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ABSTRACT. We consider the limit of sequences of normalized (s, 2)-Gagliardo seminorms
with an oscillating coefficient as s — 1. In a seminal paper by Bourgain, Brezis and
Mironescu (subsequently extended by Ponce) it is proven that if the coeflicient is constant
then this sequence I'-converges to a multiple of the Dirichlet integral. Here we prove that,
if we denote by ¢ the scale of the oscillations and we assume that 1—s << ¢2, this sequence
converges to the homogenized functional formally obtained by separating the effects of s
and ¢; that is, by the homogenization as € — 0 of the Dirichlet integral with oscillating
coefficient obtained by formally letting s — 1 first.
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1. INTRODUCTION

In their seminal paper [2] Bourgain, Brezis and Mironescu have studied the asymptotic
behaviour of Gagliardo seminorms [u]ws,p(Q) as s — 1, and in particular, in the case p = 2,
of the seminorm [u]yys2() given by

[u]ws2(0) : //QXQ i ‘dizip da:dy)é,

where € a bounded open subset of R?, s € (0, 1), and the fractional Sobolev space W*?2(€2)
is defined as W*2(Q) := {u € L*(Q) : [uws2q) < +oo}. Their results, subsequently
extended by Ponce [10], imply that the functionals

Fs(u) = // d(2)‘2 dzdy
axQ |9C —yl +ee

I-converge, with respect to the L?-convergence, to the (multiple of the) Dirichlet integral

Od—1 2
d
ot | v aa,

where o4_1 is the #%!-dimensional measure of S, with domain the usual Sobolev space
Wh2(Q). Since the functionals are equi-coercive in L?(£), by the properties of convergence
of minima of I'-convergence, minimum problems involving the Dirichlet integral can be
approximated by problems involving Gagliardo seminorms, upon possibly suitably defining
boundary-value problems if necessary.

This fractional-Sobolev space approximation can be extended to other problems involv-
ing elliptic integrals, such as homogenization problems, the most classical of which is the
asymptotic analysis of (isotropic) oscillating energies

/Qa<§)\Vu|2dx, (1)

where a is a 1-periodic function with 0 < o < a(y) < 8 < +00. The I'-limit as ¢ — 0 of
such energies is the homogenized functional

Fhom(u) = / (Ahomvuv V’LL> dx,
Q
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where Aypom IS a symmetric d X d matrix characterized by the homogenization formula
(Ahomz, 2) = min{/ a(y)|z + Vo(y)|2dy : ¢ 1—periodic} (2)
(0,1)4

(see e.g. [4]). Formally, by the result of Bourgain, Brezis and Mironescu, we can define an
approximation of the homogenized functional using the energies

u(z) = u(y)|?
F. (1—s // —————5—dzxdy, 3
Q><Q 5 |95 — yld+2s )

defined for v € W*2(Q) and ¢ > 0. Indeed, upon supposing for simplicity that a be
continuous, we easily see that for fixed € > 0 the I'-limit of F. ; as s — 17 is indeed

Ug; /Q a(g) |Vu|? d,

which then I'-converge to a;—;Fhom as € — 0. Since all functionals are equi-coercive in
L?, we can use a diagonal argument (see [6]) and deduce that there exist s = s, such that
s — 17 as € = 0 and the I'-limit of F ; is still Z 57+ Fhom-

In this paper we investigate the scales s = s. at which this limit holds. If we let both
€, and 1 — s simultaneously tend to 0, a heuristic argument in order to argue what can be
a critical scale is as follows. Let z be fixed and let ¢ be as in the formula characterizing
(Anom, 2, 2). We can use us(x) = (z,x) + ep(x/e) as test functions for the I'-limit of
F. ;. We may suppose that ¢ be twice continuous differentiable, so that, using the Taylor
development of ¢ at x / €, we have

1 _ S ‘Ua ) uf(y)|2 d.’I/'d
QXQ 5 |z —y \d+25 Y
[(z+ Ve(£),z —y) > + O(%)
= a9 o) [ — gl ey

= 53 Q) +ve () [aro(-50),

This argument suggests that when

w"_‘

1—s5<<e? (subcritical case), (4)

we may construct recovery sequences optimizing the oscillations of a, and actually is a
proof of the upper bound in this case for the target function u(x) = (z,z). We will prove
that under assumption (4) a separation of the scales € and s occurs, and the limit is the one
computed above by letting s — 17 first and then € — 0. The main argument in the proof
of the lower bound is obtained by a discretization procedure (which as a byproduct also
gives a different proof of the results in [10]) based on the use of Kuhn’s decomposition [8]
and an integration argument on the set of orthogonal bases in R% borrowed from a recent
paper by Solci [11]. Thanks to (4), we can then reduce the computation to studying the
limit of oscillating energies (1) on piecewise-affine interpolations at a scale much smaller
than e, for which the known homogenization result can be applied. This reduction is made
possible by a lemma (Lemma 3), which allows to consider only points z, y sufficiently close
to each other in the computation of (3).

