
Available online at www.sciencedirect.com
ScienceDirect

J. Differential Equations 263 (2017) 8264–8294

www.elsevier.com/locate/jde

Friedrichs systems in a Hilbert space framework: 

Solvability and multiplicity ✩
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Abstract

The Friedrichs (1958) theory of positive symmetric systems of first order partial differential equations 
encompasses many standard equations of mathematical physics, irrespective of their type. This theory was 
recast in an abstract Hilbert space setting by Ern, Guermond and Caplain (2007), and by Antonić and 
Burazin (2010). In this work we make a further step, presenting a purely operator-theoretic description 
of abstract Friedrichs systems, and proving that any pair of abstract Friedrichs operators admits bijective 
extensions with a signed boundary map. Moreover, we provide sufficient and necessary conditions for 
existence of infinitely many such pairs of spaces, and by the universal operator extension theory (Grubb, 
1968) we get a complete identification of all such pairs, which we illustrate on two concrete one-dimensional 
examples.
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1. Introduction

Following his research on symmetric hyperbolic systems [19], Friedrichs [20] introduced the 
concept of ‘positive symmetric system’, today customarily referred to as the Friedrichs system, 
encompassing a wide variety of equations of mathematical physics, including classical elliptic, 
parabolic and hyperbolic equations, which can be adapted, or rewritten, in the required form.

More precisely, for a given open and bounded set � ⊆Rd with Lipschitz boundary �, let the 
matrix functions Ak ∈ W1,∞(�;Mr ) and C ∈ L∞(�;Mr ) satisfy Ak = A∗

k and

(∃μ0 > 0) C + C∗ +
d∑

k=1

∂kAk � 2μ0I a.e. on �.

Then the first-order differential operator T : L2(�)
r −→ D′(�)r defined by

T u :=
d∑

k=1

∂k(Aku) + Cu

is called the (classical) Friedrichs operator or the symmetric positive operator, while (for given 
f ∈ L2(�)

r
) the first-order system of partial differential equations T u = f is called the (classical) 

Friedrichs system or the symmetric positive system.
However, as pointed out explicitly by Friedrichs himself in [20], the main motivation of his 

approach ‘was not the desire for a unified treatment of elliptic and hyperbolic equations, but the 
desire to handle equations which are partly elliptic, partly hyperbolic, such as the Tricomi equa-
tion’. Friedrichs devised a clever way of representing different boundary (or initial) conditions by 
using a matrix field on the boundary, which – unfortunately – was not intrinsic (i.e., unique) for a 
given set of boundary conditions. Finally, he was only able to prove the existence of weak solu-
tions, and the uniqueness of strong ones, leaving the general question open on the joint existence 
and uniqueness of either a weak or a strong solution.

A number of improvements were made to the theory, and in some special examples the gap 
towards the joint existence and uniqueness was closed, mostly by Friedrichs’ collaborators and 
former students in the following years. Whereas there was some progress in very specific points, 
the topic appeared to be less active from mid 1960s to the late 1990s.

New interest in Friedrichs systems arose from numerical analysis (see, for example, [24]), 
thanks to their feature of providing a convenient unified framework for numerical solutions to 
partial differential equations of different type (a comprehensive overview from this perspective 
can be found in [25]). In turn, this prompted further theoretical investigations of the properties 
of Friedrichs systems [15]. In [18] an abstract Hilbert space approach was introduced, with an 
intrinsic formulation of the boundary conditions, followed by an extensive study in the course of 
the last ten years. Three different, albeit equivalent, abstract representations of boundary condi-
tions were motivated by their classical analogues (as proposed by Friedrichs [20], Friedrichs and 
Lax [21], or Phillips and Sarason [29]). Besides the well-posedness result (Theorem 5 below), 
important recent results include the equivalence of different representations of boundary condi-
tions [2], its relationship with the classical theory [3–6], applications to various (initial-)boundary 
value problems of elliptic, hyperbolic, and parabolic type [7,12,14,15,28], and the development 
of different numerical schemes [10,11,13,15–17].
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In the above-mentioned literature, for each concrete example the goal was to find at least one 
feasible set of boundary conditions such that the corresponding problem is well-posed. However, 
to our best knowledge, that was done without any general result ensuring the existence of such 
boundary conditions. This point constitutes the motivation for our present analysis.

In this work we are concerned with the following general questions, for a given classical 
Friedrichs system T u = f:

(1) the existence of boundary conditions for which the problem is well-posed;
(2) the possibility that there exist infinitely many different boundary conditions of well-

posedness;
(3) an efficient classification of such boundary conditions for which the problem is well-posed.

By reformulating these questions into the abstract intrinsic setting of [18,2], which is taken 
as the starting point in this paper, we provide complete answers to (1) and (2) (our first main 
result: Theorem 13), and also a convenient approach to (3), producing in particular a complete 
and operational classification of the most relevant sub-class of Friedrichs operators (our second 
main result: Theorem 18).

In order to do so, in Section 2 we move from the abstract intrinsic construction of [18,2]
and we re-write it in a purely Hilbert space operator-theoretic language. In Section 3 we use the 
Kreı̆n space theory to state rigorously and to prove our main result on existence and classifica-
tion of Friedrichs operators. In Sections 4 and 5 we make a fruitful connection between abstract 
Friedrichs operators and the operator extension theory arising from the so-called universal clas-
sification of extensions [22,23], which allows us to classify all relevant isomorphic realisations 
of Friedrichs operators. Finally, in Section 6 we present concrete applications of our theoretical 
results to two instructive examples of first order ordinary differential operators.

Notation. Most of our notation is standard, let us only emphasise the following. By L we denote 
a complex Hilbert space with scalar product 〈 · | · 〉L, which we take to be linear in the first 
and anti-linear in the second entry. The topological (anti)dual L′ will be identified with L by 
means of the usual duality (the Riesz representation theorem). For any Banach space W by 
W ′〈 ·, · 〉W we denote the corresponding dual product between W and its (anti)dual W ′. For a 
densely defined linear operator A : L → L we denote by domA, A, A∗ its domain, closure (if 
it exists), and adjoint, respectively. For V ⊆ L, the restriction of A to V is denoted by A|V . By 
〈 · | · 〉A := 〈 · | · 〉L + 〈 A· | A· 〉L we denote the graph scalar product, while the corresponding 
norm ‖ · ‖A := √〈 · | · 〉A is called the graph norm. If A = A∗, then A is said to be self-adjoint, 
while the infimum of its spectrum is called the bottom. The identity operator is denoted by 1. For 
a direct sum between two vector spaces we use the symbol �. We write 
 for the orthogonal 
difference in order to express in which Hilbert space the orthogonal complement is taken.

2. Abstract Friedrichs systems and their Hilbert space formulation

The process of inference of those essential features that qualify abstract Friedrichs operators, 
following the ideas of concrete realisation of pointwise conditions for a first-order system of 
partial differential equations introduced in [29], has been carried out in [18,2] for real vector 
spaces, while the required differences for complex vector space have been supplemented more 
recently in [4]. Let us first briefly review this procedure, and then present a more natural purely 
Hilbert space formalism for the abstract formulation.
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Definition 1. A (densely defined) linear operator T on a complex Hilbert space L is called an 
abstract Friedrichs operator if it admits another (densely defined) linear operator T̃ on L with 
the following properties:

(T1) T and T̃ have a common domain D, which is dense in L, satisfying

〈T φ | ψ 〉L = 〈φ | T̃ ψ 〉L , φ,ψ ∈ D ;

(T2) there is a constant c > 0 for which

‖(T + T̃ )φ‖L � c‖φ‖L , φ ∈D ;

(T3) there exists a constant μ0 > 0 such that

〈 (T + T̃ )φ | φ 〉L � 2μ0‖φ‖2
L , φ ∈D .

The pair (T , ̃T ) is usually referred to as a joint pair of abstract Friedrichs operators (the defini-
tion is indeed symmetric in T and T̃ ).

Abstract Friedrichs operators are modelled on classical concrete examples of boundary value 
problems for first order systems of partial differential equations, as mentioned in the Introduc-
tion, and in that setting the main problem is the well-posedness of the boundary value problem, 
namely, the existence and uniqueness of the solution, as well as its continuous dependence on 
given data.

The abstract boundary value problem for a Friedrichs operator is determined by an extended 
domain V ⊇D on which the problem T u = f has a unique solution u ∈ V , for each given f ∈ L.

More precisely, let us consider the abstract construction introduced in [18], which starts with 
the given joint pair of abstract Friedrichs operators (T , ̃T ):

• Pair (T2, T̃2): one equips D with the usual graph-norm topology associated to T , induced by 
the scalar product

〈φ | ψ 〉T := 〈φ | ψ 〉L + 〈T φ | T ψ 〉L , φ,ψ ∈ D ;

the completion of D in the graph norm ‖ · ‖T := √〈 · | · 〉T (which is equivalent to ‖ · ‖T̃ due 
to (T2)) yields a complete space, which we denote by W0: as a consequence of condition 
(T1), W0 ⊆ L and both T and T̃ extend uniquely to bounded linear operators defined on 
the whole W0, and with values in L; we shall denote this new pair of abstract Friedrichs 
operators by (T2, ̃T2).

• Pair (T3, T̃3): with respect to the Gel’fand triplet

W0 ↪→ L ≡ L′ ↪→ W ′
0

(the first embedding is continuous and dense, where W0 is equipped with graph-norm topol-
ogy), let T3 := T̃ ′

2 : L → W ′
0 and T̃3 := T ′

2 : L → W ′
0 be the Banach adjoints (respectively) to 

T̃2 and T2.
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• Pair (T4, T̃4): the following two expressions determine the same space

W := {u ∈ L |T3u ∈ L} = {u ∈ L | T̃3u ∈ L} ⊆ L,

called the graph space, which in turn identifies the restrictions T4 := T3|W and T̃4 := T̃3|W .

This produces the maximal pair of abstract Friedrichs operators (T4, ̃T4), i.e., the maps 
T4, ̃T4 : W → L are associated to the initial pair (T , ̃T ). In particular, T ⊆ T4 and T̃ ⊆ T̃4 (see 
Theorem 7(iii) below). It is worth remarking that so far only the properties (T1) and (T2) from 
the definition above have been exploited.

The well-posedness problem for a given abstract Friedrichs operator T can now be formulated 
as follows:

to find restrictions of T4 to a suitable subspace V , with W0 ⊆ V ⊆ W , such that T4|V : V → L

is an isomorphism, namely a continuous bijection, when V is equipped with the graph-norm 
topology.

In fact, the continuity (in the graph norm) holds for any restriction of T4 to a closed subspace
of W , so the actual core of the problem is bijectivity. It also turns out that the above question for 
T4 is intimately related with the same question for T̃4.

