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The theory of extensions of symmetric operators on a Hilbert space has found nowadays numerous ap-
plications in analysis (the momentum problem) and in the boundary problem for differential equations. The
theory of extensions for operators with finite deficiency indices has been worked out particularly in detail.
Such operators always emerge in the study of one-dimensional boundary problems. Concerning boundary
problems for partial differential equations (of elliptic type), they lead, generally speaking, to operators with
infinite deficiency indices. It is also important that ordinarily these operators turn out to be semi-bounded.
In connection with this, the theory of extensions of semi-bounded symmetric operators with infinite deficiency
indices provides a big interest for applications. The main results in this fields are due to K. Friedrichs and
M. G. Krein.

In his article [1] K. Friedrichs proposed a special method of extending a semi-bounded symmetric operator
to a self-adjoint one, which is based on the closure of the associated quadratic form. The resulting extension
has the same lower bound as the original operator.

The question of self-adjoint extensions of semi-bounded symmetric operators has been most thoroughly
investigated in the article of M. G. Krein [2]. With the help of a fractional linear transformation, M. G. Krein
reduced the problem to constructing extensions of a bounded symmetric operator defined on a non-dense
set. This way M. G. Krein found out that among all semi-bounded self-adjoint extensions of a semi-bounded
symmetric operator there is one (“rigid”) extension which has a number of remarkable extremal properties.
M. G. Krein has also showed that the extension of the operator by Friedrichs method always leads to the rigid
extension.

Among other works on the extension theory, the article of M. I. Vishik [3] is of big interest. Having released
the assumption of symmetry of the initial operator, M. I. Vishik considers extensions which have certain
properties of resolvability, such as extensions with bounded inverse operator and the like. In the case when the
initial operator is symmetric, special consideration is given to its self-adjoint extensions. M. I. Vishik applies
his results to the study of general boundary problems for second order elliptic differential equations.

Let us quickly have a look at the research method used by M. I. Vishik restricting to the case of symmetric
operators. M. I. Vishik associates every operator extension with some other operator B acting in the subspace
of the zeros of the adjoint of the original operator. One can characterise the properties of resolvability of the
extension in terms of the associated operator B. On the other hand, in the applications to boundary problems
M. I. Vishik finds that the operator B is immediately determined by the boundary conditions of the problems
provided that these conditions are expressed in some “canonical” form. Through this, the connection between
the properties of the extensions of the original differential operators and the form of the boundary conditions
is established.

There arises the question of characterising further properties of the extensions, and not only properties of
resolvability, in terms of the operator B (i.e., in terms of boundary conditions). Particularly interesting for
applications in connection with the theory of M. G. Krein, is the characterisation of self-adjoint extensions of
a positive definite symmetric operator.!

IThe problem of the extension of semi-bounded operator can be trivially reduced to the problem of extensions of an operator
with positive lower bound (positive definite).



In the present article various questions on this subject are considered. A characterisation of semi-bounded
self-ajoint extensions of the initial operator are given in terms of the operator B, and also the quadratic forms
associated with these extensions are described. Beyond that, one theorem on the negative part of the spectrum
of semi-bounded extensions is proved and symmetric positive-definite extensions of the initial operator are
described.

A brief communication on the results of this article has been published in Doklady Acad. Nauk SSSR
[7]. Applications of the extension theory to multi-dimensional boundary problems had been considered in the
author’s notes [4], [5], [6].

1 Some results from the theory of operator extensions

For the purpose of the future presentation we shall list in this Section several results obtained by M. G. Krein
and M. I. Vishik.

Let us first of all consider some auxiliary notions introduced by K. Friedrichs and M. G. Krein. Let T" be a
semi-bounded symmetric operator with dense domain of definition D(T') in the Hilbert space H.> With each
such operator we will associate a linear set D[T], which represents the closure of D(T) in the sense of the T-
convergence. This is defined in the following way: g,, KN gif g, € D(T), gn — g, and (T'gp, — TGy Gn — gm) — 0
for n,m — oco. With this closure the functional (T'f, g) naturally extends to D[T]. Following M. G. Krein,
we shall denote this extension by T[f, g]. One can consider the set D[T] as a complete Hilbert space, if one
introduces the scalar product by means of the formula

(f:9)r = TIf. 9] - B(f9)
with arbitrary § < m(T). If the operator T is positive and self-adjoint then, as M. G. Krein has shown,
DIT] = D(TY?) and  T[f.g] = (T2}, T"?9).
We remark that for the operator T, = T 4+ a1 one has

D[Ta] = D[T]7 Ta[.ﬂg] = T[fvg]+a(f7g)

Let S be a closed symmetric operator with positive lower bound (positive definite)

(S£,0) 25 (y=m(S) >0)

for all f € D(S). The operator S allows for an infinite set of self-adjoint extensions, at least one of which
has the same lower bound 7 as the initial operator. In particular, the extension which one gets according to
K. Friedrichs [1] has this property. Following M. G. Krein we shall denote this extension by .S, and call it the
rigid extension of the operator S. The method of K. Friedrichs consists of constructing a set D[S] and a
functional S[f, g] on it. It turns out that D[S] is the domain of definition of the square root of some self-adjoint
extension S, of the operator S:

D(S) C D(S,) C D[S] = D[S,] = D(S.?).

Besides that, for all f, g € D[]
Slf.9) = Sulf.gl = (5,/21.5,/%9).

M. G. Krein showed that .S, is the unique semi-bounded self-adjoint extension of the operator S whose domain
of definition lies in DI[S].

Denote by S* the adjoint operator of S and by U the set of solutions to the equation S*u = 0. It is easy
to see® that U = H © R(S). M. G. Krein has shown that for every semi-bounded self-adjoint extension S the

set D[S] decomposes into the direct sum

D[S] = D[S]+D[S|NU,

2Henceforth by D(A) we will denote the domain of definition of the operator A. By R(A) we will denote the set of values of A,
and by m(A) the lower bound of A in case A is semi-bounded.

3The dimension of the subspace U is equal to the deficiency number of S. Henceforth we shall never assume the subspace U to
be finite-dimensional.



whence S[f,g] = S[f,gl, if f,g € D[S, and 5[f,u] = S[u. f] = 0, if f € D[S] and u € D[S|N V.
Let us highlight another proposition of M. G. Krein.

If S; and S, are semi-bounded self-adjoint extensions of the operator S, then for the inequality
(Si+al)™' < (Sy+al)!

to hold for at least one @ > —m(Sg) (k = 1,2) (and hence for all such «) the following conditions are necessary
and sufficient:

DISINU C D[S)NU and Sylu,u] < Sifu,u]  (uwe D[S NU).

It follows in particular that B N
S,1 < ST m(S) > 0.

Below we will use also other results of M. G. Krein. Their formulations will be stated along the discussion.
To conclude we will consider the following important theorem of M. I. Vishik.

Theorem 1. The domain of definition of the operator S*, the adjoint of S, decomposes into the direct sum
D(S*) = D(S)4—S;1U4—U. (1)

In order for an operator S to be a self-adjoint extension of the operator S it is necessary and sufficient that
the operator S is defined as a restriction of S* on the direct sum

D(S) = D(S)+ (S, + B)U1 + Uy (2)

where Uy is some subspace of U, B is a self-adjoint operator in Uy, (71 = D(B) is a set dense in Uy, and
Uy=UsU,.

We remark that the statements of the theorem remain true if one replaces the rigid extension S, in the
decompositions (1) and (2) with an arbitrary fixed self-adjoint extension which has an everywhere defined
bounded inverse in H.

For the convenience of the future discussion we will provide here a relatively easy proof of Theorem 1,
somewhat different from the proof of M. I. Vishik.

First we check that the decomposition (1) is true. It is clear that
D(S)+ S, 'U+U C D(S%),

since D(S) C D(8*), U C D(S*), and S;;'U C D(S,) C D(S*). Let us prove the opposite inclusion. Let
g € D(S*), S*g=h,and f = S;lh. From S*(g— f) =S5*9—S.f=h—h=0it follows u = g— f € U. Since
H = R(S)®U, then h = ho +, where hy € R(S) and @ € U. It follows that f = S,/ '(ho+u) = S~ ho+ S, 'u
and g = fo + S;lﬂ—k u, where fo = S~thg € D(S).

So
D(S*) € D(S)+5,'U+U.

It remains to check that the sum (1) is direct. Let g = fo 4+ S, '@ +u = 0. Then S*g = Sfo +u = 0 and, since
Sfo Lu, Sfo =u = 0. It follows that fo = S~1(Sfy) = 0 and S;lﬂ = 0. Since u = g — foy — S;lﬂ =0, it is
proved that the sum (1) is direct.

Let us proceed to the proof of the decomposition (2).

Necessity. Let S be a self-adjoint extension of S and Uy be the subspace of the solutions to §u0 = 0.

Clearly, Uy € U. We introduce this notation: Uy = U © Uy, Hy = HO Uy = R(S) @ U;. Since the set R(S) is
dense in H4, R(S) can be represented as

R(S) = R(S)+ U, (3)



where (71 is some dense set in U;. The operator S , if considered only in H, has on R(§ ) the inverse operator
S~1. Tt is known that the operator S~ is self-adjoint in 7, and S™'R(S) = P, D(S); here Py is the projection
operator onto H. We will extend S ~! to the whole H maintaining the self-adjointness by considering it to be
0 on Uy. Applying S™! to the decomposition (3) we find that

P,D(S) = P.D(S)+ S 'Uj;. (4)

Since D(S) = Py D(S) 4+ Uy and Py D(S) + Uy = D(S) + Uy, (4) can be written as
D(S) = D(S)+ S U1+ Uo. (5)

Let us consider the operator B = S-1— P+S;1P+. This is a self-adjoint operator with domain of definition

D(B) = D(S~!) = R(S) + Uy dense in H. It is clear that BUy = 0. We shall show that BR(S) = 0. Indeed,
let hg € R(S) and fo = S~'hg. Then,

Bhy = §_1h0—P+S;1P+h0 = Pyfo—PyS;'ho = Pyfo—Pyfo = 0.

We see that the subspaces Uy and R(S) are invariant for the operator B, that is why B has to be a self-adjoint
operator in U if it is considered only on the domain U;. By means of the operator B let us re-write the
decomposition (5) as

D(S) (S) + [PLS; Py + (871 — Pu.S PL)IUL + Uy

= D w
= D(S)+ (P+S;* + B)U1 + Uy
= D(S) + P(S;* + B)U, + Uy .

Since _ B
Pi(S; '+ B)UL+ Uy = (S,' + B)UL+ Uy,

we can finally decompose D(S) as follows:
D(S) = D(S)+ (S;,* + B)U1 + Uy .
The latter sum is direct, since it is a part of the direct sum (1). Necessity is proved.

Sufficiency. Let Uy be some subspace of U and B be some self-adjoint operator in Uy = U © Uy, whose
domain of definition we denote by U;. Let us form the direct sum

D(S) = D(S)+(S;,* + B)U1 + Uo

and define on it the operator S as the restriction of the operator S*. Clearly, S is an extension of the operator

S. Let us show that this extension is self-adjoint. Let for all g € D(S) be

(Sg,1) = (9,1). (6)

One has to show that ¢ € D(S) and St = t*. Clearly ¢ € D(S*) and t* = S*¢, and thus, according to the
decomposition (1), t = o + S, '0 + v, t* = Sy + T, where ¢y € D(S), v,5 € U. Let us consider (6) with g
equal to some arbitrary element ug € Uy. We get

(t*7u0) = (t,gUQ) = Oa

ie, t* L Uy. Since t* = Spg + v and S¢g L U, it follows that v € U;. Let us represent v in the form
v = vg + v1, where vg € Uy, v1 € Uy. Let us consider (6) with g equal to some arbitrary element of the form

g = fo +S;1u1 + Buy, where foeD(S),u; € U, .

For short denote ¢ = g + S;lﬁ, f=rf+ S;lul, @, f € D(S,). Since Sg=S8*g=S"f+S*Bu = S,.f and
t* = S*t = S,¢, we get from (6) the equality

(Sufiptvi+v) = (f+ Bui,Sup). (7)
Since (Suf, ) = (f, Sup), Suf = Sfo+ w1, and S, = Sy + 7, it follows from (7) that

(Sf() + Uy, v + Uo) = (Bu1,5<p0 +5).



Finally, noting that Sfy L v1 + vg, u1 L vg, and Buy L Sipg, we find the relation
(Bu1,v) = (ug,v1). (8)

Since w1 is an arbitrary element from D(B) = [71, 7,v1 € Uy, and the operator B is self-ajoint in Uy, it follows
from (8) that © € D(B) and v; = B, and thus

t = 0o+ (S, +B)u+o.
The last equality shows that ¢ € D(g) This way, the operator S is self-adjoint and the theorem is proved.

Remark. The formula N
B = S1-P.S P, (9)

obtained along the proof allows to reconstruct the operator B uniquely from the extension S. Tt follows also
from this formula that the boundedness of the operator B is necessary and sufficient for the boundedness of
the inverse operator S~! considered on R(S). If in addition Uy consists only of the zero element, then S has a
bounded inverse everywhere on H.

2 On the semi-bounded extensions of a positive definite operator

The aim of the current Section consists of characterising the semi-bounded extensions of an operator S in terms
of the corresponding operators B. Below, along with B, we will often need to consider the inverse operator
B~1. Obviously this is a self-adjoint operator in R(B) with domain of definition R(B). However, we will
always consider B! to be defined on a broader set

D(B™') = R(B) + Uy,
by setting B~1Uy = 0.

Lemma 1. [If S is a semi-bounded self-adjoint extension of the operator S and B is the corresponding
operator in Uy (in the sense of Theorem 1), then

D(B~Y) c DIS]

and, for all vi,vo € D(B™1),

S[’Ul,’UQ] == (Bilvl,’l)g). (10)

Proof. Let v € D(B™!). By definition of the set D(B™'), v = Bu + vy, where u € Uy and v € Up.
According to Theorem 1, the element g = S, 'u + Bu + v is contained in D(S). Since f = S, 'u € D(S,) C

D[S] C D[S] and g € D(S) C D[S], the element v = g — f € D[S]. Furthermore, since Sg = u, then
Slo:9) = (S9.9) = (u.f+v) = (Sufo )+ (w0) = S[f, f]+ (B "v,0).
On the other hand, according to the results of M. G. Krein quoted above, §[f, v] = 0 and thus
Slg.g) = SIS 1+ 5[w.u].