The cases other than subcritical are not dealt with here. They will require different,
more complex, techniques and will be treated in future work. In order to give a hint of
the necessity of different types of arguments in those cases, we can consider a similar type
of non-local functionals treated in a general setting in [1], of the form

xr — u 2
Rt = 5 [ o) (2) M UE 5

where g is a suitably integrable positive kernel and § > 0 plays a similar role as s above,
in that it forces concentration as 6 — 0. Such functionals are also studied in [2] if the
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function a is a constant, and still approximate the Dirichlet integrand as § — 0. The
critical case for such functionals is 6 ~ ¢, and if 6/ — k € (0, +00) the I'-limit can be
computed using a non-local-to-local homogenization procedure giving a local homogenized
limit energy of the form

o (u) = /Q (AE Tu, V) dr,

where Af_ _ is now characterized by a non-local homogenization formula

hom
<Aﬁomz> Z)
. 1 /] —y (z,y — 2) + o(y) — o(z)]? N
- o dady : o 1-periodic .
mln{/Rd (0.1)d %dQ< - )a(?/) iz — g xdy : ¢ 1-perio 1(3}

In order to prove this result, localization techniques for limits of non-local functionals
must be used (see [1] and also [5]). Comparing functionals F. ; with those in (5), a
main additional difficulty is due to the different nature of the dependence on § and s,
respectively, so that the case 1 — s ~ &2 cannot be directly set as a homogenization-
concentration problem, contrary to the case § ~ e.

2. STATEMENT OF THE RESULT AND PRELIMINARIES
Let a be a 1-periodic continuous function such that
0<a<a(r)<B <+ (6)

for every z € RY. For ¢,s € (0,1) we introduce the functional

u(z) —u(y)?
F.. (1-s // 1) = WY1 1y 7
Q><Q E \l’ oyt )
for u € W*2(Q).

We assume that the ¢ is a positive parameter and that s is a function of € valued in
(0,1) approaching 1 as ¢ — 0. Since s = s(¢), as a shorthand, F; s will be denoted by Fr.
We prove that if 1 — s < €2, then the separation of scales described in the Introduction
holds, as if we were passing to the limit first letting s — 1 and then letting € — 0.

Theorem 1. Let Q be a bounded open set with Lipschitz boundary, € € (0,1), s = s., and
let F. be the functional defined in (7). If

. 1—s
SR i
then
I-lim F.(u) = gd-1 /(AhomVu, Vu)dr =: Fhom(u) 9)
e—0 2d Q

for every u € W12(Q), where the T-limit is computed with respect to the L*()) conver-
gence, Apom is given by (2), and 041 := H*1(S9Y) is the (d— 1)-dimensional Hausdorff
measure of the unit sphere in R,

We note that the hypothesis that ) has a Lipschtiz boundary is exploited only in
proving, by means of a density argument, the I'-lim sup inequality.

Remark 2. Theorem 1 can be generalized to functionals modelled on (s,p)-Gagliardo
seminorms with p > 1, of the form

u(z) —u(y)
Foalt) = (1 =) //QXQ 2 \ﬂ:—y\‘”ps ey 1o

for u € W*P(Q). The subcritical regime is then 1 — s << €P, and the resulting I'-limit is

Cd,p/gfhom(Vu) d:(}
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defined on W'P((2), with Cy,, the constant appearing in the corresponding result in [2],
and fhom defined by

fhom(2) = min{/(0 e a(y)|z + Ve(y)|Pdy : ¢ l—periodic}. (11)

This result can be obtained with few changes and some heavier notation from the case
p=2.

We preliminarily state a lemma that allows us to take into account only those interac-
tions due to pairs of sufficiently close points in ).

Lemma 3. Let (u.). C L*(Q) be bounded and let (r.). be a sequence of positive real

numbers such that
1— s,

lim 5
e—0 re

=0. (12)
Then

. o\ Juc(x) — u(y)|? >
lim (| Fo(u:) — (1 —s // al— drdy | =0
5_>0( s( 8) ( 8) xON{(z.y)le—y|<re} <E> ’33 _ y’d+235 Yy

Proof. By the convexity of x — 22 and by (6), we have

2\ Jue(z) —ue(y)
1—s // al— dxdy
( E) QxON{(z,y):|lz—y|>r:} <E> ‘$ - ’d+288

Jus (@)
(1—s:)4p [P s dxdy
QxQN{(z,y): |J: y|>re} ‘x - y‘ c

= (1—s.)4 Ly -(2)]? dz, 13
(1—s.)4p (o) [T §/Q|u (z)|° du (13)

where we also took advantage of the symmetry of the integrand to get the inequality.
Since (ue)e is bounded in L?(f2), (13) is estimated from above (up to a constant factor)
by

IN

1 o0
1-s. / mrm—dé = (1—s)HT (9 / T
(1 se) ey, (o) JEI TV (I =s)HT(ST) [ p P

Te

—2s¢
€

2.

-2
€

r

_ del(sdfl)(l . 35)

r

< er—l(Sd—l)(l . 55)

25,

which tends to 0 by (12), completing our proof. O
Remark 4. We will apply the previous Lemma setting

Te =€ or re =\ ev1— s

in accordance with our convenience.
Note that with the second choice it holds

V1—s. << re <<e,

so that, in particular,
lim e _ 0. (14)

e—0 €
It is useful to observe that, in both circumstances, we have

1—se

hm\logr ]*Iin%(l—se)\logrele
E—

which implies

lim rl 7% = 1. (15)

e—0



ANOTHER LOOK AT ELLIPTIC HOMOGENIZATION 5

In the proof of the liminf inequality we take advantage of a discretization argument
based on the construction of proper lattices, which can be parameterized on orthogonal
bases.

