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Introduction

In recent years a great deal work has been made to find necessary and sufficient
conditions for the existence of distributional supersolutions to semilinear elliptic
equations with inverse-square potentials. We quote for instance [7] (and the refer-
ences therein), where a problem related to the Hardy and Sobolev inequalities has
been studied. In the present paper we are interested in a class of linear elliptic
equations.

Let N > 2 be an integer, R € (0,1] and let By be the ball in R of radius R

centered at 0. We focus our attention on non-negative distributional solutions to

(N - 2)2 _9 -2 —2 . /
(0.1) —Au — TM u > alz|"|loglz|| " w in D'(Bgr\{0}),
where « € R is a varying parameter. By a standard definition, a solution to (0.1) is

a function u € LL (Bgr \ {0}) such that

loc
N —2)?
—/ ulAg dx — ()/ |lz| " 2up dx > a/ 2|72 [log ||| % uy dx
Bgr 4 Bgr Br

for any non-negative ¢ € C°(Br\{0}). Problem (0.1) is motivated by the inequality

N —2)? _ 1 _ -
02 [ val ae- T2 el 2 g [ el g el o
By B1 By

which holds for any u € C°(B;1\{0}) (see for example [2], [5], [8], [12] and Appendix
A). Notice that (0.2) improves the Hardy inequality for maps supported by the
unit ball if N > 3. Inequality (0.2) was firstly proved by Leray [14] in the lower
dimensional case N = 2.

Due to the sharpness of the constants in (0.2), a necessary and sufficient condition
for the existence of non-trivial and non-negative solutions to (0.1) is that a < 1/4
(compare with Theorem B.2 in Appendix B and with Remark 1.5).

In case o < 1/4 we provide necessary conditions on the parameter « to have the

existence of non-trivial solutions satisfying suitable integrability properties.

Theorem 0.1 Let R € (0,1] and let uw > 0 be a distributional solution to (0.1).
Assume that there exists v < 1 such that

_ . 1
u € Lipe(Bg; |27 log || ™ dx) , a> 1=

Then u = 0 almost everywhere in BRy.



We remark that Theorem 0.1 is sharp, in view of the explicit counter-example in
Remark 1.5.

Let us point out some consequences of Theorem 0.1. We use the Hardy-Leray
inequality (0.2) to introduce the space H}(B;) as the closure of C°(B; \ {0}) with

respect to the scalar product

N —2)?
(u,v) = Vu- Vv dx — ()/ 2| 2w dx
B1 4 Bl

(see for example [9]). It turns out that H}(B;) strictly contains the standard Sobolev
space H}(B1), unless N = 2.
Take v = 1 in Theorem 0.1. Then problem (0.1) has no non-trivial and non-

negative solutions u € L (Bg;|z|2 log 2|72 dz) if o = 1/4. Therefore, if in the

dual space I:T& (Br)', a function u € ﬁ& (BR) solves

(N — 2)2 ’1“_2

—Au — x| 2 log|z||"* v in Bg

u >0,

then v =0 in Bpg.

Next take v = 0 and o > —3/4. From Theorem 0.1 it follows that problem (0.1)

2
loc

if N >3 and if u € H}(Bg) — L*(Bg;|z|~? dz) is a weak solution to

N —2)? 3
—Au— (4) 2™ u > 7 fa| 7 [log [#[| 7w in Bg

has no non-trivial and non-negative solutions u € L2 (Bg;|z|~? dr). In particular,

u >0,

then uw = 0 in Br. Thus Theorem 0.1 improves some of the nonexistence results in
[1] and in [13].

The case of boundary singularities has been little studied. In Section 2 we prove
sharp nonexistence results for inequalities in cone-like domains in R, N > 1, having
a vertex at 0. A special case concerns linear problems in half-balls. For R > 0 we
let BE = BrnN Rf , where RJI is any half-space. Notice that BE = (0,R) or
B} = (=R,0) if N = 1. A necessary and sufficient condition for the existence of
non-negative and non-trivial distributional solutions to

N2
(0.3) —Au— - 2|72 u > alz| % |log|z|| % u in D'(B})
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is that o < 1/4 (see Theorem B.3 and Remark 2.3), and the following result holds.