Comparing this equality with the former one, we find that

Slv,v] = (B v,v).
The concluding step to the bilinear relation (10) is performed in the ordinary way. The Lemma is proved.

Let us make one more remark needed in the following. Let A be a positive definite self-adjoint operator.
Then for all h € H

] (PP 41
febg?A) (Af. f) (AR, k).

Indeed, setting g = A'/2f, we find that

2 —1/2 2
sup |(f7h)| = sup |(A g7h)‘ = sup |(g7A_1/2h)|2.

sep(a) (Af, f) geH gl lgll=1



According to Bunyakowsky’s inequality, the upper bound of the last expression is attained by g = A~1/2h/||A=1/2h)|
and thus

) ()P 41
febgl()A) (Af. f) (AR, k)

In particular, if A =5, —al (a < m(S) =) and R, = (S, — @l) !, then for every h € H

sup [(f, h)[?
fep(s,) Sufs f) —alf, f)

= (Rah,h). (11)

Theorem 2. In order for the self-adjoint extension S of the operator S to satisfy the condition of semi-
boundedness

(S9.9) = alg,g)  (a<n) (12)
forall g € D(g), it is necessary and sufficient that for all v € D(B~1) the following inequality holds

(B7v,v) = a(v,v) + a?(Rav,v). (13)

Proof. Condition (12) is equivalent to

Slg,g] = alg,9), g€DIS], (14)

which arises from (12) by taking the closure in the sense of §—convergence. In particular, let g = f + v, where

f €D(S,) and v € D(B™1). According to Lemma 1, g € D[S] and

Slg.g = (Suf. )+ (B v,0).

Let us write condition (14) in the form

(Suf. )+ (B7 o) = alf, f) +a(f,v) + alv, f) + a(v,v).

Replacing here f with £f and v with nv, we get the inequality

(St ) = alf, IEE — a(f,v)én — a(v, f)én + (B~ v,v) — a(v,v)ln > 0. (15)

Since a < v = m(S) and, thus, (S,.f, f) — a(f, f) =0, then for all f € D(S,) and v € D(B') the validity of
the inequality

a?(f,0)? < [(B™1o,0) = a(v,0)][(Suf, f) — a(f, f)] (16)

is a necessary and sufficient condition for the positivity of the quadratic form in the left hand side of (15).
Let us show that this condition is not only necessary but also sufficient for the validity of the inequality (12).

Indeed if g € D(S) then, according to Theorem 1,
g = fo+ S, w1+ Bui +ug,

where fy € D(S), uy € Uy, and ug € Up. Since f = fo + S 'uy € D(Sy) and v = Buy +ug € D(B™!), then
(15) follows from (16). Setting £ = n = 1 in inequality (15), noting that ¢ = f + v, and proceeding in the
opposite direction along the computations above, we find that condition (14), which coincides with condition

(12) for g € D(S), holds true. For the proof of the theorem it remains to write (16) in the form

a?|(f,v)?
(Sufs ) —alf, f)

(B~ v,v) — a(v,v) >

and to compare it with (11).

Corollaries:

1. If the 0pemt0r§ s semi-bounded and m(S’v) > «, the operator B~! is also semi-bounded and m(B~1) > a.

This statement follows directly from formula (13).



2. In order for the operator S to be positive, it is necessary and sufficient that the corresponding operator
B~ s positive.

For the proof of this statement it suffices to set & = 0 in (12) and (13).

3. In order for the operator S to be positive definite, it is necessary and sufficient that the corresponding
operator B~ is positive definite.

Indeed, if m(B~1) > 0, then m(S) > 0. The operator B! has a bounded inverse, thus Uy consists only
of the zero element and the operator B is bounded. According to the Remark on Theorem 1, S has then

a bounded inverse everywhere in H. This is why the equality m(S) = 0 is impossible and the operator S

is positive definite. Conversely, if m(S) > 0 then, according to (13), m(B~1) > m(S) > 0.

4. If m(B™Y) = ¢ and ¢ > —~, then the corresponding operator S is semi-bounded and

m(S) > a= e
Y+c

It is easy to see that o < 7. Condition (13) is fulfilled since the stronger condition

(v,v), veDB),

representing another form of writing the inequality (B~1v,v) > ¢(v,v), holds true.

5. In order for the self-adjoint extension S of the operator S to have the lower bound m(g) = v, it is
necessary and sufficient that condition (13) holds true for all o < 7.

The proof of this statement is obvious.

Remark. M. G. Krein stated conditions for which the rigid extension S, is the unique self-adjoint extension
of the operator S with the lower bound v = m(S) (see Theorems 8 and 9 of the work [2]). Corollary 5 gives us
an alternative way to get these conditions.

As we already noted, for semi-bounded extensions S of the operator S there exists the decomposition of
M. G. Krein: B B
D[S] =D[S]|+D[S|nU. (17)

It is interesting to describe the set D[S]NU in terms of the operator B. Before the proof of the corresponding
theorem we anticipate a lemma.

Lemma 2. If§ is a semi-bounded extension of S and 8 < m(§), then there exists a positive number n < 1
such that

B0 < PUSuf ) = BUf OB v,0) = B(v,v)] (18)
for all f € D(S,) and v € D(B™').

Proof. According to (11), to prove inequality (18) it suffices to establish the validity of the relation
B*(Rsv,v) < n*[(B™'v,v) = B(v,v)],

which we re-write in the form 52 (R )
BU,V
T + B(v,v). (19)

Let the number « be such that f < a < m(S). According to Theorem 2,

(B™'v,0) >

(B™'v,v) = a*(Rav,v) + a(v,v). (20)

Let us show that the number 1 can be chosen in such a way that for all v € D(B~!) the inequality

B*(Rgv,v)

a?(Rav,v) + afv,v) > =

+ B(v,v) (21)



holds true. We denote by &) the spectral measure of the operator S,,, and re-write (21) in the form
osl O42 /52
7+a—7—ﬁ)d(é@,\v,v) > 0. (22)
[{ ()\ —« (A= B)n?

Assume first that § < 0. Then we can also assume a < 0. Since

M ) SO et N (e s N U it V25
A—a T =P A=a)A=B)  A=B T (-Blh-a) =B

then, for a sufficiently small value of §# = =2 — 1, inequality (21) indeed holds true. If 8 > 0, then a > 0; in
this case the validity of (21) follows from the relation

(=B 68 o
C—a)A =) A-5 ~ =5’

if 0 is chosen to be sufficiently small. Comparing inequalities (21), (20), and (19) we convince ourselves that
the Lemma is true.

(a—B)

Moreover, let us remark that since

(Sufs /) =B F) = SIf. f1= B ) = (£, g,

(Bilvﬂj)_/@(vﬁv) = Sv,v] = B(v,v) = (U7U)§7

and
_ﬁ(f’v) = §[f,v]_ﬁ(f,v) - (fav)§7

we can write inequality (18) in the form

((f0)5l* < 7° (f, g (v,v)5. (23)

Inequality (23) shows that the “angle” between the manifolds D(S,,) and D(B~!) in the Hilbert space D[5] is
different from zero.

Theorem 3. For every semi-bounded extension of the operator S
DIS|NU = D[B~] (24)

and thus, according to (17),

D[S] = D[S]+D[B™]. (25)

Proof. Let 3 < m(S). According to Corollary 1 of Theorem 2, the operator B~! is semi-bounded and
m(B~1) > 3. The set D[B~] represents the closure of D(B~!) in the metric defined by the scalar product

(v1,v2)g—1 = (Bflvl,vg) — B(vy,v2), v1, Vg € D(Bil) .

According to Lemma 1, D(B~!) C D[S] and

(vi,v2)p-1 = (B w1, v2) — Bvi,v2) = Slv1,va] — B(vr,v2) = (v1,02)5,

and therefore the closure in the norm (v,v)g-1 does not lead out of D[S]. On the other hand. since
(v,0)p-1 = (B™'v,0) = B(v,0) = (m(B™') = B)(v,v),
the closure of D(B~1) in the norm (v,v)g-1 does not lead out of U. This way,

DIB™Y] c D[S|nU.

Now let us establish the opposite inclusion. Let u € D[S]NU. By the definition of the set D[S], there exists a

sequence {gx} C D(S) such that
lgr —ullg >0 as k— oo. (26)



Representing gy, in the form gy = fi + vi, fx € D(S,), v € D(B™!), according to (23) we get

lgr = gmls = 1S5 = fullf + 2R(fr = foms vk — V)3 + ok — vl
> | fx = fnllE = 200 fx = fnll5lloe — vz + 1ok — oI
> (1 - 77) [”fk - fm”% + Hvk - Um“%} :

It now follows from (26) that
| fx — fsllg =0 as k,m— oo, vk —vmllg =0 as  k,m —oo.

Since [|vn — vm|lg = [vn — Uml| -1, the sequence {vy} converges to some element v € D[B~']. Exactly in the
same way the sequence { f} converges to some element f € D[S]. Taking the limit in the equality gx = fir + v
we find that u = f +v. Since f = u —v € U, then necessarily f = 0 and v = v € D[B~!]. The theorem is
proved.

Corollaries:

1. If the operator S is positive, then

Indeed, if S > 0, then B~ > 0 and hence

D[B~!] = D(B~Y?) = R(BY?) +U,.

2. ForveD[S|INU

Slv,v] = B [v,v].

-1
Indeed, v € D[B~!] and therefore there exists a sequence {v,} C D(B~!) such that v, ELAY or,

equivalently, v, 5, . Tt remains to note that

B v, 0] = nliﬁn;o(Bflvn,vn) = nlgrréog[v,L,vn] = Slv,v].

3 On the spectrum of self-adjoint extensions of a positive definite
operator

Based on the knowledge of the character of the spectrum of the operator B it is sometimes possible to get
information on the spectrum of the corresponding extension S. Now, in the proof of Theorem 1 we established
(formula (9)) that the operator S~' — P, S, /' P, coincides with the operator B if the latter is extended by zero
to R(S) ® Up. From this it follows that in case S;l is absolutely continuous, then the absolute continuity of

S—1is equivalent to that of B.

M. G. Krein proved theorems* that allow one to describe the number of negative eigenvalues of the self-
adjoint extensions of a positive definite operator with finite deficiency index. Using Theorems 1 and 3 the
result of M. G. Krein can be formulated as follows:

The number of negative eigenvalues (considering their multiplicity) of the operator S is exactly equal to
the number of the negative eigenvalues of the operator B~1.

The extension of M. G. Krein’s result to the case of an operator S with an infinite deficiency index is the
following

Theorem 4. In order for the negative part of the spectrum of the self-adjoint extension S of the operator S
to consist of a bounded from below set of eigenvalues of finite rank and not to have accumulation points distinct
from zero, it is necessary and sufficient that the negative part of the spectrum of the operator B~ has the same
property. Moreover, if one of the operators §, B! has a finite number of negative eigenvalues, then the other
one has exactly the same number of negative eigenvalues.

4see Theorems 19 and 20 of work [2]



Proof. The proof of the theorem is based on the following obvious remark:

If G is a finite-dimensional subspace of H and W is a linear set of dimension higher than the one of G, then
W contains an element orthogonal to G.

Let us start with the proof of the necessity of the first statement. It follows from the condition of the
theorem that S is a semi-bounded operator. Let E) be the resolution of the identity for S m(S) =a <0,
m(B~!) = § (according to Corollary 1 of Theorem 2, § > «), F; the decomposition of the identity for B,
and V be the closure in # of the set D(B~1). We note that for g € D[S]

Slg, 9] = /mkd(Exg,g)- (27)

Indeed, setting T' = S —B1 (8 < @), we see that T' > 0 and thus, for g € D[T],

oo

Tlg.g = T2 = / T B)d(Erg.g) = / Ad(Erg.g) — Ag.9)-

«

From this, since g[g,g] =Tlg,9] + B(9,9), we get formula (27). Applying it to v € D(B~!) and noting that
S[v,v] = (B~ tw,v) = / td(F,v), (28)
5
we get, comparing (27) and (28), the inequality

/ td(Fv,v) / Ad(Ey\v,v). (29)
5

Assume that the statement of the theorem does not hold for B~!. Then one can find an interval A = [§, —¢]
(e > 0) such that FAV is infinite-dimensional.”> Let A; = [, —5]. According to the condition of the theorem,
the subspace Ea,H is finite-dimensional and thus one can find a non-zero element ¥ € FAV, orthogonal to
Ea,H. Since v € D(B~!), applying inequality (29) to v we get that

—e 0
/ td(Fv,v) > / A(E\T,D).
) —e/2

But then

g 0 g
> ——/ d(E\1,0) =2 —=(v,7),
2J) o 2

which is impossible. The necessity of the first statement is proved.

Let us turn to the proof of sufficiency. We note preliminarily that if Sisa self-adjoint extension of .9, if

gkgp(g)mE(—oo,—a]H (5>0)a gk:fk+vka
fr €D(S,), weDBY,
and if the g;’s are linearly independent, then the corresponding elements v;’s are also linearly independent.
Indeed, if for some values of the constant c; one has ZZ':l crvr = 0, then

n

= gk = > orfe € D(S,)  and  (Sg.9) = (S7g.9) = (Sug,9) = 1(9,9).
=1 k=1

which is impossible, since g € E(_o,_gH and g # 0.

Assume that the statement of the theorem does not hold for S. Then one can find ¢ > 0 such that
the subspace E(_. _H is infinite-dimensional. Owing to that, its dense linear subset D(S) NEs,—aH

5As always, here we denote Fa = F5 — F_.
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is infinite-dimensional. Applying the decomposition ¢ = f + v, f € D(S,), v € D(B™'), to all elements
g € D(g) N E(_oo,—]H, let us consider the linear set of corresponding elements v which we denote by V..
Owing to the noted linear independence of the elements v, one can claim that the set V. is also infinite-
dimensional. Let § = m(B~1!), A, = [§, —h], and the number h be chosen such that it fulfills the conditions:
0 <h<vy, —h >4, thh < §. It follows from the condition of the theorem that the subspace Fa,V is
finite-dimensional. Thus, the set V. contains an element v’ which is orthogonal to the subspace Fa, V. Let

v’ correspond to the element g’ from D(S) N E(_, _H. Owing to the noted linear independence, such an
element can be chosen uniquely. Let us set f' = ¢’ — v’ and show that

€

(g9, (30)

(S¢',9') >
One can do this in the same way as Theorem 2 and its Corollary 4 are proved. Let us write (30) in the form

[(Sf' )+ S E0] 4 S0 + 5 ) + [(BT,0) + S0 0)] 2 0.