Remark 5 (Notation for the set of orthogonal bases). Following the notation of [11] we
define the set of orthonormal bases of R?

Vi={v=(v,..,vq) 1 vj € ST such that (vi,v;) =0fori#j}

and observe that V has Hausdorff dimension equal to kg := d(d — 1)/2. For every n €
{1,...,d} and fixed v € S9! we define

VY .= {v € V such that v, = v},

whose Hausdorff dimension is kg5 — (d — 1). Note that we have

(e HFa (V)
k d—1 v
TR0 = gy 1o
and that in general, the formula
| t@ans@ = [ [ e atm,) i o), a7)
\% Sd—1 Jyy

holds with 7y, := (v1, ..., Un—1,Vn+1, ..., vq) and f¥(vy,) := f(¥) for every n € {1,...,d} and
f non negative measurable function.

Given p > 0 and 7 € V, we define Zgﬁ = {z1pv1 + 2opva + ...+ 2aprg - (21, ..., 2q) € 2}
and @, as the cube described by the orthogonal basis {pv1, ..., prq}.

Remark 6 (Kuhn’s decomposition). A cube @,y as defined in the previous remark can
be further decomposed into d! d-simplices of size p?/d! through Kuhn’s decomposition in
the following way: for every 7 permutation of d indices, we define A7; as the simplex
described by the vertices pvy(1y, prr(1) + pVr(2), - PVr(1) + PVr(2) + - + pVr(q). As shown
in [8, Lemma 1], as 7 vary among all the permutations, we get a family of d! simplices
which constitutes the desired partition.

We denote the vertices of each simplex by

A;£ — O, A;LV] = PVr(1) =+ PVr(2) 4+ ...+ PVr(5) for j = 1, ...,Cl
and observe that, with this choice, it holds
T, T,7—1 :
Apﬁj - AWJ = PVr(j) for j=1,...,d. (18)

3. PROOF OF THE RESULT

3.1. Liminf inequality. Throughout this section we write s := s., r := 7. and o4_1 :=
HI1(S971) in order to simplify the notation.

Let v € L%(Q) and consider a sequence (u.). converging to u in L?(Q). Without loss
of generality, we may assume that sup, F-(u.) < oo which implies that u. € W*2(Q) for
every € > 0.

In light of Lemma 3, we aim at proving that v € W2(Q') for every € open subset well
contained in €2 and that

_ 2
lim inf(1 — s) // a(f) [ue () Zi(Qy)! dedy
=0 axan{(ey)le—yl<ry N7 |T -yt

Td—1
A
sl 2d A,< homvu, vu> d.’IJ,

where r = 8%(1 - s)%. By the independence of the left-hand side from Q' in particular
this implies that u € W12(Q).
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Applying Lemma 3, the change of variables  := y — z and £ := n/r, and then the
coarea formula, we get

F.(ugc) + o-(1)
Y |ue(z) — ue(y)?
= (1-—s // al— dxdy
( ) QxQN{(z,y):|lz—y|<r} <8) ’l’ - y’d+2s

1 T ’Ue(l”rﬁ) _Ua(x)|2
= (1-—s / / al— dxdn
( ) B (0) ‘md_2(1_s) {zeQ:ax+neQ} <5) |T7’2
r2(1-s) o\ |ue(z + 7€) — u(z)|?
= @ —8)/ d—21—)/ “(*) ]2 dzdg
|§| {z€Q: x+rEeQ} € T

_ d—1
= 1_‘9/ /Sdlpd213

. 2
/ a (7) ‘u&‘(m + pr)2 u&‘(x)‘ d$de_1(V)dp
{z€Q: a+rpreQ} € ‘Tp‘

For 7 € V (recall the notation of Remark 5) we set
Iy =A{k € Z% : vk +rQum CC Q},
and note that for every v € S%1 it holds

U rk+1Quw C{r e Q:x+rpr e}
kel

for every v € V. Hence, we have

F.(us) + o-(1)

1 ,.2(1-5)
oo [
( ) 0 p—1+2s G-

d—1 r
keTr,

- 2
/ a (E) Jue(z + rpl/)2 ue(®)l d:L‘de_l(u)dp. (19)
k+rQ m |7 pl

We shall exploit the uniform continuity of the function a to factor it out from the inner
integral; for this reason, we introduce a modulus of continuity w : [0, +00) — [0, +00); that
is, an increasing continuous function such that w(0) = 0 and |a(z1) —a(z2)| < w(|z — z2]|)
for every x1,z9 € R4,

We rewrite the right-hand side of (19) as

r2(=s rk ue(x 4+ rpv) — us(z)]? _
(1—23) / —1+23/ Z < )/ fue( | )|2 (2)] dzdH* 1 (v)dp
Sd—1 ke Z’“ rk+rQ o rp
1 ,.2(1-s)

/Sd‘1 keZI; ~/T:k‘+7'qu<a (g) a a(%)) e Tﬁayp)p_ ue(@)l” dzdH* (v)dp,

and we note that the last term is negligible as ¢ — 0 as its absolute value is estimated
from above by

w(“f>(1 / e /S . /{WWGQ} el xﬂlii))!? ue@) a1 )
_ (T\[)(l s)/ r2(=s) |ue(x + ) — us(a:)|2 dade
B

