and 0 < r < ρ . For every 0 < δ ≤ η we apply Lemma 4.2 to the open sets
A = Q(x, r) and U = Q(x, ρ) \Q(x, r) to obtain a sequence (un)n ⊂ BV (Q(x, ρ);Rk) converging
to u in L1(Rd;Rk), with trQ(x,ρ)un = trQ(x,ρ)ℓξ and ∥un− ℓξ∥L∞(Q(x,ρ);Rk) ≤ 2σm(s+d1/2|ξ|ρ)+
d1/2|ξ|ρ = t , such that

lim sup
n→+∞

En(un, Q(x, ρ)) ≤ (1 + δ) lim sup
n→+∞

(
En(vn, Q(x, ρ)) + En(ℓξ, Q(x, ρ) \Q(x, r))

)
+ η

Exploiting (8.4) and (8.5), from this last inequality we deduce that

lim sup
n→+∞

En(un, Q(x, ρ)) ≤ mE
s (u,Q(x, ρ)) + η + δ

(
(c3k

1/2|ξ|+ c4)ρ
d + η

)
+(1 + δ)C

(c3k
1/2|ξ|+ c4 + 1)ρd + η

m
+ (1 + δ)(c3k

1/2|ξ|+ c4)(ρ
d − rd) + η. (8.6)

Choosing r so that 2(c3k
1/2|ξ|+ c4)(ρ

d − rd) ≤ η and δ such that δ((c3k
1/2|ξ|+ c4)ρ

d + η) ≤ η ,
recalling that trQ(x,ρ)un = trQ(x,ρ)ℓξ and ∥un − ℓξ∥L∞(Q(x,ρ);Rk) ≤ t , from (8.6) we obtain

lim sup
n→+∞

mEn
t (ℓξ, Q(x, ρ)) ≤ mE

s (u,Q(x, ρ)) + 2C
(c3k

1/2|ξ|+ c4 + 1)ρd + η

m
+ 4η.

We conclude the proof by letting η → 0+ . □

The next result shows that when E is the Γ-limit of a sequence of functionals (En)n , the value
of its bulk integrand f at (x, ξ) can be obtained by taking first the limit of mEn(ℓξ, Q(x, ρ))/ρd as
n→ +∞ and then the limit as ρ→ 0+ . For technical reasons, we need also a similar result where
we replace mEn(ℓξ, Q(x, ρ)) by its constrained version mEn

t (ℓξ, Q(x, ρ)), for a suitable choice of
t > 0.

Given m ∈ N and ξ ∈ Rk×d , the constraint t will be given by ρβξ,m , with

βξ,m := σm(cξ,m + d1/2|ξ|) + d1/2|ξ|, (8.7)

where cξ,m > 0 is the constant defined by (5.14).

Proposition 8.4. Let (En)n ⊂ E , E ∈ Esc , and let f be the function defined by (5.9). Assume
that for every A ∈ Ac(Rd) the sequence En(·, A) Γ-converges to E(·, A) with respect to the topology
of L0(Rd;Rk) . Then there exist an Ld -negligible set N ∈ B(Rd) such that for every x ∈ Rd \N
and ξ ∈ Rk×d we have

f(x, ξ) = lim sup
ρ→0+

lim inf
n→∞

mEn(ℓξ, Q(x, ρ))

ρd
= lim sup

ρ→0+
lim sup
n→∞

mEn(ℓξ, Q(x, ρ))

ρd
, (8.8)

f(x, ξ) = lim
m→+∞

lim sup
ρ→0+

lim inf
n→∞

mEn
ρβξ,m

(ℓξ, Q(x, ρ))

ρd
= lim
m→+∞

lim sup
ρ→0+

lim sup
n→∞

mEn
ρβξ,m

(ℓξ, Q(x, ρ))

ρd
, (8.9)

where βξ,m is defined by (8.7).

If in addition there exists a function f̂ : Rk×d → [0,+∞) such that f(x, ξ) = f̂(ξ) for Ld -
a.e. x ∈ Rd and for every ξ ∈ Rk×d , then (8.8) and (8.9) hold for every x ∈ Rd and for every
ξ ∈ Rk×d .