A sufficient condition for the positivity of this expression is the validity of inequality

g2 £ _ £
I|(flvv/)|2 < [(Sﬂflvf/)—’_i(f,vf/)} [(B 1vlvvl)+ 5(’()/,1]/)] )
which, according to (11), is true when the condition

62

(R0 0) < (BTN 4 S (0,0 (31)

is true. In turn, the validity of inequality (31) is guaranteed by the validity of the stronger condition

i2( +E>—1(v/ ’U/) < (B_l’l}/ U/)+E(U/ 'U/)
4 ’y 2 ) ~ ) 2 ) )
which one can write in the following form:
(B~ ) > —277::; - (). (32)

Finally, the validity of relation (32) follows from the fact that, according to the choice of h,

ve
S 2v+4e

and thus

(B~%' ') = /htd(Ftv’,v’) > —h(v' V) > —QJig(v’,U').

This way, relation (30) should be valid, which is however impossible, since g € E(_, _/H and
(Sq'.9') < —(d.9")-
The obtained contradiction proves the validity of the first statement of the theorem.

We turn to the proof of the second part of the theorem. Assume S has p negative eigenvalues. The discrete
character of the negative part of the spectrum of the operator B~! can be established with the first statement. If
B~! has more than p negative eigenvalues then for some £ > 0 there exists an element v € F] [5,—e]V, orthogonal
to Ejq,0H. Since v € D(B™1), then applying (29) we find that

/ td(Fyo,v) > 0.
4

The latter is however impossible. This way the number ¢ of negative eigenvalues of the operator B! does
not exceed p. On the other hand, if ¢ is finite then p < ¢. Indeed, if the contrary holds, for some € > 0 the
dimension of the subspace E|, _#H is larger than ¢ and thus the dimension of V. is also larger than ¢q. So V
has an element v" orthogonal to the subspace Fis5 V. But then, for the corresponding element g" we obtain
the inequality

0
(Sg'.g") = (Suf', f)+ (B~ ,v') = (B, v') > / td(Fp',0") = 0,
o

11



which is impossible, since ¢’ € Ejo,—qH. Comparing these results we see that p = g. The theorem is proved.

Remark. We note that under the conditions of the theorem the sequential negative eigenvalues of the
operators S and B~! satisfy the relations

2i(S) < \(BTYH (1=1,2,...).

Indeed, since the discrete character of the negative part of the spectrum is established, one can find the

numbers \;(S) as the sequential minima of the quadratic form

Slggl (lgll =1)

on the set D[S]. According to Corollary 2 of Theorem 3, on the set D[B~!] this form coincides with the
quadratic form
B7v,0] (vl =1),

whose sequential minima are given by the numbers \; (B ~1). It now remains to refer to the known mini-maximal
property of eigenvalues.

4 On the positive definite symmetric extensions of the operator S

Below theorems are given which are supplements to Theorem 1. Theorem 5 gives a characterisation of the
symmetric positive definite extensions S’ of the initial operator S. Theorem 6 gives a general characterisation
of the self-adjoint extensions of the operator S’. Theorem 7 is devoted to the characterisation of the rigid
extension S, of the operator S’

Theorem 5. In order for the operator S’ to be a closed symmetric positive definite extension of the operator
S, it is mecessary and sufficient that S’ is defined as a restriction of S* on the direct sum

D(S') = D(S)+ (S, +BU'; (33)
here U’ is some subspace of U, B’ is a symmetric operator which maps U’ into U and satisfies the condition

(B'W,B'v') < M (B'v ), M >0, u el . (34)

Proof. Necessity. We introduce the notation:
U=HOSRS) and U =UcU.

It is obvious that R(S") = R(S) @ U’. Let us consider the rigid extension S, of the operator S’. According to
Theorem 1, there exists an operator B, bounded and self-adjoint in U, such that

L (g—1
D(S,) = D(S)+ (S, +B)U. (35)
Obviously, R(S},) = H. We denote with B’ the restriction of the operator B defined on U’ and check that
D(S") = D(S)+ (S, +BHU".
Indeed, if g = fo + (S, ' + B')u/, fo € D(S), v’ € U’, then S},g = Sfo +u' € R(S'), and thus g € D(S").
Conversely, if g € D(S’), then, according to (35), g = fo—i—(S’;l +B)u, fo € D(S),ue U, S'g=>5,9=>Sf+u,
and necessarily u € U’, for otherwise S'g ¢ R(S’). It remains to ensure that condition (34) holds. Let F} be

the spectral measure of the operator B, M be its upper bound, and v € U. Since the operator B is positive,
then

M M
(Bu, Bu) = / t2d(Fyu,u) < M/ td(Fu,u) = M(Bu,u).
0 0

These inequalities hold in particular on U’. Necessity is proved.

12



Sufficiency. We note first of all that the operator B’ defined on U’ can be extended to a self-adjoint operator
in U, which also satisfies condition (34).% Indeed, let us consider the symmetric operator C' = B’ — %IL on U
M? M?
(C'v/,C'v) = (B'W,B'vw) — M(B'v )+ T(u’,u’) < T(u’,u’) :
According to Theorem 2 of M. G. Krein’s work [2], there exists at least one self-adjoint extension 6’~ of the
operator C’ on the whole U, which satisfies the condition ||Cul| < & ||ul|, u € U. The operator B = C + %1
is obviously a self-adjoint extension of the operator C’ and in addition

(Bu, Bu) = (Cu,Cu) + M(Cu,u) + %(u, u)
%(u, W)+ M(Cu,u) = M(Bu,u).

N

With the help of the operator B we construct a positive definite operator S with domain of definition
D(S) = D(S)+(S;' + B)U.

The operator S , when defined on the direct sum (33), is obviously a restriction of the operator S and thus has
to be positive definite as well. The closedness of S’ follows from the existence of a bounded inverse operator

(8)~! on the closed set R(S") = R(S) @ U’. The theorem is proved.

Remarks.
1. If B’ is a positive bounded self-adjoint operator in U’, then obviously condition (34) holds.
2. The operator B’ is defined by the formula
Bu = (8 'u—5"u, uwel' . (36)

Indeed, according to (9), B = (S],)~" — S,;!, and this formula coincides with (36) on U’.

Mmoo

We now consider the issue of self-adjoint extensions of the operator S’. Let Uy be a subspace in U and
Uy =U"& (UsUy). We denote H S Uy by Hy: Hy =H S Uy, and the projection operator onto Hy by Py.

Theorem 6. In order for the operator S to be a self-adjoint extension of the operator S’, it is necessary
and sufficient that S is defined as a restriction of S* on the direct sum

D(S) = D(S)+(S;,* + B)U1 + Uo; (37)
here (71 = D(E) is a set dense in Uy, Bisa self-adjoint extension on Uy of a symmetric operator Py B' on U’.

Proof. Necessity. If the operator Sis a self-adjoint extension of S’ then obviously So S, Scs* and,
according to Theorem 1, B N
D(S) = D(S)+ (S, ' + B)U1 + U .

The meaning of the notation is the same as in Theorem 1. The corresponding subspaces Uy and U; satisfy the
conditions of the theorem to prove. Indeed,

Uy = HOR(S) c HOoR(S) = U
and _ _
Uy =UsUy = U alU)slUy = U aUsely).

It remains to show that the operator B is the extension of the operator P, B’. To this aim, we note that the
operators S~! and Py (S’)~! coincide on U’ and according to (9) and (36)

B =S81'-P.S'P. = P () - PSt = P((8) -8, = PuB .

SFor a self-adjoint operator, the validity of condition (34) follows, as we have seen, from its positivity and boundedness. On
the other hand, every symmetric operator satisfying (34) is positive and bounded. Indeed,

(B'W/,u) > M7YBW|* > 0,  |IBW|P < MBI, 1B < MW, 1B < M.

13



Necessity is proved.

Sufficiency. Let Uy be some subspace of U and B be a self-adjoint extension of the operator P, B’ on Uj.
Then formula (37) defines some operator S which is a self-adjoint extension of the operator S. Let us show
that S D S’. Let ¢’ € D(S’). According to Theorem 5, ¢’ = fo + S;lu’ + B'v/, fo € D(S), u' € U'. We denote
B'vw — P, B’ by ug. Obviously, ug € Up. Now let us represent ¢’ in the form

g = fo+ S, +PyBY +uy = fo+ (S + B +up.

Since u' € U' C Uy, v’ € D(B), and ug € Uy, then according to (37) ¢’ € D(S). Thus, S D S and the theorem
is proved.

Let us turn to the characterisation of the rigid extension SL of the operator S’. According to Theorem 6,
the domain of definition D(S),) can be decomposed into the direct sum

D(S)) = D(S)+(S,' + B)U,

where B is some positive bounded self-adjoint extension of the operator B’. It is easy to see that the set of
positive bounded self-adjoint extensions B of the operator B’ on U is defined by the formula

B = B-G;

here B is one of such extensions (fixed) and G is an arbitrary self-adjoint operator in U, which satisfies the
conditions (Gu,u) < (Bu,u) and GU' = 0. The second condition is obviously equivalent to R(G) C U.
Theorem 1 of M. G. Krein’s work [2] allows one to state that among the operators G with the mentioned
properties there can be found a maximal operator G,,. We get the minimal (lower) positive bounded extension
of the operator B’ if we choose the operator G, as G. We denote this extension by B,,. It follows from Theorem
5 of work [2] that B,, is the unique extension of B for which U’ is dense in U in the norm

lul% = (Bu,u).

After these remarks it is not difficult to prove the following theorem:

Theorem 7. The domain of definition of the rigid extension SL of the operator S’ can be represented as
the direct sum
D(S;,) = D(S)+ (S, + B)U,

where B,, is the lower positive extension of the operator B' on U.

Proof. Let us temporarily denote by S the extension of the operator S’ constructed by B,, and show that
D(S) C D[S']. As it was noted in Section 1, this will prove that S = S),. Since

D(S) = D(S)+ (S, + B)U
and
D(S)+S,'U c D(S,) c D[S] c D[YT],
it is enough to show that
B,U = D(B,') C D[S']. (38)

Since the extension S is positive definite, then we can set

lgl% = Slg. 9], (39)

which introduces a norm in D[S]. The set D[S’] is some subspace in D[S]. Then for the proof of (38) it
suffices to show that each element from B, U can be approximated in the norm (39) by elements of D[S’]. Let
v = Byu, u € U. According to the property of the lower extension, one can find a sequence {u},} C U’ such
that ||u,, — u||QB“ — 0 as n — oco. But the latter means that for v one has constructed a sequence of elements

v, = Byu), belonging to the set D[S], convergent in the S-norm.
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Indeed, according to (10),

(Byu — Buul,u—u,) = (B, 'v— B v, v—1)

luf, — B, s i Vs

= Sw—v,v—v)] -0 as n-— o0,

and it remains to prove that v/, € D[S’]. We temporarily denote by B the operator corresponding to the

rigid extensions S, Since v, = Byu,, = B'u, = Buj,, then v, € D(B 1), and according to Lemma 1,
v, € D[S},] = D[S’]. The theorem is proved.

Remark. If the operator B’ is self-adjoint in U’ then we obviously get its lower extension if we extend
it by zero on U. According to the proved theorem, the obtained extension of the operator B’ allows one to
construct the rigid extension S}, of the operator S".

(Submitted to the editorial office on 13 November 1954.)
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NOTES TO THE TRANSLATION

(i) Throughout Birman’s article, at the moment of choosing a subspace of the Hilbert space H, it is tacitly
assumed that such a subspace is closed. Thus, for instance, in the statement of Theorem 1 U; is a closed
subspace of Ker S*.

(ii) Except for the preliminary remark at the beginning of Section 2, in Birman’s article there is no explicit
notation to distinguish among a subspace of # and its closure. Thus, in several orthogonal direct sums
appearing in the text, such as H = R(S) ® U and Hy = R(S) @ U; in the proof of Theorem 1, a
summand appears which is not closed as it should be according to the usual convention for “®”. In the
above-mentioned example, Uy, U, and H, are closed subspaces of H but R(S) is not, thus one should
have written H = R(S) @ U and Hy = R(S) @ U;. We warn the reader that unfortunately the “bar”
notation is used in the original article both for the closure of a subspace in ‘H (beginning of Section 2)
and for denoting a distinguished subspace (Section 4).

(iii) Birman’s convention, kept in the translation, for an expression like “the operator A in the (Hilbert)
subspace K7, is to indicate that the possibly unbounded operator A has a domain dense in K and maps
K into itself. This is the case, for instance, in Section 2 for the operator B (as a self-adjoint operator on
the Hilbert space Uy) and for the restriction of S=1 to the Hilbert space H. .

(iv) Despite the possible confusion, we kept Birman’s standard to use the same symbol for operators acting
on different spaces. This is the case of B in the ‘small” space U; and in the “large” space H, for B~ lin
the “small” R(B) and in the “large” R(B) @ Uy, and for S~' in the “small” H, and in the “large” H.
Note also that B~! and S~ are the inverse of the restrictions of B and S out of their kernels.
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1956 MATEMATHYECKHM CBOPHHK T. 38 (80), Ne 4

K Teopun camoconmpsiKeHHBIX paclIMpeHHii MOJIOXUTENbHO
onpejeJieHHbIX ONEPaTOPOB

M. II. bupman (Jlenunrpan)

Teopusi pacmpeHH¥ CHMMETPHYHBIX OIEPAaTOPOB B THJILOEPTOBOM MpO-
CTPaHCTBE HAIJIA B HACTOSIIEe BPeMs MHOTOUHC/EHHBIE NPHJOKEHHS B aHa-
Ju3e (npobieMa MOMEHTOB) M B KpaeBHIX 3ajauax s AudipepeHnuasbHbIX
ypaBHenu#i. OcoGeHHO NOAPOOHO pa3paloTaHa TeOPHST pAaCIIHpeHHH  JJIst
OIepaTopoB C KOHEUHBIMH HHJeKcaMHu JedekTa, Takue omepatopel Bcerja
BO3HHMKAIOT TPH H3YyUYEeHAH OJHOMEPHBIX KpaeBbIX 3ajay. UTO Kacaercs
KpaeBbIX 3ajiau jua JudepeHIHaNbHBIX YPABHEHUH B YaCTHBIX IPOM3BOJHBIX
(3JIUNTHYECKOr0 THIA), TO OHHU, BOOOLIE TOBOpsi, NPHBOJAT K OIepaTropam
¢ OeckoHeUHBIMH HHAeKcaMH Jedekra. CyliecTBEHHO TaK¥Ke, YTO 3TH OIlepa-
TOPHI, KaK IIPaBUJIO, OKa3blBAIOTCS IOJyOrpaHUUEHHBIMH. B cBs3W C 3TUM
00JIbIIOK HHTEpec /s TPHJIOKEHHH IIPEJCTABJSET TEOpUS pacuIpeHun
CHMMETPHYHBIX MOJIyOT PAHHUYEHHBIX ONEPaTOpoB ¢ OECKOHEUHLIMH HHJAEKCAMH
Zedekra. OCHOBHBiE pe3yJsbTaThl B 3TOH 0OJacTH npuHajgiexar K. ®puapux-
cy u M. I'. Kpeiiny.

