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Abstract

We study some non-local functionals on the Sobolev space I/VO1 P(Q) involving a
double integral on Q x Q with respect to a measure p. We introduce a suitable notion
of convergence of measures on product spaces which implies a stability property in the
sense of I'-convergence of the corresponding functionals.
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1 Introduction

In this paper we give a contribution to the study of I-limits of non-local integral functional,
for which only few results are available in the literature (see for instance [13]). We consider
sequences of integrals of the type

f@Axxuw»duux4»+3/gmuaVum»dx, (1.1)
QOxQ Q

where  is a bounded open subset of R?, with d > 1. These functionals have a non-local
term

Fi(u) == fu(), u(y))dur(z,y)
QAx0

depending on a fixed function f: R x R — [0, 400) and varying positive bounded measures
i on £ x Q, while the local term

wazé%@vwmw
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depends on a function gj: Q x R — [0,400). These functionals are defined for u in the
Sobolev space W, ().

We assume that the functions g, satisfy usual growth conditions and that the integral
functionals G, I'-converge in the weak topology in VVO1 P(Q) to a functional G of the same
form, with integrand g.

We address the question of the stability for functionals in (1.1); more precisely, we focus
on a notion of convergence on py such that the functionals Fj + Gj I'-convergence with
respect to the weak topology in I/VO1 P(Q) to a functional of the form

f(ula),uly))duta) + | gl Vu(a)) da (12)
QX0 Q

for a limit measure . Under some additional assumptions, we also obtain the convergence
of Fj, + Gy, in the sense of Mosco convergence in I/VO1 P(Q).

If p =2, gr(x, ) are quadratic forms, and f(s,t) = |t — s|?, then the study of such
functionals can be framed within the theory of Dirichlet Forms [8], where the Beurling-
Deny formula ensures, under suitable assumptions, that the I'-limit of Fj 4+ G can be
represented analogously (see [13]). The extension of that theory is not immediate in a
non-quadratic setting or when f is an arbitrary continuous function.

Note that, under suitable growth conditions on f, stability is easily proved under the
strong assumption of convergence of y, to i in the space W=19(Qx Q) dual to W&’p(Q x Q).
However, this result is not satisfactory, since such a space may fail to contain relevant
measures [, depending on the value of p, such as Dirac deltas if p < 2d.

We introduce a wider space of measures on {2 x €, together with a new notion of norm,
inspired by a convergence that is used in the theory of graphons [5, 11]. The latter can
be be seen as limits of Dirichlet forms on dense graphs (for an interpretation in terms of
I'-convergence we refer to [2]).

We prove that, if ui are non-negative measures that converge to p with respect to that
‘graphon’ norm and g (2% Q) — u(2xQ), then the functionals defined by (1.1) I'-converge
under the only assumption that f be continuous and a very mild technical assumption (see
(5.2)).

We now describe more in detail the content of the paper. In Section 2 we recall some
preliminaries on Sobolev functions and introduce the quasicontinuous representative @ of a
function u € W(} (), which is needed in the precise definition of the functionals (1.1) and
(1.2), when py or p are not absolutely continuous with respect to the Lebesgue measure.

In Section 3 we introduce the space MLP(Q x Q) of Radon measures on  x Q with
finite ‘Sobolev cut norm’, defined as

Lo 1]

Il = sun{| [ plohimnte. )] o € CX@ el 91, < 1},

where || - [|1,, is the norm in Wol’p(Q). We prove that, if 4 € MWP(Q x Q) and u,v €



W, P(€2) N L>®(2) with compact support in €2, we have

[ aedute )| < lulolulplel.
QxQ

and the integral does not depend on the choice of the quasicontinuous representatives (see
Theorem 3.4).

In Section 4 we prove some continuity results for double integrals. We consider pyg, u €
MEP(Q x Q) with g (2xQ) < +oo, p(QxQ) < 400, and

lug — pnllo— 0 and  pp(Q2xQ) — w(Q2xQ).