Proof. Let N ∈ B(Rd) be the union of the Ld -negligible sets of Corollary 5.10 and Lemma 8.1.
We fix m ∈ N , let ρ > 0, and set r := ρ+ρ2 . Using first Lemma 8.2, then Lemma 8.3, and finally
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Corollary 5.10, for every x ∈ Rd \N and ρ > 0 small enough we have

mE(ℓξ;Q(x, r)) ≤ lim inf
n→+∞

mEn(ℓξ, Q(x, ρ)) + (c3k
1/2|ξ|+ c4)(r

d − ρd)

≤ lim inf
n→+∞

mEn
ρβξ,m

(ℓξ, Q(x, ρ)) + (c3k
1/2|ξ|+ c4)(r

d − ρd)

≤ lim sup
n→+∞

mEn
ρβξ,m

(ℓξ, Q(x, ρ)) + (c3k
1/2|ξ|+ c4)(r

d − ρd)

≤ mE
ρcξ,m

(ℓξ, Q(x, ρ)) + (c3k
1/2|ξ|+ c4)(r

d − ρd) +
Kξ

m
ρd

≤ mE(ℓξ, Q(x, ρ)) + (c3k
1/2|ξ|+ c4)(r

d − ρd) +
Kξ + Cξ

m
ρd,

where Kξ is the constant of Lemma 8.3 and Cξ is given by (5.26). We divide all terms of the
previous chain of inequalities by ρd , and take first the limsup for ρ → 0+ and then the limit for
m→ +∞ . By (5.9) in this way we obtain (8.9), since (rd − ρd)/ρd → 0 as ρ→ 0+ .

To prove (8.8), one can simply replace the expression in the second line of the previous chain of
inequalities by

lim sup
n→+∞

mEn(ℓξ, Q(x, ρ)) + (c3k
1/2|ξ|+ c4)(r

d − ρd).

If the additional hypothesis is satisfied, the last lines of Corollary 5.10 and of Lemma 8.8 ensure
that N = Ø, which concludes the proof. □

In the next proposition we show that an equality similar to (8.8) holds also for the surface
integrand g .

Proposition 8.5. Let (En)n ⊂ E , let E ∈ Esc , and let g be given by (5.11). Assume that for
every A ∈ Ac(Rd) the sequence En(·, A) Γ-converges to E(·, A) with respect to the topology of
L0(Rd) . Then for every x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 we have

g(x, ζ, ν) = lim sup
ρ→0+

lim sup
n→+∞

mEn(ux,ζ,ν , Qν(x, ρ))

ρd−1
= lim sup

ρ→0+
lim sup
n→+∞

mEn(ux,ζ,ν , Qν(x, ρ))

ρd−1
. (8.10)

Proof. The proof can be obtained with the same arguments of [20, Proposition 3.3]. □

We conclude this section by stating a fundamental result for the proof of the homogenisation
theorem, which will be the object of the next section. We show that for sequences of functions
(fn)n ⊂ Fα and (gn)n ⊂ Gϑ , a sufficient conditions for Efn,gn to Γ-converge on every bounded
open set is that (8.9) and (8.10) hold and that the function f is independent of x .

Theorem 8.6. Let (En)n ⊂ Eα,ϑ . Assume that there exist f̂ : Rk×d → [0,+∞) and ĝ : Rd ×
Sd−1 → [0,+∞) such that

f̂(ξ) = lim
m→+∞

lim sup
ρ→0+

lim inf
n→+∞

mEn
ρβξ,m

(ℓξ, Q(x, ρ))

ρd
= lim
m→+∞

lim sup
ρ→0+

lim sup
n→+∞

mEn
ρβξ,m

(ℓξ, Q(x, ρ))

ρd
,

ĝ(x, ζ, ν) = lim sup
ρ→0+

lim sup
n→+∞

mEn(ux,ζ,ν , Qν(x, ρ))

ρd−1
= lim sup

ρ→0+
lim inf
n→+∞

mEn(ux,ζ,ν , Qν(x, ρ))

ρd−1
,

for every x ∈ Rd , ξ ∈ Rk×d , ζ ∈ Rk , and ν ∈ Sd−1 , where βξ,m is given by (8.7). Then f̂ ∈ Fα ,

ĝ ∈ G and for every A ∈ Ac(Rd) the sequence En(·, A) Γ-converges to Ef̂ ,ĝ with respect to the

topology of L0(Rd;Rk) , where Ef̂ ,ĝ is as in Definition 3.7.