Theorem 0.2 Let R € (0,1], N > 1 and let u > 0 be a distributional solution to
(0.3). Assume that there exists v < 1 such that

1
ue L(Bj ol 2 floglal| ™ dz), a>;—(1-9)°.
Then u = 0 almost everywhere in BE.

The key step in our proofs consists in studying the ordinary differential inequality

—" > as™ 2 in D'(a, o)

Y =0,

(0.4)

where a > 0. In our crucial Theorem 1.3 we prove a nonexistence result for (0.4),
under suitable weighted integrability assumptions on . Secondly, thanks to an
"averaged Emden-Fowler transform”, we show that distributional solutions to prob-
lems of the form (0.1) and (0.3) give rise to solutions of (0.4), see Section 1.2 and
2 respectively. Our main existence results readily follow from Theorem 1.3. A sim-
ilar idea, but with a different functional change, was already used in [6] to obtain

nonexistence results for a large class of superlinear problems.

In Appendix A we give a simple proof of the Hardy-Leray inequality for maps
with support in cone-like domains that includes (0.2) and that motivates our interest
in problem (0.3).

Appendix B deals in particular with the case a > 1/4. The nonexistence Theo-
rems B.2 and B.3 follow from an Allegretto-Piepenbrink type result (Lemma B.1).

In the last appendix we point out some related results and some consequences

of our main theorems.

Notation
We denote by Ry the half real line (0, 00). For a > 0 we put I, = (a, c0).

We denote by || the Lebesgue measure of the domain Q C RY. Let ¢ € [1, +00) and let
w be a non-negative measurable function on Q. The weighted Lebesgue space L4(Q; w(z)dzx)
is the space of measurable maps u in Q with finite norm ([, |u|%w(x) dx)l ! Forw=1we
simply write L9(2). We embed L4(Q;w(z) dz) into LI(RY;w(z) dr) via null extension.



1 Proof of Theorem 0.1

The proof consists of two steps. In the first one we prove a nonexistence result for
a class of linear ordinary differential inequalities that might have some interest in
itself.

1.1 Nonexistence results for problem (0.4)

We start by fixing some terminologies. Let DV2(R ) be the Hilbert space obtained
via the Hardy inequality

o 1 o
(1.1) / [v'|? ds > 1 / s ds, wveCPRy)
0 0

as the completion of CZ°(R,) with respect to the scalar product
o0
(v,w) = / v'w' ds.
0

Notice that D12(R,) «— L?(Ry;s~2 ds) with a continuous embedding and moreover
DY2(1,) C C°(R4) by Sobolev embedding theorem. By Holder inequality, the space
L?(Ry;s? ds) is continuously embedded into the dual space D2(R, )"

Finally, for any a > 0 we put I, = (a,00) and

Dl’Z(Ia) ={ve Dl’Q(R+) | v(a) =0 }.
We need two technical lemmata.

Lemma 1.1 Let f € L?(I,;8% ds) and v € C*(Ry) N L%(1,;572 ds) be a function
satisfying v(a) = 0 and

(1.2) =" <f inl,.

Put vt := max{v,0}. Then vt € D"2(1,) and

(1.3) /OO |(v)]? ds < /OO fvt ds.



Proof. We first show that (v)’ € L?(R) and that (1.3) holds. Let n € C2°(R) be

a cut-off function satisfying
0<n<1, n(s)=1lfor|s| <1, mn(s)=0fors>2

and put n,(s) = n(s/h). Then nyvt € DY2(1,) and npvt > 0. Multiply (1.2) by
npuT and integrate by parts to get

oo 1 o o0
(1.4) / nnl (v )? ds — / nylvt]? ds < / nnfot ds.
a 2 a a
Notice that for some constant ¢ depending only on 7 it results

o0
/ nlo|? ds
a

as h — oo, since v+ € L?(1,; 572 ds). Moreover,

/nhfv+ds—>/ fot ds

by Lebesgue theorem, as fv* € L'(I,) by Holder inequality. In conclusion, from
(1.4) we infer that

2h
< c/ s 2t |2 ds — 0
h

h 00
(1.5) / W |? ds </ fvt ds+o(1)

since 7, = 1 on (a,h). By Fatou’s Lemma we get that (v) € L?(1,) and (1.3)
readily follows from (1.5). To prove that v* € DY2(I,), it is enough to notice that
vt — vt in DY2(1,). Indeed,

[ n=mPieE / Tty ds = o(1)

a

oo 0o
[l ds < [Tt ds = o)
h

a

as (vt) € L3(I,) and v € L?(I,;s72 ds). O



Through the paper we let (p,) to be a standard mollifier sequence in R, such

that the support of p, is contained in the interval (—1,1).