If uy, vy, are sequences in Wol P(Q) N L>®(Q) converging to u, v weakly in VVO1 P(Q) and with
supy (|| uk oo + [|Vk|l00) < 400, then we have

Jim fug(z), vp(y))dpr(z,y) = f(u(z),v(y))du(z,y)
=T JOxO QxQ

for all continuous functions f: R? — R (see Corollary 4.5). This result is obtained by
considering first the special case f(s,t) = st (see Corollary 4.2), from which the result can
be obtained for a general polynomial (see Proposition 4.4), and eventually for an arbitrary
continuous function by approximation.

Finally, in Section 5 we consider non-negative continuous functions f, and prove the
above-mentioned I'-convergence results (see Theorem 5.1). Note that no convexity assump-
tion on f is needed.

2 Preliminaries on fine properties of Sobolev functions

Throughout the paper we fix 1 < p < 400, d > 1, and a bounded open subset Q of RY.
We consider the Sobolev space VVO1 P(02) endowed with the norm

1/p
fulhp = ( [ 1vupaz) ™.

Its dual is denoted by W~14(Q), where % + % =1, and this norm is denoted by || - ||-1,4-
For all subset A C Q the capacity of in Q is defined as

Cip(A) = inf{/ |VulPdx :u € Wol’p(Q), u > 1 a.e. in a neighbourhood of A}.
Q
A function f: Q — R is quasicontinuous if for every € > 0 there exists an open set U C €2

with C1,(U) < e such that the restriction of to Q \ U is continuous. It is known (see
e.g. [10, 7]) that each function u € Wol’p(Q) has a Borel quasicontinuous representative,



which we denote by u, in the sense that u is Borel measurable and quasicontinuous and
u = u almost everywhere in €. Such a representative is unique up to sets of zero capacity.

Let M(2) denote the space of signed Radon measures on €2, which can be identified
with the dual of C%(Q2). We say that p € M(Q) belongs to W~14(Q) if there existe C > 0
such that

| / pdn| < Cligl,  forall p € C2(9).
Q

In this case there exists a unique T, € W~14(Q) such that
(T, @) = / edp for all p € C°(Q), (2.1)
Q

where (-,-) denotes the duality product between W~14(Q) and WO1 P(Q). In other words
p and Ty, coincide as distributions on €). For notational convenience, we shall sometimes
directly write u in the place of T, when the distinction between the two is not relevant.

In the following theorem we recall a property of sets of zero C p-capacity (see [9]) and
an integral representation of 7}, that can be deduced from a result of Brezis and Browder
[3].

In order to simplify the notation, we introduce the space

WiP(Q) = {ue Wol’p(Q) : u has compact support in Q}.

Theorem 2.1. Let p € M(Q) N W=44(Q). Then for every A C Q with Cy,(A) = 0-
capacity A is |u|-measurable and

ul(4) =0 (2:2)
If u € W2P(Q) N L®(Q), then

(T, ) :/Qﬂdu. (2.3)

If, in addition, u > 0, then, for all u € Wol’p(Q), we have u € LY(Q; 1) and (2.3) holds.

3 Sobolev graphons

Graphons are functions p defined on (0,1) x (0,1) introduced to study functionals of the
form

/ flu(z), u(y))p(z, y) dz dy,
(0,1)x(0,1)

defined for u € L>°(0,1), especially when f(u,v) = |u — v|?>. The functionals above are
introduced as a generalization, and in some sense a limit, of energies on dense graphs [5, 11].
To that end, the space of graphons is equipped with the so-called cut norm

lpllo =" sup
b (0,)—[0,1]

/ (@)Y (y)p(x,y) dx dy|. (3.1)
(0,1)x(0,1)
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We extend the definition of cut norm to arbitrary measures defined on 2 x €2, with
in the place of (0,1). For our purpose it is convenient to take test functions in the Sobolev
space W, ().

Definition 3.1. The space MYP(Q2 x Q) is defined as
MPP(Qx Q)= {peMQxQ): |ulo < +oo}, (3.2)

where the Sobolev cut norm of u is defined as

Il = sunf| [ plappudute. )] o6 € CE@.lelp 6l <1} (33

We let Mfr’p(Q x Q) denote the cone of the positive measures in MIP(Q x ).