In [18,4] sufficient conditions on V were produced for the restriction T4|V : V → L to be an 
isomorphism. They are formulated in terms of the boundary operator associated with the pair 
(T4, ̃T4), namely the continuous map

D : (W, 〈 · | · 〉T4) → (W, 〈 · | · 〉T4)
′

W ′〈Du,v 〉W := 〈T4u | v 〉L − 〈u | T̃4v 〉L , u, v ∈ W .
(1)

It can be easily seen [4, Lemma 1] that D is symmetric, i.e.,

W ′〈Du,v 〉W = W ′〈Dv,u 〉W , u, v ∈ W , (2)

and that

kerD = W0 . (3)

In particular, for any u ∈ W we have

〈T4u | u 〉L − 〈u | T̃4u 〉L ∈ R . (4)

Definition 2. For a given joint pair of abstract Friedrichs operators (T , ̃T ), a pair (V , ̃V ) of 
linear subspaces of W is said to allow the (V)-boundary conditions relative to (T , ̃T ) when the 
following properties are satisfied:

(V1) the boundary operator has opposite sign on V and on Ṽ , in the sense that

(∀u ∈ V ) W ′〈Du,u 〉W � 0 ,

(∀v ∈ Ṽ ) ′〈Dv,v 〉 � 0 ;
W W
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(V2) the image, via D, of either space has as annihilator the other space, namely,

V = D(Ṽ )0 and Ṽ = D(V )0 ,

where 0 stands for the annihilator.

Remark 3. The above conditions (V1) and (V2) can be naturally reformulated in terms of the 
corresponding indefinite inner product [2].

Remark 4. It is worth observing that condition (V2) has two relevant consequences. First, since 
taking the annihilator produces a closed subspace of W , both V and Ṽ are closed in W when 
(V2) holds. Moreover, even though V and Ṽ are not required to be supersets of W0, one deduces 
from (V2) that

kerD = W0 ⊆ V ∩ Ṽ .

Let us also remark, as was pointed out in [4, Remark 2], that if V is a closed space (in the 
graph-norm) such that W0 ⊆ V ⊆ W , then V = D(D(V )0)0 (see Lemma 11), thus implying that 
the sole condition Ṽ = D(V )0 is enough to ensure (V2).

Theorem 5 (Sufficient criterion for well-posedness of a Friedrichs system, [18,4]). Let (T , ̃T ) be 
a joint pair of abstract Friedrichs operators on the Hilbert space L. If (V , ̃V ) is a pair of lin-
ear subspaces of W allowing the (V)-boundary conditions, then the restrictions T4|V : V → L

and T̃4|Ṽ : Ṽ → L are isomorphisms, where V and Ṽ are both equipped with the graph 
norm.

In short, if the pair of operators (T , ̃T ) satisfies both conditions (T1)–(T3) and (V1)–(V2), 
then T4|V and T̃4|Ṽ are isomorphisms.

Remark 6. We stress that isomorphism refers to the map between the Hilbert space (V , 〈 · | · 〉T4), 
namely V equipped with the graph norm topology, and the Hilbert space L equipped with its 
usual norm topology. In fact, as we shall often do in the following, this is tantamount to saying 
that the operator is closed and acts bijectively between V and L. Indeed, a densely defined and 
closed operator T : X → Y between Banach spaces X and Y , which is also a bijection from 
domT to Y , is a (domT , ‖ · ‖T ) → Y continuous map whose inverse is a Y → (domT , ‖ · ‖T )

continuous map, and as such T is an isomorphism between (domT , ‖ · ‖T ) and Y . For future 
purposes it is convenient to highlight also the next elementary property, that follows from the 
previous one: a densely defined and closed operator T : X → Y between Banach spaces X and Y , 
which is also a bijection from domT to Y , has an inverse T −1 which is necessarily everywhere 
defined and bounded (with respect to the norm topologies of Y and X). Thus, in the present case, 
Theorem 5 produces bijections T4|V : V → L and T̃4|Ṽ : Ṽ → L whose inverses are everywhere 
defined in L and bounded on L.

As mentioned already, the above procedure was motivated by concrete realisations of Friedri-
chs systems as boundary value problems for partial differential operators with suitable boundary 
conditions; as such, the overall formulation is naturally expressed by duality arguments.
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On the other hand, further insight in abstract Friedrichs operators on Hilbert spaces is to be ex-
pected when the previous construction is rephrased solely in the Hilbert space operator-theoretic 
language. As we shall see in the sequel, this will allow us to formulate and successfully address 
additional questions related to the well-posedness of Friedrichs systems.

With this perspective, let us first revisit the abstract construction of Friedrichs operators, char-
acterising the intermediate pairs of operators (Tj , ̃Tj ).

Theorem 7 (Hilbert space construction of Friedrichs operators). Let (T , ̃T ) be a joint pair of 
abstract Friedrichs operators on Hilbert space L, and let (T2, ̃T2), (T3, ̃T3) and (T4, ̃T4) be the 
pairs of operators obtained from (T , ̃T ) as in the preceding construction.

(i) The operators T and T̃ are closable and their closures have the common domain W0. More-
over, the pair (T2, ̃T2) satisfies

T2 = T , T̃2 = T̃ .

Furthermore, the pair (T , ̃T ) satisfies conditions (T1)–(T3) on W0 and the corresponding 
graph norms ‖ · ‖T and ‖ · ‖

T̃
are equivalent Banach norms on W0.

(ii) The pair (T3, ̃T3) satisfies

T3|W0 = T2 = T ,

T̃3|W0 = T̃2 = T̃ ,

whereas

T3 + T̃3 = T + T̃

is a (everywhere defined) bounded operator in L. The graph norms ‖ · ‖T3 and ‖ · ‖T̃3
are 

equivalent on W .
(iii) The pair (T4, ̃T4) satisfies

T ⊆ T4 = T̃ ∗ ,

T̃ ⊆ T̃4 = T ∗ .

Thus, in particular, T ∗ and T̃ ∗ are defined on the common domain W . Moreover, T + T̃ is 
a bounded self-adjoint operator in L with strictly positive bottom.

From Theorem 7 above, for a joint pair of abstract Friedrichs operators (T , ̃T ) one has T ⊆ T̃ ∗

and T̃ ⊆ T ∗, and T + T̃ is an everywhere defined, bounded self-adjoint operator in L with strictly 
positive bottom. Since the converse of this statement is trivially satisfied, we have the following 
characterisation of the original (T1)–(T3) conditions, which for its relevance we cast in separate 
theorem.
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Theorem 8 (Hilbert space formulation for abstract Friedrichs operators).

(i) For a pair of operators (T , ̃T ) on the Hilbert space L,

condition (T1) ⇐⇒
{

T ⊆ T̃ ∗

T̃ ⊆ T ∗ .

(ii) Therefore, a pair of operators (T , ̃T ) on the Hilbert space L is a joint pair of abstract 
Friedrichs operators on L if and only if T ⊆ T̃ ∗, T̃ ⊆ T ∗, and T + T̃ is an everywhere 
defined, bounded, self-adjoint operator in L with strictly positive bottom.

Theorem 7 re-does the construction of Friedrichs operators and Theorem 8 characterises 
Friedrichs operators in a purely Hilbert space language. The next result does the same con-
cerning condition (V2).

Theorem 9. Let (T , ̃T ) be a pair of operators on the Hilbert space L satisfying conditions
(T1)–(T2), and let (V , ̃V ) be a pair of subspaces of L. Then

condition (V2) ⇐⇒

⎧⎪⎪⎪⎨⎪⎪⎪⎩
W0 ⊆ V ⊆ W, W0 ⊆ Ṽ ⊆ W

V and Ṽ closed in W

(T̃ ∗|V )∗ = T ∗|Ṽ
(T ∗|Ṽ )∗ = T̃ ∗|V .

That is, condition (V2) is equivalent to the fact that the spaces V and Ṽ are included between 
W0 and W , and are closed in W , with the restrictions T̃ ∗|V and T ∗|Ṽ being mutually adjoint.

Remark 10. By Theorem 7(i), if (T , ̃T ) is a joint pair of abstract Friedrichs operators, then so is 
(T , ̃T ).

With Theorems 7, 8 and 9 above we have thus completed the programme of translating the 
notions of abstract Friedrichs operators and the well-posedness of boundary value problems from 
the form in which they are discussed so far in the literature [2,18,4] into an equivalent, purely 
Hilbert space operator-theoretic form.

Let us present the proofs of the above results in the remaining part of this Section.

Proof of Theorem 7. Part (i). From (T1) we can deduce that T̃ ⊆ T ∗ and T ⊆ T̃ ∗. In particular, 
both adjoints are densely defined, and T and T̃ are closable. It is easy to check that by (T2) 
the norms ‖ · ‖T and ‖ · ‖T̃ are equivalent on D, which gives rise to the same completion W0 =
domT = dom T̃ , having used that the domain of the closure is the completion of operator domain 
with respect to the graph norm. Identities T2 = T and T̃2 = T̃ also follow immediately. For any 
φ ∈ W0 there is a sequence (φn) in D such that φn → φ, T φn → T φ and T̃ φn → T̃ φ in L. Thus, 
after passing to the limit, it is easy to verify that (T1)–(T3) extend to W0, where the operators are 
replaced by their closures.
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Part (ii). For any u ∈ L, the action of T3 is given by

(∀φ ∈ W0) W ′
0
〈T3u,φ 〉W0 := 〈u | T̃2φ 〉L ,

and analogously for T̃3

(∀φ ∈ W0) W ′
0
〈 T̃3u,φ 〉W0 := 〈u | T2φ 〉L ,

thus obtaining continuous operators T3, ̃T3 : (L, 〈 · | · 〉L) −→ (W0, 〈 · | · 〉T2)
′. Let now φ ∈ W0: 

then, owing to (i), for any ψ ∈ W0 one has

W ′
0
〈T3φ,ψ 〉W0 = 〈φ | T̃2ψ 〉L = 〈T2φ | ψ 〉L = W ′

0
〈T2φ,ψ 〉W0 ,

having made use of the embedding L ↪→ W ′
0. Therefore, T3φ and T2φ are the same functional in 

W ′
0 and, by density of W0 in L, T3|W0 = T2 = T . In the same manner one proves the statement 

for T̃3. In particular, the restriction to D yields T3|D = T and T̃3|D = T̃ , whence the fact that 
(T3 + T̃3)|D = T + T̃ . Last, it is clear from (T2) that T + T̃ is bounded and everywhere defined, 
while it coincides with T3 + T̃3 on the dense subspace D. Both such maps are continuous from 
(L, 〈 · | · 〉L) to (W0, 〈 · | · 〉T2)

′, because L is continuously embedded in W ′
0, thus T3 + T̃3 = T + T̃

on L. In particular, the graph norms ‖ · ‖T3 and ‖ · ‖T̃3
are equivalent on W .