Lemma 1.2 Let a > 0 and ¢ € L?(I;572 ds). Then pp, 1 € L*(I,;s72 ds) and

(1.6) pn*x —1p in L2(I,;s72 ds),
(1.7) Gn = ppx (s72) — s 2(ppx ) — 0 in L*(I,;s* ds).

Proof. We start by noticing that p, x ¥ — 1 almost everywhere. Then we use
Holder inequality to get

2
)P = 572

[ s = 020,05 = 0200
2
572 <71L - s) /pn(s — Ot 2[(t) | dt

< 1+ nl) (oo (5207))(5)

IN

for any s > a > 0. Since s~2¢? € L'(1,) then p,* (s 2¢?) — s 2¢? in L'(1,). Thus
s Ypp x1p) — s~ in L?(1,) by the (generalized) Lebesgue Theorem, and (1.6)
follows.
To prove (1.7) we first argue as before to check that
2

e <1 - 1>_2 [(pu > (57 26)) (s)]

na

/pn(s — )t 2(t) dt

for any s > a > 0. Thus p, * (s 2¢) converges to s~2¢ in L?(I,; s> ds) by Lebesgue’s
Theorem. In addition, s~2(p, * 1) — s~ 2 in L?(I,;s* ds) by (1.6). Thus g, — 0
in L?(1I,; s? ds) and the Lemma is completely proved. L]

The following result for solutions to (0.4) is a crucial step in the proofs of our

main theorems.

Theorem 1.3 Let a > 0 and let ¢ be a distributional solution to (0.4). Assume
that there exists v < 1 such that

1
e L?(Iy;s 2 ds), a> 1 (1—~)2.

Then v = 0 almost everywhere in I,.



Proof. We start by noticing that L?(I,; s727 ds) — L?(I,;s~2 ds) with a continuous
immersion for any v < 1. In addition, we point out that we can assume

1 2

(18) a=7-(1-7)

Let p, be a standard sequence of mollifiers, and let

wn:pn*w ) gn:pn*(sizw)_siz(pn*w)-
Then v, — 9 in L?(1,;s~%7 ds) and almost everywhere, and g, — 0 in L?(I,; s? ds)
by Lemma 1.2. Moreover, 1, € C°°(1,) is a non-negative solution to
(1.9) —l > as %y, +agy,  in D'(1,).

We assume by contradiction that ¢ # 0. We let sy € I, such that &, := 1, (so) —
¥(sp) > 0. Up to a scaling and after replacing g,, with s3g,, we may assume that
sop = 1. We will show that

(1.10) en = Yn(1) = (1) >0
leads to a contradiction. We fix a parameter
1 1
1.11 5> —~n>_=
(1.11) >3z 5

and for n large we put
Qsn(s) =ens 0 € L2(I1;57% ds).
Clearly ¢s5, € C*(R4) and one easily verifies that (¢s,,)n is a bounded sequence in
L?(I1;5727 ds) by (1.10) and (1.11). Finally we define
Vs = Pon ~ Yn = €5 "~ Yn,
so that vs, € L?(I1; 5727 ds) and v5n(1) = 0. In addition vs,, solves
2—6

1/ —2 — .
(1.12) —Vs,, S8 Vs — C5ER S —ag, in I,

where ¢5 :=0(6+1) +a =55 +1)+1/4— (1 —~)2. Notice that cs > 0 and that all
the terms in the right hand side of (1.12) belong to L?(Iy;s? ds), by (1.11). Thus
Lemma 1.1 gives v;n € DY2(I) and

o0 o0 oo
/ |(v§§n)/l2 ds < a/ s_2|v(;§n|2 ds — csep, / 8_2_61);5” ds+o(1),
1 1 1
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since vy is bounded in L*(I;;s72% ds) and g, — 0 in L?(I;;s? ds). By (1.8) and
Hardy’s inequality (1.1), we conclude that

(1_ )2 OO—2,+‘2+ oo—2—6+d_(1)
0 ! 5 gy, C§ En . S Vs ds =o(1).