Remark 3.2. We make some observations on the convergence in the space MY“P(Q x
), and in particular we compare it with weak* convergence in M(€ x Q) and with the
convergence W~14(QxQ).

(i) || - lo defines a norm on MMP(Q x Q);

(ii) if u belongs to W=19(Q x Q), then ||ullo < ||pll-14- Indeed in such a case the
function ®(z,y) = ¢(x)y(y) belongs to Wol’p(Q x ) and

/ VoPdedy = / D) Vo) + p(2)Ve(y)Pde dy
QxQ QxQ

< C A Q!¢(?J)|p\V90(x)|p+|<P(ﬂf)!p|V¢(y)|pdwdy <C
so that
[ e@vwdate. )] < Clull v
QXQ
(iii) if pug, o € MUP(Q x Q) and g — pllo — 0, then
| ez > [ el (3.4)
QxN QxQ

for all p,v € C*(Q). If in addition supy, |ux|(22xQ) < +oo, then (3.4) and a density
argument imply that j; converges to p weakly™ in M(Q x €2);

(iv) if pp and p? are such that p) converge to p/ in W~14((2), then the measures
[k = pi ® p2 converge to u = u! ® u?;

(v) if supy ||prllo < 400 and ug converges to some p weakly™ in M(Q2 x Q), then
p € MEP(Q x Q) and ||p||o < liminfy, || ||o;

Note that MYP(Q2xQ) is strictly larger than M(Q2xQ) N W~19(QxQ), and in partic-
ular its convergence is weaker than convergence in W~24(2x)). Some examples of this
inclusion are given below.



Example 3.3. (i) The first example is simply a Dirac delta p = §(zo,yo) for zg,yo € .
Indeed if d < p < 2d, then p does not belong to W~14(Q2 x Q), while

[ earwduta.s)]| = o) < Clelill,

where the inequality follows from the embedding of I/VO1 P(Q) into L>®(Q).

(ii) We can also exhibit an example where p is absolutely continuous with respect to
£ with density of the form m(x)m(y). We choose d = 1, p = 2, Q = (—1,1), and

1
|| log|z| log | log x| log? |log | log z||

Note that m € L*(0,1) so that u € M52(Q x Q). If we take

{‘log‘log\/aﬂ—i—y “ if /22 +y2 < 1/e,

otherwise,

then w € T/V01’2((—17 1)2) but f(_1 2 wdp = 400. By Theorem 2.1, this shows that p ¢
Wh2(-1,1)%).

Theorem 3.4. Let i € MYP(Q x Q). Then for every A C Q with Cy,(A) = 0 the sets
A xQ and Q x A are |u|-measurable and

(A x Q) = |2 x A) = 0. (3.5)

Moreover, for all u,v € W2P(Q) N L>®(Q) we have

[ aitdute )| < lelolullol,. (36)
Q><Q

Proof. Fix ¢ € C°(2), and let pyy, € M(Q) be defined by

py(B) = Y(y)du(x,y) for all Borel sets B CC Q. (3.7)
BxQ

Since

/ (@) dpy () = / (@) (y)du(, y) for all p € C(9),
Q QxQ

by the definition of ||u||g we have

[ @@ < lnlolwl el for a o € C=(0). (3.8)



Hence, py € M(Q) N W—1He(Q).

Let B C Q be a Borel set with C ,(B) = 0. Let £’ be an open set with ' CC Q, and
let 9. be a non-decreasing sequence of non-negative functions in C°(2') converging to the
constant 1 in €2. By the definition of s, and Theorem 2.1, we have

Ur(y)dp(z, y) = py, (B) = 0.
Bx$Q

Letting ¥ — 400 we deduce u(B x Q') = 0. Since this holds for all Borel subsets of
B we deduce that |u|(B x ) = 0. By the arbitrariness of Q' CC  we finally obtain
|pu|(B x ) = 0. For a general A C Q with C ,(A) = 0 it is sufficient to observe that there
exists a Borel set B such that A C B C 2 and C ,(B) = 0. This implies that A x 2 and is
|p|-measurable and |u|(A x Q) = 0. A similar argument proves the same result for {2 x A.