Part (iii). From part (ii) and W0 ⊆ W we have T ⊆ T = T3|W0 ⊆ T4, and similarly T̃ ⊆ T̃4. By 
the definition of T̃3 and W , for any u ∈ W and φ ∈D we have

〈T4u | φ 〉L = W ′
0
〈T3u,φ 〉W0 = 〈u | T̃2φ 〉L = 〈u | T̃ φ 〉L ,

thus implying that T̃4 ⊆ T ∗ (and analogously T4 ⊆ T̃ ∗). Conversely, for any u ∈ domT ∗ we have 
T̃3u = T ∗u ∈ L, because for any φ ∈D

W ′
0
〈 T̃3u,φ 〉W0 = 〈u | T2φ 〉L = 〈u | T φ 〉L = 〈T ∗u | φ 〉L .

Thus, u ∈ W and we have obtained that domT ∗ ⊆ W . The overall conclusion is that T̃4 = T ∗, 
and analogously T4 = T̃ ∗. Moreover, T + T̃ ⊆ T4 + T̃4 = T ∗ + T̃ ∗, while by the density of 
dom(T ∗ + T̃ ∗) = W we have T ∗ + T̃ ∗ ⊆ (T + T̃ )∗. Therefore, T + T̃ is an everywhere defined, 
bounded, and symmetric operator, hence it is self-adjoint. By the boundedness and (T3), T + T̃

has strictly positive bottom, thus concluding the proof. �
The proof of Theorem 9 is in turn based on the following result.

Lemma 11. Let (T , ̃T ) be a pair operators on the Hilbert space L satisfying conditions
(T1)–(T2), and let D : W −→ W ′ be the associated boundary operator defined by (1). Then 
for each pair (V , ̃V ) of spaces between W0 and W one has(

T̃ ∗|V
)∗ = T ∗|D(V )0 and

(
T ∗|Ṽ

)∗ = T̃ ∗|D(Ṽ )0 . (5)

In particular, for any space V such that W0 ⊆ V ⊆ W and V is closed in W , one has V =
D(D(V )0)0.
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Proof. First we see that (T̃ ∗|V )∗ is a restriction of T ∗; indeed, by Theorem 7(iii) we have T ⊆
T̃ ∗|V , implying (T̃ ∗|V )∗ ⊆ T ∗. Thus, we only need to show that dom(T̃ ∗|V )∗ = D(V )0, and we 
shall do it by proving the two opposite inclusions that lead to such identity. For v ∈ D(V )0 and 
u ∈ V we have W ′〈 Du, v 〉W = 0, which together with the very definition of D and Theorem 7(iii) 
yields

〈 (T̃ ∗|V )u | v 〉L = 〈 T̃ ∗u | v 〉L
= W ′〈Du,v 〉W + 〈u | T ∗v 〉L = 〈u | T ∗v 〉L ,

which implies D(V )0 ⊆ dom(T̃ ∗|V )∗. On the other hand, for v ∈ dom(T̃ ∗|V )∗ and u ∈ V we 
have

〈 (T̃ ∗|V )u | v 〉L = 〈u | (T̃ ∗|V )∗v 〉L
= 〈u | T ∗v 〉L = 〈 (T̃ ∗|V )u | v 〉L − W ′〈Du,v 〉W ,

thus obtaining W ′〈 Du, v 〉W = 0. By the arbitrariness of u ∈ V we get v ∈ D(V )0, and hence 
dom(T̃ ∗|V )∗ ⊆ D(V )0. This completes the proof of (T̃ ∗|V )∗ = T ∗|D(V )0 , and the same can be 
argued for (T ∗|Ṽ

)∗ = T̃ ∗|D(Ṽ )0 . If in addition V is closed in W , then T̃ ∗|V is closed, whence

T̃ ∗|V = (
T̃ ∗|V

)∗∗ = (
T ∗|D(V )0

)∗
.

Formula (5) is applicable to D(V )0 as well, since W0 ⊆ D(V )0 ⊆ W (Remark 4), hence(
T ∗|D(V )0

)∗ = T̃ ∗|D(D(V )0)0 ,

and combining the last two identities we finally obtain V = D(D(V )0)0. �
Proof of Theorem 9. Let us first assume that the pair of spaces (V , ̃V ) satisfies condition (V2). 
Then, in particular (Remark 4), both V and Ṽ are included between W0 and W , and are closed 
in W . Moreover, owing to the identities V = D(Ṽ )0 and Ṽ = D(V )0, one deduces at once from 
Lemma 11 that T̃ ∗|V and T ∗|Ṽ are mutually adjoint. On the other hand, let (V , ̃V ) be a pair of 
spaces between W0 and W , closed in W , such that T̃ ∗|V and T ∗|Ṽ are mutually adjoint. Then by 
Lemma 11 and the uniqueness of adjoints, the pair of subspaces (V , ̃V ) satisfies (V2). �
3. Main results: existence, infinity, and classification of Friedrichs operators with signed 
boundary map

Based on the Hilbert space formulation discussed in the previous Section, we shall now focus 
our attention on pairs of closed operators (A0, A′

0) on L satisfying

A0 ⊆ (A′
0)

∗ =: A1 and A′
0 ⊆ (A0)

∗ =: A′
1 , (6)

and such that A0 + A′
0 is bounded on L and extends to an everywhere defined, bounded, self-

adjoint operator in L with strictly positive bottom. In view of Theorem 8, we shall refer to any 
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such (A0, A′
0) as a joint pair of closed abstract Friedrichs operators. Observe that by parts (i) 

and (iii) of Theorem 7 this definition implies that

domA0 = domA′
0 =: W0 and domA1 = domA′

1 =: W . (7)

In particular, we are interested in restrictions A1|V and A′
1|Ṽ onto suitable subspaces V and Ṽ

of L which satisfy conditions (V1)–(V2). As may be argued by using Theorem 9, this is precisely 
the class of restrictions A1|V and A′

1|Ṽ onto spaces V and Ṽ such that

W0 ⊆ V ⊆ W and W0 ⊆ Ṽ ⊆ W , (8)

and satisfying the property that A1|V and A′
1|Ṽ are mutually adjoint (thus, in particular, A1|V

and A′
1|Ṽ are closed operators) and

(∀u ∈ V ) W ′〈Du,u 〉W = 〈A1u | u 〉L − 〈u | A′
1u 〉L � 0 ,

(∀v ∈ Ṽ ) W ′〈Dv,v 〉W = 〈A1v | v 〉L − 〈v | A′
1v 〉L � 0 .

(9)

We shall refer to any such pair (A1|V , A′
1|Ṽ ) as an adjoint pair of bijective realisations with 

signed boundary map relative to the given joint pair of closed abstract Friedrichs operators 
(A0, A′

0).

Remark 12. If V = Ṽ , i.e., if the domains of the two operators of the considered adjoint pair of 
bijective realisations with signed boundary map are equal, then in (9) we have equalities.

As commented already in Remark 10, one may think of (A0, A′
0) as a pair of closed operators

A0 := T and A′
0 := T̃ , (10)

where (T , ̃T ) is a joint pair of abstract Friedrichs operators. Moreover, for their adjoints we have

A1 := (A′
0)

∗ = T̃ ∗ and A′
1 := (A0)

∗ = T ∗ .

It is immediate that there is a one-to-one correspondence between all pairs of isomorphisms 
induced by Theorem 5 with respect to (T , ̃T ), and all adjoint pairs of bijective realisations with 
signed boundary map relative to (A0, A′

0), i.e.
(
T , ̃T

)
.

As observed in Remark 6, since A1|V is closed and bijective onto L, then (A1|V )−1 is nec-
essarily everywhere defined and bounded, so we may also speak of A1|V as of an isomorphic 
realisation of A0 with signed boundary map.

It is also worth stressing that the fact that a closed operator S satisfies A0 ⊆ S ⊆ A1 is equiv-
alent to A′

0 ⊆ S∗ ⊆ A′
1.

The interest towards such pairs (A1|V , A′
1|Ṽ ) is two-fold: first, when (V1)–(V2) hold, A1|V

and A′
1|Ṽ are bijections onto L (Theorem 5), thus providing a sufficient criterion of well-

posedness of the abstract Friedrichs system; moreover, (V1)–(V2) encode the most relevant class 
of boundary conditions, as it may be seen from a large variety of concrete examples of boundary 
value problems on which such conditions are modelled (we surveyed the related literature in the 
Introduction).
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Our main goal is to address the so far unanswered problem, given a joint pair of closed abstract 
Friedrichs operators (A0, A′

0), of whether bijective realisations of A0 with signed boundary map 
do exist, with which multiplicity, and possibly according to which general classification. Whereas 
in this respect one can infer some information from many examples of Friedrichs operators, 
a general discussion is surely still missing.

In fact, the essentially complete answer is contained in our main result, as follows.

Theorem 13. Let (A0, A′
0) be a joint pair of closed abstract Friedrichs operators on the Hilbert 

space L and denote by (A1, A′
1) the corresponding pair of adjoint operators (6).

(i) There exists an adjoint pair of bijective realisations with signed boundary map relative to 
(A0, A′

0). Moreover, there is an adjoint pair (Ar, A∗
r ) of bijective realisations with signed 

boundary map relative to (A0, A′
0) such that

W0 + kerA′
1 ⊆ domAr and W0 + kerA1 ⊆ domA∗

r .

(ii) If both kerA1 �= {0} and kerA′
1 �= {0}, then the pair (A0, A′

0) admits uncountably many 
adjoint pairs of bijective realisations with signed boundary map. On the other hand, if either
kerA1 = {0} or kerA′

1 = {0}, then there is exactly one adjoint pair of bijective realisations 
with signed boundary map relative to (A0, A′

0). Such a pair is precisely (A1, A′
0) when 

kerA1 = {0}, and (A0, A′
1) when kerA′

1 = {0}.
(iii) An explicit (constructive) classification of all adjoint pairs of bijective realisations with 

signed boundary map relative to (A0, A′
0) is possible, the precise formulation of which we 

defer to Theorem 18 below.

In this Section we shall prove parts (i) and (ii). The proof of part (iii) is the object of Sections 4
and 5.