K. ®puppuxc B padore [l] npeitoxus choelHanbHBIH IpHEM pacliupe-
HHS CHMMETPHYHOrO IOJYOrpaHHYeHHOrO ollepaTopa /o CaMOCOIPSIXKEHHOTO,
OCHOBAHHBII Ha 3aMBIKaHHWH COOTBEICTBYIOIIEH KeajparnuHoi ¢opmel. Iloay-
yalomeecss TAKUM 00Pa3oM paCUIHPEHHe HMEEeT Ty :Ke HHXKHIOI I'paHb, 4TO
U HCXOJHBIH omeparop.

HauGosiee mosno Bompoc 0 caMOCONPSIKEHHBIX pacUIMpeHUsiX IoJyorpa-
HUUYEHHBIX OllepaTopoB HccJjefoBaH B padore M. I'. Kpeiina [2]. C momorbio
IpobHo-suHeliHoro mpeoGpasoBanust M. I'. Kpefin ceen mpobsemy K moctpoe-
HHUIO pacLINPeHHH OrpaHHYeHHOTO CHMMETPHYHOrO ONeparopa, 3ajlaHHOro Ha
HEIJIOTHOM MHoxecTBe, JruM nyrem M. T. Kpeiin BoisicHni, 4To cpeiu
HOJYyOrpAaHUYEHHBIX ~ CAMOCONPSI)KEHHBIX ~ PAaCUIMPeHHWH IOJyor paHHYEHHOTO
CHMMETPHUHOI'O OllepaTopa €CTb OJHO («KECTKOes) pacUuldpeHHe, KOTOopoe
o0JiaflaeT psIOM 3aMeuaTeJbHHIX 3KCTpeMasbHbix cBoficte. M. TI'. Kpeiin
NOKa3aJ TakKe, UTO paciigpeHue omneparopa no Ppujppuxcy Bcerja HpHBO-
JUT K JKECTKOMY PpacCIUFpPEHHIO.

Uz ppyrux paGoT mo TeopuH pacliMpeHHH GOJBLION HHTepec IpejiCTa-
Baser padora M. M. Bummka [3]. OrkasaBiuuch or TpeGOBaHUS CHMMETPHY-
HOCTH HcXoAHoro omnepartopa, M. M. Bumuk paccMarprBaer ero paclu¥peHus,
obsnajalome TeMH MJH WHBIMH CBOHCTBAMH Da3pellMOCTH, HalpHMep
pacIUMpeHUs C OrpaHHYeHHBIM OOpaTHBIM ONEPaTopoM, a TaKXKe HeKOTOphle
Iapyrue. B cayuae, Korja HCXOAHBIH ONIepaTOp CHMMETPHUEH, BBIJIe/IsIeTCs TAKKe
KJIacC ero caMoconpsizKeHHbIX paciunpenuii. Ceou pesyabratel M. M. Bumuk
[pHUJaraeT K HCCJAEJIOBAHUIO OOMUX KpPAaeBbIX 3ajauy JJsi JJIHITHYECKHX
JuddepeHINaIbHBIX YPAaBHEHUH BTOPOTO NOPSAKA.



432 M. IlI. Bupman

OcranoBumcst BKpaTie Ha npumeHenHom M. WM. Bumnkom Meroje uccae-
JloBaHHUsI, OrPAaHMYMBASCH CJyuyaeM CHMMETPHYHOro omeparopa. Kaxgomy
pacuupenyio oneparopa M. M. Bumuk comnocraBssier HEKOTOpHI oneparop
B, neficTByIOmMH B MOANPOCTPAHCTBE HYyJeH ornepaTopa, COINPSIXKEHHOTO C
ucxoaueiM. CBoicTBa pa3pelInMOCTH PaCIIMpeHHs YaeTcsi 0XapaKTepU3oBaTh
B TEPMHHAX COOTBETCTBYylomero omneparopa B. C Japyroil CTOpPOHBI, B TPHJO-
JKEHHM K KpaeBelM 3ajgadyam M. M. Bumuk BeisicHsier, uro omepatop B
HENIOCPE/ICTBEHHO  ONpeJleJIsieTCs TDAHUUHBIME  YCJOBHSIMH  3ajlaud, ecJH
NocJieflHUe TpPUBEJIeHBl K HEKOTOPOMY «KAHOHHUECKOMY» BHJY. IJTHM ycCTa-
HaBJIMBaeTCsl CBf3b MEXKAYy CBOACTBAMH paCHIMpeHHIl HCXORHOTrO Judeper-
[HaJbHOTO ONEepaTropa ¥ BHUJAOM KPaeBHIX YCJOBHII.

Bosnukaer Bonpoc 0 XapaKTepHCTHKe B TepMHHAxX oneparopa B (T. e.
IO CYLLeCTBY B TepMHUHAX KPaeBBIX VCJOBHUI) JajbHeHININX CBOWCTB pacHIU-
peHuil, a He TOJbKO CBOHCTB paspeminMoctd. OcoOblli HHTepec JJs IPHJIO-
KeHU# mupejcraBaser B cBs3H ¢ Teopuedr M. I, Kpefina xapakrtepucruka
CaMOCOIIPS2KEHHBIX PACLIHPEHHE IOJOKHUTENbHO ONpPeieJeHHOro * cuMMeTpHy-
HOTO omeparopa.

B Hacrosmeli paGoTe pacCMOTPEHBl HEKOTOpPble OTHOCSIHIHECS! CIOJa BONPO-
col. Ilonyuena xapaktepucTiika B TepMHHax onepaTopa B mNoJyorpaHHyeH-
HBIX CaMOCOIPSI?KEHHBIX paclIMpeHUH HCXOJHOTO oneparopa, a TakKe ONHCaHbI
COOTBETCTBYIOIINE 3THM pacClIHpeHHUsM KBajpartuunble (opmel. Kpome Toro,
JloKazaHa ojHa TeopeMa 00 OTPHLATEJLHOH YaCTH CIIEKTpPa MOJYOrpaHUUYEHHBIX
pacuIipeHu#l ¥ ONHCAHBl CUMMETPHUHBIE IOJIOXKHTEJBHO OIpejesIeHHbIe pac-
UIMPEHUsT UCXOJHOTO oIlleparopa. )

Kpatkoe coofmenue o pe3dyJabTaTax padoTbl OBLIO ONyOJHKOBAHO B
JAH CCCP [7]. TlpunoxKeHust TeOpHH pacllidipPeHHH K MHOTOMEPHLIM KPaeBbiM
3ajJlauaM paccMaTpHBaJuCh B 3aMeTkax aBtopa [4], [5], [6].

§ 1. HexoTopnie pe3ysbTaTel U3 TEOPHUH pacIiIMpeHUN omepaTopoB

B sroM maparpade Mbl Jasi ynoOcTBa JasibHeHINero H3JIOXKeHHs Iepe-
ypcJauM psiji pedyspraroB, noaydyenuosix M. T', Kpeitnom u M. WM. Buummnxom.

OcTaHOBHMCS IIpeKje BCEr0 Ha HEKOTOPBbIX BCIIOMOTaTe/bHbIX IOHATHSX,
Beeflednblx K. ®puapuxcom u M. I'. Kpeiinom. Ilycts 7T — cHMMeTpHYHBIHA
[OJIyOTPAHHYEHHBIH OllepaTop ¢ NJIOTHOH B TI'HJbOEPTOBOM INpPOCTPAHCTBE 7
obnacteio onpefienenuss™* D (7). KaxjoMy Ttakomy onepartopy OyjfeM como-
CTaBJIATh JHHeiHoe MHoxecTBo D [T'], mnpexcrasisiomee 3ambikanue D (T)
B CMbIcJe 7-CXOAMMOCTH. JTa IOCJEJHSIs ONpeJesseTcss CJeAyIomuM oopa-

30M: g,zi> g,ecm g,¢D(T),gn—g v (Tgn —Tgm, £n— gm)—>0 1pH
n, m—oo. Ilpu TtakoM 3amblkanuu ¢yuxkuuonasn (7f, g) ecTecTBEHHLIM
obpaszom paciuupsiercst Ha D [T]. dro pacwupenne, caeays M. T'. Kpedny,
OyneMm obo3Hauath uepe3d T [f, g]. Muoxecrso D [7]MOXKHO paccMaTpuUBaTh

* 3amava o pacIIMPeHHAX MOJYOI pAHHYEHHOrO ONepaTopa OYEBHJIHBIM OOPA3OM CBO-
AUTCA K 3ajaye O PACHIHPEHHAX ollepaTopa C MOJOMUTENbHON HHKHeH T'paHbIO (IIOJIOKH-
TeJIbHO OIpefesIeHHOrO).

** Tlox D (A) HmXe BCIOLY NOHHMaeTCsi 00JacThb oONpefeleHuss oneparopa A. Yepes
R (A) 6ynem ofosmauyath oG6JacTb 3HAUCHHH TOro :Ke omeparopa, a yepe3d m(A) —ero
HHXCHIOIO T'paHb, €CJH OH — IOJYOr pAHHYEHHBbIi.
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KaK II0JIHOe THJIbOEPTOBO IIPOCTPAHCTBO, €CJH CKaJsipHOe IIPOU3BeJieHHe
B HeM BBecTH (popMyJsoi :

(f, Qr=TIf, g1—8(/, g)

npu mnpousBosbHoM 3<_m (7). Ecam oneparop 7 — NOJOXKHUTE/bHBI H
CaMOCOIIPSIKeHHbIH, To, Kak nokazano M. I'. KpeiinowM,

1

1 1 1
D =(7%) w T17, 1= (771, T g).
OrMeTuM eme, 4To jas omneparopa 1, =T + aF
D(T.1=DIT], T.lf, gl=TIf, gl+a(f, g).

[Mycte S — 3aMKHYTBIE CHMMETPHYHBIH OIEpPaTtop ¢  IHOJOKHTeNbHOH
HHKHel rpaHbio (NOJIOXKHUTEJNbHO ONpefe/eHHbIN):

aasi Bcex f€ D (S). Oneparop S jpomyckaer OecuHC/IEHHOE MHOXKECTBO CaMo-
COTPSIXKEHHBIX PaCUIHPEHUH, U3 KOTOPHIX XOTSI Obl OJTHO UMEET TY K€ HHIKHIOK
rpaHb Y, 4TO M HCXOJHBIH omepaTop. DTHUM CBOICTBOM, B YaCTHOCTH, BCerja
obnajaer pacumpenue, nogaydaemoe 1o K. Ppuppuxcy [1]. Caenys
M. T'. Kpeitny, Mol GyneM oGo3HauaTh 3TO paclIHpeHHe uyepe3 S, W Ha3hIBATb
ero XeCcTKHUM pacmupenuem onepatopa S. Ilpuem K. ®Ppuppuxca
COCTOUT B IoCTpoeHHWH MHOxecTBa D [S] u ¢yskuuonana S[f, g] na Hem.
OkaswiBaercsi, uro D [S] siBasercs o00JacTbio ONpejesNeHusi KBaJgpaTHOIo
KOpHSI M3 HEKOTOPOTO CaMOCOIPSI2KEHHOTO paciuhpeHus S, onepaTtopa S:

(L
D(S)CD(SH)CD[S]:D[Su]:D(Slf>'

Kpome toro, past mobbix f, g €D [S]

R
SIf, g1=S.1f, gl = (Sf fSe g)-

M. T'. Kpeiin nokasan, uto S, sIBJIseTCs] €JUHCTBEHHBIM MOJYOI PAHHYEHHBIM
CaMOCOTIPSI?KEHHBIM pacliipeHHeM ollepatopa S, o06JacTb ONpeJesNeHUs] KOTO-
poro Jqexutr B D[S].

O6o3naunM yepe3 S* omepaTop, CONIpsKEHHBIH ¢ S, u uepes U — MHO-
2KecTBO pemeHH#l ypaBHeHust S*u = 0. Jlerko Bupets*, uto U = F © R (S).
M. T'. KpeiiHoM nokasaHo, 4TO JJil BCSKOTO IIOJYOrPAHHYEHHOI'O CAMOCOIIPSi-
JEHHOrO paciuupenusi S Muoxecto D[S]| pasiaraercs B NPAMYIO CyMMy

D[S1=DISI+DIS1n U;

npu stom S[f, gl = SIf, gl, ecu f, g€ DI[S], un Sif,u] =S [u, f1=0,
ecqn f€ED[S]uu€D[S] N U.
Ormerum eme ojno npensoxkenwe M, I'. Kpeiina.

* PasmepHocTb moxmpocTpaHctBa { paBua NedeKTHOMY uucay omepatopa S. Hurpge
B NaibHeHlleM Mbl He GyJeM IpeamnoJarath NOANPOCTPAHCTBO {J KOHEYHOMEPHHIM.
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Ecau S, u S, — nosyorpaHHueHHBIe CAMOCOIPSIKEHHEIE PACIIHPEHHS Olle-
patopa S, TO JJIs CIOpaBeJJIMBOCTH XOTs1 Obl IIPH ORHOM o > — m (Sy)
(B=1,2) (a Torna u mpu BCEX TaKUX ®) HEPaBEHCTBA -

(S1+2E) < (Sy +a£)7,
HEeOOXOQMMO H JIOCTaTOYHO, UTOOBI BBHINOJHSIIHCH YCJIOBHSI

DISINUCDISINU u Sylu,u] <Silu,u] w€DIS] N V).
OTCIO)la cjaenyer, B 4aCTHOCTH, UTO

S S e m (S)>0.