Let T}, € W~19(€2) be defined as in (2.1) with p replaced by . Fix u € WP (Q) N
L>(Q). Then, by Theorem 2.1 and the definition of p,, we have

(T, 1) = /Q () dpry () = / (@) (y)du(z, ).

QxQ

By (3.8) we have ||T},,[|-1,4 < [[ulloll®]l1p, so that the previous equality gives

[ a@dute. )] < lelolélhlul, (3.9)
QxQ

for all u € W2P(Q) N L®(Q) and every ¢ € C°(9Q).
Fix u € WP (Q) N L=(Q) and let p* € M() be defined by

pt(B) = / u(x)du(z,y) for all Borel sets B CC Q. (3.10)
QxB

Since

/ B(y)du(y) = / () (y)du(z, ) for all § € C2(9),
Q QxN

thanks to (3.9) we then have

1pllull1,p for all ¢ € C°().

| /wa)duu@)‘ < lullolly

Hence, p* € M(Q2) N W~19(Q), and, using the notation above, we obtain

[Tyl -10 < lpllollullp -

By Theorem 2.1 and the definition of u“, we then have
To) = [ 3w ) = [ aa))dulr.),
Q QxQ
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Together with the previous inequality this gives

[ a@idute )| < lelolullol,.
QxQ

which concludes the proof of (3.6). O

4 Continuity properties of some double integrals

In this section we find conditions on f, ug, vk, u, v, ug, and g which imply the convergence

i [ @), w)dmey) = [ F),5)dut. )
10 JaxO QxQ

We begin with the case f(s,t) = st. Subsequently, we consider the case when f is a
polynomial, and finally an arbitrary continuous function by approximation.

Lemma 4.1. Let i € /\/lip(Q x Q) and let uy, vy, be sequences in WP () N L() con-
verging to u,v weakly in WYP(Q). Assume that there exist a compact set K C Q and a
constant M such that

supp(ug) Usupp(vg) C K and |[ugllco + ||vg]lco < M, (4.1)
where || - || denotes the norm in L>°(Q) Then
Jin [ @@y = [ G, (42)
—+oo Jaxq axQ
Proof. We write
| a@nwdatey) - [ a@idute.)
QxQ QxQ

- / (@ () — ()P (y)dpa( y) + / () (Tly) - Tw))du(z.y).  (4.3)
QxQ OxN
The first integral in (4.3) is estimated by

| / (s o) — )0t )| < M [ [iie) — ) ply)dur. )
QOxQ QOxQ

= M(Ty,, lur —ul) = o(1) (4.4)



as k — 400, where % is any function in C°(Q) with 0 < < 1in Q and ¢ = 1 on K, and
ty is defined in (3.7), and the convergence to 0 follows from the fact that |uy —u| — 0
weakly in W, P(€). Moreover, if u* is defined in (3.10), we have

/ () (@ (y) — 5(y))dpe y) = (T, vg — v) = o(1) (4.5)
QxQ

as k — 4o00. The convergence to 0 follows from the fact that vy — v — 0 weakly in
Wy (9 O
0" ().

Corollary 4.2. Under the same hypotheses of Lemma 4.1, let y, € MYP(Q x Q) with
llpe — pllo — 0. Then

Jin [ Gy = [ i)t (4.6)

Proof. It suffices to remark that

[ a@unwdatey - [ G| < lu - ol
QxQ QxQ

and that the right-hand side tends to 0. The conclusion then follows from Lemma 4.1. O

Proposition 4.3. Let P: R? — R be a polynomial function and let o, € C°(Q). Let
My [t € Mi’p(Q x Q) with ||pr — pllo — 0, let ug, v be sequences in Wol’p(Q) N L>(9)
converging to u,v weakly in Wol’p(Q) and equibounded in L>°(Y). Then

kligl s@(x)@b(y)P(ﬂk(:ﬂ),5k(y))duk(w,y)=/ p(x)Y(y)P(u(z),v(y))du(z, y).
=T JOxN QxQ (4.7)