In preparation for the proof, we recall a few useful facts from Kreı̆n space theory (we refer to 
[9] for a standard reference). As recognised first in [2, Lemma 8], the quotient space Ŵ := W/W0
equipped with the indefinite inner product

[ û | v̂ ]Ŵ := W ′〈Du,v 〉W = 〈A1u | v 〉L − 〈u | A′
1v 〉L ,

where û ≡ u +W0 is the element of Ŵ with representative u ∈ W , is a Kreı̆n space. The topology 
on Ŵ induced by the graph norm ‖ · ‖A1 on W (which is equivalent to ‖ · ‖A′

1
by Theorem 7(ii)) 

is admissible. Therefore, there exist subspaces X+, X− ⊆ Ŵ such that

Ŵ = X+ [+̇]Ŵ X− ,

and both (X+, [ · | · ]Ŵ ) and (X−, −[ · | · ]Ŵ ) are Hilbert spaces. Here [+̇]Ŵ denotes the 
[ · | · ]Ŵ -orthogonal direct sum, i.e. X+[+̇]ŴX− if and only if X+ ∩ X− = {0}, and for any 
û+ ∈ X+ and û− ∈ X− one has [ û+ | û− ]Ŵ = 0. The decomposition above is the so-called 
canonical (or fundamental) decomposition of the corresponding Kreı̆n space. One says that the 
Kreı̆n space Ŵ is non-trivial if both X+ �= {0} and X− �= {0}.

The main idea behind the proof of parts (i) and (ii) of Theorem 13 is to show that each 
canonical decomposition of the Kreı̆n space Ŵ identifies a pair of subspaces (V , ̃V ) satisfying 
(V1)–(V2) (Proposition 14). This immediately ensures the existence of an adjoint pair of bijective 
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realisations with signed boundary map relative to (A0, A′
0). The multiplicity of such pairs follows 

from the well known fact that any (non-trivial) Kreı̆n space admits infinitely many canonical 
decompositions. For its relevance in the proof of Theorem 13, we present a proof of this property 
in Lemma 15. As the last preparatory step, in Lemma 16 we provide a sufficient condition for Ŵ
to be a non-trivial Kreı̆n space in terms of (A0, A′

0) (or, more precisely, in terms of their adjoints 
(A1, A′

1)).

Proposition 14. Let Ŵ = X+[+̇]ŴX− be a canonical decomposition of the Kreı̆n space Ŵ =
W/W0. Then the spaces

V := {u ∈ W : û ∈ X+}
Ṽ := {u ∈ W : û ∈ X−}

satisfy (V1)–(V2). In particular, W = V + Ṽ .

Proof. (V1) is satisfied because u ∈ V implies û ∈ X+, so

〈A1u | u 〉L − 〈u | A′
1u 〉L = [ û | û ]Ŵ � 0 ,

and similarly for v ∈ Ṽ . Moreover, as u ∈ W0 implies û = 0, we have that W0 ⊆ V and by 
standard results on quotient spaces (see, e.g., [2, Lemma 7]) this implies that V is closed in W . 
Therefore, in order to check (V2), by Lemma 11 it is sufficient to show that Ṽ = D(V )0. To this 
aim, let v ∈ Ṽ , and hence v̂ ∈ X−: then, for any u ∈ V we have W ′〈 Du, v 〉W = [ û | v̂ ]Ŵ = 0, 
because û ∈ X+; this implies that Ṽ ⊆ D(V )0. Conversely, if v ∈ D(V )0, then v̂ ∈ Ŵ and there 
exist unique v̂+ ∈ X+ and v̂− ∈ X− such that v̂ = v̂+ + v̂−. For any u ∈ v̂+, one has u ∈ V , 
whence also û = v̂+, and

0 = W ′〈Du,v 〉W = [ û | v̂ ]Ŵ = [ û | v̂+ ]Ŵ + [ û | v̂− ]Ŵ = [ v̂+ | v̂+ ]Ŵ .

This forces v̂+ = 0, and hence v̂ = v̂− ∈ X−, which implies v ∈ Ṽ . Last, W = V + Ṽ is a direct 
consequence of Ŵ = X+ + X−. �
Lemma 15. Let K = K+[+̇]KK− be a canonical decomposition of a given Kreı̆n space 
(K, [ · | · ]K) (over R or C). If both K+, K− �= {0} then there are uncountably many distinct 
canonical decompositions, whereas if either K+ = {0} or K− = {0}, then there is only one canon-
ical decomposition.

Proof. Clearly, if K− = {0} (or K+ = {0}), then there exists only one decomposition K =
K[+̇]{0} (or K = {0}[+̇]K). Let us now assume that K+, K− �= {0}, and let {e+

γ }γ∈� and 
{e−

γ ′ }γ ′∈�′ be orthonormal bases respectively of (K+, [ · | · ]K) and (K−, −[ · | · ]K). For fixed 
γ0 ∈ � and γ ′

0 ∈ �′ (�, �′ �= ∅ since K+ and K− are non-trivial), and for γ ∈ � and γ ′ ∈ �′, let 
us define orthogonal systems

ẽ+
γ :=

{
e+
γ , γ �= γ0

e+
γ + αe−

′ , γ = γ0
ẽ−
γ ′ :=

{
e−
γ ′ , γ ′ �= γ ′

0

e−
′ + βe+

γ , γ ′ = γ ′
0 ,
0 γ0 γ0 0
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where α, β ∈ C. It is easy to see that taking

α := reiθ , β := re−iθ

for some r ∈ (0, 1) and θ ∈ (−π, π] ensures that

[ ẽ+
γ0

| ẽ+
γ0

]K > 0 , [ ẽ−
γ ′

0
| ẽ−

γ ′
0
]K < 0 , [ ẽ+

γ0
| ẽ−

γ ′
0
]K = 0 ,

as well as the fact that ẽγ +
0

and ẽ−
γ ′

0
are linearly independent. In turn, this clearly implies that

• (span{ẽ+
γ }γ∈�, [ · | · ]K) and (span{ẽ−

γ ′ }γ ′∈�′, −[ · | · ]K) are inner product spaces;

• span{ẽ+
γ }γ∈� and span{ẽ−

γ ′ }γ ′∈�′ are [ · | · ]K -orthogonal;

• span{ẽ+
γ }γ∈� + span{ẽ−

γ ′ }γ ′∈�′ = span{e+
γ }γ∈� + span{e−

γ ′ }γ ′∈�′ .

For such r and θ , let us denote by K̃+ and K̃− the completions of (span{ẽ+
γ }γ∈�, [ · | · ]K) and 

(span{ẽ−
γ ′ }γ ′∈�′, −[ · | · ]K), respectively. It is straightforward to see that K = K̃+[+̇]KK̃− is 

another canonical decomposition of K , and there are as many as (r, θ). �
Lemma 16. There exists a canonical decomposition Ŵ = X+[+̇]ŴX− such that kerA′

1/W0 ⊆
X+ and kerA1/W0 ⊆ X−.

Proof. We start by proving that (k̂erA′
1, [ · | · ]Ŵ ) and (k̂erA1, −[ · | · ]Ŵ ) are Hilbert spaces, 

where k̂erA′
1 := kerA′

1/W0 and k̂erA1 := kerA1/W0. Since A1 + A′
1 has strictly positive bot-

tom, there exists μ0 > 0 such that, for any u ∈ kerA′
1,

[ û | û ]Ŵ = 〈A1u | u 〉L = 〈 (A1 + A′
1)u | u 〉L � μ0‖u‖2

L . (11)

Thus, [ û | û ]Ŵ � 0 and [ û | û ]Ŵ = 0 if and only if û = 0 (= W0), which implies that 

(k̂erA′
1, [ · | · ]Ŵ ) is a (definite) inner product space. Concerning its completeness, let (ûn) be 

a Cauchy sequence in (k̂erA′
1, [ · | · ]Ŵ ), where un ∈ kerA′

1. Then (11) implies that (un) is a 
Cauchy sequence in L, hence un → u in L for some u ∈ L. Since A′

1 is closed and for any n
we have A′

1un = 0, we get that u ∈ W and A′
1u = 0. Thus, u ∈ kerA′

1, which together with the 
boundedness of A1 + A′

1 yields

[ û − ûn | û − ûn ]Ŵ = 〈 (A1 + A′
1)(u − un) | u − un 〉L

� ‖A1 + A′
1‖‖un − u‖2

L .

Hence, ûn → û in (k̂erA′
1, [ · | · ]Ŵ ), and the completeness is proved. Analogously, one 

shows that (k̂erA1, −[ · | · ]Ŵ ) is a Hilbert space too. Now, since (kerA′
1 + kerA1)/W0 =

k̂erA′
1[+̇]Ŵ k̂erA1, then this space is a Kreı̆n space, hence a closed subspace of Ŵ . Then a 

standard argument in Kreı̆n space theory [9, Theorems V.3.4 and V.3.5] shows that Ŵ al-

lows a canonical decomposition of the form Ŵ = X+[+̇]̂X−, such that k̂erA′ ⊆ X+ and 
W 1
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k̂erA1 ⊆ X−, thus completing the proof. Alternatively we could have also argued by deducing 

from (11) the fact that k̂erA′
1 is uniformly positive [9, Section V.5], and similarly that k̂erA1 is 

uniformly negative, and then applying [9, Theorem V.5.6]. �
Proof of Theorem 13(i)–(ii). Since any Kreı̆n space admits a canonical decomposition, by 
Proposition 14 and Theorem 5 we obtain the first statement of part (i), while the second statement 
follows from Lemma 16.

Concerning part (ii), if kerA1 �= {0} and kerA′
1 �= {0}, then by Lemma 16 there exists a non-

trivial canonical decomposition Ŵ = X+[+̇]ŴX− such that X+, X− �= {0}. By Lemma 15 there 
are uncountably many distinct canonical decompositions of Ŵ , and each of them defines one 
distinct adjoint pair of bijective realisation with signed boundary map relative to (A0, A′

0), as 
can be deduced from Proposition 14.

On the other hand, let kerA1 = {0} and let (Ar, A∗
r ) be an arbitrary adjoint pair of bijective 

realisations with signed boundary map relative to (A0, A′
0), which exists by (i). We have that 

Ar ⊆ A1, and let us prove that in fact Ar = A1. If that was not the case, then there would exist 
u ∈ W \domAr, u �= 0. Owing to the bijectivity of Ar there would exist a unique v ∈ domAr ⊆ W

such that Arv = A1u. As Ar ⊆ A1, A1(u − v) = 0. Thus, u − v ∈ kerA1 = {0}, and this implies 
that u = v ∈ domAr, which is in contradiction with the actual choice of u. Therefore, Ar = A1
and A∗

r = A∗
1 = A′

0. Due to the arbitrariness of (Ar, A∗
r ) we conclude that (A1, A′

0) is the only 
joint pair of bijective realisations with signed boundary map relative to (A0, A′

0).
The case kerA′

1 = {0} is completely analogous. �
In particular, we have shown a slightly stronger result than what stated in Theorem 13(i)–(ii). 