Thus, for any fixed § we get that v}n — 0 almost everywhere in I; as n — oo, since

encs is bounded away from 0 by (1.10). Finally we notice that

Py = Pén — Usn > 5n575 - U(—;i:n .
Since 1, — 1 and v;n — 0 almost everywhere in I, and since &, — ¥ (1) > 0, we
infer that ¢ > 9(1)s~% in I;. This conclusion clearly contradicts the assumption
Y € L3(I1;57% ds), since § > 1/2 — « was arbitrarily chosen. Thus (1.10) cannot
hold and the proof is complete. L]

1
loc

Remark 1.4 If o > 1/4 then every non-negative solution 1 € L;_ (I,) to problem
(0.4) vanishes. This is an immediate consequence of Lemma B.1 in Appendiz B and

the sharpness of the constant 1/4 in the Hardy inequality (1.1).

1.2 Conclusion of the proof

We will show that any non-negative distributional solution u to problem (0.1) gives
rise to a function v solving (0.4), and such that ¢ = 0 if and only if u = 0. To this

aim, we introduce the Emden-Fowler transform u +— T'u by letting

(1.13) ute) = ke () (Joglell, )

||

By change of variable formula, for any R’ € (0, R) it results

oo
(1.14) / 2|72 |log |||~ |u)? dx = / / 52| Tu|? dsdo,
Bpr |log R'| JSN—1
so that Tu € L?(I, x SV~1, 572 dsdo) for any a > ap := |log R|. Now, for an

arbitrary ¢ € C°(I,,,) we define the radially symmetric function ¢ € C°(Bg) by
setting

- 2-N
@) = |z| 2 ¢(|log|z|]),



so that ¢ = T'p. By direct computations we get

N —2 2 00
(1.15) /B u(Ap + (4)\$|2g5) dr = / o /SN 1 Tu dods
R aRr -
(1.16) /B 2|72 |log ||| % u@ dx = / s_ggo/SN ) Tu dods .
R aRr B

Thus we are led to introduce the function 1 defined in I,, by setting

(s) = /SN_1<TU)(3,U> do.

We notice that 1 € L?(I,;s~27 ds) for any a > ag, since

/ sT2Y|* ds < ‘SNl‘/ / 52| Tu|? dsdo
a a SN-1

by Hélder inequality. Moreover, from (1.15) and (1.16) it immediately follows that

¥ > 0 is a distributional solution to
—" > as%)  in D'(I,,).

By Theorem 1.3 we infer that ¢ = 0 in I,,, and hence u = 0 in Br. The proof of
Theorem 0.1 is complete. Ul

Remark 1.5 The assumption on the integrability of w in Theorem 0.1 are sharp.
If a > 1/4 use the results in Appendiz B. For oo < 1/4 put §o := (/1 —4a—1)/2
and notice that the function ue : B1 — R defined by

2-N _
ua(z) = |z| 2 |log |z]|

solves

(N —2)?

—Augy — 1

2|72 U = alz| 72 [log |ac|\_2 ue in D' (By )\ {0}).
Moreover, if v < 1 then

1
Ug € L2 (By; x| 72 [log |z||7%" dz) if and only if o < i (1—7)2%.
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2 Cone-like domains

Let N > 2. To any Lipschitz domain ¥ € S¥~! we associate the cone
Cg::{raeRN\UEE, r>0}.
For any given R > 0 we introduce also the cone-like domain
Cg::CgﬂBR:{TJERN |re(0,R), 0c€X }.

Notice that Cgv—1 = R \ {0} and C£_, = Bg \ {0}. If £ is an half-sphere S
then Cgnv—1 is an half-space Rf and CgN,l is an half-ball BE, as in Theorem 0.2.
+ +
Assume that ¥ is properly contained in S¥~1. Then we let A;(X) > 0 to be the

first eigenvalue of the Laplace operator on . If ¥ = SV~ we put A\ (S¥~1) = 0.
It has been noticed in [15], [11], that

|Vul|? dz
(2.1) u(Cs) :=  inf /CE _ (-2 + (D).

ce(C - 4
[ el e
Cs

The infimum p(C) is the best constant in the Hardy inequality for maps having
compact support in Cx;. In particular, for any half-space R_]X it holds that

N2

ik

The aim of this section is to study the elliptic inequality

p(RY) =

(2.2) —Au — p(Cs)|z|2u > alz| 2 |log|z| 2w in D'(CE).