Proof. The proof follows closely the lines of [20, Theorem 5.4]. By Theorem 4.1 there exists a
subsequence, not relabelled, and a functional E ∈ E such that for every A ∈ Ac(Rd) the sequence
En(·, A) Γ-converges to E with respect to the topology of L0(Rd;Rk) and by Proposition 6.10
E ∈ Eα,ϑw . Thanks to Theorem 5.16, the functions f and g defined by (5.9) and (5.11), respectively,
satisfy (5.40) and (5.41), and f ∈ Fα and g ∈ G . Additionally, by Proposition 8.4 and Proposition
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8.5, f = f̂ and g = ĝ , so that (7.1) holds. Hence, by Theorem 7.1 we have that E = Ef̂ ,ĝ . Since

the functions f̂ and ĝ are independent of the chosen subsequence, for every A ∈ Ac(Rd) by
the Urysohn property of Γ-convergence (see [17, Proposition 8.3]) the original sequence En(·, A)
Γ-converges to Ef̂ ,ĝ(·, A), concluding the proof. □

9. Homogenisation of free-discontinuity functionals

We are now ready to deal with the homogenisation of functionals in Eα,ϑ . The arguments that
we will make use of are based on the method devised by in [20, Section 6]. The main difference
with respect to [20], is the dependence on m of the constant βξ,m appearing in (8.6), which, in
the problem of stochastic homogenisation, forces us to use the Subadditive Ergodic Theorem at m
fixed and only then to pass to the limit for m→ +∞ .

Before introducing the stochastic setting, we state a result which shows that, in the case of ho-
mogenisation, the sufficient conditions for Γ-convergence presented in Theorem 8.6 can be rewritten
in terms of cubes whose side length r tends to +∞ . This formulation will be more suitable for
the stochastic setting.

Given f ∈ Fα and g ∈ Gϑ for every ε > 0 we set fε(x, ξ) := f(x/ε, ξ) and gε(x, ζ, ν) :=
g(x/ε, ζ, ν) for every x ∈ Rd , ξ ∈ Rk×d , ζ ∈ Rk , ν ∈ Sd−1 . We observe that fε ∈ Fα and
gε ∈ Gϑ . We set Eε := Efε,gε according to Definition 3.7. We recall that f∞ and g0 are the
functions given by (3.2) and (6.3), that f∞ ∈ Fα , while g0 /∈ G , since it does not satisfy (g3).

The following theorem provides a general condition that guarantees the Γ-convergence of Eε
towards an integral functional whose integrands do not depend on x . We shall see in Remark
9.10 that the hypotheses are satisfied in the case where f and g are periodic with respect to x .
The advantage of these formulation is that these hypotheses are satisfied almost surely under the
standard hypotheses of stochastic homogenisation.

Theorem 9.1. Assume that there exists a function ghom : Rk×Sd−1 → [0,+∞) and that for every
m ∈ N there exists a function fmhom : Rk×d → [0,+∞) such that

fmhom(ξ) = lim
r→+∞

mEf,g
0

rβξ,m
(ℓξ, Q(rx, r))

rd
for every x ∈ Rd, ξ ∈ Rk×d, (9.1)

ghom(ζ, ν) = lim
r→+∞

mEf
∞,g

(urx,ζ,ν , Qν(rx, r))

rd−1
for every x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1.(9.2)

Let fhom : Rk×d → [0,+∞) be the function defined by

fhom(ξ) := lim
m→+∞

fmhom(ξ) = inf
m∈N

fmhom(ξ) (9.3)

for every ξ ∈ Rk×d . Then fhom ∈ Fα , ghom ∈ G , Efhom,ghom ∈ Eα,ϑw , and for every εn → 0+ and
for every A ∈ Ac(Rd) the sequence Eεn(·, A) Γ-converges to Efhom,ghom(·, A) with respect to the
topology of L0(Rd;Rk) .

Proof. We first observe that the limit in (9.3) exists, since m 7→ mEf,g
0

rβξ,m
is non-increasing, hence,

the same property holds for m 7→ fmhom .