Indeed, owing Proposition 14 there is always an adjoint pair of bijective realisations with signed 
boundary map (Ar, A∗

r ) relative to (A0, A′
0) such that domAr + domA∗

r = W , and, if kerA1 �=
{0} and kerA′

1 �= {0}, then there are infinitely many bijective realisations with signed boundary 
map with such property.

4. Infinite multiplicity of bijective realisations with signed boundary map: a classification

In this Section we develop the tools needed in order to formulate rigorously and to prove 
part (iii) of Theorem 13.

In fact, one main advantage of our Hilbert space reformulation of abstract Friedrichs opera-
tors made in Section 2 is the possibility to connect such theory to the general extension theory 
of (closed and) densely defined operators on Hilbert spaces, in particular for those extensions 
covered by Theorem 5.

The latter is an operator-theoretic framework that has (and had historically) an autonomous 
development and relevance, independently of the special case when the starting pair of operators 
to extend is a joint pair (A0, A′

0) of closed abstract Friedrichs operators. In turn, the extension 
problem for abstract Friedrichs operators displays peculiar features that we are going to discuss 
in detail.

For the present general formulation, we follow the exposition of [23, Chapter 13] – the main 
results were already obtained in [22].

Theorem 17. Let (A0, A′
0) and (A1, A′

1) be two pairs of mutually adjoint, closed and densely 
defined operators in L satisfying



N. Antonić et al. / J. Differential Equations 263 (2017) 8264–8294 8279
A0 ⊆ (A′
0)

∗ = A1 and A′
0 ⊆ (A0)

∗ = A′
1 ,

which admit a further pair (Ar, A∗
r ) of reference operators that are closed, satisfy A0 ⊆ Ar ⊆ A1, 

equivalently A′
0 ⊆ A∗

r ⊆ A′
1, and are invertible with everywhere defined bounded inverses A−1

r
and (A∗

r )
−1.

(i) There are decompositions

domA1 = domAr � kerA1 and domA′
1 = domA∗

r � kerA′
1 , (12)

the corresponding projections

pr : domA1 → domAr , pk : domA1 → kerA1 ,

pr′ : domA′
1 → domA∗

r , pk′ : domA′
1 → kerA′

1 ,
(13)

satisfying

pr = A−1
r A1 , pr′ = (A∗

r )
−1A′

1 ,

pk = 1 − pr , pk′ = 1 − pr′ ,
(14)

and being continuous with respect to the graph norms.
(ii) There is a one-to-one correspondence between all pairs of mutually adjoint operators 

(A, A∗) with A0 ⊆ A ⊆ A1, equivalently A′
0 ⊆ A∗ ⊆ A′

1, and all pairs of densely defined 
mutually adjoint operators B : V → W and B∗ : W → V , with domains domB ⊆ V and 
domB∗ ⊆ W , where V and W run through the closed subspaces of kerA1 and kerA′

1. The 
correspondence is given by

domA =
{
u ∈ domA1 : pku ∈ domB , PW (A1u) = B(pku)

}
,

domA∗ =
{
v ∈ domA′

1 : pk′v ∈ domB∗ , PV (A′
1v) = B∗(pk′v)

}
,

(15)

and conversely, by

domB = pk domA, V = domB , B(pku) = PW (A1u) ,

domB∗ = pk′ domA∗ , W = domB∗ , B∗(pk′v) = PV (A′
1v) ,

(16)

where PV and PW are the orthogonal projections from L onto V and W .
(iii) In the correspondence above, A is injective, resp. surjective, resp. bijective, if and only if so 

is B .
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(iv) When AB corresponds to B as above, then

domAB =
⎧⎨⎩w0 + (Ar)

−1(Bν + ν′) + ν

∣∣∣∣∣∣
w0 ∈ domA0
ν ∈ domB

ν′ ∈ kerA′
1 
W

⎫⎬⎭ ,

AB(w0 + (Ar)
−1(Bν + ν′) + ν) = A0w0 + Bν + ν′

(17)

and

dom(AB)∗ =
⎧⎨⎩w′

0 + (A∗
r )

−1(B∗μ′ + μ) + μ′
∣∣∣∣∣∣

w′
0 ∈ domA′

0
μ′ ∈ domB∗

μ ∈ kerA1 
 V

⎫⎬⎭ ,

(AB)∗(w′
0 + (A∗

r )
−1(B∗μ′ + μ) + μ′) = A′

0w
′
0 + B∗μ′ + μ,

(18)

and, moreover,

(AB)∗ = AB∗ .

We stress that our notation is chosen in such a way that p denotes the projection induced by a 
direct sum decomposition, whereas P denotes the orthogonal projection onto a closed subspace. 
Furthermore, the non-primed ν’s or μ’s all belong to kerA1, whereas their primed counterparts 
belong to kerA′

1. Let us also remark that kerA′
1 
W denotes the orthogonal complement of W

in kerA′
1, and respectively for kerA1 
 V .

For the trivial choice V =W = {0} one can easily see that AB = Ar.
It is worth mentioning that the problem addressed to in Theorem 17 above has a long his-

tory, which unfolded through different mathematical contexts along the time. It first arose as a 
self-adjoint extension problem for a given densely defined symmetric A0, where the question is 
to find and characterise the operators S with A0 ⊆ S = S∗ ⊆ A∗

0. If A0 is semi-bounded, say, 
with a strictly positive bottom, then a distinguished self-adjoint extension surely exists which is 
invertible with everywhere defined and bounded inverse – the Friedrichs extension A(F)

0 of A0 – 
and assumptions of Theorem 17 are thus satisfied with

A0 = A′
0 ⊆ A1 = A′

1 = (A0)
∗ and Ar = A′

r = A
(F)
0 .

For this symmetric case, Kreı̆n [26], Višik [31], and Birman [8] produced a complete classifica-
tion of the self-adjoint (and more generally symmetric) extensions in the spirit of Theorem 17: 
modern formulations can be found, for instance, in [23, Section 13.2], in [30, Section 14.8], and 
in [27]. The generalisation of the previous classification to a wider class of closed extensions A
with A0 ⊆ A ⊆ A1 was established by Grubb [22] by means of Hilbert space and operator graph 
methods resembling very closely those used by Kreı̆n, Višik, and Birman. Today the extension 
problem, at least in the symmetric case, is customarily formulated in the modern language of 
boundary triplets theory – an updated survey of which may be found, for instance, in [30, Chap-
ter 14].

With the abstract result of Theorem 17 above at hand, let us assume from now on that (A0, A′
0)

is a joint pair of closed abstract Friedrichs operators. The existence of one reference pair (Ar, A∗
r )
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is always guaranteed by Theorem 13(i). Then Theorem 17 classifies (constructively) all other 
closed bijective realisations of A0, indexing them with the closed and densely defined bijections 
B : domB → W , where domB = V , and V and W run through the closed subspaces of kerA1
and kerA′

1, respectively. Thus, the whole class of adjoint pairs of bijective realisations of a given 
joint pair of abstract Friedrichs operators is fully characterised.

What remains non-trivial is the qualification of the special (and relevant) sub-class of bijec-
tive realisations of (A0, A′

0) with signed boundary map. For this problem, the parametrisation 
AB ↔ B of Theorem 17 is of no advantage and we need to develop a further operator-theoretic 
analysis.

In this respect comes our second main result, Theorem 18 below. In particular, part (ii) of this 
Theorem completes the rigorous formulation of the classification announced in Theorem 13(iii).

Theorem 18. Let (A0, A′
0) be a joint pair of closed abstract Friedrichs operators, and let 

(Ar, A∗
r ) be an adjoint pair of bijective realisations of (A0, A′

0) with signed boundary map. 
Let (AB, A∗

B) be a generic pair of closed extensions A0 ⊆ AB ⊆ A1, A′
0 ⊆ A∗

B ⊆ A′
1, according 

to the notation of the parametrisation given in Theorem 17. Let pk and pk′ be the projections 
(13) identified by direct decompositions (12). With reference to the following two sets of ‘mirror’ 
conditions, namely

(∀ν ∈ domB)

(∀ν′ ∈ kerA′
1 
W)

{〈ν | A′
1ν 〉L − 2Re〈pk′ν | Bν 〉L � 0

〈pk′ν | ν′ 〉L = 0
(19)

and

(∀μ′ ∈ domB∗)
(∀μ ∈ kerA1 
 V)

{〈A1μ
′ | μ′ 〉L − 2Re〈B∗μ′ | pkμ

′ 〉L � 0
〈μ | pkμ

′ 〉L = 0 ,
(20)

one has these conclusions.

(i) Any of the following three facts,
(a) conditions (19) and (20) hold true, or
(b) condition (19) holds true and B : domB → W is a bijection, or
(c) condition (20) holds true and B∗ : domB∗ → V is a bijection,
is sufficient for (AB, A∗

B) to be another adjoint pair of bijective realisations with signed 
boundary map relative to (A0, A′

0).
(ii) Assume further that domAr = domA∗

r . Then the following properties are equivalent:
(a) (AB, A∗

B) is another adjoint pair of bijective realisations with signed boundary map 
relative to (A0, A′

0);
(b) the mirror conditions (19) and (20) are satisfied.

We present the proof Theorem 18 in the next Section. Before that, let us conclude the discus-
sion of this Section with a number of relevant remarks.

Remark 19. One case in which the assumptions (i)–(b) or (i)–(c) of Theorem 18 are surely not 
empty is when kerA1 � domA∗

r , respectively when kerA′
1 � domAr, in which case there are 

actually infinitely many pairs (AB, A∗
B) satisfying (i)–(b), respectively (i)–(c).

To see this, let kerA1 � domA∗
r . Then there exists ν0 ∈ kerA1 such that pk′ν0 �= 0, where pk′

is the projection (13) identified by direct decompositions (12) with respect to A∗
r . For, otherwise, 
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for any ν ∈ kerA1 we would have ν = pr′ν + pk′ν = pr′ν ∈ domA∗
r , thus obtaining a contra-

diction. Correspondingly, let ν′
0 := pk′ν0 �= 0, V := span{ν0}, and W := span{ν′

0}. For any z ∈ C

with Rez � 〈 ν0|A′
1ν0 〉L

2‖ν′
0‖2

L

the operator Bz : V → W , ν0 �→ zν′
0, turns out to satisfy (19) and to be a 

bijection. Indeed, concerning (19), since pk′ν0 = ν′
0 ∈W the condition

(∀ν′ ∈ kerA′
1 
W) 〈pk′ν0 | ν′ 〉L = 0

trivially holds, whereas our choice of z ensures

〈ν0 | A′
1ν0 〉L − 2Re〈pk′ν0 | Bzν0 〉L = 〈ν0 | A′

1ν0 〉L − 2‖ν′
0‖2

LRez � 0 .