Notice that (2.2) reduces to (0.1) if ¥ = SV~!. Problem (2.2) is related to an
improved Hardy inequality for maps supported in cone-like domains which will be

discussed in Appendix A.

Theorem 2.1 Let ¥ be a Lipschitz domain properly contained in SN, R € (0,1]
and let u > 0 be a distributional solution to (2.2). Assume that there exists v < 1
such that

ue I2(C: lal 2 floglel| > dr), @ > —(1—7).

Then u = 0 almost everywhere in Cg.

11



Proof. We introduce the first eigenfunction ® € C?(X) N C(X) of the Laplace-
Beltrami operator —A, in 3. Thus ® is positive in > and ® solves
—Ag® =M\ (X)® in¥

®=0 on 0.

(2.3)

Let u € L?*(CE;|z|~2 llog |z||™* dz) be as in the statement, and put ar =
|log R|. We let Tu € L?(I,,, X ¥;5727 dsdo) be the Emden-Fowler transform, as in
(1.13). We further let ¢ € L?(I,,,; s~ ds) defined as

P(s) :/E(Tu)(s,a)q)(a) do .

Next, for ¢ € C2°(1,,) being an arbitrary non-negative test function, we put

(2.4) B(2) = o] 7 (| og |a))@ (,;) .

In essence, our aim is to test (2.2) with ¢ to prove that 1 satisfies (0.4) in I,,. To
be more rigorous, we use a density argument to approximate ® in W2(2) N H} (%)
by a sequence of smooth maps ®,, € C°(X). Then we define @,, accordingly with
(2.4), in such a way that T, = ¢®,. By direct computation we get

N —2)? >
/ u(A@, + !|x|_2¢n) dex = / /(Tu)cp”@n dods
Cg 4 aRr Y

+ / /(Tu)LpAU‘I)n dods
ap JX

A(E )/ 2| 2u@, dr = A (Z / /Tu ©o®,, dods
ar

[t ostell g o= [ [ o3, o

Since @, € C°(CL) is an admissible test function for (2.2), using also (2.1) we get

—/ /(Tu)gp”q)n dods > a/ /S_Q(Tu)goq)n dods
aRr b apR X

/OO /E(Tu)go(Aoq)n + A1 (2)®,,) dods.

12



Since ®,, — ® and A, P, + A\ (X)®,, — 0 in L?(X), we conclude that

—/ ©"pds > a/ s 2pids .

aR aR
By the arbitrariness of ¢, we can conclude that ¢ is a distributional solution to
(0.4). Theorem 1.3 applies to give ¢ = 0, that is, u =0 in Cg. O

The next result extends Theorem 2.1 to cover the case N = 1. Notice that

R4 = (0,00) is a cone and (0, 1) is a cone-like domain in R.
Theorem 2.2 Let R € (0,1] and let u > 0 be a distributional solution to
—u” — itdu > at™?|logt| 2w in D'(0,R).
Assume that there exists v < 1 such that
we L2((0,R): 2| log |27 dt) , o> % — (1= )2,

Then u = 0 almost everywhere in (0, R).

Proof. Write u(t) = t'/%¢) (|logt|) = t'/24(s) for a function ¢ € L?*(I,,;s~ %" ds)
and then notice that 1 is a distributional solution to

—p" > as %) in D'(1,,).
The conclusion readily follows from Theorem 1.3. O

Remark 2.3 If a > 1/4 then every non-negative solution u € LL (CE) to problem
(2.2) vanishes by Theorem B.3.

In case o < 1/4 the assumptions on o and on the integrability of u in Theorems
2.1, 2.2 are sharp. Fiz a < 1/4, let 5, := (v/1 — 4a — 1)/2, and define the function

U (ro) = r#\ logr|_6a<1>(a) .