Let us fix a sequence εn → 0+ as n → +∞ and set En := Efε, ,gεn . To prove the result, it
is enough to show that the hypotheses of Theorem 8.6 are satisfied by fhom and ghom . Since the
hypothesis concerning ghom can checked by repeating verbatim the arguments of [20, Theorem
6.3], we only prove that the hypothesis concerning fhom are satisfied.

To this aim, we fix m ∈ N , ρ > 0 and set rn := ρ/εn . The same computations performed in
[20, Lemma 6.1] show that for every ε ∈ (0, 1), x ∈ Rd , ξ ∈ Rk×d we have∣∣mEε

ρβξ,m
(ℓξ, Q(x, ρ))− εdmEf,g

0

(ρ/ε)βξ,m
(ℓξ, Q(x/ε, ρ/ε))

∣∣ ≤ Kξϑ(2ρβξ,m)ρd, (9.4)
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where Kξ > 0 is a constant depending on ξ , but not on m , ρ , and x . Let us fix x ∈ Rd and
ξ ∈ Rk×d . Using twice the previous inequality with ε replaced by εn , by (9.1) we get that

fmhom(ξ)ρ
d −Kξ(2βξ,mρ)ρ

d = lim
n→+∞

(ρ/rn)
dmEf,g

0

rnβξ,m
(ℓξ, Q(rnx/ρ, rn))−Kξϑ(2βξ,mρ)ρ

d

≤ lim inf
n→+∞

m
Eεn
ρβξ,m

(ℓξ, Q(x, ρ)) ≤ lim sup
n→+∞

m
Eεn
ρβξ,m

(ℓξ, Q(x, ρ))

≤ lim
n→+∞

(ρ/rn)
dmEf,g

0

rnβξ,m
(ℓξ, Q(rnx/ρ, rn)) +Kξϑ(2βξ,mρ)ρ

d = fmhom(ξ)ρ
d +Kξϑ(2βξ,mρ)ρ

d.

Since ϑ is continuous and ϑ(0) = 0, dividing by ρd and taking the limsup for ρ→ 0+ we obtain

fmhom(ξ) = lim
ρ→0+

lim inf
n→+∞

mEn
ρβξ,m

(ℓξ, Q(x, ρ))

ρd
= lim
ρ→0+

lim sup
n→+∞

mEn
ρβξ,m

(ℓξ, Q(x, ρ))

ρd
.

Taking the limit as m→ +∞ we obtain that the hypothesis for fhom in Theorem 8.6 is satisfied,
so that the proof is concluded. □

The following result shows that hypothesis (9.1) can be slightly weakend

Lemma 9.2. Assume that for every m ∈ N , x ∈ Rd , and ξ ∈ Qk×d , the space of k × d matrices
with rational entries, the limit

fmhom(ξ) := lim
r→+∞

mEf,g
0

rβξ,m
(ℓξ, Q(rx, r))

rd

exists and is independent of x . Then the function fmhom can be extended to a continuous function,
still denoted by fmhom , defined on the whole Rk×d and such that (9.1) is satisfied.

Proof. It is enough to repeat for every m ∈ N the arguments of [20, Lemma 6.4]. □

We now introduce the stochastic setting in which we are going to deal with the homogenisation
problem.

We fix a probability space (Ω, T , P ) and a group (τz)z∈Zd of P -preserving transformations on
(Ω, T , P ); that is, a family (τz)z∈Zd of T -measurable bijective maps τz : Ω → Ω such that

(a) for every E ∈ T and every z ∈ Zd we have P (τ−1
z (E)) = P (E) ;

(b) τ0 = id, the identity map on Ω and for every z, z′ ∈ Zd one has τz ◦ τ ′z = τz+z .

A group (τz)z∈Zd of P -preserving transformations is said to be ergodic if for every set E ∈ T
with the property that τz(E) = E for every z ∈ Zd , has probability either 0 or 1. In analogy
with [20], we introduce two classes of stochastic integrands.

Definition 9.3. SFα is the collection of all T ⊗B(Rd×Rk×d)-measurable functions f : Ω×Rd×
Rk×d → [0,+∞) such that for every ω ∈ Ω the function f(ω) := f(ω, ·, ·) belongs to Fα the
following stochastic periodicity holds: for every ω ∈ Ω, z ∈ Zd , x ∈ Rd , and ξ ∈ Rk×d we have

f(ω, x+ z, ξ) = f(τz(ω), x, ξ).

