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Abstract

We qualify the main features of the spectrum of the Hamiltonian of point interaction
for a three-dimensional quantum system consisting of three point-like particles, two
identical fermions, plus a third particle of different species, with two-body interaction
of zero range. For arbitrary magnitude of the interaction, and arbitrary value of the
mass parameter (the ratio between the mass of the third particle and that of each
fermion) above the stability threshold, we identify the essential spectrum, localise
the discrete spectrum and prove its finiteness, qualify the angular symmetry of the
eigenfunctions, and prove the increasing monotonicity of the eigenvalues with respect
to the mass parameter. We also demonstrate the existence or absence of bound states
in the physically relevant regimes of masses.
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1 Introduction

In this work we consider the three-dimensional quantum system consisting of three
point-like particles, two identical fermions, plus a third particle of different species
and mass ratio m with respect to the mass of the fermions, where the inter-particle
interaction has exactly zero range. Customarily one refers to this system as the 2+1
fermionic trimer with ‘contact interaction’; in the special case where the interaction
has infinite scattering length one speaks of a 241 fermionic trimer ‘at unitarity’. In
practice, because of the exclusion principle, the interaction is only present between
each fermion and the third particle.

For the Hamiltonian that models this system we consider the so-called maximal
Ter-Martirosyan—Skornyakov realisation H,, for given interaction scattering length
o~ ! (in suitable units) and mass parameter m > m*, the critical threshold for sta-
bility (m* ~ (13.607)~1). The Hamiltonian H,, whose precise construction will be
recalled in Section 2, is a self-adjoint operator on the Hilbert space

H = L}(R® x R?, dxydxy), (1.1

of the relative configurations (that is, with the centre of mass degree of freedom fac-
tored out), where x; is the three-dimensional relative variable of the j-th fermion and
the third particle and the subscript ‘f* stands for the fermionic subspace of the cor-
responding L?-space, namely the square-integrable functions ¥ (x1, x») that are anti-
symmetric under exchange x; <> x2 — of course the total Hilbert space is given by
tensoring 7 itself with another copy of L?(RR?) corresponding to the centre-of-mass
degree of freedom. The elements v of the domain of H,, are qualified by a boundary
condition that informally reads

Y(xy, x2) ~ &(x1) (é —i—a) as xp —> 0 (1.2)
for some & that we are going to specify later, which is a typical Bethe-Peierls con-
tact condition [1, 2], that is, the asymptotics for the low-energy quantum scattering
through an interaction only supported at the origin and s-wave scattering length equal
to —(4wa)~!. As customary, the special regime @ = 0 of infinite scattering length
(and null range of interaction) is referred to as the unitary regime.

The study of this and similar few-body systems with contact interaction has a long
history and a wide literature throughout the last eight decades — a concise retrospec-
tive may be found in [15, Section 2]. Recent progress in cold atom physics made the
subject topical, thanks to the possibility of tuning the effective scattering length by
means of a magnetically induced Feshbach resonance [28, Section 5.4.2], thus mak-
ing the zero-range idealisation particularly realistic, above all at unitarity [3, 4]. The
2+1 fermionic system is an actual building block for hetheronuclear mixtures with
inter-species contact interaction — see [17, Section 1] for an outlook.
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Mathematically, the correct implementation of the ‘physical’ condition (1.2), so
as to identify a well-defined self-adjoint Hamiltonian, is a problem originally set up
by Minlos and Faddeev [25, 26], which required a long time to be fully understood
and solved — and in fact is still open for other fundamental configurations of the type
N + M (N identical fermions of one type and M of another type with inter-species
contact interaction).

For the 2+1 fermionic model of interest, the rigorous construction of the Hamil-
tonian H, for m > m*, together with the precise determination of m™* and the
proof of the self-adjointness and the semi-boundedness from below of H,, was
done in the work [5] by Correggi, Dell’ Antonio, Finco, Michelangeli, and Teta,
by means of quadratic form techniques for contact interactions [9, 32]. A previ-
ous thorough investigation by Minlos [19, 22-24] and Minlos and Shermatov [27],
based instead on the Krein-Visik-Birman self-adjoint extension theory [10], had the
virtue of showing that associated with the boundary condition (1.2), and depending
whether m is large or small, there is only one or an infinity of distinct self-adjoint
realisations — the Hamiltonians “Ter-Martirosyan—Skornyakov’ type for the 241 sys-
tem — however with a flaw in the treatment of the so-called ‘space of charges’, as
was later found by Michelangeli and Ottolini in [15]. The identification of H, as
the highest (Friedrichs-type) among all the Ter-Martirosyan—Skornyakov self-adjoint
Hamiltonians was finally made by Michelangeli and Ottolini in [16].