€ 1(0) |§’d_2 1-s) {z+reeQ} ‘T’f’Q

(r\f

)k

which tends to 0 since by the assumption sup, Fr(u:) < +00 and since /e — 0 by (14).
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By this fact and by formulas (16) and (17), inequality (19) turns into
Fe(ue) + o:(1)

2(1=s) rk lue(z + rpv) — ue(z)|?
> (1—s / / < > / < < dedH (v)d
( ST [, 2 o e (v)dp

kel
1 ,.2(1-s) Od—1
= (1—3)/0 _1+25/3d1d27{kd
_ 2

/ 5 a(rk) / Jue(w - rpv) Zue(@) a0 (5, )t (v)dp

Vit ker ktrQpp el
l-s o4 /1 r21-s)
d HR(V) Jy plt2s

2
ViSiker, 7 pl

To produce a lower bound for (20), we take advantage of a discretization argument
based on piecewise-affine auxiliary functions.

Given sufficiently small ¢ > 0, p € (0,1) and ¥ € V we define the function u£” in two
steps:

o first, we assign values on the lattice 1} setting

1

g / Ue dx for every k € T ,3;
k‘f"”QpV

ug’(rk) = |7 pl

e then, given k in the coarser lattice Igg, consider the cube 7k +rQ 7, T a permutation

of the indices {1, ..., d}, and rk+rA7; the corresponding simplex in Kuhn’s decomposition,

on such simplex we define u2” bemg the affine 1nterp01at10n of the previously defined values
ul” (rk) = ul” (rk + TATO) ul” (rk + TAT 1) ey ul” (rk + TAT d)

Note that u?” is well defined as a continuous piecewise- afﬁne function on \Jycz2r 7k +
U

rQpw; hence, on each simplex 7k + rA7

/ |Vuf”|? da
rk+7"ATf
uf” (rk 4+ AT — ul” (rk + TAT’] H2

. ) "
k—i—rA" ‘Tp|

7» its gradient is constant and by (18) it holds

1 1 2
= 22/ d(/ Ue dy — / ugdy> dx
|Tp’ =1 rk+rATS |Tp| k+rAT ]JerpU k+rAT J= 1+7"Qp,,
1 & 1 2
= — — Uy + 1pvs() — uely) dy) | da
’TPP ;/rmmgy \Tﬂ\d </k+m” 1+7~pr G) :

IN

d
1 / 1 / 2
[rpf? |rpld ; lue(y + rpvy(iy) — ue(y)|*dy da
|7"P|2 ]z; Tk+TA;v |Tp|d T"k+7’A;’§]71+erg £ () 5
d
= 12/ / |us(y+rpu7(j)) —Ue(y)|2 Uy ds
1Pl = Jrrag, Jrierard 410 [rof?

d
_ 1 Z/ lue(y + rpre(;) — ue(y))? ay
A = Sk AT 0@ rpl? ’
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where we used Jensen’s inequality and the fact that [rk +rA7;| = lrp|¢/d!.
Summing over all permutations 7 and k € Igg and reinstating the coefficient a, we get

k _
So(T) [ v
keIgg € Tk+71Qpw
— (”‘3> Z/ IVuf”|? d
k—i—rA;F

keZ?r
d 2
*ys 2 ey + rpvrgs) = e(v)
S SRICSDIF> o) i iy
kEIZg T 7=1 +r +TQ;)V
d
1 rk lus(y + rpvn) — ue(y)|?
T Z a(g)/ -1 - |7an|2 . dy. (21)
n=1{r,j|7(j)=n} ke rhATALS T Qo P

Keeping n, j, 7 fixed, we put h := k+ A;’Uj ~! and note that k € Igg implies h € Z3; so that
(21) is less than or equal than

IS S o) [, =l iy s p

2
’ _ T
n=1{r,j| 7(j)=n} heZ rhrQ g

2
n=1 heI;v |Tp|

where we used that the cardinality of the set {7,j|7(j) = n} is d! for every n = 1,...,d,
and we set

rh—rA rh lue(y + rprn) — ue(y)[?
Z Do lel——=%—) —a(— ; dy.
n=1he1, € rh+rQ,z |7"p|

Summarizing, we have proved that for every ¢, p, 7, it holds

zd: Z a <T€k> / lue(y + mpvn) — ue(y)|? "

2
n=1 kEI;V T‘k+7’QpU |Tp’

>Y a ( )/TWQPDWug”de— ED), (22)

keIQT

and therefore, having achieved an estimate in terms of the inner intergal in (20), we get

Fe(ue) +o0:(1)
1—s o044 1,.2(1-s)
Z kq —142s
d M (V) 0o P

/ Z Z (k)/m ele rpe) O gy pgta oy (23)

2

1—s Od—1 2(1-s) Tk pU|2 kd(—
= 4 HFa(V) / 1+25/ > a /THTQPVVUE " dedH™ (V)dp (24)

keZQT

1—s Od—1 k
S B T / _1+2S/E VdHb (D)dp.  (25)




ANOTHER LOOK AT ELLIPTIC HOMOGENIZATION 9

Note that (25) vanishes as ¢ — 0; indeed, considering the modulus of continuity, the
bound from above (6) and the bound from above involving (23), we have

1—s o041 2(1-s) k
d HF(V) / —1+2s / E@)di™ (v)dp
- (rf) 1—5s 041 r2(1=s)
= v c d ’de(v) 0 p—1+2$

Uu, rpvy) — 2
/Z / |ue(y + 1pvn) — u=(y)| dyd?—[kd(ﬁ)dp

n=1hezr, ' ThtrQpm ol
(T\f)l—s Od—1 1/ r2(1=s)
=) Tad waV)a )y o

FEE () o, i st

n=1 heI’

<

=(ug) +0:(1),

MEDEY

which tends to 0 since sup, Fz(u.) < 400 and since r/e — 0 by (14).