Huxke Mbl Gyjem ccbitatbesi ¥ ma  jpyrue pesymbratet M. [ Kpeiina.
CootsercTBylonire (HOPMYJTHPOBKH OYAYT NPUBOAHTHCS [0 XOAY H3JIOMKEHHUSI.
B sak/mouenne npuBeseM ciefyroouiyio BaxHyilo Teopemy M. U. Bummka.

Teopema 1. Ob6racmey onpedeaenus conpsdscenrnozo ¢ S onepamopa
S* pasaazaemcs 8 npamyio cymumy

D(S)=D(S)+ S50 + U. )

s mozo umobs. onepamop S ABASLACK CAMOCONPAHCEHHLM PpacuLiLpe-
Huerm onepamopa S, Heo0x00umo 1 0ocmamoyno, wmobs. onepamop S
3adasaacs KAk yacms S* HQ nPAMOL cYyMMe

D (S) = D(S) 4(S:" + B) Uy + Us; (2)
3decy U, — Hexomopoe nodnpocmpancmso U, B— camoconpsoicenHulil
8 U, onepamop, 01=D(B)—n/wmﬂoe 8 U, mroscecmso, Uy, =USU;.

3ameTuM, UYTO YTBEDIKJEHHsI 3TOH TEOpeMBl OCTaHYTCS B CHJe, €CJH B
pasyioxenusx (1) u (2) 3aMeHHTb KeCTKOe pacliupeHne S, JOOBIM JPyTUM
(DUKCHPOBAHHBIM CaMOCOTIPSI’KEHHBIM pPacCIIHpPEHHEM, HMeIOIUM BCioAy B 7
OrpaHHYeHHBIH OOpaTHBIH.

Jas ypoGerBa gasbHEHIIEro H3JI0KEeHHST Mbl IIPHBEJEM 3[eCb CPABHHTEJbHO
[IPOCTOE JI0KA3aTe/IbCTBO TEOPeMbl 1, HECKOJBKO OTJHYalolmeecs OT JOKasa-
Tesbctea M. M. Bummka. V

YCTaHOBHM cIepBa CIpaBeINHBOCTb passoxenus (1). fcuo, urto
D(S) +SS'U+UcSD(S),

tak xak D (S)c D(S*), U< D (S u S; ' U D(S,) = D(S*). okakem

CIIpaBeIMBOCTh 06paTHOrO BKJIouerus. ITycrs'g € D (S*), S*g=hu f = S 4.

IMockombkyS*(g—f)=S*g — Sof=h—h =0, To u =g — f€U. Tak xak

H=RES)DU, 10 h=hy+u, rae hy€R (S)nu € U. Otciofa ciesiyer, uto

F=S (hy+1u)= Shy+ Situng =f, + Si'u + u,rae fo=S"hD (S).
Takum oBpasom,

D(S)ESD(S)+ S7U+ U.

Ocraetcst mpoBeputsb, uto cymma (1) — npamas. Ilycrs g = fo—l—S"lu—l-u 0.
Torpa S*g = Sfy +u=0 u, nockonvky Sf, | u, Sfo=1u=0. OTC}Oﬂa cae-
ayer, uto fo =S (Sf,) —On S, =0. Tak kak u =g — fo— Sy 'u=0,
TO 3THM JIOKa3aHO, 4TO CyMMa (1)— npsaMas.
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[MepeiigeM K HOKa3aTeJbCTBY CIPABEAJIUBOCTH Da3JOXKeHHd (2).

Heo6xo0umocms. Tlycts S — camoconpsixennoe pacmupenne S n Uy —
NOATIPOCTPAHCTBO PEIeHHH yPaBHEHU S Su, = 0. OueBuguo, U, C U. Beegem
obosnauenusi: U, =U O U,, %, =950 Uy = R(S) D U,. Tax kak MHOxKe-
ctBo R (S) miotHo B F,, TO R(S) MOXHO TIpeJCTaBHTH B BHJE

R(S)=R(S)+ U, (3)

rae U, —Hexkotopoe mjoTHoe B U/; MHOxectso. Onepatop S, ecan
ero paccMaTpHBaTh TOJbKO B §7,, umeer na R (S) obpatmmlii omepa-
Top S7!. MsBecTHOo, uTO oOmepatop S !— caMocompsKeHHB B F7, H
S—IR(S'):‘P+D~(§); 3necb P, —onepatop NpoeKTHpoBaHUs B F7,. Mul
pacnpoctpanuM S ¢ COXpaHEHHeM CaMOCONDSIXKEHHOCTH Ha BCE J7, mosaras
ero B U, paBHbiM HyJi0. Ilpumenss S x pasnoxenmio (3), HalifieM, uTO

P.DS)=P.D(S) + 350, (4)

Iockoaeky D (S) = P.D (S)4+ U, v P.D(S)+ Uy = D (S)+ Uy, (4) moxxHO
3anucaTtb B BHJE

D(S)=D(S)+ S U, + U,. (5)
PaccvorpuM omnepatop B =S~ — P, S;'P,. 310 CaMOCONPsIKEHHBIH  onepa-
TOp C IJOTHOH B §7 obaactbio ompepenenus D (B) = D (S = R (S) + U,.

Slcno, uto BU,=0. Ilokaxem, uro BR(S)=0. JleficTBuTespHO, IYyCTh
ho€ R(S) u fo=Sh,. Torza

Bhy=S"'hy— P,S;*P,hy= P, fy— P,Si*hy = P,fo— P, fo = 0.

Msur BupuM, yto nopnpoctpanctBa U, u R (S) sBJSAIOTCS UHBapHAHTHBIMH
IJs omeparopa B, a motomy B OygeT caMocolpsiKeHHBIM B (/; omepaTopoM,
eC/IM ero paccMaTpHBaTh TOABKO Ha (J;. Ilpu momomu omepatopa B mpe-
obpasyeM pasJioxeHue (D):

D(S)=D(S)+ PSP, + (S —PSTPN U, + Uy=
=D (S)+ (P,S;* + B) U, + Uy=D (S)+P(S;™* + B) U, + Uy
Tak kak
p4(5;1+3)01+ Uo=(8;71+3)01+Uo,

~
TO OKOHYATEJbHO s [ (b) MOXKHO HAIluCaTb pa3JioKEHHE:

D(S)=D(S)+(Si*+ B U, + U,

IMocnenusisi cymma — mpsiMasi, Tak KaK OHa SIBJISETCS YacTbio NPSIMOH CyMMbl
(1). HeobxoguMocTh poKaszaHa.

Locmamounocms. Ilycte U, — kakoe-nu6o mnopnpoctpauctso U u
B — nekoropnlit camoconpsixkeHHpli B U; = U© U, oneparop, o6aactb
onpejiesiennss KOTOporo o6osnauuM yepes U;. OGpasyeM mpsiMyio CymMy

D(S)=D(S)+(Si* +B) U, + U,

W 3ajlaJuM Ha Heli omepatop S Kak uyacTb omepatopa S°. OueBupHo, S
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sABJsieTcsi pacunpenuem onepatopa S. Tlokaxem, uTO 3TO pacmimpenue —
camoconpsixkennoe, Ilycte pas Bcex g € D (S)

(Sg, t) = (g.t"). ' (6)
Hyxuo mokasats, uto ¢ € D (S) u St = ¢t*. Ouesuguo, ¢ € D (S*)u ¢* = S*.
a motomy, corsaceo pasioxenuio (1), t=o,+Sito+v, =S¢ + v,
rie o, €D(S), v,v€U. B KkauectBe g mnopcTaBEM B (6) IPOH3BOJBHELN
3J1eMeHT i, ¢ U,. Torga noayuum, 4ro

(¢, uo) = (¢, Sue) = 0,.

T. e. t" | U,. Tockonbky t* = Sgg + v u Sg, | U, oTciofa ciejyer, uro
v € U;. DneMeHT @ TpeICTaBiM B BHJE U = U, + vy, THe ¥, € U,, v, € U;.

B xauectBe g Bo3bMeM Ternepb B (6) HpOHSBOﬂbeIﬁ 3JIEMEHT BHJa
g=fo+ S.'uy + Buy, rae fo€D(S), u, € UL

Jlist KPaTKOCTH 0003HAUNM: % = %y + Si 0, f = fo -+ Sp'uy; @, F€D(S,).
Mockonbky Sg = S*g = S*f 4+ S*Bu, = Suf u t* = S*t = Sy, ™Mbl nOMY-
yaeM M3 (6) paBeHCTBO

(Suf, 2+ vy + Vo) = (f + By, Sp). (7)

Tax xak (Sl'-f’ (‘P) = (f7 SP?)$ S!'-f= SfO + u, Hu SP'(ID = SC‘DO + ‘Z—), TO U3 (7)
cJieAyer, 4To

(Sfo -+ t1, v1 4 o) = (Buy, Swo + ‘Z_’)
Haxkoueu, sameuasi, uto Sfy, | v, + v, u; | vy 4 Bu, | S¢,, npuxogum K

COOTHOLIECHHIO

(Buy, v) = (1, vy). (8)
[TocKOJIBKY #; — NPOH3BOJIBHBEIN ajeMeHT U3 D (B) = U, v,v,6€U, u ome-
patop B — caMOCONpsiXKEeHHBIH B U,, us (8) caepyer, uto v€D(B) u
v, = Bv, a noromy
t =+ (S;t + B)v + v,.

ITocnepnee paBeHcTBO HOKaseiBaer, uto ¢ € D (S). Takum obpasom, oneparop
S — caMoconpsiKeHHBIH, W TeopeMa JlOKasaHa.
3ameuanue. [lonyueHHass BIpolecce JOKa3aTeJIbCTBA TeOpeMbl opMy.Jia

B=81 — P, S;'P, )

TO3BOJISIET OjJHO3HAYHO BOCCTAHABJHMBATH ONepaTop B 1NO pacuHpenuio S.
U3 3toil GopMysBl cef[yeT TaKkKe, UTO OT PAHHUEHHOCTh onepaTopa B SBJIsieTCs
HEOOXOJIUMBIM M JOCTATOUHBIM YCJIOBHEM OTPAHHUEHHOCTH pPacCMaTpUBaeMOro
na R (S) ooparnoro oneparopa S . Ecau k Tomy ke U, COCTOHT TOJBKO
W3 HYJEBOTO 3/IEMEHTAa, TO S HMeeT OIpAaHHUEHHBIH OOpaTHHIH BCIOAY B 7.

§ 2. O; mosyorpaHHYeHHBIX PaCIIMPEeHHAX TOJIOXHTENbHO OINpeJelieHHOro olnepaTopa

Ilenp Hacrosmero naparpada COCTOHT B XapaKTepHCTHKe IIOJNyOI'PaHH-
YeHHBIX paclIMpeHHH oneparopa S B TepMHHAX COOTBETCTBYIONIMX OIEpaTo-
poB B. Huxe, Hapsny ¢ B, HaM HeOJHOKPAaTHO IIpHJETCS BBOJAHMTb B pac-
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cMoTpeHHe oOpaTHbll omepatop B™*, OueBHAHU, 3TO — CaMOCONPSIKEHHbIH
B R(B) omeparop c obaactbio onpenesenusi R (B). Mel, oxgxako, Bcerja
OyieM cuuTaTh B! onpezesieHHbIM Ha GoJiee LIHPOKOM MHOXKECTBE

D (B™) = R(B) + U,
nosarast B*U, =0.

Jlemma 1. Ecan S — noayoepanuuennoe camMoconpascennoe pacuuli-
perue onepamopa S u B — coomsemcmayowuii (8 cmbicae meopemst 1)
onepamop 8 U,, mo

D (B™) < D[S]
u 048 8cAKUX Uy, Uy € D (B™)

S[v1, vs] = (B™vy, v,). (10)

Hokasarenncrso. Ilycre v €D (B™). Tlo onpepenennio MHOXKeCTBa

DB, v=Bu-+ v, rae w€ U, u v,€ U, CornacHo Teopeme |, 3jeMeHT

g=S"u+ Bu + v, copepxutcs B D (S). Tak xak f=S"u €D(S.)c

cD[S1cDI[S]1 u g€D(S)< D[S], To aneMenT v = g — f€D [S]. Jauee,
NOCKOIBKY Sg =1, TO

Slg, g1=(Sg, g) = (u, f+ ) =(Suf, f) + (&, v) = SIf, f1+ (B0, 0).
C npyroii CTOPOHEI, COr/IaCHO LATHPOBaHHBIM Bbile pesybratam M. I'. Kpeiina,
S[f, v]1 =0, u noromy

Sig. g1=SIf. fl+ S, vl.

ComocraBJisisi 3TO PABEHCTBO C NPEABIAYIIMM, HaHJeM, uTo
Slv, v] = (B0, v).