Here ® solves (2.3) if N > 2. If N =1 we agree that 0 =1 and ® = 1. By direct
computations one has that u, solves (2.2). Moreover, if v < 1 and R € (0,1) then
g € L2(CE; 2|72 log |#|| 7> dx) if and only if a < 1 — (1 — )2

Remark 2.4 Nonexistence results for linear inequalities involving the differential

operator —A — p(Cy)|z| =2 were already obtained in [11].

13



A Hardy-Leray inequalities on cone-like domains

In this appendix we give a simple proof of an improved Hardy inequality for mappings
having support in a cone-like domain. We recall that for ¥ C S¥~! we have set

Ci={ro|re(0,1), o€ }and u(CL) = (N —2)?/4+ M (2).
Proposition A.1 Let ¥ be a domain in SN~1. Then

1 _
(A1) / Vul? dr — p(Cy) / 2|2 fuf? > 1 / 1212 flog ||| 2 [uf? da
cL cl 4 Jey

P

for any u € C(CL).

Proof. We start by fixing an arbitrary function v € C°(Ry x ¥). We apply the
Hardy inequality to the function v(-,0) € C°(Ry), for any fixed o € X, and then

we integrate over X to get

o0 1 [e.9]
/ / lvg|? dsdo > / / s 2v|? dsdo .
0o Jx 4Jo Js

On the other hand, notice that v(s,-) € C°(X) for any s € Ry. Thus, the Poincaré

inequality for maps in ¥ plainly implies

/ /|V0v]2 dsdo—)\l(Z)/ /yv|2 dsdo > 0.
0 % 0 X

Adding these two inequalities we conclude that

o [e.e] 1 o0
/ / UUS\Q + \VUU|2] dsdo — )\1(2)/ / [v|? dsdo > / / s 2|v|? dsdo
o Jyu o Jyu 4)o Jx

for any v € C°(Ry x ¥). We use once more the Emden-Fowler transform 7' in
(1.13) by letting v := Tu € C°(Ry x X) for u € C°(C4). Since

— 9)2 0o
/ {]VU\Q - (N2)|x]2\u|2] dr = / / [vs|* + |Vov[?] dsdo,
Bl 4 0 SN—l

then (1.14) readily leads to the conclusion. 0

14



Remark A.2 The arguments we have used to prove Proposition A.1 and the fact
that the best constant in the Hardy inequality for maps in C°(R.) is not achieved

show that the constants in inequality (A.1) are sharp, and not achieved.

Remark A.3 Notice that for N > 1, we have Csn—1 = R™ \ {0} and pu(Con-1) =
(N —2)%2/4 . Thus A.1 gives (0.2) for u € C°(By \ {0}).

In the next proposition we extend the inequality (A.1) to cover the case N = 1.

Proposition A.4 It holds that

1 1 1 1 1
/ lu/|? dt — / t2|ul? dt > / t~2|log t|~2|ul? dt
0 4 0 4 0

for any u € C°(0,1). The constants are sharp, and not achieved.
Proof. Write u(t) = t'/%¢) (|logt|) = t'/2¢) (s) for a function 1) € C°(R, ) and then
apply the Hardy inequality to . UJ

Next, let § € R be a given parameter and let ¥ be a Lipschitz domain in S¥~1,
with N > 2. For an arbitrary u € C2°(CL) we put v = |z|~%?u. Then the Hardy-
Leray inequality (A.1) and integration by parts plainly imply that

/ 2’|Vl dz — u(Cs:; 0) /
cL c

for any v € C°(CL), where

1
ol 2ol = 5 [ Jol" loglal|of? da
1 cl

b)) =

(A2) pesi0) = T2 ).

It is well known that

/ 2% Vul? dx
By

(N —2+6)? :
4 - COOI%%\{O}) 0-2,,12
ORENOD [ ol 2P s
B
is the Hardy constant relative to the operator Lyv = —div(|z|’Vv). For the case

N =1 one can obtain in a similar way the inequality

1 2 1 1
0—1 1
O dt — -1 22 dt > = | 972 logt| 2 |v|? dt
4 4
0 0

0
which holds for any 6 € R and for any v € C2°(0, 1).
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B A general necessary condition

In this appendix we show in particular that a necessary condition for the existence
of non-trivial and non-negative solutions to (0.1) and (2.2) is that o < 1/4. We
need the following general lemma, which naturally fits into the classical Allegretto-

Piepenbrink theory (see for instance [3] and [16]).