As for (24), we can reinsert the coefficient a in the integral; in particular, taking into
account the modulus of continuity and applying (6), (22), and once more the inequality
leading to (23), we have

2(1—s)
s —]-a \Vuf”|? ded M (7)dp
/ o /kezl':%" /k+Tqu< ( > < ))
rVd\1—s o041 2(1-s) - "
w( € ) d Hka(V) / 1+25/ EI:% /k—i—ery‘Vua | dxdH"(D)dp
- 1,.2(1-s)
< w(r\/g>1 S O4d—1 l ri
€ d %kd(V) o plt2s

i P (%)) ot ZUOE g 4 p@amip

n=1keTr, rk+rQpw o2
< (“f

€

1—s o04-1
d Hk(V)

)aF (ue) + 0-(1),

and we conclude as above.
We finally obtain

F(ue) + 0:(1)

1—5 o04-1 / r2- 5)/ / 2 k
> . |Vup”| dxdH"(V)dp
d  Hki(V ( —142 k;qﬂ k—i—eru
1—-s o p2(1=s)
= d ij(l / —1+25/ // |Vupy‘2 dzdH*(v)dp, (26)

where ' is any open subset well contained in € that we may assume to be well contained
in U rk + Q@ for € sufficiently small.

keZ2y

In the final part of the proof, we average the auxiliary functions obtained by discretiza-
tion weighting them with the appropriate kernel.
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For every € > 0 sufficiently small we define the probability measure u. on [0,1] x V' by
due(p,7) :=2(1 — s)p' 2L @ HEa[HF (V)] 7L,

then we rewrite (26) as

et [ [ () 1V de e .7)
[0,1]xV !

_ Od-1 21-s),, (T 7|2 v
2d //T a(z?)/[o,l}xv‘vus " dup<(p,v) dx

Od—1 2(1-s) (T ‘/ oU _\|?
> Vur” d d 27
> 2 [ 090 (2) A e (27)

by Jensen’s inequality.
We set

() == / W () dpe(p,7),
[0,1]xV

and note that, since u£” is continuous on €, this function belongs to W12(€') with

Vi) = [ Vu (o) duc(p.).
[0,1]xV
As a consequence, (27) reduces to

0d—1 2(1—s) (T — 2
5 /,7’ a(6)|Vua(x)| dx

and our final goal is to show that

. . p0d-1 € _ 2 Od—1
— >
timinf 7 /la(€)|Vu5(x)\ dz > /(AhomVu V) da,

e—0

where we used that 72(07%) — 1, as already stated in (15).

To check this it is sufficient to prove that . — w in L?(€Y’). Indeed, this implies that
u is the L*(Q)-limit of a bounded sequence in WH2(Y'), so that u € W1H2(Q) and the
conclusion follows by the liminf inequality provided by the Homogenization Theorem (see
[4, Theorem 14.7]).

First we prove the covergence under the additional assumption that (u.). is bounded
in L°°(€'). If this is the case, it suffices to prove that @, —u. — 0 in L' ('), indeed, since
(U ). is bounded by construction in L>°(€’), we conclude by interpolation.

As Q) C U rk + 1rQyw, we have
keZ2r

e — el = /

ue(z) — /[01 P (@)dpe(p, )| de

< / / ue(w) — u” (a)| da dpic(p, )
[0,1)xV Jo

< [ S [ ) - @) dedu(pm)
[O 1]XV IZT k+TQpF

< / / e () — u(rk)| dedps(p,7)  (28)
Ol]XV kJ+TQp7

keZQ’“

<,
[0,1]xV

/ i (2) — (k)| da dpe(p, 7). (29)
kezzy " TRATQ0
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We first prove that (28) tends to 0 as £ vanishes. Applying Holder’s inequality and a
rescaled version of Poincaré-Wirtinger’s inequality (see [9, Theorem 6.33]) we get

3 / s () — (k)| da
rk+rQpw

keT?r
d
< olf 3 (/f

keIQﬁ Tk‘i"erU

s |ue () — us(y)P 3
< Plrp|2 Z //T o — e d:cdy),

kGIQ"" (rk4+1Qpp) X (rk+rQ o)

[us() = w2 (k) ) *

where P is the Poincare-Wirtinger constant for the d-dimensional unit cube. Then we
1
make use of the concavity of z — x2 so that

. I juez) — ue@ N\
Pleolt oz 3 o (] drdy)
r Z #Izy (rk+7rQpp) X (Tk+7Q o) |aj - y|d+25

keZ2r
¢ Jue () — ue(y)[? 2
< P|7“P|2+S#IQT Z 7T 2T// 7 — ’dj—Zs dacdy)
keIQr k+eru Tk+Tqu) €z Y
< P| | +s #IQT ‘U’& UE( )| dad %
= e Qx9Q |$—y|d+2s v
d
< P|7’P|5+S\27’P|7§|Q’§[Ua]wsv2(sz)

_dy L
[rpl* 272 Q]2 [uc]we2()-
After integration we obtain that (28) is bounded above by

1
2—s

d ! d
AR - udwene [ 9l = 2RO s)ucdeae)
0

Then we use that [uc]ys2q)(1 — ) < Fe(ue)/a, which is uniformly bounded in e by
assumption, and that »®* — 0 to deduce that the above term vanishes.