The bijectivity of Bz is due to

〈ν0 | A′
1ν0 〉L

2‖ν′
0‖2

L

= 〈ν0 | (A1 + A′
1)ν0 〉L

2‖ν′
0‖2

L

�
μ0‖ν0‖2

L

2‖ν′
0‖2

L

> 0

(μ0 > 0 by assumption), since then z �= 0.

Remark 20. The conclusion of Theorem 18 which follows from the conditions (i)–(a) or from 
the conditions (i)–(b) is the same, and in either case the argument is based on the universal 
classification given by Theorem 17. However, as emerges from the proof, in order to deduce 
from (i)–(a) that (AB, A∗

B) is another adjoint pair of bijective realisations with signed boundary 
map relative to (A0, A′

0), we need to appeal to Theorem 5, that is, a result from earlier literature. 
On the other hand, in order to deduce the same from (i)–(b) we do not need Theorem 5: the result 
rather follows from our intermediate technical result, Lemma 24 of Section 5.

Remark 21. Any of the assumptions (i)–(a), or (i)–(b), or (i)–(c) of Theorem 18 may be exploited 
in concrete examples so as to produce other pairs of bijective and signed realisations of the given 
abstract Friedrichs operators (A0, A′

0), in analogy to what Theorem 5 already does. The case 
when the reference operators Ar and A∗

r have the same domain is of relevance in many concrete 
situations (see, e.g., [4,12,18]). Noticeably, in this case we have produced conditions (namely, 
(19) and (20)) that identify the whole family of bijective and signed realisations of (A0, A′

0).

5. Proofs of the classification scheme (Theorem 18)

In this Section we present the proof of Theorem 18. At the core of the analysis are the follow-
ing three Lemmas.

Lemma 22. Let (A0, A′
0) be a joint pair of closed abstract Friedrichs operators, and let (Ar, A∗

r )

be an adjoint pair of bijective realisations with signed boundary map relative to (A0, A′
0). Then 

for any ν, μ ∈ kerA1 and for any ν′, μ′ ∈ kerA′
1 one has

〈ν | A′
1(Ar)

−1ν′ 〉L = −〈pk′ν | ν′ 〉L
〈A (A∗)−1μ | μ′ 〉 = −〈μ | p μ′ 〉 ,

(21)

1 r L k L
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where pk : domA1 → kerA1 and pk′ : domA′
1 → kerA′

1 are the projections (13) identified by 
direct decompositions (12).

Proof. We present the proof for the first identity of (21), the proof for the second being analo-
gous. For ν ∈ kerA1 and ν′ ∈ kerA′

1 we find

〈ν | A′
1(Ar)

−1ν′ 〉L = 〈ν | (A1 + A′
1)(Ar)

−1ν′ 〉L − 〈ν | ν′ 〉L
= 〈 (A∗

r )
−1(A1 + A′

1)ν | ν′ 〉L − 〈ν | ν′ 〉L
= 〈pr′ν | ν′ 〉L − 〈ν | ν′ 〉L
= −〈pk′ν | ν′ 〉L ,

where we used the identity A1(Ar)
−1ν′ = ν′ in the first step, the self-adjointness of A1 + A′

1 in 
the second step, (A∗

r )
−1A′

1 = pr′ in the third step, and pr′ + pk′ = 1 in the fourth step. �
Lemma 23. Let (A0, A′

0) be a joint pair of closed abstract Friedrichs operators, and let (Ar, A∗
r )

be an adjoint pair of bijective realisations with signed boundary map relative to (A0, A′
0). Let 

AB be a closed operator with A0 ⊆ AB ⊆ A1, parametrised by a closed densely defined operator 
B : V → W according to the classification of Theorem 17.

(i) For an arbitrary u = w0 + (Ar)
−1(Bν + ν′) + ν ∈ domAB , in the notation of (17), after 

setting ur := (Ar)
−1(Bν + ν′) ∈ domAr, one has

〈A1u | u 〉L − 〈u | A′
1u 〉L = 〈A1ur | ur 〉L − 〈ur | A′

1ur 〉L
− (〈ν | A′

1ν 〉L − 2Re〈pk′ν | Bν + ν′ 〉L) .

(ii) For an arbitrary v = w′
0 + (A∗

r )
−1(B∗μ′ + μ) + μ′ ∈ dom(AB)∗, in the notation of (18), 

setting vr := (A∗
r )

−1(B∗μ′ + μ) ∈ domA∗
r , one has

〈A1v | v 〉L − 〈v | A′
1v 〉L = 〈A1vr | vr 〉L − 〈vr | A′

1vr 〉L
+ (〈A1μ

′ | μ′ 〉L − 2Re〈B∗μ′ + μ | pkμ
′ 〉L) .

Proof. Let us prove (i); the proof of (ii) follows in the same manner. Using the symmetry of D
and the identity kerD = W0 (see (2) and (3) above), we compute

〈A1u | u 〉L − 〈u | A′
1u 〉L = W ′〈Du,u 〉W

= W ′〈D(ur + ν), (ur + ν) 〉W
= W ′〈Dur, ur 〉W + 2ReW ′〈Dν,ur 〉W + W ′〈Dν,ν 〉W
= 〈A1ur | ur 〉L − 〈ur | A′

1ur 〉L − (2Re〈ν | A′
1ur 〉L + 〈ν | A′

1ν 〉L) ,

where in the last identity we used that ν ∈ kerA1. Since Bν ∈ W ⊆ kerA′
1, Lemma 22 is appli-

cable and (21) yields
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〈ν | A′
1ur 〉L = 〈ν | A′

1(Ar)
−1(Bν + ν′) 〉L = −〈pk′ν | Bν + ν′ 〉L .

Combining the last two identities proves the claim. �
Lemma 24. Let (A0, A′

0) be a joint pair of closed abstract Friedrichs operators, and let the 
operator A : L → L, with A0 ⊆ A ⊆ A1, be closed, bijective, and satisfy

(∀u ∈ domA) 〈A1u | u 〉L − 〈u | A′
1u 〉L � 0 . (22)

Then A∗ : L → L is such that A′
0 ⊆ A∗ ⊆ A′

1, it is closed, bijective, and satisfies

(∀v ∈ domA∗) 〈A1v | v 〉L − 〈v | A′
1v 〉L � 0 . (23)

Proof. Since A is closed and bijective, and it is included between A0 and A1, then it is in-
vertible with bounded and everywhere defined inverse (Remark 4), thus we can take it as the 
reference operator in the classification provided by Theorem 17. In particular, A∗ too is closed 
and bijective, it is included between A′

0 and A′
1, and moreover one can decompose an arbitrary 

v ∈ domA∗ ⊆ domA′
1 = domA1 as v = u + z with u ∈ domA and z ∈ kerA1, according to the 

decomposition (12). Also, A0 + A′
0 is bounded and self-adjoint. From

〈A1v | v 〉L = 〈Au | v 〉L = 〈u | A∗v 〉L
= 〈u | A′

1u 〉L + 〈u | (A1 + A′
1)z 〉L

= 〈u | A′
1u 〉L + 〈 (A1 + A′

1)u | z 〉L
= 〈u | A′

1u 〉L + 〈A1u | z 〉L + 〈A′
1u | z 〉L

and

〈v | A′
1v 〉L = 〈u | A∗v 〉L + 〈 z | A′

1v 〉L
= 〈Au | v 〉L + 〈 z | A′

1u 〉L + 〈 z | A′
1z 〉L

= 〈A1u | u 〉L + 〈A1u | z 〉L + 〈 z | A′
1u 〉L + 〈 z | A′

1z 〉L ,

we get

〈A1v | v 〉L − 〈v | A′
1v 〉L =

= −(〈A1u | u 〉L − 〈u | A′
1u 〉L) − 〈 z | A′

1z 〉L + (〈A′
1u | z 〉L − 〈A′

1u | z 〉L)

= −(〈A1u | u 〉L − 〈u | A′
1u 〉L) − 〈 (A1 + A′

1)z | z 〉L + 2iIm〈A′
1u | z 〉L .

Since, owing to (4), both the l.h.s. above and the quantities 〈 A1u | u 〉L −〈 u | A′
1u 〉L and 〈 (A1 +

A′
1)z | z 〉L are real, then necessarily Im〈A′

1u, z〉 = 0. Moreover, 〈 A1u | u 〉L − 〈 u | A′
1u 〉L � 0

by assumption, and similarly 〈 (A1 + A′
1)z | z 〉L � 0, because A1 + A′

1 has a strictly positive 
bottom. Thus we conclude 〈 A1v | v 〉L − 〈 v | A′

1v 〉L � 0. �
We are now ready to prove Theorem 18.
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Proof of Theorem 18. We start with proving that condition (19) implies that AB satisfies (22), 
and that condition (20) implies that A∗

B satisfies (23). Moreover, we shall see that when domAr =
domA∗

r the converse of such implications is valid too.
To this aim we pick u ∈ domAB and decompose it as u = w0 +(Ar)

−1(Bν+ν′) +ν according 
to (17). Owing to Lemma 23(i),

〈A1u | u 〉L − 〈u | A′
1u 〉L = 〈A1ur | ur 〉L − 〈ur | A′

1ur 〉L
− (〈ν | A′

1ν 〉L − 2Re〈pk′ν | Bν + ν′ 〉L)

with ur := (Ar)
−1(Bν + ν′) ∈ domAr. By assumption, 〈 A1ur | ur 〉L − 〈 ur | A′

1ur 〉L � 0. There-
fore, if 〈 ν | A′

1ν 〉L − 2 Re〈 pk′ν | Bν 〉L � 0 and 〈 pk′ν | ν′ 〉L = 0, then 〈 A1u | u 〉L − 〈 u |
A′

1u 〉L � 0, which proves that (19) implies (22). The other implication follows from a com-
pletely analogous argument.