In this work we continue the investigation of the Hamiltonian H, by qualifying a
number of key features of its spectrum. In the physics literature, where the contact
condition (1.2) is typically implemented at a formal level, that is, ignoring the pre-
cise domain issues and the well-posedness of the operator, it nevertheless gives rise
to manageable numerical schemes for the computation of ground state energy and
higher eigenvalues [8, 12—14]. There is no analogue at a rigorous level, except for the
work [18] by Michelangeli and Schmidbauer, where the numerical computation of
the ground state energy of H, was set up on the eigenvalue problem emerging from
the rigorous definition of H,.

Informally speaking, the main findings of the present work are: we determine
exactly the essential spectrum of H,, and its bottom, which is zero for repulsive inter-
action (¢ > 0) and strictly negative for attractive interactions (¢ < 0); we localise
a non-trivial energy window that contains entirely the discrete spectrum of Hy; we
prove that the discrete spectrum, when it is non-empty, consists of finitely many
eigenvalues; we prove that H, does admit eigenvalues below the essential spec-
trum in a physically relevant regime of masses m; and we prove that such negative
eigenvalues are monotone increasing with m.

The precise setting for the 241 model, the rigorous formulation of our results, and
their general discussion is presented in Section 2. The subsequent Sections contain
the proofs and an amount of material needed from the previous literature.

Notation Besides an amount of standard notation, we shall denote by D(H), resp.,
D[ H], the operator domain, resp., the form domain of a self-adjoint operator H on
Hilbert space; we shall denote with — the Hilbert space weak convergence; we shall
omit for compactness the ‘almost everywhere’ specification for pointwise identities
between functions in Lebesgue spaces; we shall denote by 1, resp., by O, the identity
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and the null operator on any of the considered Hilbert spaces; we shall indicate the
Fourier transform by aor F ¢ with the convention a( p) = (271)_% fRd e PX g (x)dx;
we shall denote sequences by (¢,,),, thus omitting that the index » runs over the nat-
ural numbers; we shall use +, resp., @, for the direct sum, resp., the direct orthogonal
sum; we shall write A < B for A < const. B when the constant does not depend on
the other relevant parameters or variables of both sides of the inequality; for x € R?

we shall write (x) := (I + x2)2.

2 Setting and Main Results

Acting on the Hilbert space H = L}(R* x R?, dxdx,), let us introduce the self-
adjoint operator Hy, for given ¢ € R U {oo} — here we follow closely [5, 15, 16].

Let us observe, preliminarily, that after removing the centre of mass, the free
Hamiltonian of a three-dimensional system of two identical fermions of unit mass in
relative positions x1, x with respect to a third particle of different species and with
mass m is the operator

Hfpee 1= _Axl - Ax2 - mL-H Vxl : vxz 2.1

acting on # with domain of self-adjointness consisting of the H>-functions in .
(The three-body free Hamiltonian H> in the coordinates (x1, X2, Xcm), Where Xcm
is the centre-of—mass'variable, acts as Hy41 = ?—mmeree — mA Yem)-
We set for convenience
2 _ m(m+2) u?

= =12 =
m+ 1 (m + 1)2 4

e , (2.2)

and for arbitrary A > 0 we consider the linear map & > 7 & defined by
P -~ E(C]) 3
(T.6)(p) = 2n2\/vp2+xs(p)+/ dg, pelR’.
R PP +qt +up g+ 03

One can see (see Proposition 5.5 in the following) that T maps continuously H*(R>)
into H5~1(R3) for any s € (—%, %): we shall refer to it as the ‘charge operator’.

Moreover, for any £ € H -3 (R3) and A > 0 we define

§(p1) —&(p2)
pi+pi+up-prtr

ué(m, p2) = pi.p2 € R, 2.4)

One can also see [16, Prop. 1] that ué € H and ufg_‘ = u;‘ =& =n.

In this context we shall refer to H -3 (R3) and to the Esin H -3 (R3) as, respec-
tively, the ‘space of charges’ and the ‘charges’ for the system under consideration.
This jargon dates back from [7] and is chosen in analogy with electrostatics: indeed,
(2.4) implies that, distributionally,

(= Ay = Ay = =27 Vi - Vo + Db (1, %2) = 2)3 (EGr)S(r2) — E(2)8 (1)),
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thus ug can be considered as the analogue of an electrostatic potential generated by
the charge distribution &.