We treat (29) with a similar argument. By the Cauchy-Schwarz inequality we have

/[0,1}xv

S [ ) - ) do duc ()
k"l‘er?

kez2 " "
[ [ V@l -k dedn(p)
[0,1]><Vk€IZg rk+1Qpw

IN

IN
S
<

) / IVt (2)| dz dyuc(p, 7)
k‘H"Qpl/
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and by Hélder’s inequality and the concavity of x — 1:%, this is bounded above by

1
_ 2
Va[ ([ verPe) den
rk+1Qpw

[0,1]xV kelﬁg
1
r 1 4 2 -
= v Y ([ metas) o)
[0,1] xV k‘EIQI pv T‘]{?+T‘Qp§
pv
1
2
< Vd ol 2 Y (#T2) 5(2 / [Vug( >|2d:c> dpc (p, D)
[0,1]><V kel?r k+eru
<

1
_ 2
ryJd2-1i6) / (Z [ werwp) duen)
[0,1]xV rk+rQ
which by Jensen’s inequality is less than or equal to

([ v f oo, [T P 7)". (30)

0,1]xV Jr
[0.1] kEIﬁ’U

keﬁ’

Now we write

Vuf” (z)|?dx dpe(p, 7
/[0,1]xv Z /k+eru| ) °7)

kET2 T

2(1l—s - B
- ;Likd( / “172s / > / \Vul” |? dedHE (T)dp

keIQ'r k“l’erU
Tk 7|2 kg (—
|Vul’|? dedH™ (v)dp
rk+rQpw

2d \1-— r21-s)

(o) i ) e
- ke IQT

and we note that this last term equals (24) (up to a constant factor), therefore, as a

byproduct of the previous computations, it is bounded above by

2d
7Fs(us) + 06(1)7
Qo0g—1

which is uniformly bounded for small . We conclude that (30) vanishes since r — 0.

Finally, we remove the boundedness condition by a truncation argument. Let u :=
(u A M)V —M, and note that u. — u in L?(Q) implies u — «™ in L?(Q). Since
F.(ue) > F-(ul), we have

liminf F.(u.) > liminf F.(u}) > gd-1

M M
e—0 e—0 2d Q<Ahomvu ’ Vu > dli’

and then
2d

Q0g—1
so that u € W2(Q) with Vu™ — Vu. The proof is concluded once we let M — +oc.

sup [|[VuM|| 2y <
M

sup F(u.) < +o0,
€

3.2. Limsup inequality. To prove the I'-lim sup inequality, we first study the case where
u is piecewise-affine. We then recover the inequality on the whole space W12(£2) by means
of a density argument. For the sake of clarity, we first deal with the case where u is affine.

Step 1. We first suppose that u(z) = (z,x), for some z € R, We recall that by the
classical homogenization formula for Apey, (see [4, Theorem 14.7]) and by density, it holds

(Apomz, 2) = inf{/ , a(y)|Ve(y) + 2%dy = p € C°(RY), 1—periodic}. (31)
(0,1)
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Fix § > 0 and let ¢ € C(R?) be a 1-periodic function such that
AT =Py < (A =)+ (32)
0,1

we claim that uc(x) = (z,z) + e (f) is an approximate recovery sequence for u, i.e., it is
such that

lim sup Fe (ue) <

e—0

(Anomz, z)dx + 0. (33)
Q
This, combined with a diagonal argument and the arbitrariness of § > 0, will lead to the
limsup inequality.

In order to prove (33), we take advantage of Lemma 3 with r. = 1, and consider the

first-order Taylor expansion of ¢ to get

Fo(ug) + o-(1

N M*y>+w(%)*w(%)l2
-0 //QXQ :) & — y|d¥2s ey

Vo (%), z— Ip _ 2
_a _S)// a(f) [(z+ Vo (£) fU_ yz:;; (lz —yl)| dudy,
OxQn{le—y|<1} V€ |z —y

where the function R(|z — y|) is the remainder in Lagrange form of ¢ and it is such that

R(jz —y|) < &@|IVZ¢lloolz — y/*. (34)

By the inequality |a + b|? < (1 +n)a? + (1 4+ 1/n)b?, with n > 0, and by the change of
variables £ := y — x, we deduce

( 2
F.(us)+o0:(1) < (1+n)(1-—y9) //B - +‘Zﬁ£28) 13 dédx (35)

8

n <1+ ) L / /B1 |£|Li|gs d¢da. (36)