Let us now assume (i)–(a). We proved above that conditions (19)–(20) imply (22)–(23) and 
so the spaces V := domAB and Ṽ := domA∗

B satisfy condition (V1). Condition (V2) is satisfied 
too, owing to Theorem 9 and the fact that AB and A∗

B are mutually adjoint. Therefore, the con-
ditions of Theorem 5 are fulfilled and as a consequence (AB, A∗

B) is an adjoint pair of bijective 
realisations with signed boundary map relative to (A0, A′

0).
Next, let us consider the case (i)–(b) (the case (i)–(c) being analogous). Since B : domB → W

is a bijection, so is AB : domAB → L (Theorem 17(iii)). Thus, AB is a closed bijection satisfy-
ing (19), and hence also (22) by the argument used at the beginning of the proof: this, owing to 
Lemma 24, implies that A∗

B is a closed bijection satisfying (23). This yields again the conclusion 
for (AB, A∗

B).
Concerning part (ii), let us consider the converse implications to (19) ⇒ (22) and (20) ⇒ (23)

established above, now making the additional assumption that domAr = domA∗
r . In this case Ar

has a vanishing boundary term (Remark 12), and the conclusion of Lemma 23(i) takes the form

〈A1u | u 〉L − 〈u | A′
1u 〉L = 2Re〈pk′ν | Bν 〉L

− 〈ν | A′
1ν 〉L + 2Re〈pk′ν | ν′ 〉L .

(*)

Because of (22), 〈 A1u | u 〉L −〈 u | A′
1u 〉L � 0 for any u ∈ domAB ; by replacing ν′ with λν′, for 

λ ∈ R and |λ| large enough, the r.h.s. of (*) fails to be non-negative, unless Re〈 pk′ν | ν′ 〉L = 0
for any ν ∈ domB and ν′ ∈ kerA′

1 
 W . In turn, the latter condition must hold also for iν′ in 
place of ν′, thus implying that Im〈 pk′ν | ν′ 〉L = 0 as well. Then 〈 pk′ν | ν′ 〉L = 0 and (*) gives 
the other inequality of (19).

Thus, the mirror conditions (19)–(20) are equivalent to (22)–(23), and hence to the fact that the 
spaces V := domAB and Ṽ := domA∗

B satisfy condition (V1). This, together with Theorem 9, 
completes the proof of part (ii). �
6. Examples

In order to discuss concrete applications of the theory developed so far, we identified two 
different instructive examples that we work out in this Section. They are both one-dimensional 
realisations of classical Friedrichs systems, i.e., first order ordinary differential operators. Despite 
their simplicity, they display enough richness so as to illustrate the essential features of our main 
results, Theorems 13 and 18, and in particular the usage of conditions (19)–(20).
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6.1. Equation on an interval

For this example we take L := L2(a, b), D := C∞
c (a, b), and define T , ̃T :D −→ L by

T φ := d

dx
φ + φ and T̃ φ := − d

dx
φ + φ .

It is immediate to see that T and T̃ satisfy (T1)–(T3) and to recognise that

W0 = H1
0(a, b) and W = H1(a, b) .

This example was already thoroughly studied in the real valued setting in [1, Example 1]; we are 
now going to revisit it in view of our discussion of Sections 3-4, focusing on bijective realisations 
of (T , ̃T ) with or without signed boundary map.

Let us set A0 := T , A′
0 := T̃ , A1 := T̃ ∗, and A′

1 := T ∗. As weak differential operators 
they have the same formal action ± d

dx
+ 1. Clearly, domA0 = domA′

0 = W0 and domA1 =
domA′

1 = W . Since

W ′〈Du,v 〉W = u(b)v̄(b) − u(a)v̄(a) ,

owing to Theorem 5 the operators Ar := A1|V , and its adjoint A∗
r , where

V := Ṽ := {u ∈ H1(a, b) |u(a) = u(b)} ,

form an adjoint pair of bijective realisations relative to (A0, A′
0), with domA∗

r = domAr = V . 
Then by means of Theorem 17 one controls the whole class of adjoint pairs of bijective realisa-
tions, and in particular Theorem 18(ii) selects those that have signed boundary map.

Next, the kernels of A1 and A′
1 are given by

kerA1 = span{e−x} and kerA′
1 = span{ex} .

This, together with the above choice for (Ar, A∗
r ), implies that the (non-orthogonal) projections 

defined in (13) act in this case as

pku = −u(b) − u(a)

e−a − e−b
e−x and pk′u = u(b) − u(a)

eb − ea
ex .

Since both kerA1 and kerA′
1 are finite dimensional, by Theorem 17(ii) domB = domB = V

and domB∗ = domB∗ =W , and by Theorem 17(iii) the isomorphic realisations of A0 are those 
indexed by bijections B : V → W . The trivial choice V = {0}, W = {0} produces the reference 
operators Ar and A∗

r .
Let us consider the generic choice V = kerA1, W = kerA′

1, Be−x := (α + iβ)ex , where 
(α, β) ∈ R2 \ {(0, 0)} (for (α, β) = (0, 0) B is not a bijection). In order to determine for which 
α, β ∈ R the corresponding pair (AB, A∗

B) is an adjoint pair of bijective realisations with signed 
boundary map relative to (A0, A′

0), we apply part (i)–(b) and part (ii) of Theorem 18. Since 
kerA′ 
W = {0} and dim domB = 1, we only need to check that
1
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〈 e−x | A′
1e

−x 〉L − 2Re〈pk′e−x | Be−x 〉L � 0 .

Explicitly,

〈 e−x | A′
1e

−x 〉L = 2‖e−x‖2
L = 2e−2(a+b)‖ex‖2

L

and (using pk′e−x = −e−(a+b)ex )

2Re〈pk′e−x | Be−x 〉L = −2α e−(a+b)‖ex‖2
L ,

and the inequality above is satisfied if and only if α � −e−(a+b). Therefore, denoting by Aα,β

the operator AB associated to Be−x = (α + iβ)ex ,{
(Aα,β,A∗

α,β) |α � −e−(a+b) , β ∈ R
} ∪ {(Ar,A

∗
r )}

is the family of all adjoint pairs of bijective realisations with signed boundary map relative to 
(A0, A′

0).
The domains of Aα,β and A∗

α,β are determined by means of Theorem 17(ii): since domB =
kerA1, domB∗ = kerA′

1, and

B∗ex = ‖ex‖2
L

‖e−x‖2
L

(α − iβ) e−x = e2(a+b)(α − iβ)e−x ,

then (15) yields

domAα,β = {
u ∈ H1(a, b) |Pker A′

1
(A1u) = (α + iβ)pku

}
domA∗

α,β = {
u ∈ H1(a, b) |Pker A1(A

′
1u) = e2(a+b)(α − iβ)pk′u

}
.

Since Pker A′
1
u = ‖ex‖−2

L 〈 u | ex 〉Lex = 2
e2b−e2a 〈 u | ex 〉Lex , then

Pker A′
1
(A1u) = 2

e2b − e2a
〈 d

dx
u + u | ex 〉Lex

= 2

e2b − e2a

( − 〈u | ex 〉L + (exu)|ba + 〈u | ex 〉L
)
ex

= 2(ebu(b) − eau(a))

e2b − e2a
ex .

Thus, u ∈ H1(a, b) belongs to domAα,β if and only if

2(ebu(b) − eau(a))

e2b − e2a
= (α + iβ)

u(b) − u(a)

e−b − e−a
,

equivalently,
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(
2e−a + α(ea + eb) + iβ(ea + eb)

)
u(b) =

= (
2e−b + α(ea + eb) + iβ(ea + eb)

)
u(a) .

Analogously, for u ∈ H1(a, b) one has

Pker A1(A
′
1u) = 2(e−au(a) − e−bu(b))

e−2a − e−2b
e−x ,

so u ∈ domA∗
α,β if and only if

(
2e−b + α(ea + eb) − iβ(ea + eb)

)
u(b) =

= (
2e−a + α(ea + eb) − iβ(ea + eb)

)
u(a) .

When α = −2e−a(ea + eb)−1(� −e−(a+b)) and β = 0,

domA− 2e−a

ea+eb
,0

= {u ∈ H1(a, b) |u(a) = 0}

domA∗
− 2e−a

ea+eb
,0

= {u ∈ H1(a, b) |u(b) = 0} ,

whereas for all other realisations, except for the reference one,

domAα,β = {u ∈ H1(a, b) | u(b) = zα,β u(a)}
domA∗

α,β = {u ∈ H1(a, b) | zα,β u(b) = u(a)}

with

zα,β = 2e−b + α(ea + eb) + iβ(ea + eb)

2e−a + α(ea + eb) + iβ(ea + eb)

for α � −e−(a+b), β ∈ R, and (α, β) �= (−2e−a(ea + eb)−1, 0).
Let us comment on some specific values of α and β . When β = 0, α � −e−(a+b), and α �=

−2e−a(ea + eb)−1, the number zα,0 takes all values in (−∞, −1] ∪ (1, ∞), the value zα,0 = 1
not being included because it corresponds to the reference pair. This agrees with results in [1, 

Example 1]. In particular, for α = − 2(eb−a−e−(b−a))

e2b−e2a (� −e−(a+b)) we have

domAα,0 = W0 + kerA′
1 and domA∗

α,0 = W0 + kerA1 .

Furthermore, domAα,β = domA∗
α,β if and only if |zα,β | = 1, that is, if and only if α = −e−(a+b). 

In fact, when β ∈ R the number z−e−(a+b),β takes all values on the unite circle in the complex 
plane except for the value 1 that corresponds to the reference pair.

Besides such realisations (Aα,β, A∗
α,β) there are many other bijective realisations which are 

not with a signed boundary map. For example, when α = −2e−b(ea + eb)−1(> −e−(a+b)) and 
β = 0,
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domAB = {u ∈ H1(a, b) |u(b) = 0}
domA∗

B = {u ∈ H1(a, b) |u(a) = 0} ,

which does not satisfy condition (V1).

6.2. System on an interval

In the previous example the second condition in (19) was trivially satisfied. In the follow-
ing one the kernels of A1 and A′

1 are two-dimensional and both conditions in (19) are non-
trivial.

For this example we take L := L2(a, b) × L2(a, b), W0 := H1
0(a, b) × H1

0(a, b), and define 
A0, A′

0 : W0 −→ L by

A0

[
u1
u2

]
:=

[ d
dx

u2 + εu1
d

dx
u1 + μu2

]
and A′

0

[
u1
u2

]
:=

[ − d
dx

u2 + εu1

− d
dx

u1 + μu2

]

for fixed ε, μ > 0. As before, by A1 := (A′
0)

∗ and A′
1 := A∗

0, with domain domA1 = domA′
1 =

H1(a, b) × H1(a, b) =: W ; as weak differential operators A1 and A′
1 acts formally as A0 and A′

0, 
respectively. Thus, A0 ⊆ A1 and A′

0 ⊆ A′
1, whereas obviously A0 + A′

0 is a bounded self-adjoint 
operator in L with strictly positive bottom.