Next, we introduce the threshold mass m* ~ (13.607)~! as the unique root of
A(m) = 1, where

_2 5 1 B . 1
A(m) == Z(m +1) (—m arcsin o 1) . 2.5)

Indeed, (0, +00) > m +— A(m) is a positive, smooth, monotone decreasing function
with range (0, +00). It is often referred to as the ‘Efimov transcendental function’.
The operator H,, is then defined for m > m™ as follows: its domain is

F* e H}R? xRY),
D(Hy) =18 =F"+ul|t e HI(R3), (T +al)t € HI(R),
plus the boundary conditions (TMS’) (2.6)

(TMS')  fos F*(p1, p2)dpa = (Ty + @)%)_ (p1),

and its action is
(Ho+31) g = (Hieet21) F' = (=An = Ay = 537V, - Vi +2) 1. 27)

It is worth remarking that the decomposition (2.6) of the domain of H, depends on
the chosen A > 0, but the domain itself, and the operator action, does not (Appendix
A). In fact, A represents a fictitious artefact that pops up ubiquitously for the mere
reason that it is much more manageable to construct the shifted operator H, + 11
and to study its properties [5, 15, 16], from which one infers at once the analogous
picture for H, itself. On the other hand, it is important to remember that for each
chosen m > m™* formulas (2.6, 2.7) define a different operator H,, even if in our
notation we do not carry over the explicit dependence on m.

Let us comment on the relevance of the operator H, for the 241 fermionic sys-
tem with contact interaction. Let us consider the restriction of Hfee to functions that
vanish in the vicinity of the ‘coincidence hyperplanes’ I'1 and I'>, where

T = {(x1,x) e R* xR¥|x; =0}, je{1,2). (2.8)
More precisely, let us consider the operator
H = Ay — Ay, — 755 Vi, - Vi,
D(H) = H} (R} x RH\ (T UuT) NH (2.9)

on H. (We recall that

Hi (R? x RH\(I' UT)) = CP((R3 x R3)\ (M U Fz))H 22 7

which is the space used in (2.9)). It can be easily seen that H is densely defined,
closed, positive, and symmetric on H. It fails to be self-adjoint (in fact, it has infinite
deficiency indices), but it admits self-adjoint extensions, for it is semi-bounded from
below. These are restrictions of the adjoint H*, and in fact the functions of the form
(2.4) can be proved to span ker(l-el* + A1), thus

H*u} = —u . (2.10)
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Each such extension is a legitimate Hamiltonian for the 24-1 interacting system, with
an interaction that then is only supported at the coincidence hyperplanes.

The latter circumstance is precisely what happens for H,. Let us indeed recall the
following known properties.

Theorem 2.1 Let m > m*.

(i)  Hy is self-adjoint on H.
(ii)  Hy is semi-bounded from below, with

H, > O if a >0

012

Hy > ——— 1
¢ 474(1 — A(m)?)

if @ <0. 2.11)

(iii)  Hy is an extension of H.

Theorem 2.1 was established first in [5] by means of the quadratic form theory,
and later in [16], by means of the Krein-ViSik-Birman extension theory, in either case
under the operational restriction that when o < 0 the parameter X in formulas (2.6,
2.7) must be taken sufficiently large, more precisely A > Ao with

. 2|a]
0T 4221 = A(m))

(see [5, Prop. 3.1] and [16, Prop. 6]). Since for the present discussion the full arbi-
trariness of A is crucial, and to our knowledge it was never shown in the previous
literature that the restriction to A > Ao can be by-passed, we give evidence of this
fact in Appendix A. Thus from now on we can indeed consider the definition of H,
and the properties of Theorem 2.1 valid irrespectively of the chosen A > 0.

We observe that (2.11) only provides a (non optimal) lower bound to H, when
a < 0. In fact, the lower bound determined in [5] was slightly less efficient and had
the form

2

Hot P _mﬂ (Ol<0). (212)

A more careful analysis shows that in fact (2.12) can be ameliorated to (2.11). We
discuss this in Appendix B.

H, displays one more fundamental property that makes it the most natural Hamil-
tonian of contact interaction for the 2+1 fermionic system. It is encoded in the bound-
ary condition (TMS”) of (2.6). This is an identity in H : (R?) linking the ‘regular’ H 2
part F* of g € D(H,) with the ‘singular’ part ué of g. It can be better understood if
one recalls [15, Lemma 4] that

/p o 11 P A2 =47E(pOR — B () +o(1) a5 R = +oo; (213)
[p2|<R

then, combining (2.13) with (2.6) yields the following.
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Proposition 2.2 Let m > m™*. Let g € D(H,) and let & be the corresponding charge
of g, according to the decomposition (2.6). Then g satisfies the ‘Ter-Martirosyan—
Skornyakov condition’

/IJ2€R3 g(p1. p2)dpa = GnR+ ) E(p1) +0(1) asR— +00.  (TMS)
Ip2l<R

The boundary condition (TMS) (together with its mirror version when p; < po,
using the anti-symmetry of g) is the Fourier transform counterpart of the Bethe-
Peierls contact condition (1.2). It is an ultra-violet asymptotics when each fermion
comes on top of the third particle. Analogously to (1.2), as recognised for the first
time by Ter-Martirosyan and Skornyakov in [31], it encodes the presence of an inter-
action active only for the coincidence configurations and with s-wave scattering
length —(4mrar) ™.