SGϑ is the collection of all T ⊗B(Rd×Rk×Sd−1)-measurable functions g : Ω×Rd×Rk×Sd−1 →
[0,+∞) such that for every ω ∈ Ω the function g(ω) := g(ω, ·, ·, ·) belongs to Gϑ , and the following
stochastic periodicity holds: for every ω ∈ Ω, z ∈ Zd , x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 we have

g(ω, x+ z, ζ, ν) = g(τz(ω), x, ζ, ν).

We now give the definition of subadditive process. Before doing this, we introduce R the
collection of rectangles defined by

R := {R ∈ Rd : R = [a1, b1)× ...× [ad, bd), for some a, b ∈ Rd with ai < bi for i ∈ {1, ..., d}}.

We also introduce (Ω, T̂ , P̂ ) the completion of (Ω, T , P ). It is immediate to see that (τz)z is a

group of P -preserving transformation on (Ω, T̂ , P̂ ).
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Definition 9.4. A function µ : Ω × R → R is said to be a covariant subadditive process with
respect to (τz)z∈Zd if the following properties are satisfied

(a) for every R ∈ R the function µ(·, R) is T̂ -measurable;
(b) for every ω ∈ Ω, R ∈ R , and z ∈ Zd we have µ(ω,R+ z) = µ(τz(ω), R);
(c) given R ∈ R and a finite partition (Ri)

n
i=1 ⊂ R of R , we have

µ(ω,R) ≤
n∑
i=1

µ(ω,Ri)

for every ω ∈ Ω;
(d) there exists C > 0 such that 0 ≤ µ(ω,R) ≤ CLd(R) for every ω ∈ Ω and R ∈ R .

We recall the Subadditive Ergodic Theorem of Ackoglu and Krengel [1, Theorem 2.7]. For the
particular version here used we refer the reader to [18, Proposition 1] (see also [35]).

Theorem 9.5. Let µ be a subadditive process with respect to the group (τz)z∈Zd . Then there exist
a T -measurable set Ω′ , with P (Ω′) = 1 , and a function φ : Ω → [0,+∞) such that

lim
r→+∞

µ(ω,Q(rx, r))

rd
= φ(ω)

for every x ∈ Rd and every ω ∈ Ω′ . If the group (τz)z∈Zd is also ergodic, then φ is constant
P -a.e.

Let f ∈ SFα and g ∈ SGϑ . For every ω ∈ Ω, we set f∞(ω) := f(ω)∞ and g0(ω) := g(ω)0 .
The following lemma shows that it is possible to define a subadditive process closely related to

condition (9.1).

Lemma 9.6. Let f ∈ SFα , let g ∈ SGϑ , let ξ ∈ Rk×d , and let m ∈ N . For every R ∈ R let
ρ(R) be the length of the longest of its sides. Then the function Φξ,m : Ω ×R → [0,+∞) defined
by

Φξ,m(ω,R) := mEf(ω),g0(ω)

ρ(R)βξ,m
(ℓξ, R

◦) (9.5)

is a covariant subadditive process.

Proof. The proof can be obtained by arguing exactly as in [20, Lemma 6.9]. □

With this lemma at hand, we are ready to show that condition (9.1) with f replaced by f(ω)
and g0 replaced by g0(ω) is satisfied for P -a.e ω ∈ Ω and for every m ∈ N .

Proposition 9.7. Let f ∈ SFα and g ∈ SGϑ . Then there exist a T -measurable set Ω′ , with
P (Ω′) = 1 , such that for every m ∈ N there exists a function fmhom : Ω × Rk×d → [0,+∞) , with
fmhom(·, ξ) T -measurable for every ξ ∈ Rk×d , such that

lim
r→+∞

mEf(ω),g0(ω)

rβξ,m
(ℓξ, Q(rx, r))

rd
= fmhom(ω, ξ)

for every ω ∈ Ω′ , x ∈ Rd , and ξ ∈ Rk×d . Moreover, the function fhom : Ω × Rk×d → [0,+∞)
defined by

fhom(ω, ξ) := lim
m→+∞

fmhom(ω, ξ) = inf
m∈N

fmhom(ω, ξ) (9.6)

belongs to SFα . If, in addition, (τz)z∈Zd is ergodic, by choosing Ω′ appropriately, we have that
fmhom and fhom are independent of ω .