Lemma B.1 Let Q be a domain in RN, N > 1. Let a € LS.(Q) and a > 0 in Q.

Assume that u € L, (Q) is a non-negative, non-trivial solution to

—Au > a(z)u D'(Q).

Then
/ |ng|2 dr > / a(x) |gb|2 dx, for any ¢ € C°(9).
Q Q

Proof. Let A C Q be a measurable set such that |A] > 0 and v > 0 in A. Fix
any function ¢ € C2°(Q) and choose a domain € CC € such that [N A| > 0 and

¢ € C=(Q). For any integer k large enough put f, = min{a(z)u, k} € L>®(€2). Let

v, € HE(Q) be the unique solution to

—Av, = f in SN),

(B.1) ~
v =0 on 0f).

Notice that v € Clﬂ(ﬁ) for any 5 € (0,1). Since for k large enough the function fy is
non-negative and non-trivial then v > 0. Actually it turns out that v=! € L (Q) by

loc

the Harnack inequality. Finally, a convolution argument and the maximum principle

plainly give
(B.2) w> v, >0 almost everywhere in €.

Since v '¢ € L>°(£)) then we can use v, 1 $? as test function for (B.1) to get
/ V-V (v '¢?) do = / frvpte? dz > / frut¢? da
Q Q Q
: -1 42 2 —1 4\|2 2 o
by (B.2). Since Vg, - V (v, '¢?) = [Vo|? — |v V(v '9)|” < [V¢|?, we readily infer

/\V¢|2 dzx > / frute? dx
Q Q
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and Fatou’s lemma implies that

/ |Vo|? dz > / a(z) ¢? dx.
Q Q

The conclusion readily follows. Ul

The sharpness of the constants in (0.2) (compare with Remark A.2) and Lemma

B.1 plainly imply the following result.

Theorem B.2 Let N > 1, R € (0,1] and c,a > 0. Let uw € L}, (Bgr\ {0}) be a

non-negative distributional solution to

—Au—clz|?u> alz| " |log|z||? u in D'(Bgr\{0}).

i) Ifc> (NZQ)Q then u = 0.
i7) Ifc:M and a > 1 then u = 0.

We notice that proposition i) in Theorem B.2 was already proved in [4] (see also
[10]).
Finally, from Remark A.2 and Lemma B.1, we obtain the next nonexistence

result.

Theorem B.3 Let ¥ be a domain properly contained in SN, R € (0,1] and ¢, >

0. Let u € L1 (CE) be a non-negative distributional solution to
—Au—clz|72u > alz| 2 |log|z||"* u in D'(CE).
i) Ifc> u(Cs) then u = 0.
i) If c = p(Cx) and a > % then u=0.
C Extensions

In this appendix we state some nonexistence theorems that can proved by using a
suitable functional change u +— 1 and Theorem 1.3. We shall also point out some

corollaries of our main results.
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C.1 The k-improved weights

1

We define a sequence of radii R, — 0 by setting Ry = 1, R, = e T+—1. Then we
use induction again to define two sequences of radially symmetric weights Xy (z) =
X (|z]) and 2 in Bg, by setting X;(|z|) = |log|z||™! for |z| < 1= Ry and

k
X (lzl) = X (Jloglal| ™) zp(2) = |2l [] Xa(lz))
i=1

for all x € Bg, \ {0}. It can be proved by induction that zj is well defined on Bpg,
and zj, € L?

ioc(BR,,). We are interested in distributional solutions to

WMQu > azju D'(Br\{0})

for R € (0, Ry]. The next result includes Theorem 0.1 by taking k = 1.

(C.1) —Au —

Theorem C.1 Let k> 1, R € (0, R] and let uw > 0 be a distributional solution to
(C.1). Assume that there exists v < 1 such that

- 1
we L(BriA X0 do), az - (-9
Then u = 0 almost everywhere in Bg.