Proof. Tt is sufficient to consider P(s,t) = s™¢" for some non-negative integers m,n. We
define wi(z) = p(z)ur(z)™ and zx(y) = Y(y)vk(y)™. Observe that wy,z, satisfy the
hypotheses of Lemma 4.1, weakly converging in Wol’p(Q) to w, z given by w(z) = p(z)u(z)™
and z(y) = ¥(y)v(y)". Since

p(@)(y) Pluk(z), vr(y)) = we(z) 2(y),  @(@)P(y) Plu(z), v(y)) = w(z) 2(y),

the claim then follows by Corollary 4.2. 0



In the next proposition we consider a stronger condition on the convergence of u to u
which allows to avoid the multiplication by the cut-off functions in the previous proposition.
Note that the second condition in (4.8) is necessary for the validity of (4.9) when P is a
constant.

Proposition 4.4. Let P: R? — R be a polynomial function. Let py, i € ./\/li’p(Q x ) with
pr(2xQ) < +oo and p(2xQ) < +o0o. Suppose that

Ik — gl =0 and  p(@xQ) = p(2xQ). (48)

Let ug, v, be sequences in Wol’p(Q) NL>®(Q) converging to u,v weakly in Wol’p(Q) and with
supy, ([|uklloo + [[vklloc) = M < 400. Then

Jim [ P (x) 5y (o) . ) = /Q Plia). d)du(r.y). (19

Proof. By Remark 3.2(iii) the first condition in (4.8) implies that pp — p weakly* in
M(QxQ). This, together with the second condition in (4.8), gives ui(B) — u(B) for all
Borel sets in © x Q such that u(0B N (2 x 2)) = 0. Then, for every € > 0 there exists a
compact set K. of € such that

p((2x )\ (Ke x Ke)) <e and pp((Q2x Q) \ (K x K;)) < € for every k. (4.10)
Let p. € C°(Q) with 0 < . < 1in Q and ¢, =1 on K., and let
Cy = max{P(s,t) : s,t € [-M, M]}.
With this choice
[ P, i) dines) = [ pula)oe ) Paa).5ulw)dus(a,n)] < Coe
a

nd
[ P30 duey) — [ o)) PE), 50)dute,y)]| < Core.
Qx0 QxQ

By (4.7) with ¢ = ¢ = ¢. we then deduce

limsup‘/ P(uy(x), vk (y))dpk (2, y) — P(ﬂ(x)ﬁ(y))du(w,y)’ <2Cpe,
k—+o00 'JOxQ QxQ
from which we obtain (4.9) by the arbitrariness of ¢. O

We are now ready to prove the result for an arbitrary continuous function f.
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Corollary 4.5. Let f: R?2 — R be a continuous function. Under the assumptions of
Proposition 4.4 we have

Jim [ @), )y = [ f@@). )y (1)
=10 Jax0 QxQ

Proof. Tt suffices to approximate uniformly f by polynomials on [—M, M]? and apply the
previous proposition. ]

Finally, if f is bounded we can remove the hypothesis that u; and vy are bounded in
L.
Theorem 4.6. Let f: R? — R be a bounded continuous function. Let py, pu € M}F’p(Q x 1)
with pk(2xQ) < 400 and p(2xQ) < +00. Suppose that
I —pllo =0 and  (@xQ) = p(@xQ). (4.12)

Let uy, vy, be sequences in Wol’p(Q) converging to u,v weakly in Wol’p(Q), then

Jim [ f@@). )i y) = [ J@@),0)deey). (413)
0 JOaxN QxQ

Proof. For all A > 0 we define the truncation operator
(5) == (s V(=) A\ (4.14)

With fixed A > 1 we set u(z) := 7 (ux(x)) and v)(y) := 7*(vk(y)), and correspondingly,
uMz) = ™ (u(z)) and v (y) := 7 (v(y)). By the uniqueness of the quasicontinuous
representatives, we deduce from (3.5) that ) (z) = 7*(ux(x)) and 9 (x) = 7 (U (x)) for
pr-almost every (z,y) € Qx€. Similarly, we have u*(x) = 7 (u(z)) and v*(z) = 7 (v(x))
for p-almost every (x,y) € QxQ.