[Tepexon x OuauHelioMy cooTHomeHutO0 (10) MTPOU3BOXUTCS OOBIYHBIM MYTEM.
Jlemma fokasaHa.
CnenaeM eme OfHO HYXKHOe s JajbHefiimero 3ameuanue. IlycTb

A — caMoCONpsIKEHHBIH IOJIOXKHUTENBHO ONpeflesienublil onepatop. Torxa npu
mobom h €57

[ (. p) |2 -
sup ————1 = (A7lh, h).
reahy a@r = )
1
JeiicTBuTesIbHO, noJaaras g = A” f, HaiineM, 4TtO

1
[FmE A Pami AT
oty AR b el Supl(e, ).

w]H

CorsacHO HepaBeHCTBY DyHSIKOBCKOrO, BepXHsASl TpPaHb IOCJAEAHEro BBIpaKe-
1

A zh
1 b

A zay

HHAA JNOCTHraeTcd MpU g = H, CJieJOB4ATEJIbHO,

AN
b @ AT B,

4 Maremarmueckuit CcOOpHHK, T. 38(80), N¢ &
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B uactroctu, ecat A=S,—aF («a<m(S)=17) u Ra (Sp —aE), TO
npHu JI0GOM heH

[1f. B2
B8y CFE D~ D = (Rah, h). (11)

Teopema 2. [Jasn mozo umobv. camoconpsarcennoe pacuuperue S
onepamopa S yoosiemsopsio npu 8cex g € D (S)ycaosuionoayozpanu-

YeHHOocmu
Sg, g)>al(g, g) (@<y), (12)y

HeoO0x0 umo u docmamouro, ymobs. npu ecex v €D (B™) sanoanssoce
Hepasencmeo

(B0, v) >« (v, v) + 2 (R0, v). (13
JokasarteabcTBo, YcaoBue (12) 3KBHBAJEHTHO YCJIOBHIO
Slg, gl>al(g, g), g€DIS], (14)

KOTOpoe mosyuyaercss H3 (12) 3aMbikaHHeM B cMbicje S-cxoguMocTH. [lycrb,

B uacTHOCTH, & = f+ o, rae f€D(S,) u v€D(B™). Coraacuo Jemme 1,
g€D[S]u '

Slg. g1=(Suf, /) + (B2, ).
¥Ycnosue (14) sanumem B BHJe:

(Suf, ) + (B0, 0) > o (f, f)+o(f, v) +«(v, f) + (v, v).

amensigsech fHa &f U v Ha MU, TMOJYYUM HEPABEHCTBO

(Suf, f) —a(fs PI&E—a(f, v)En—a(v,f)in +
-+ [(B-LU’ 'U) —« (‘U, 7’)] 7]71_\ (15)’
Tak kak a< 7= m(S) u, cnegoBareavno, (S.f, f)—a(f, f)>0, To npu

Besakux f€D(S,) u v €D (B™') HeoOXOAUMBIM M JOCTATOUHBIM YCJIOBHEM

NIOJIOKHUTEJIbHOCTH KBaJpaTHYHOH (opMbl B JieBo# yacTd (15) OyxeT BuIIOJI-
HEHHe HepaBeHCTBA

| (f, v) P <UB™ v, v) —a (v, )] [(Suf, ) —ea(f, )] (16)
ITokaxeM, 4TO 3TO YCJOBHE SBJSETCS HE TOJbKO HEOOXOJMMBIM, HO H Jo-

CTATOYHBIM [JIS1 BBINOJHeHHsT HepaBeHcTBa (12). [leACTBUTENBHO,  €C/H
g € D(S), To, coryacuo Teopeme I,

g = fo+ Si'uy + Buy + u,,

rie fo€D(S), ;€U u u,€ U, Tak xax f=fy+S;itu, €D (S,) u
v =DBu,+uy€D(B?), o us (16) "cnegyer (15). Ilosmarasi B HepaBeHCTBe
(15) e =m=1, 3ameuast, uto g = f-+ v, U Npoje/biBasi BHIKJAJAKK B 00-
paTHOM MOpsIKe, HalieM, YTO BLIIOJHEHO YcJaoBHe (14), coBmajaiomiee s

g €D (S) c yenosuem (12). Jlas joKasaTeqbCTBa TEOPEMbI OCTAETCS 3allH-
caTb ycJjoBue (16) B Bujae

- _ [ (f, )]
(Bv, v)—a(v, v) > (S.fs N—o(f, 1)
# cpaBuuth ¢ (11).
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CnegcTBH:

1. Ecau onepamop S— noayoepanuuennsii u m(S)>«, mo one-
pamop B™' — marowce noayozparusennsiii u m (B71) > a.

Aro yTBepKJEeHHE HEMOCPENCTBEHHO cuefyeT u3 (opmyJsl (13).

2. [as mozo umobul onepamop S 6w noaoswcumenvubim, Heolxodu-
MO 1 docmamouHo, 1mobs. coomeemcmayowuii onepamop B™ 6vwa  no-
A0AHCUMEAbHBLM .

Hasi noxasaTenbcTBa 3TOrO  yTBEPXK/EHHS] JOCTaTOYHO MOJOXKHTL B (12)
H (13) oa=0.

3. s mozo umo6e. onepamop S 6via nOAONCLMEABHO OnpedeseH-
HblM, HeoOx00umo u docmamouno, umobsl onepamop B™' Oetsn nosoxcu-
MmeAbHO 0npedeneHHblM.

JlefictBuTenbHO, ecan m (B1) >0, 1o m(S)>0. Ouepatop B! umeer
OrpaHHueHHbId oFpaTHBIH, a motoMy U, COJEPKUT TOJBKO HYJEBOH 3JEMEHT,
u omnepatop B orpanuuen. COr/acHO 3aMeuanuio K TeopeMe 1, S mmeeT Torga
orpaHHueHHbIl 03paTHELI Beioy B F7. [TostoMy paBeHCTBO m (3) = 0 HeBOs-
MOXKHO, H OIepaTop S — IOJNOXKUTENbHO —onpefetenHsiii. O3paTHo, ecJn
m(S)>0, 1o, cornacuo (13), m (B™) > m(S)>0.

4. Ecau m(B™)>cu ¢c>—17, mo coomgemcmgynowui onepamop
S noayozpanunen u _

> c
m@ﬁ}a:Yic.

Jlerko Bupets, uto a<7v. Yciosue (13) BHIIONHEHO, TaK KaK BHIIOJHEHO
GoJsiee CHJIBHOE YCJIOBHE

(B v, v) —a(v, v) }\{—_“_2? (v, v), v€D(B™),

npejicTaBasiomee cofoil HHYIO 3amuch HepasenctBa (B 'w, v) > ¢ (v, v).

5. s moeo umobsl camoconpazcennoe pacuupenue S onepamopa
S umeno nusncrion zpans m(S) =1, Heo6xodumo u Oocmamouro, 4mobs.
yeaosue (13) sonosanssocs npu 8cex o<_1q.

Jloka3aTeIbCTBO TOrO YTBEPKJEHHSI OUEBHJHO.

3ameuanue., M, I'. KpefiH ykasan ycnoBHfl, IPH KOTOPHIX KECTKOE
pacuupenne S, sIBJASETCS eIHHCTBEHHBIM CaMOCOINpPSI)KEHHBIM paclUIHpEeHHeM
onepartopa S ¢ HuXKHeH rpaHbio 7= m(S) (cM. TeopeMpl 8 u 9 paGoth [2]).
Ipyrofi nyTb MoJyuyeHHsI STUX YCJOBHH jaeT ClejCTBHe 5.

Kak Mbl yXKe OTMEUasH, JJsi IOJyOrpaHMUEHHBIX pacluupeHuii S omepa-
Topa S umeer Mecto pasjoxenue M. I'. Kpeiina:

D[S1=DI[S]14+ D[S n U. (17)

IlpescTaBisieT HHTepeC XapaKTepPUCTHKA MHOXKECTBA D[:?] N U B TepmuHax
onepatopa B. J[lokazareJbCTBY COOTBETCTBYIOUIEH  TeOpEMBI IIpejIoLlIeM
JEMMY,

Jdevma 2. Ecan S— noayoepanuuennoe pacuuperue S u < m(S),
mo cyuwecmsyem noaocumersvroe yucao <1 marxoe, umo

E1L P <P?USS )= B NIIB v, v) — (v, v)] (18)

oas scex f€D(S,) u ve€D(B™).
4%
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HoxasartenscTBo. CorsacHo (11), mjsi noKasaTesbCTBa HEpPaBEHCTBA
(18) mocTaTOYHO YCTAHOBHTb CIPaBeMBOCTb COOTHOIIEHHS

B (Rew, v) < [(B™'v, v) — B (v, )],
KOTOpOe MBI TIepelHilleM B BHJe

8 (Ryv, v)

(B0, 0) > L 4 B (v, v). (19)
Ilycts umcso o TaKoBo, uto B << m (S). CornacHo Teopeme 2,
(B0, v) > «? (R.v, v) + « (v, v). . (20)

ITokaxeM, UTO YHCJIO 7 MOXKHO BHIOpaTh Tak, YTOObI AJ1d Bcex @ € D (B™)
BBINIOJIHSJIOCH HEPABEHCTBO

8 (Ryv,v)
@ (Ra®, 0) 42 (v, ¥) > —L5"— +B(0, 0). (21)
OGosnaunM uepe3 &, CHeKTpaJbHYylO (YHKNHIO omepatopa S, H NepenuieM
(21) B Buge

o? B2

‘§°<m +“—m—3)d(6w,w>0. (22)
3

[Mpepnonoxum cuauvasna, uro B< 0. Torga MOXHO CUMTaTh TaK¥XKe, YTO
a< 0. Tak kak

o? B __ (a—P)» (n2—1) g2
A—o +“_n2(1—6) —B= A—a)(A—p)  rA—8 >
(e—B)y*  (*—1p
> r—8)(y—o) y—8

TO IPH JOCTATOYHO MaJsIoM 3HaueHUH yucaa 0 = ™2 — 1 HepaBenctso (21), nefi-
CTBUTEJIbHO, BhlOsHeHO. Ecau 82> 0, 1o «>0; B 3TOM cayyae chpasef-
JUBOCTb (21) ciepyeT U3 COOTHOLUEHHS

(—p)n
G—w(n—8 %

0p2

632
Y >(a_‘8)—'{——-‘3 ’

ecan 0 BriGpaHo jpocratouno maseiM, ComocraBisst HepasencTtBa (21), (20) u
(19), Mbl yOexjaeMcsi B CIpaBeJJIMBOCTH JIEMMEI,
3aMeTHM ellle, YTO MOCKOJBKY

(Sefs =B, NH=SIf f1=8(f. H=(. Dz

(B0, v) — B (v, v) = S[v, v] — B (v, v) = (v, V)5

—B(f, v)=SIf, ol —B(f, v) = (f, v)s,

Mbl MOXEM 3alHhcaTb HepaBeHCTBO (18) B Buje
| (fs )5 <7 (f, s (v, v)5. (23)

Hepagenctso (23) mokaseiBaeT, uto «yros» Mexjy Muorooopasusmu D (S,)
u D (B™') B ruabbepToBOM npocTpaHcTBe D [S] oramuen or Hyns.

Teopema 3. Jas 6cAK020 NOAYOZPAHUHEHHOZO PACUWULDPEHILS One-
pamopa S

D[S N U= D [BY] (24)
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u, caedosamenvro, cozaacno (17),
D (S| =DI[S]+ D [B™]. (25)

HokasaTenbctBo. Ilyers uncao B<Cm(S). Cornacno caefctsuio 1
U3 TeopeMbl 2, omepatop B~'— noJayorpaHudyeHHbl U m (B71) > B. Muoxe-
creo D [B™'] npejcraBasier coboil 3ambikanue ) (B7!) B MeTpuke, onpejeJs-
eMOll CKaJIsipHbIM I1pOM3BejIeHHEM )

(V1 V2) g = (B 0y, ) — B (01, ¥a), 1, 02 €D (B,

Cornacuo semve 1, D(BY) < DI[S] un
(01, V2) g = (B 01, Ug) — B (V1 V) = S [v1, o]l — B (v1, va) = (71, V2)g,

H, C]Ie/loBATe/bHO, 3aMblKaHHe B HOPME (U, U),, He BBIBOAMT M3 D [S1.
C npyro#t CTOpOHBHI, TaK KakK
(v, V)g = (B0, v) = B (v, v) > (m (B™') — B) (v, v),
10 3ambikanue D (B7!) B HOpMe (v, U),, He BHBoguT u3 UJ. Takum oG-
pasom, \
D[BY < DISIn U.
YcranosuM Temepb o0paTHOe BKJoueHue. ITycrs w€D[SINU. To _ompe-
neJienuio MHoxecTBa D [S] Halizercsi mocsenoBatesbHocth {gx} < D (S) Ta-
Kast, 4To
|gr—uls—0 npu k—oo. (26)

[pencraBasisi gn B BHAE &r = fa+ Un, fr€D(S,), vn € D(B™), nomyuum,
corqiacHo (23), 4to

”gh_gm”i‘- = I[fk_fm”% —2R(fe—J U Y,)3 +lv, _'Um“2§ >

> fo—Fals =200 fu — Fuls 10, — 0,05 + 10, — v, [5 >

> =0 f—fuls +lv,— 2,15

Tenepp u3 (26) cienpyer, 4to
I f,— fnlz—0 opu &, m—oo0, |v,—wv,|s—0 npu k, m— oo,

Tak xak |v, —v,|s =|v, —v,,|gw TO TMOCHENOBATENBHOCTD {V)} CXOAUTCH
K HEKoTopoMmy ajeMeHTy v € D [B™']. TouHO Tak Ke MOCJeJ0BaTeNbHOCTb {fx}
cxopuTcss K HekoropoMmy sgeMmeHty f€ D [S]. Tlepexoasa X mnpefpesny B pa-
BEHCTBE gy = fn -+ v, HalieMm, uto u = f+ v. Tak xak f=u—v €U, 10
HeooxoauMo f=0 u u =o€ D[B™]. Teopema pokasana.

CunepgcrBud:
1. Ecau onepamop S nosodcumener, mo

1
D[S1=DI[S]+ R(B*)+ U,.
JleiictButennho, ecan S >0, To B1>0, a Torja

1 1
D[B'1=D (B %)= R(B?)+ U,.
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2. ua v€D[SIN U
Slv, v] = B[, v].

JefictButenbHo, v € D [B™] u, cJejoBaTe]bHO, HaHJeTCsl MOCJE0BaTENb-
B S

3
Hocthb {v,} < D (B™), Takasi, 4T0 U, — U, HJH, UTO TO Xe, U, — v. Ocraercs 3a-
METHTb, YTO

B llv, v] = lim (B9, v,) = lim S[Un, va = S|o, vl.

N> o n—

§ 3. O cnexkTpe CaMGCONPSIXKEHHBIX paclIUpeHUuM
N0JIOXKHUTEJNbHO ONpeAeleHHOro onepaTtopa

Ha ochoBanvu cBefieHHII O XapakTepe CIeKTpa omnepatopa B uHoOrja
yZaeTcs CyAuTb O CNeKTpe COOTBETCTBYiomero pacuupenns S. Tak, mpu no-
KasareJbCcTBe TeopeMbl | Mbl ycTaHOBUAH (popmyna (9)), uto omepartop
S — P,_S,'P, coBnanaer c oneparopoM B, ecau mocaefHuii pacnpoctpa-
uuth Ha R (S) P U,, nonaras ero taM paBHbM Hy.0. Otcioja ciepyer, uto
TIpH YCJOBHH TIOJHOH HENpEepBIBHOCTH omepaTopa S, ' IOJIHAsi HENpepbIBHOCTD
omepaTopoB S ™' H B HMeeT MecTo OJHOBpPEMEHHO.