Proof. We start by introducing the k" Emden-Fowler transform v — Tju,

u(w) = ax(|l) 73 o] F Xl (T (Xk(|x|)—1 w) |

)
|z
Notice that for any R < Ry it results

o0

(C.2) / 22 Xz(7_1)|u]2 dx :/ S_QW/ Tyl dsdo ,
Br Xp(R)—1 sN-1

so that Thu € L%(I, x SN=1, 5727 dsdo) for any a > Xj(R)~!. This can be easily
checked by noticing that X; = 2;X}. Next we set

Yyu(s) == /SNI(TkU)(S,O')dO'.

By (C.2) we have that ¢ € L?(I,; s~ 27 ds) for any a > X(R)~!. Thanks to Theorem

1.3, to conclude the proof it suffices to show that 1 is a distributional solution to
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—" > as™? in the interval I3, where @ = Xj(R)™!. To this end, fix any test
function ¢ € C*°(1;), and define the radially symmetric mapping ¢ € C°(Br\ {0})
such that Tpp = ¢. By direct computation one can prove that

(N —-2)

- 2 —9 -~ ~ 1-N % —% " -1
86+ T2 10120 — wp 10 7 2 X 2 (X))

where w =0 if K =1, and

if k> 2. Since w > 0 then

N —2)? >
/ u (A@ + ()\x]_2</3) dx > / P ds
Br 4 a

provided that ¢ is non-negative. In addition it results

/ z,%ugé dm:/ s 2 ds .
Br a

Since ¢ was arbitrarily chosen, the conclusion readily follows. L]

By similar arguments as above and in Section 2, we can prove a nonexistence

result of positive solutions to the problem
(C.3) —Au— p(Cs)|z|%u > aziu D(CE),

where Cyx; is a Lipschitz proper cone in RN, N > 1, and C’g = Cy N Br. We shall
skip the proof the following result.

Theorem C.2 Let k > 1, R € (0, Rg] and let u > 0 be a distributional solution to
(C.3). Assume that there exists v < 1 such that

_ 1
uGLQ(Cg;z,%X;(7 2 dr) , a> 1—(1—7)2.
Then u = 0 almost everywhere in Cg.

Some related improved Hardy inequalities involving the weight z; and which moti-
vate the interest of problems (C.1) and (C.3) can be found in [2], [8], [12] and also

[5].
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C.2 Exterior cone-like domains
The Kelvin transform

w(z) = |27 Nu (;)

can be used to get nonexistence results for exterior domains in R¥.

Let ¥ be a domain in S¥~1, N > 2, and let Cx; be the cone defined in Section 2.
We recall that ;1(Cs) = (N —2)?/4+ A1 (X). Since the inequality in (0.1) is invariant
with respect to the Kelvin transform, then Theorems 0.1 and 2.1 readily lead to the

following nonexistence result.

Theorem C.3 Let ¥ be a Lipschitz domain in SN~ with N > 2. Let R > 1,

a € R and let uw > 0 be a distributional solution to

—Au — p(Cs)|z| 2 u > alz| 2 log|z||* w in D'(Cs \ Br).
Assume that there exists v < 1 such that

we L2(Cs \ Br: 22| log ||| 2" dz) , a> % (1=,
Then u = 0 almost everywhere in Cx; \ER.

A similar statement holds in case N = 1 for ordinary differential inequalities in

unbounded intervals (R,0) with R > 0, and for problems involving the weight z7.

C.3 Degenerate elliptic operators

Let 0 € R be a given real parameter. We notice that u is a distributional solution

to (2.2) if and only if v = |z|~%2u is a distributional solution to
1
(C.4) —div(|z|*Vv) — u(Cs; )|z’ 2 v > 1 |z|°~2|log |z||"2v in D'(CE) ,

where (1(Cyx; 0) is defined in Remark A.2. Therefore Theorem 0.1 and Theorem 2.1
imply the following nonexistence result for linear inequalities involving the weighted

Laplace operator Lyv = —div(|z|?Vv).
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Theorem C.4 Let ¥ be a Lipschitz domain in SN=1. Let 6 € R, R € (0,1], « € R
and let v > 0 be a distributional solution to (C.4}). Assume that there exists v < 1
such that

v e XCE a2 logel " do) , a> 3~ (1-7).

Then v = 0 almost everywhere in Cg.

A nonexistence result for the operator —div(|z|?Vv) similar to Theorem C.3 or

to Theorem C.1 can be obtained from Theorem C.4, via suitable functional changes.
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