Proof. By Lemma 9.6 for every m ∈ N and for every ξ ∈ Qk×d the function Φξ,m defined by (9.5)
is a covariant subadditive process. Hence, by the Subadditive Ergodic Theorem 9.5, there exists a
T -measurable set Ω′ , with P (Ω′) = 1, and for every m ∈ N a function fmhom : Ω×Qk×d → [0,+∞),
with fmhom(·, ξ) T -measurable for every ξ ∈ Qk×d , such that

lim
r→+∞

mEf(ω),f0(ω)

rβξ,m
(ℓξ, Q(rx, r))

rd
= fmhom(ω, ξ) (9.7)
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for every ω ∈ Ω′ , m ∈ N , x ∈ Rd , and ξ ∈ Qk×d . Thanks to Lemma 9.2, the function fmhom can be
extended to a function fmhom : Ω×Rk×d → [0,+∞), T -measurable with respect to ω and continuous
with respect to ξ , such that (9.7) holds for every ω ∈ Ω′ , m ∈ N , x ∈ Rd , and ξ ∈ Rk×d . We
now fix ω0 ∈ Ω and we redefine fmhom on Ω \ Ω′ × Rk×d , by setting fmhom(ω, ξ) = fmhom(ω0, ξ)for
every ω ∈ Ω and ξ ∈ Rk×d . Note that for every ω ∈ Ω and ξ ∈ Rk×d , the sequence fm(ω, ξ) is
non-increasing with respect to m , which justifies (9.6) and that fhom(·, ξ) is T -measurable. By
Theorem 9.1 for every ω ∈ Ω the function fhom(ω) ∈ Fα , hence, fhom ∈ SFα .

If, in addition, (τz)z∈Zd is ergodic, then fmhom(·, ξ) is constant P -a.e. for every m . This leads
to the last sentence of the statement, concluding the proof. □

The following proposition shows that P -a.e. in Ω condition (9.2) is also satisfied.

Proposition 9.8. Let f ∈ SFα , let g ∈ SGϑ . Then there exists a T -measurable set Ω′ , with
P (Ω′) = 1 , and a T ⊗ B(Rk × Sd−1)-measurable function ĝ : Ω× Rk × Sd−1 → [0,+∞) such that

lim
r→+∞

mEf
∞(ω),g(ω)

(urx,ζ,ν , Qν(rx, r))

rd−1
= ĝ(ω, ζ, ν) (9.8)

for every ω ∈ Ω′ , x ∈ Rd , ζ ∈ Rk , and ν ∈ Sd−1 . If, in addition, the group (τz)z∈Zd is ergodic,
by choosing Ω′ appropriately, we have that the function g is independent of ω .

Proof. The result is proved by adapting the same arguments used in [15, Proposition 9.3, Propo-
sition 9.4, Proposition 9.5]. □

Combining Theorem 8.6 with Propositions 9.7 and Proposition 9.8, we are finally able to obtain
the desired stochastic homogenisation theorem.

Theorem 9.9. Let f ∈ SFα , let g ∈ SGϑ , and for every ε > 0 and ω ∈ Ω let Eωε := Efε(ω),gε(ω) ,
according to Definition 3.7. Let fhom : Ω×Rk×d → [0,+∞) and ghom : Ω×Rk × Sd−1 → [0,+∞)
be the functions given in Propositions 9.7 and 9.8. Then for the function fhom(ω, ·) ∈ Fα and
ghom(ω, ·, ·) ∈ G for every ω ∈ Ω and there exists T -measurable set Ω′ , with P (Ω′) = 1 , such that
for every sequence εn → 0+ , ω ∈ Ω′ , and A ∈ Ac(Rd) , the sequence Eωεn(·, A) Γ-converges to

Efhom(ω),ghom(ω)(·, A) in the topology of L0(Rd;Rk) .
If, in addition, the group (τz)z∈Zd is ergodic, by choosing Ω′ appropriately, the functions fhom

and ghom are independent of ω .

Remark 9.10. The periodic homogenisation in the deterministic case follows immediately from
Theorem 9.9 once we note that in the case where Ω consists of a single point and τz = Id for
every z ∈ Zd , the stochastic periodicity reduces to the 1-periodicity in each variable.
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