Since up — u* and vy — v* weakly in Wol’p(Q), we have

Jim F (@ (@)), 7™ O(y)) dpn (2, y) = F (@), 7 ([0 (y)))du(@, y)
=10 JOx0 QxQ
(4.15)
by Corollary 4.5. To conclude the proof of the result is suffices to estimate
= | [ A ). P e - [ @) adaten)|. (@)
QxQ QxQ
AN = FrA (), ™ (@(y)))dp(z, y) — / f(ﬂ(x)ﬁ(y))du(w»y)‘- (4.17)
QxQ Qx0

11



Let My = sup | f|. Since

Ap < 2Mo py,({(2,y) € 2 x Q: (a(x), Ti(y) & [-A A7),

it is enough to separately estimate
pe({(@,y) € Ax Qrag(x) > A}, we({(2,y) € Qx Qrag(r) < —A}), (4.18)

p({(z,y) € Ax Qrup(y) > A, mw({(z,y) € Qx Q:0e(y) < —A}). (4.19)
For fixed ¢ > 0 let K. be the compact sets introduced at the beginning of the proof of
Proposition 4.4. By (4.10) we have
pe({(z,y) € @ x Q:ag(x) > A}) < upe({(z,y) € Ko x Ko ug(z) > A}) + €. (4.20)
Let ¢, € C°(Q) with 0 < ). <1 and 9. = 1 on K.. Let T be the element in W~14(Q)
defined by
(T.,v) := / B(2) e (y)dp(x, y) for every v € Wy P(Q).
QxQ

Since uy, are equibounded in VVO1 P(Q), by (3.6) there exists C. > 0 and k. € N such that

ur({(z,y) € Ko x K ag(x) > A}) < /Q Q[ﬂk(m’) — A+ 1T (2) Y- (y) dpr (2, v)

<[ fnle) = A+ U b))~ n)e)| + [ [irle) = A+ U bg)dute.y
QxQ

QXN

< Cellpe = pllo + (T fun = A+ 1) = e + (T, fu = A+ 1] 7))

for all k > k.. Now, since lim (Ty_, [u— A+ 1]7]) =0, we can choose \. > 0 such that

A +o00
wr({(z,y) € Ko x K ug(x) > A}) < 2e
for all K > k. and A > A.. By (4.20) this in turn gives
pe({(2,y) € Qx Qaug(x) > A}) < 3e

for all £ > k. and A > ).

In the same way, we can prove analogue estimates for the other measures in (4.18)
and (4.19), which we may assume to hold for the same K. and A, and conclude that
AI)C‘ < 24Mye for all k > k. and A > \.. Similarly we can prove that A* < 24Mge for
A > A.. From these estimates, by (4.15)—(4.17) the claim follows by the arbitrariness
of e. O

We finally prove a lower bound for limits of double integrals.

12



Corollary 4.7. Let f: R? — [0,4+00) be a continuous function. Let py,p € M};p(Q X
Q) with pp(2xQ) < 400, u(2xN) < +oo, satisfying (4.12). Let ug, v be sequences in
W, P() converging to u,v weakly in Wy (Q). Then

Lim inf S (@), oe(y))dpe (2, y) = fa(z), v(y))du(z, y). (4.21)
=T JAxQ QxQ

Proof. For every A > 0 let f* := 7*(f), where 7" is the truncation operator as in (4.14).
By Theorem 4.6 we then have

lim inf f(ug(2), vk (y))dpr(z,y) > lim (), O(y)) dpn(, y)
—+00 Jaxn k—=+oo Jaxa

= (), o(y))dp(z, y).
QxQ
We then conclude by letting A — +oc. O

5 ['-convergence

In this final section we shall prove the I'-convergence and the Mosco convergence of se-
quences of functionals as in (1.1).
Let f: R? — [0, 400) be a continuous function, and let ju, 1 € Mi’p(ﬂ x ). We define