M. T'. KpeilHoM 1osiydeHBl TeOpeMbl *, IO3BOJSIIOMINE CYAUTH O YHCJHe
OTpHUIATEJbHBIX COOCTBEHHBIX 3HAYEHHH CAMOCONPSIKEHHBIX pacCIUMpeHHH IIo-
JIOXKHTEJIbHO OINpPEJIEJEHHOr0 ollepaTopa C KOHEUHBIM HHJeKcoM pedekTa.
ITonr3ysice Teopemamu 1 u 3, pesyabrar M. I'. Kpefina wmoxHo copmysin-
poBaTh CJEAYIOMUM 00pasoMm:

UHcao oTpunaTesbHBIX COOCTBEHHBIX 3HAUEHHMH (C yYeTOM MX KPaTHOCTH)
omepaTtopa S B TOYHOCTH PABHO UYHCJY OTPHIATENbHBIX COOCTBEHHBIX 3Haye-
HUH omepaTopa B71

Odobmenuem pesyabrata M. I'. Kpeiina wa cayuail omepatopa S c Gec-
KOHEUHBbIM HHJIEKCOM jiebeKTa SIBJSIETCS CJejylomas

Teopema 4. Jasn moz0 4umols. OMPULAMENbHAS 1ACTD cnexkmpa
camoconpsiscertnozo pacuupenus S onepamopa S cocmosia u3 ozpa-
HUYCHHO20 CHU3Y MHOJNCeCM8a COCCMBEHHbLIX 3HQUEHUIL KOHEUH020 paHa
U He uMenq OMAUYHBLX OM HYAS MOYeK C2yujerus, Heobxodumo u 00-
cmamotno, #mobb. mem e CBOUCMBOM 004ACANQ OMPUKAMENbHAS
yacms cnekmpa onepamopa BT . [Ipu smox, ecan 0dur u3 onepamopos
S, B! umeem roHewHOe 4ucA0 ompuyamenbHblx cOOCHMBEHHbBLX 3HAUCHILIL,
mo u 0pyzoil onepamop umeem MOLHO MAKOe JHce HUCAO OmM PUyQmess-
HoLX COOCMBEHHbLX 3HAUCHUIL.

JlokasartenpcTBO. [loKasaTeJbCTBO TEOPEMBI OCHOBBIBAETCSI Ha Clie-
JYIOLleM OYeBMJHOM 3aMeYaHHUH:

Ecan G — xoneunomepnoe noampocrpanctBo J7 u W — juHelHOe MHO-
KECTBO pasMepHOCTH, Oosbinell uyeM (G, To W COfepKUT 3/eMeHT, OpTOro-
HaJbHBIA K (.

Haunem ¢ jokasatenbcTBa HEOGXOAMMOCTH MEPBOrO yTBepxkjeHusi. M3
YCJIOBHSI TEOPEMbl CJIeJYeT, uTo S — NOJyorpaHHYeHHbIH —omepartop. IlycTb
E) — pasnoxenne euuunsl aaa S, m(S) =a< 0, m(B™) =3 (corsacHo

* Cm. Teopemsl 19 u 20 pa6orn [2].
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CHENCTBHIO 1 M3 TeopeMbl 2, o> a), F;— pas3joxeHue eJUHHUB JJia B! u
V — sambikanue B J¢ muoxecrtBa D (B7'). Ormerum, uto anas g € D[S]

o0

Sig. g1 =\1d (Exg. o). (27)

<3

Jeiicreutensro, monaras T =S —BE (< «), sumum, uro 7 >0, u, cie-
JoBatesbHo, aas g € DI[T]

Tig, g1=17" eP =\ —B)d(Erg, ) = 1d (Erg. 2)—B(e.2).

Orcioga, nockoneky Slg, gl = Tlg, g1+ B(g, g), monydaem dopmyay (27).
Ilpumensia ee ¥ v € D (B™) u 3ameuas, yTo

(o]

Sv, ol = (B0, v) = Std (Fro, ), (28)
3
moJayuuM, cpaBHuBas (27) u (28), HepaBeHCTBO
. - .
g td (Fro, v)> g 2 (Ero, ). (29)
) 3

Tlyets ans B™! yTBepxjeHHe TeopeMbl He BbINOJHeHO, Torja Haijercs Ta-
Koil mpoMexyToK A =[5, —¢] (¢>0), uro F(A)V GeckoHeyHoMepHO *.

€
Iycts A = [oc, — 5] . CorsacHo yCJOBHIO TeOpeMbl, IIOANPOCTPAHCTBO

E (A)) 77 KoHeuHOMepHO, a TOTOMY HaHAeTCs OTJIHYHBIH OT HYJS 3JEMEHT
© € F(A) V, oproronanbubiiit k £(A}) . Tak kak v € D (B™), TO, npume-
Hssl HepaBeHCTBO (29) K @, IOJNYUYHM, YTO

—e 0
g td (Fo,9)> \ 1d(£:3,%).
3

2
Ho Ttorpa

—¢€

— (v, 0) >\ td (Frv, v) >

8

[

© (Eyv, v) >

N

0?
>—5\ dBrY>—35 @),

tol(”

4TO HEBO3MOXKHO. HeoOXOAMMOCTb 11epBOTO YTBEPKAEHHS AOKa3aHa. .
[TepexofuM K JIOKa3aTeJbCTBY JOCTATOYHOCTH. 3aMETHM MpelBapHTENbHO,
4TO, €CJH S — CaMOCONPSiKEHHOe paciuupenue S,
€D O) N E[—o0,—21F (¢>0), gr=fr+
fr€D(S.), vr€D(B™)

* 3pech o603HAauEHO, Kak o6bluno, F(A) = Fy— F_
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H gp JIUHEHHO HEe3aBHCHUMBI, TO COOTBETCTBYIOIIHE HM 3JIEMEHTBI Up TakKiKe
JIMHEHHO HEe3aBHCHUMBI, JleHCTBHTENbHO, €CJHU npu KaKHX-HH6yI[b SHAYEHHUAX
n

MOCTOSIHHBIX Cp, 2 cvr = 0, TO
k=1

n

n

g=2agn= D afi€D(S.) 1 (Sg 8) = (S'g, 8) = (Sig. ) >11(&. ).
=1 i

YTO HEBO3MOXHO, TaK KakK g € £[—oo; —e]F u g=£0.

[lycts anst S yTBep:KjeHHe TeopeMbl He BbITOMHeHO. Torja Haiijercs Ta-
Koe & >0, 4TO NOANPOCTPAHCTBO £ [— 00; — ¢] F7 OyfeT GeCKOHEeUHOMEPHBIM,
Bumecre ¢ nuM GyneT GECKOHEUHOMEPHBIM M IJIOTHOE B HEM JHHeHHOe MHO-
xectBo D (S) N E[—oco; —e] 7. Tlpumenss pasioxenne g = f-+ o,
f€D(S,), v€D(B?) ko BceMm 3nementam g €D (S) N E[— oo0; — e] H,
pPaccMOTPHUM JIMHEHHOE MHOXKECTBO COOTBETCTBYIOMIMX 3JIEMEHTOB ¥, KOTOPOE
obo3Hauum uepe3 V.. Ha ocHoBaHHM 3aMeyaHHs O JIMHEHHOH He3aBHCHMOCTH
SJIEMEHTOB ¥ MOXKHO YTBepXkKJAaTb, 4YTO MHOXKECTBO V. TakkKe GeCKOHEYHO-
Mmepro. [lycte 8 =m (B™), Ay =[8; — k] H uucjao /1 BHIOpAHO  YJIOBJIETBO-
psiomuM  yeaosuaM: 0<h<ly, —h >3, W< 7 . M3 ycaioBust Teopemer
CJIelyeT, uTo mopnpocTpaHctBo F(Ay) V koHeunomepHo. [ToatoMy MHOXKeCTBO
V. conepxuT 3aeMeHT ©’, OpTOroHasbHbIE K noAnpocTpaHcTBy F(A,) V.
Ilycts o' cootBercTByer 3nementy g’ us D(S) N E[— oo; —e] . Co-
IJIaCHO 3aMeYaHHIo O JIMHEHHOH He3aBHCHMOCTH, TAKOH 3JIEMEHT ONpeJesfieTcs
opHo3HayHo. [Tonoxum f' = g’ — v’ U nokaxem, YTO

(Sghg)>— 5 8). (30)

DTo MOXKHO CcZesiaTh TeM Ke NyTeM, KaKHM JIOKasaHa TeopeMa 2 H cJjef-
ctBue 4 u3 Hee. 3anuweM (30) B BHfe

(Sufs )+ 5 ]+ 5 (f0)+ 5 @, )+
+ (B, v) + 5 (v, v)] >

JlocTaTOUHBIM yCaoBHEM IIOJIOXKHUTEJNIbHOCTH 3TOr0 BBIDAXKEHUSA SIBJAETCS BHI-
[IOJITHEHHE HepaBeHCTBa

Tl B[Sy 1)+ () H][B, 0) + 5@ 0]
KoTopoe, corjacHo (11), OyAeT BBINOJIHEHO, €CJH BBHIIOJHEHO YCJIOBHE
e—Z(R_ 0, V) <(BTY, )+ —Z—(fo', '). (31)
2

B cBoio ouepenp, BhIMOMHeHHe HepaBeHcTBA (31) ofecmeuuBaercsi BHINOJHE-
HueM 0oJiee CHJIBHOIO YCJIOBHS

2 e \71 ~ € ’ ’
T+ @ <BW, v+ @),
KOTOpO€ MOXKHO 3alucCaTb B CJENYVIOUEM BHJE:

(B, 0') > 5—— P + (v', o). (32)
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Hakowuer, cnpaBefjuBOCTb COOTHOLIEHHs (32) cJjeiyeT M3 TOro, YTO, COTJIACHO
BHIGOPY 11,

Ye
h<2¥+€’

H IIOTOMY

o
(B, v') = th(m', ) > —h(V, V)>—
Zh
Taxkum o6pasom, cootHouwenne (30) AOMKHO OBITH BBHIIIOJHEHO, YTO, OJHAKO,
HEBO3MOXKHO, TaK Kak g' € F[—oo; —elF u
(Sg’, &)< —=(g &)
[TosyyeHHOE TMPOTHBOpEUME JOKA3hIBAeT CIIPABEAJHBOCTb IE€PBOTO yTBEpK[e-
HHUSI TEOPEMBI.

IepexouM K JOKa3aTeJbCTBY BTOPOI uacTd TeopeMsl. IlycTb S nMeer p
OTpHULATENbHBIX COOCTBEHHBIX 3HAaueHHH. TOUYeUHBIH XapaKTep OTpHLATENbHOH
YyacTH CIeKTpa omepatopa B™! ycraHaBjauBaeTcs NepPBLIM YTBeDXKIEHHEM.
Eciu B™! umeer GoJsblle, YeM p, OTPHLATENbHBIX COOCTBEHHBIX YHCeJ, TO
NpH HEKOTOpoM ¢ >0 CylecTByeT 3jeMeHT v € F[3; —¢] V, opToroHasbublil
x Eo; 0]7. Tak xak v € D (B), 1o, npumenss (29), HaiijieM, uTO

—€
Std (Fro, 9)>0.
5

ye
2y +¢

(v, v').

Ilocnepnee, oxgHako, HeBO3MOxkHO. Takum 05pasoM, YHCJO ¢ OTPHLATEeJbHBIX
COOCTBEHHBIX 3HAueHHH omepatopa B! He mnpeBocxogut p. C apyroi cro-
DOHEI, €CIH ¢ KOHEYHO, TO0 p < ¢. JleficCTBUTebHO, B TNPOTHBHOM Clyuae
1npu HekotopoM & >0 pa3MepHOCTb mNoanpoctpaHctBa FE[a; —e]F 06oJblue,
4eM g, H, CJeJl0BaTesJbHO, pasMepHocTb V. Takxke Gosblue, ueM ¢. Ilostomy
V. comepxuT sneMeHT o', oproroHaabHblHi K mnopnpocTpaHctBy F|6; 0] V.
Ho Torpa ansi cooTBeTCTBYIOLIEro 3/eMeHTa g’ MONYYHM HEPaBEHCTBO

~ 0

(Sg's &) = (Sof's )+ (B, v) > (B, v) >\ td (Feo', v') = 0.

3

KOTOpOE HEBO3MOXKHO, TaK Kak g’ € Fla; —e] 7. ConocraBnsisi 3TH pe3yJib-
TaThl, BUJHM, 4TO p = ¢. Teopema joKa3zaHa.

3ameuanue. OTMETHM, UTO B YCJOBHSIX TEOPEMBI IIOCJE/[0BATEIbHbIE
OTpHLATe/bHBIE COGCTBEHHBIE YHMC/A ONepaTopoB S H B~  y[0BJETBOPSAIOT
COOTHOILIEHHAM

NS BY (j=1,2,...).

HleHCTBUTETbHO, TIOCKOJILKY TOYEYHBIHl XapakTep OTPHIATENbHOH 4YacTH
CIIeKTPa YCTAHOBJEH, yHcJ/aa X;(S) MOXHO OTHICKHBAaTh KakK IIOCJEeJOBaTelb-
Hble MHHHMYMbI KBaJpaTHUHOH (DOPMBI

Sig, gl (lglh=1)
Ha wmHoxkecTBe D [S]. CorsacHo CJEACTBHIO 2 M3 TEOPeMbl 3, Ha MHOXECTBE
D [B™] sra ¢opma coBnajaeT ¢ KBaApaTHuHOH (opMOil

B w, 9] ([v])=1),
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HocJefoBaTeJbHBlE MHHHUMYMBI KOTOpOH jJatorcss uucaamu Aj(B71). Teneps
OCTaeTcsl COCJAaThCs Ha M3BECTHOE MHHM-MaKCHMaJbHOE CBOHCTBO COOCTBEHHBIX
qpCed.

§ 4. O cUMMETPHYHBIX TOJOXMTEJbHU ONpeJeNEHHHX paclIMpeHunX onepatopa S

Huxe npuBoOAsiTCS TeopeMbl, SBJISIIONIHECS HEKOTOPBHIM JIONOJHEHHEM
k Teopeme 1. Teopema 5 JjaeT XapakTepHCTHKY CHMMETPHUHBIX IIOJIOXKH-
TEJIbHO OlNpefieNleHHBIX paciuupenudi S’ nexonnoro ouepatopa S. Teopema 6
HaeT OJLLYIO XapaKTePHCTHKY CaMOCONpSXKEHHBIX paciuipeHuil omepaTtopa S’.
Teopema 7 TOCBsilleHa XapaKTePUCTHKE XKECTKOrO paclumpeHus S, omepa-
Topa S’.