The fact that H, is a self-adjoint extension of H and models an interaction sup-
ported on the hyperplanes I'j and I'> which satisfies the physically meaningful
asymptotics (TMS) makes H,, the natural Hamiltonian of contact interaction for the
241 fermionic trimer.

For completeness, let us include the quadratic form of the operator Hy: its domain
and action are given by

D[H,] = {g = F*+u} )F* € H'(R3 x RY), £ ¢ H%(]Ré)}
Ho[F* +uf] = MF*3, — MF* + u} |3, + Hiee[F*]
+2 / Ep) (THW) +a(p) dp. (2.14)
R3

From all the above considerations it is also clear that H,—, is the self-adjoint
free Hamiltonian with domain the H2-functions of : in this case, the interaction is
absent.

Before proceeding with the goal of our investigation and our main results, let
us quickly mention the following general problem, for a thorough discussion of
which we refer to [6, 15, 16] and the references therein. Out of the vast variety
of self-adjoint extensions of H, each of which is interpreted as a Hamiltonian of
contact interaction, the physical boundary condition (TMS) selects uniquely H, for
sufficiently large m, whereas it selects an infinite sub-family of extensions, all of
Ter-Martirosyan—Skornyakov type, when m is sufficiently small (and above m*, in
the present discussion). In fact, the very meaning of (TMS) as a condition of self-
adjointness need be made precise, for (TMS) is only a point-wise asymptotics, as
opposite to the functional identity (TMS’) of (2.6): this point of view is developed in
[15, 16], where the appropriate set of functional conditions of self-adjointness of Ter-
Martirosyan—Skornyakov type is discussed. When an infinite multiplicity of TMS
extensions arises, the present operator H, turns out to be the largest, in the sense of
ordering of self-adjoint operators, all other extensions being qualified by additional
asymptotics, hence additional physics, at the triple coincidence point of the trimer.
The study of the other TMS extensions is at a relatively early stage and in this work
we only consider H,. The non-TMS extensions are in a sense non-physical, as they
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correspond to non-local boundary conditions: for them there is a natural classification
in therms of the Krein-Visik-Birman extension theory (see, e.g., [16, Eq. (39)-(40)].
Let us present now the main results of this work. As mentioned in the Introduction,
we qualify an amount of spectral properties for the Hamiltonian Hy,.
First, we identify the essential spectrum and we localise a region containing the
whole discrete spectrum. The picture changes from the case of repulsive interaction
(o« > 0) or unitarity (¢ = 0) to the case of attractive interaction (¢ < 0).

Theorem 2.3 (Essential spectrum) Let m > m*. The essential spectrum of Hy is the
set

Oess(Hy) = [0, +00) ifa>0
2
Oess(Hy) = |:_—, +OO> if « <0. (2.15)
4

As a consequence of this and of Theorem 2.1(ii),

odisc(Hy) = 9 ifa>0

2 2
> if «a <O0. (2.16)

o o
odisc(Hy) C |——F———-, ———
dise{Hler) [ 41— Am)?d)’ 4t
Next, we show that even when the discrete spectrum is not a priori empty, it can
only consist of finitely many eigenvalues. This excludes the accumulation of eigen-
values to the bottom of the essential spectrum, a spectral feature that for three-body
interacting systems at unitarity (¢« = 0) is known as the Efimov effect [3, 29].

Theorem 2.4 (Finiteness of the discrete spectrum) Let m > m™ and o < 0. Then
odisc (Hy) consists of only finitely many eigenvalues (each of which has of course
finite multiplicity).

. . 2, L. .
That the portion of discrete spectrum below — 4"‘7 is finite and that inf oegs (Hy) =

- 4"‘724 when o < 0 was recently proved by Yoshitomi [33] only for very large masses.
Our Theorems 2.3 and 2.4 are valid for arbitrary mass parameter above the threshold
m*.

We then move to the question of the existence of bound states for H, for an
attractive contact interaction (@ < 0).