Fy, F: WyP(Q) — [0, +00] by
Fio(u) := fu(z), uly))dpe(z,y) and F(u) := fu(z), uly))dp(z,y).  (5.1)
QxQ QxQ
We assume that f satisfies the following condition: there exists an unbounded set
A C [0,400) and two constants a,b > 0 such that
F(M ), 7)) < af(s,t)+b forall s,t € R and for all A € A, (5.2)

where 77 is the truncation operator defined in (4.14). Note that this condition is valid if f
is bounded (with a = 0) or when f is decreasing by truncations (with a = 1 and b = 0).
Let g, g: Q x R — R be Carathéodory functions satisfying the growth conditions

colél? < gr(,€) < ciléfP +a(z), colél < g(a,€) < crlé? +a(x) for all (x,€) € @ x RY,

(5.3)
for some constants cg, c; > 0 and some function a € L'(Q2). Let Gy, G Wol’p(Q) — [0, 4+00)
be defined by

Gr(u) ::/ng(x,Vu)d:C and  G(u) ::/Qg(:U,Vu)dx. (5.4)

13



Theorem 5.1. Let pg, p € Mi’p(Q x Q) with pi(QxQ) < +o00 and p(2xN) < 4o00. Let
Fy, F be defined as in (5.1) with f: R? — [0,+00) a continuous function satisfying (5.2).
Let Gy, G be defined as in (5.4) with gi,g: Q x R* = R Carathéodory functions satisfying
(5.3). Suppose that

ik — o 0 and  (xQ) = p(OxQ), (5.5)
G = F—klirf G, with respect to the weak convergence in W&’p(Q). (5.6)
—+o00

Then F+ G = I‘—klim (Fx + G) with respect to the weak convergence in Wol’p(Q).

—+00

Proof. By [6, Proposition 8.10] we have to prove that for all u € I/VO1 P(Q) the following
properties hold:
(i) for all uy converging to u weakly in W(} P(Q2) we have

F(u) + G(u) < liminf(Fy(ug) + Gr(ug));

k——+o0
(ii) there exist uy converging to u weakly in VVO1 P(Q) such that

F(u)+ G(u) = lim (Fg(ug) + Gr(ug)).
k—+o00

Claim (i) follows from Corollary 4.7 with vy, = ug and from the liminf inequality for Gy,
which follows from (5.6).

If u € Wy P(Q)NL>®(Q), we deduce from (5.6) that there exists a sequence uy, converging
to u weakly in Wol’p(Q) such that G(ug) — G(u) and |Jug|lcc < M for some constant M and
for all k (see for instance [4, Proposition 2.5]). Setting A = max{f(s,t) : |s| < M, |t| < M},
we may apply Theorem 4.6 with v, = uj, and 7*(f) in the place of f, obtaining (ii).

Let now u € W,P(Q). If F(u) = 400, then claim (ii) follows from claim (i). Suppose
then that F(u) < +o0o. By the validity of claim (ii) for 7*(u) we obtain

F(rM(w) + G (w)) = (r- lim sup(F, + Gk)) (7 (w). (5.7)

k—+o0

By (5.3) we have G(7*(u)) — G(u) as A — +oc0. Since F(u) < +oo, by (5.2) and the
Dominated Convergence Theorem we have F(7(u)) — F(u) as A — 400 with A € A. By
(5.7), using the lower semicontinuity of the I-limsup we get

F(u) +G(u) > (F— lim sup(Fy, + Gk)) (u).

k—4o00

By [6, Proposition 8.10] we then obtain an inequality in claim (ii). The proof is completed
by using claim (i). O
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Remark 5.2 (Mosco convergence). If the functionals G}, converge to G in the sense of the
Mosco convergence in VVO1 P(Q); that is, for all u € I/VO1 P(Q) we have

(i) for all uy converging to u weakly in I/VO1 P(Q) we have

G(u) < liminf Gy (ug);

k—4o00
(ii) there exist uy converging to u strongly in VVO1 P(Q) such that

G(u) = lim Gg(uy),

k—+o0

then also Fj, + G} converges in the sense of the Mosco convergence in I/VO1 P(Q).
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