Teopema 5. [lnsn mozo umobs. onepamop S’ Ovin 3amxrymuim
CUMMEMPUYHBIM  NOAOHCUMEABHO ONPEOCNeHHBM PACULpeRueM Onepa-
mopa S, reobxooumo u docmamouro, wmobs S’ 3adasaics Kak wacme
S* ra npsamoi cymme

D(S)=D(S)+ (Sit+B) U'; (33)

30ecy U’ — nekomopoe nodnpocmpancmso U, B’ — cummempuynuiii one-
pamop, nepesodsawuir U' 8 U u ydossemsopsiowuii Yca08LI0

(Bw'y By MBuw, u), M>0, welU. (34)
JlokasarteabcTBO. Heobxodumocms. BBejeM 0303HAUECHHS:

U=HRSS)u UUI=UU.

. ’
OueBupro, R (S’) = R (S) @ U’. PaccMoTpum KecTKoe pacuinpenue S, ore-
patopa S’. CorsacHo Teopeme I, CyliecTByeT OTpaHHUYEHHBIH CAMOCOIPSIKEH-
HBll B U onepatop B Takoi, uTo

D(S,) =D (S)+ (S, +B)U. (35)

’ -
OvueBnpino, R (S,) = 7. O303nauum uepe3 B’ uacthb omeparopa B, onpefe-
JeHHylo Ha (', ¥ TIpPOBepUM, UTO

D(S")=D(S)+ (St +B) U

HefictButenbHo, eciu g = fo -+ (Sa' 4 B)u', fo€D(S), u’ €U, 10 S,g =
=Sfo+u €R(S'), a noromy g€D(S"). Odparno, ecau g €D (S’), To,
coryacho (35), g = fo+ (Si*+B)u, f D(S),u€U, S'g = S.g = Sfo+u
u neodxonumo u € U’, Tak kak uHave S’g € R (S’). Ocraercs yGeautbes
B TOM, YTO BbINOJHEeHO ycsaoBue (34). [lycte F;— cnekTpanbHasi (yHKIHS
oneparopa B, M —ero Bepxussarpanunau u € U, Tak kaxk onepatop B — no-
JIOXKHUTEJNbHBIH, TO

M M

(Bu, Bu) = Sﬁd(F,u, w) < M\ td (Fas, u) = M (Bu, ).

0 0
OTH HepaBeHCTBA CIpPaBeJJIUBLI, B YaCTHOCTH, Ha {J’. HeoOxomgumocTh j0Ka-
3aHa,

Hocmamounocms. OTMeTHM IIpelBapUTeNbHO, UYTO omeparop B’, 3aaau-

HbI Ha (', MOxeT ObITb pacliMpeH JO caMocolpsiKeHHoro B (L omeparopa,



K TeopuH caMoCONpsiKeHHbIX PaCLUMPEHHi MOJONKHUTENbHO ONpeleleHHbIX onepaTopos 447

TaKXe YJIOBJETBOPSIOEro ycaoBuio (34)*. JleHCTBHTENBHO, pACCMOTPHUM CHM-
. , , M ’
MeTpHyHBIH onepatop C' =B — 5 £ na U
(Cu', Cu')= (Bu, Bu')—M(B'u,u')+ %(u’, u') <%(u', w).
Cornacuo Teopeme 2 padorei M. I'. Kpeiina [2], cymecTByeT no kpaiinei
Mepe OJIHO CaMOCOIMpSI)KEHHOe pacumpeune C omnepartopa C’ Ha Bce U, y110-
BJIETBOPSIOIIEE YCJAOBHIO || Cu|| <= “u” u € U. Oneparop B = C—l— E

OUEBHUJIHO, SIBJSETCS CaMOCOHpﬂ}KeHHblM paciuipeHdeM orepatopa C’, i,
KpOMe TOro,

(Bu, Bu) = (Cu, Cu) + M (Cu, u) + /sz(u, u) <

<X (u, u) + M (Cu, u) = M(Bu, u).

Ilpu nomomu onepatopa B NOCTPOHM INOJIOKHUTEJBHO ONpeJeJeHHBIH onepa-
TOop S € 051aCTbiO OlpejesieH s

. D (S)=D(S)+(Si*+B) U.

Onepatop S’, eciu ero 3ajath Ha NpsiMoi cymMme (33), OUEBHJIHO, SIBJSIETCS
YacTbio OmepaTopa S, a INOTOMY TaKxKe JOJKeH OBITh MOJOXKHTEJbHO OTpe-
JleleHHbIM. 3aMKHYTOCTb S’ C/IelyeT U3 CYLIeCTBOBaHHUSI OTPaHHYEHHOro odpar-
Horo omepatopa (S’)! Ha 3amkHyToM MHOXkectBe R (S’) =R (S) @ U’. Teo-
pema JokasaHa.

3ameuaHus.

Ecnn B’ — nosnoKuTeJbHBIH OrpaHHYEeHHBIH CaMOCONPSIXKEHHBIH Olle-

patop B UJ’, TO, OUEBHJIHO, YCJOBHE (34) BBHIIOJIHEHO.

2. Onepartop B’ onpejeasiercsi GopmyJIoi

Bu=(S)"u—Su, u€cl. (36)

JeitctButesnso, coraacuo (9), B = (S,)™ —S.*, a sta ¢opmyna na U’
coBnajaer c¢ (36).

PaccvotpuM Temepb BONPOC O CaMOCOINPSIKEHHBIX PAaCIIAPEHHSIX omepa-
topa S’. Iycrs U, — noanpoctpauctso B U u Uy, = U’ @ (U O U,). Odo-
3HauuM J @ Upguepes 19, = FH O Uo, U yepe3 P, — oneparop NpoeKTH-
poBaHusl B J7,.

Teopema 6. s mozo wmols. onepamop S 6w camoconpsaicen-
HblM pacuiuperuem onepamopa S', Heo0Xx00uMO U 00CMAMO4HO, 4molsl

S 3acasaucs karx wacme S* Ha npsamoir cymme
D(S)=D(S)+(S:* +B) U, + Uy; (37)

* Jlns caMOCOMPSIKEHHOro ollepaTopa BHIMOMHEHHE YCJOBHA (34) cjeayer, KakK Mbl BH-
IeJIH, H3 ero MOJIOKHTEJbHOCTH H OrpaHHueHHOCTH. C J1pyroit CTOPOHbI, BCAKHHA CHMMeT-
pHYHBIH onepaTop, YZROBJETBOPAIOIHH (34), SABASETCH NOJOMHTEJbHBIM H OrpaHHYEHHBIM.
JleficTBHTEbHO,

(B'w', w')=M || B'w|P=0, |IBwI|P<M|IB'u|-||ull,
|Bu |l<Ml|lu'| ul|BI<M.
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30ecy Uy =D (B) — naomnoe 8 U, muoxcecmso, B — camoconpsicennoe
pacuuperue cummempuirnozo 8 U' onepamopa P.B' na U,.

JNokasatenbcTBo. Heo6xodumocms. Eciu omepatop S siBasiercs
CaMOCONpSIZKeHHbIM pacliipenreM S’, To, oueBHAHO, SO S, S S* u, co-
rJacHO TeopeMe 1,

, D (S5)=D(S)+ (S +B) U, + U,.
CMbICJI o0o3HayeHHH 3[eCb TOT XK€, 4YTO B TeopeMe 1. COOTBeTCTByIOH.IHe noja-

npocrpanctBa U, u U, yIOBIETBOPSIIOT YCJOBUSIM JIOKA3LIBAEMOH TEOPEMHI.
JeficTBHTENBHO,

Uy=HORS)CHOR(S)=T

Uy=UcU,=(UU)olU,=U (UG U,).
Ocraercst mokasarb, 4TO omnepatop B dBJseTcss pacllipeHHeM ollepaTopa
P.B’. C sroii nenpio 3ametuM, uyto Ha U’ oneparopel St u P, (S’)™! coBna-
naot #, corjacuo (9) u (36),
o1 —1 —1 ol —1 —1

B=S"—PS, P =P (S) —PS., =P [(S) —S, 1=PB.
Heo6xopumocts JlokasaHa.

Hocmamournocms. Tlycts U, — HeKOTOpOe mojAnpoctpanctBo B UJ u B —
camoconpsikenHoe paciuupeHue onepatopa P,B’ wa U,. Toraa dopmynoit (37)
OIlpe/ieJIsieTCsT HEKOTOPEIH onepatop S, SIBJASIONHHACS CaMOCONpPsiXKEHHbIM pac-
mupennem oneparopa S. ITokaxkem, uto S O §’. Ilycrs g’ € D (S’). Coraacuo
Teopeme 5, g = fo+ S, +Bu', fo€D(S), w€U. Obosnauum
B'w'— P B'u’ uepe3 u,. OueBupno, u,€ U,. Teneppb npeicraBuM g’ B BHJe

—1 —1 >
g =fo+Suw +PBY +uy= fo+ (Si + B)u' + .
Tak xak w' € U' < U, w' € D(B) u u, € U,, 10, cormacuo (37), g’ € D (S).
Takum obpazom, S DO S’, u Teopema J0Ka3aHa.

[TepefiteM K XapaKTepHCTUKE KECTKOro paciupenus S, oneparopa S’.
CorJacuo Teopeme 6, ofsacte onpefiesenuss D (S,) pasnaraercs B IpsMyio
CyMMYy: :

7 . _1 ~

D(Su)———D(S)‘*‘(S.u +B)U,

rjie B — HeKOTOpOe MNOJIOXKHUTEJbHOE OrpaHHUEHHOE CaMOCOMpSI)KEHHOe pac-
miupenue oneparopa B’. Jlerko BHEThb, YTO MHOXKECTBO MOJIOXKHUTEJIBHBIX Orpa-
HHYEHHBIX CaMOCONPSKEHHBIX paciunpeHudl B onepatopa B’ Ha U ompege-
Jsercs (opmynoi

B=B—G;

3fecb B — OJHO W3 TaKHX pacliupeHHil (hHKcHpOBaHHOE), a G — NPOU3BOJb-
HBbIH camoconpsizkeHHbIH B U onepatop, yjpoB/eTBopsitomuil yeaosusm (Gu, u)<
< (Bu, u) u GU' = 0. Tlocnegnee u3 3THUX yCJOBHUH, OUEBHAHO, SKBUBAJEHTHO
Tomy, uto R (G) < U. Teopema 1 paboret M. I'. Kpeiina [2] mnospoasier
YTBEPK/JATh, UTO CPeAH onepaTopoB (G C yKa3aHHBIMH CBOHCTBaMH HaiJercs
MakcHUMaabHBIl onepaTop (.. Mbl nosnyunM HauMeHblliee (HHXKHee) NOJOXKH-

TeJIbHOe OrpaHHUeHHOE paclihpeHHe omeparopa B’, ecin B KauectBe U BHI-
Gepem onepatop U,. OGosnauuM 310 paclunpeHue uepes B,. M3 Teopemnl 5
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paGotsl [2] caenyer, uyto B, siBasieTcs eJMHCTBEHHBIM pacluupeHdeM B, jus
kotoporo U’ mnotHo B U mo HopMme

ul3 = (Bu, u).

[Mocse 3THX 3aMeyaHMH HETPYAHO J0Ka3aTb CJEYIOILYI0 TeopeMmy:

’

Teopema 7. O6aacms onpedesenusi Jcecmroo pacuuperus S,
onepamopa S’ npedcmasisiemcs nPAMOL CYMMOL

’ - -1
D(Sy)=D(S)+ (Si"+ By U,
20e B, — HudicHee nosodcumessnoe pacwuperue onepamopa B’ wna U.
JlokaszaTeabcTBO. BpeMeHHO 0003HaUUM IOCTPOEHHOe MO B, paciuu-

penHe omepaTopa S’ depes S H TIOKa)eM, uTO D(_E‘) c D[S’]. Kak O6bl10
ormeueno B § 1, atuM u Gyner jpokasano, uro S =S,. Tax kak

D(S)=D(S)+ (Ss* +B.)U

D(S)+S;*Uc D(S,) = DI[SIc DI[S'],
TO JOCTATOYHO I10OKasaTb, 4YTO
B.U=D B, <cDI[S']. (38)

Tak kak pacmumpeHne S — HOJIOXKHUTENpHO ONpeJeseHHOe, TO, BBOJAA HOPMY
B D[S], MBI MOXEM TIIOJIOXKHUTb

gl =Sle. gl. (39)

MuoxectBo D [S’] npejcraBJsier co00il HEKOTOPOe NMOATPOCTPAHCTBO B DIS).
ITostomy mast okasaTesnpcTBa (38) HOCTAaTOYHO IOKA3aTb, UTO KaXAblH aJe-
MeHT u3 B,U MoxeT OblTb aNNpOKCHMHPOBAaH B HopMe (39) sneMeHTaMH
us D[S’]. Nycrs v = Buu, n € U. CorjacHo CBOHCTBY HHXXHETO paciuupe-
HUs, HaljJercs nocjefoBaTebHOCTh {1} C U’ Takas, 4To [|u;—u|(%p—>0
npu n—>oo. Ho nocnejHee osHauaeT, YTO AJs ¢ IOCTPOEHA CXOASLIASICH
B §-Hopme T10CJ/IeI0BATE/IbHOCTD 3JIEMEHTOB U/ = BPu;, NpUHAJJIEXKAIIUX MHO-
KectBy D (S1.
HefictBuressHo, corgacuHo (10),

’ P P— 7
| un —ulls, = (But — Byttn, u—uy) = (By'v— By v, v—o,) =
=S[v—7), v—2v]—0 npn n-> oo,

M OCTaeTCsl MOKasath, 4ro ¥, € D[S’]. OGosnaunM BpeMeHHO uepes B ome-
paTop, COOTBETCTBYIOMHI KecTKOMy pacuupenuio S). Tak xak o) = Bu,=
=Bu, = Bu;t, 10 ¥, €D (B™) m, cormacHo Jemme I, v €D[S1=DI[S'].
Teopema jpokasaHa. '
3ameuanue. Eciu onepatop B’ — camoconpsikennnlii B U, TO M,
OUEBHJIHO, MOJYYHM €ro HUXKHee paclIMpeHHe, eC/H PAaClpOCTPAHHM ero Hy-
JeM Ha U. Cor/acHO. J0Ka3aHHOH TeopeMe, MOJyYEHHOE pacCIiMpeHHe Omle-
patopa B’ 103BOJISIeT NOCTPOHTH KECTKOE pacCliHpeHHe S; onepartopa S’.

(Mocrynuno B pepaknmio 13/ X1 1954 r.)
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