For a fixed n > 0, the term in (36) vanishes as ¢ tends to zero. Indeed, by assumption,

the term % vanishes as € — 0, and using (6) we have that

R())? e |
dédx < d°B|10|||V o —d
/ /B ) s < EBRIT /BI@ g

1
= Poa BVl /0 P %dp < 400, (37)

As for the term in (35), note that by the symmetry of the integrand, it holds

V@08, _ [ Tl
= ALY
/31(0) |§’d+28 ¢ /0 /83p(0) pd+25 (V) P

- /Olpd—i-Ql(s—l)Cll/aBp( ; ‘z+V¢ (g)‘Qdeﬂ(V)dp

Od— o\ (12 1,
= ddlz+V<p<g) 0p12dp
_ 04—1 T\ |2 1
- 2 ‘ZJFV@(g)) 1-s) (38)
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Recalling that ¢ and a are 1-periodic, we may substitute (38) in (35) to get

Z+V<P( ),
(1+1) 1—5//31(0) g s déda

= e [a(D)[ve(5) +of

Ud—l |Q| 2

< @R | a(D)[ve (D)o @
(o s

= 1+l a(y) |V (y) + 2 dy, (39)
2d (071)d

which, in view of (32), implies

imsup Fo(ue) < (14 0) (%5" [ (Auame. 2o +)
e—0 2d Q

and we conclude by letting n tend to 0.

Step 2. We now suppose that the function u be piecewise-affine in 2. More precisely,
we suppose that there exists a finite family of d-simplices (A);e; covering Q, vectors
(2i)ier € R?, and constants (m;);e; C R such that u(z) = (x, z;) +m; for every x € A; NN
and for every ¢ € I. To simplify the notation, from now on we will always write A; in
place of A; N Q.

Similarly to what we have done in the previous case, for a fixed § > 0 and for every
i € I, we consider ; € C°(R?) a 1-periodic function satisfying

[ a)Veitn) + Py < (om0 + .

(0,1)d #1

Having in mind the construction of the recovery sequence performed in the previous case,
we aim at constructing an approximate recovery sequence for u by perturbing, in a suitable
way, v with the functions ¢;. To this end, for every A;, we consider the subset defined by

Af = {z e Q: dist(x,Af) > c}.

For fixed £ > 0 and i € I, we consider a positive function ¢! € C°(R?), satisfying the
following conditions

(40)

Yi(z) =0 for z ¢ A§
Yi(z) =1 for x € A%
0<i(z) <1 for = € RY (41a)
,L' 2
IVielleo < - (41b)
,l: 4
IV* o < (41c)

where V29! is the Hessian matrix of .
We claim that an approximate recovery sequence for u is given by

1’ .
ue(@) = Y ((enn2) + 2 (2) vi@) +mi) xa, @),

. €

el
where xa, denotes the characteristic function of A;. Note that . is a continuous function,
since it coincides with u on the boundary of each A;.

Let A := QxQN{|z —y| <e}. Thanks to Lemma 3 and Remark 4, it is enough to

show that

\Us — uc(y)?
li (1-— ApomVu, .
imsup(l — s // y‘d+23 2d Q( hom VU, Vu)dz + 0

e—0
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To make the computations more manageable, we consider a suitable partition of A. For
1 €1, we set
= AF x AF N {lr -yl <<},
Ci =AM x Ain{|lz—y| <ecandzoryec A\ AF},
and for j € I, j # i, we set
Dij = A xAjﬁ{|x—y| Sé‘},

so that A = {J;¢;(B; UCi) UU,z; Dij-
Taking advantage of this decomposition and of the subadditivity of the lim sup, we have

Iue ue(y)?
hr?jélp (1—ys) // |d+2s dxdy

Iu — ue(y)?

< llI?jélpZ (1—s // £ |di23 dzdy (42)
Ius us( )2

—|— limsup (1 — s) // dxd 43

2
—i—Z Z limsup (1 — s // ]us z) = Zigyﬂ dxdy. (44)
el jel, j#i &0 E ‘:C—y‘ °

We begin by estimating (42). Since for fixed i € I we have ¢! = 1 on B;, by the
first-order Taylor expansion of ;, for a fixed n > 0 we get

Z(l_s)//Ba<§> [(zi + Vi (£) 2 —y) + ZRilja — yl)I? dedy
T i

‘1- _ ’d+28
< D o+ 1—5/ / ZZJFV%() §>|2d§dx (45)
iel AZe 0) 5 ‘é”d-}—Qs
1- £
i Z ( ) : /Azs /5 |§’cl+|2)s d€dz, (46)

el

where R; is the remainder in Lagrange form of the first-order Taylor expansion of ¢;,
which satisfies

Ri(lz —y|) < d” maX||V2 @illoolz — yI* =: Mz — y|*. (47)

Thus, we may estimate (46) with

1— 4
ey (1+0) 5 / g

el

which vanishes for ¢ — 0 in view of the fact that 15* goes to zero for ¢ — 0 and of (37)
(with € replaced by A;).
As for (45), considering larger domains and taking advantage of the computations lead-

ing to (39), we see that
/ Zz—f-ngZ( )7€>|2d§d$
2¢ /B, (0) 5

Zl—l—n 1—3/

A2 |§‘d+25
Zz+v<)0z( ) €>|2
< 1+n) 1—3/ / — dédz;
Z B1(0) 5 |£|d+2s
< Ud ! Z|A ]/ Y) Vi (y) + 2| dy.