The boundary operator can easily be computed by integration by parts: for any u, v ∈ W , say, 
u = [u1 u2]� and v = [v1 v2]�, one has

W ′〈Du, v 〉W = u2(b)v̄1(b) − u2(a)v̄1(a) + u1(b)v̄2(b) − u1(a)v̄2(a) . (24)

It is immediate to see that for V = Ṽ := H1
0(a, b) × H1(a, b) conditions (V1)–(V2) are ful-

filled (see [12, Section 3.3], [18, Section 5.3]). Thus, owing to Theorem 5, Ar := A1|V and A∗
r

form an adjoint pair of bijective realisations with signed boundary map relative to (A0, A′
0), and 

domAr = domA∗
r = V . Theorem 18(ii) then controls all other adjoint pairs of bijective realisa-

tions with signed boundary map relative to (A0, A′
0).

The relevant kernels are the two-dimensional subspaces

kerA1 = span{ννν1,ννν2} and kerA′
1 = span{ννν′

1,ννν
′
2} ,

where

ννν1 :=
[

e
√

εμx

−
√

ε
μ

e
√

εμx

]
, ννν2 :=

[
e−√

εμx√
ε
μ

e−√
εμx

]

and

ννν′
1 :=

[
e
√

εμx√
ε
μ
e
√

εμx

]
, ννν′

2 :=
[

e−√
εμx

−
√

ε
μ
e−√

εμx

]
.
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We compute

‖ννν1‖2
L = ‖ννν′

1‖2
L = ε + μ

2μ
√

εμ
(e2

√
εμb − e2

√
εμa)

‖ννν2‖2
L = ‖ννν′

2‖2
L = ε + μ

2μ
√

εμ
(e−2

√
εμa − e−2

√
εμb) .

With respect to the above choice for Ar, the (non-orthogonal) projections defined in (13) act in 
this case as

pku = C1(u)ννν1 + C2(u)ννν2 and pk′u = C1(u)ννν′
1 + C2(u)ννν ′

2 ,

where

C1(u) := e−√
εμau1(b) − e−√

εμbu1(a)

e
√

εμ(b−a) − e−√
εμ(b−a)

C2(u) := − e
√

εμau1(b) − e
√

εμbu1(a)

e
√

εμ(b−a) − e−√
εμ(b−a)

.

The isometric realisations AB , with A0 ⊆ AB ⊆ A1, are indexed by bijections B : V → W , 
which forces dimV = dimW . The trivial choice V = W = {0} produces AB = Ar. When in-
stead V = kerA1 and W = kerA′

1, the second condition of (19) is trivially satisfied, as was the 
case in the previous example. In the following, let us study the case where V and W are one-
dimensional.

In order to exploit conditions (19) and (20) conveniently, we observe that the second require-
ment (i.e., the identity) both in (19) and in (20) is formulated only in terms of the subspaces V
and W and not of the extension parameters B and B∗. Thus, it is convenient to find first suitable 
V and W satisfying the identity requirement of (19), and then to seek for extension parameters 
B such that also the inequality requirement of (19) is satisfied.

To this aim, let us consider V := span{a1ννν1 + a2ννν2} and W := span{a′
1ννν

′
1 + a′

2ννν
′
2} for fixed 

a1, a2, a′
1, a

′
2 ∈C such that |a1|2 + |a2|2 = 1, |a′

1|2 + |a′
2|2 = 1 and a1, a′

1 � 0. Since pk′νννj = ννν′
j , 

j = 1, 2, the identity requirement of (19), namely,

0 = 〈pk′(a1ννν1 + a2ννν2) | ννν′⊥ 〉L = 〈a1ννν
′
1 + a2ννν

′
2 | ννν′⊥ 〉L ∀ννν′⊥ ∈ ker ,A′

1 
W

is satisfied if and only if a1ννν
′
1 + a2ννν

′
2 ⊥ (kerA′

1 
 W), i.e., a1ννν
′
1 + a2ννν

′
2 ∈ W . Owing to the 

normalisation of (a1, a2) and (a′
1, a

′
2), the latter condition is equivalent to

a′
1 = a1 and a′

2 = a2 . (25)

Arguing as in Remark 19, it is clear now that with respect to the extension parameter B defined 
by

B(a1ννν1 + a2ννν2) := (α + iβ)a1ννν
′
1 + a2ννν

′
2 ,

any choice
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α �
〈a1ννν1 + a2ννν2 | A′

1(a1ννν1 + a2ννν2) 〉L
2‖a1ννν

′
1 + a2ννν

′
2‖2

L

, β ∈R (26)

makes the assumptions of Theorem 18(i)–(b) fulfilled.
Let us focus on two special cases. The first is a1 = a′

1 = 1 and a2 = a′
2 = 0, in other words V =

span{ννν1}, W = span{ννν′
1}, and Bννν1 = (α + iβ)ννν′

1. Using the identity 〈 ννν1 | A′
1ννν1 〉L = 4εμ

ε+μ
‖ννν′

1‖2
L

we deduce from (26) that each choice β ∈ R and α � 2εμ
ε+μ

identifies a pair (AB, A∗
B) of bijective 

realisations with signed boundary map relative to (A0, A′
0). Let us determine their domains.

We know from (15) that domAB consists of all u = [u1 u2]� ∈ W such that pku ∈ V and 
PW (A1u) = B(pku). The condition pku ∈ V implies C2(u) = 0, hence

u1(b) = e
√

εμ(b−a) u1(a) . (27)

When this is the case,

B(pku) = (α + iβ)
e−√

εμau1(b) − e−√
εμbu1(a)

e
√

εμ(b−a) − e−√
εμ(b−a)

ννν′
1

= (α + iβ) e−√
εμa u1(a)ννν′

1 .

Acting on A1u with the orthogonal projection onto W gives

PW (A1u) = 1

‖ννν′
1‖2

L

〈A1u | ννν′
1 〉Lννν′

1 ,

and, by integration by parts,

〈A1u | ννν′
1 〉L = 〈 d

dx
u2 + εu1 | e√

εμx 〉L2(a,b) +
√

ε

μ
〈 d

dx
u2 + μu1 | e√

εμx 〉L2(a,b)

= − √
εμ〈u2 | e√

εμx 〉L2(a,b) + (e
√

εμxu2)

∣∣∣b
a
+ε〈u1 | e√

εμx 〉L2(a,b)

−
√

ε

μ

√
εμ〈u1 | e√

εμx 〉L2(a,b) +
√

ε

μ
(e

√
εμxu1)

∣∣∣b
a
+μ

√
ε

μ
〈u2 | e√

εμx 〉L2(a,b)

= (e
√

εμxu2)

∣∣∣b
a
+

√
ε

μ
(e

√
εμxu1)

∣∣∣b
a
.

This, together with (27), yields

PW (A1u) =
=

(
e
√

εμbu2(b) − e
√

εμau2(a) +
√

ε

μ
e−√

εμa(e2
√

εμb − e2
√

εμa)u1(a)
) ννν′

1

‖ννν′
1‖2

L

=
(e

√
εμbu2(b) − e

√
εμau2(a)

‖ννν′ ‖2
+ 2εμ

ε + μ
e−√

εμau1(a)
)
ννν′

1 ,
1 L
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where in the second equality we used that ‖ννν′
1‖2

L = ε+μ
2μ

√
εμ

(e2
√

εμb −e2
√

εμa). Finally, the identity 
PW (A1u) = B(pku) implies

u2(b) = e−√
εμ(b−a)u2(a) + ‖ννν′

1‖2
L

(
α + iβ − 2εμ

ε + μ

)
e−√

εμ(a+b) u1(a) ,

thus yielding

domAB =

⎧⎪⎨⎪⎩u ∈ W

∣∣∣∣∣∣∣
u1(b) = e

√
εμ(b−a)u1(a)

u2(b) = e−√
εμ(b−a)u2(a)

+ ‖ννν′
1‖2

L(α + iβ − 2εμ
ε+μ

)e−√
εμ(a+b)u1(a)

⎫⎪⎬⎪⎭ .

Analogous arguments yield

domA∗
B =

⎧⎪⎨⎪⎩u ∈ W

∣∣∣∣∣∣∣
u1(b) = e

√
εμ(b−a)u1(a)

u2(b) = e−√
εμ(b−a)u2(a)

− ‖ννν′
1‖2

L(α − iβ − 2εμ
ε+μ

)e−√
εμ(a+b)u1(a)

⎫⎪⎬⎪⎭ .

For all β ∈ R and α � 2εμ
ε+μ

, domAB + domA∗
B is a proper subspace of W , while for α = 2εμ

ε+μ

we have domAB = domA∗
B .

The second special case we want to consider is a1 = a′
2 = 1, a2 = a′

1 = 0, that is, a choice 
that is not covered by formula (25): indeed, we want to highlight the mechanism why, out of 
the regime (25) determined by our Theorem 18, one fails in having adjoint pairs of bijective 
realisations relative to (A0, A′

0).
In this case V = span{ννν1}, W = span{ννν ′

2}, and Bννν1 := (α + iβ)ννν′
2. Let us compute the do-

mains of AB and A∗
B , and investigate condition (V1) directly. Since V is the same as in the 

previous case, formula (27) still holds, and hence

B(pku) = (α + iβ) e−√
εμau1(a)ννν′

2 .

Proceeding analogously to what we did in the first part of this Subsection, we obtain

PW (A1u) = 1

‖ννν′
2‖2

L

(
(e−√

εμxu2)
∣∣b
a
−

√
ε

μ
(e−√

εμxu1)
∣∣b
a

)
ννν′

2

= 1

‖ννν′
2‖2

L

(e−√
εμbu2(b) − e−√

εμau2(a))ννν′
2 ,

having used (27) in the second identity. Therefore,

domAB =
⎧⎨⎩u ∈ W

∣∣∣∣∣∣
u1(b) = e

√
εμ(b−a)u1(a)

u2(b) = e
√

εμ(b−a)u2(a)

+ ‖ννν′
2‖2

L(α + iβ)e
√

εμ(b−a)u1(a)

⎫⎬⎭
and
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domA∗
B =

⎧⎨⎩u ∈ W

∣∣∣∣∣∣
u1(b) = e−√

εμ(b−a)u1(a)

u2(b) = e−√
εμ(b−a)u2(a)

− ‖ννν′
2‖2

L(α − iβ)u1(a)

⎫⎬⎭ .

However, we now see that in this case condition (V1) fails to hold irrespectively of what α and 
β are. Indeed, for u ∈ domAB by (24) we have

W ′〈Du,u 〉W = 2
(‖ννν′

2‖2
Lαe2

√
εμ(b−a)|u1(a)|2

+ (e2
√

εμ(b−a) − 1)Re(u1(a)ū2(a))
)
.

Thus, for any α, β and u1(a) �= 0 one can always choose u2(a) such that the expression above is 
negative or positive at will. Hence, (V1) is not satisfied because the above expression does not 
have a definite sign.

References
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