el
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Recalling (40), we finally conclude

Iu ue(y)[”
hmsupz 1+n)(1—2s) // €|x— |d-€|-23
7;7

e—0
. 71 5 g
thllp (]. + 77) 2d (/ <Ahomzza ZZ> + #I)

e—0 el A

IN

(1+ 77) / (AhomVu, Vu)dz + 9,

2d

so that letting n — 0, (42) is estimated.
We now show that (43) vanishes for ¢ — 0. As #I is finite and independent on e, it
suffices to take into account a single term in the sum. By the convexity of z — 22, we

have
\ua — uc(y)|?
(1—1s) // |$_y|d+2s dxdy
Izzl Iaj —y?
< 3p6(1 |d+28 ———————dxdy (48)
2
|5¢5 Pi ) Pi (ﬂ))|
+36(1 // |$ — y|d+25 =2 dxdy (49)
|ewi (£ AN
+38(1 // |x — |d+2s dxdy. (50)
We start with (48). Via a change of variables, we see that
Izzl |z —y|? 2/ / €I
(1—3s // ————S-—dxdy < (1—3s)|% dédzx
|z — y|dt2s (=)l anaze B, o) 1§17

2
1—8)||z%A, A?EO'_/ €] d¢
(1 = 9)l|z"[Ai \ A |og—1 51 0) 617

Og—
= z? A0\ A

IN

which converges to zero as € — 0.
As for (49), using the first-order Taylor expansions of ¢;, (41a), (41b), and recalling
(47), one gets

lewi(y oi (¥ ?
o y? OF 4,
B (Vi (2),€) + LRi(lE))]
0 S>/AW€/ o

2(1-3)( /AWE/ ¥ V*T;W;@ Wt /A\Aza/ |f||§|+425d§dx>‘

The first term can be estlmated with

V% 7£>|2
(1—s / / -t 2 dfdx
A\AZE B |€|d+2s ¢

2
< 1—svii0/ / €7 e de
(1= 9)|[Veill sz Jo. ) € §

€I
= 1—s Vgpl go Az A?E /
(1= 9)l[Veil[SAi \ A ) JETTE

Ud 1 I3
IVeill3lAi \ AFY,

IN

IN

IN




ANOTHER LOOK AT ELLIPTIC HOMOGENIZATION 17
while for the second term we have
1— 4 1-—
S Ao dedr < U a0 a2 (51)
g2 Janaz JB. (o) €]

and therefore both terms vanish as ¢ tends to 0.
In order to estimate (50), we denote by R; the Lagrange remainders of the first-order
Taylor expansion of 9. and we note that by (41c) it follows that

. 4d?
Ri(lz —yl) < 572’1’—912- (52)

Using the first-order Taylor expansion of 1, we conclude that

epi ( wa —i(y)[
// ‘ y|d+2s ‘dxdy
- ) (Vi (x),€) + R(jx — y|)?
(1 = 9)lleill5 / \A%/s = d¢da

v 2
<2(1-s) H‘Psz /A\AQE/ © gfd-i-zs il dédx (53)

Lolg
/A \A2 /5(0) 2 |£|d+2sd£d ) (54)

In view of (51), we infer that the term in (54) converges to zero.
As for (53), we may use (41b) to obtain that

(Vi (x),E)]?
(1—s / / VWD), 8 e
aNaz Jp.o) 1€ |d+23

2
2(1—s Az A?E / |§’ df = 04d-—1 AZ AZZE ;
(1—8)[Ai \ AF| o) JEITE A\ A7

so that we have finally shown that (43) tends to 0 for ¢ — 0.

We conclude by proving that (44) vanishes for e — 0. Also in this case, since #I is
finite and independent of ¢, it suffices to take into account just one summand.

Note that if (z,y) € D;j, then z € A;\ A7 and y € A\ AS, so that Vi(z) = Yl(y) =
Thus, taking advantage of the Lipschitz continuity of u, we get

|u€ z) — ue(y)|? u(z + €) — u(z)[?
— — déd
1 // o g = A S/A\A / ¥ HEGES <

62
< BlIVullo(1 /A\AE/B |§|‘d‘+25d€dx

BlIVulloo (1 = 8)|Ai \ Affoa—

223

Od—
< BIIVullo—5 1A\ AF]

and this last term vanishes for ¢ — 0 deducing that (44) tends to 0.

Step 3. The functional Foy, defined in (9), which has been proven to be the desired I'-
limit on piecewise-affine functions, is continuous in the strong topology of W12(€). Since
) is an open bounded set with Lipschitz boundary, every function v € W12(Q2) may be
extended to w € VVO1 ’2(B r) via the standard extension operator and a cut-off function. It
is a known fact that a dense class in W(} ’Q(BR) is the class of piecewise-affine functions,

namely, functions which are piecewise-affine on a finite family of simplices covering By (see
[7, Proposition 2.1]). Therefore, the class of piecewise-affine functions discussed in Step 2 is

dense in VVO1 ’2(B r) and a fortiori in W2(Q). Having proved that the I'-lim sup inequality
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holds on a dense subset of W2(2), we conclude that it holds for any u € W1H2(€) (see
for instance [3, Remark 2.8]).
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