In a previous work by one of us in collaboration with Schmidbauer [18] the eigen-
value problem for H, was turned into an equivalent eigenvalue problem for a radial
bounded operator whose much more manageable numerical diagonalisability gave
evidence that H, admits a ground state for any value m € (m*, m**) of the mass
parameter. The threshold m* & (13.607) ! is the one introduced in (2.5). The thresh-
old m™* ~ (8.62)~!, that is implicitly given by the exact formula (8.8), appears to
have a central relevance in the family of Ter-Martirosyan—Skornyakov Hamiltoni-
ans of contact interaction for the 241 fermionic trimer: it is indeed the threshold
that is expected to discriminate between the presence of a unique TMS Hamiltonian
(m > m™*) and an infinite multiplicity of TMS Hamiltonians (m < m™*) [6, 16].
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Our next result proves that in a somewhat slightly larger mass regime there exist
indeed bound states below the bottom of the essential spectrum, whereas there are no
bound states for sufficiently large masses. In addition, we prove that the correspond-
ing eigenfunctions are of the form ué where the charge £ carries a specific angular
symmetry.

Theorem 2.5 (Existence and non-existence of eigenvalues) Leta < 0.

(i) All eigenvalues —E of H, below inf oess(Hy) have eigenfunctions of the form
uf defined in (2.4), where the charge & belongs to the eigenspace of angular
momentum quantum number £ = 1.

Moreover, there exists a mass threshold M*, with (8.587) 1 < M* < (2.617)"},
such that

(ii)  Hg admits eigenvalues below inf oes (Hy) for any m € (m™, M*),
(iii)  Hgy has no eigenvalues below inf o5 (Hy) when m > M*.

Our last result concerns the behaviour of the eigenvalues in the discrete spectrum
of H, in terms of the mass parameter m. The analytical/numerical discussion of
the above-mentioned work [18] showed that the ground state of H, is monotone
increasing in m. Here we establish the following.

Theorem 2.6 (Monotonicity of eigenvalues) Let m >m™ and a <0. The eigenvalues
of Hy below inf oess(Hy) are strictly monotone increasing in the mass parameter m.

Let us conclude by remarking that our findings, based on the rigorous model for
H, presented in this Section, are consistent with the numerical and experimental
evidence of the physical literature on the binding properties of the 2+1 fermionic
trimer — see, e.g., [13, Sec. 2-3], [8, Sec. 3], as well as the above-mentioned works
[3, 4, 12, 14, 29], based on very similar, yet only formal models.

3 Angular Decomposition

The preparatory material of this Section is an adaptation of the analysis developed by
one of us in [5] in collaboration with Dell’ Antonio, Correggi, Finco, and Teta, and
concerns the reduction of the operator 7; with respect to the canonical decomposition

o
LP®R)Y=@PLi®), Li®R) = L*RY,r*dr) @ span{Yy, ..., Yee) (3.1)
£=0
into subspaces of definite angular symmetry (here the Y, js’s are the spherical
harmonics on S2). The useful notation
HS(R%) := EB H(R?), H' (R?) = EB H{ (R?) (3.2)
even { odd ¢

will be also used in the following. We refer to [5, Sec. 3] for the details.
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A generic § € H %(R3) is decomposed with respect to (3.1) and with polar
coordinates p = |p|2, € R3 as

00 J4
EP) =) fom(pD) Yeu () (3.3)

=0 M=—¢L

for some f; € L2(R+, 22+ 1 dr). The operator T) commutes with the angular
momentum operator, therefore its expectation on £ can be decomposed as

00 l
€18 1 1 =20 2 (Balfem] + Vel fem) . (34)
=0 M=—¢
where
+00
D,[f] = 27[2/ dr r>Vvr2 £ 11 f ()P
0
+00 +o00 -
W; o[ f] =2 n/ dr/ dar' 2 Firr? £ ()
0 0
! Pi(y)
x/_ldy r2+r/2+urr’y+k 3.5)
and
_ L& ey 3.6
Pe(y) = Wm(y -1 (3.6)

is the ¢-th Legendre polynomial, as follows straightforwardly from the addition
formula [11, Eq. (8.814)]

oo

! ‘ Py(y)
212 = 22”/ dy >3
p*+q +up-qg+r = Ja " pT+q +ulpligly +2

14

X Y Yem(Qq) Yem (). 3.7)
M=—¢

Simple manipulations [5, Lemma 3.2] show that

W, f1 =20 for even ¢, 3.8)
whereas
© too +o0 . )12
ilfl = — ZpﬂBg,j/ dssie™s / drf(r)r2+/e_” ,
— 0 0
jjodd
B o /ld(l Z)Kde i>0 forodd€and j, (3.9)
R — — /> or o and j, .
G gty ) PN T ) /
whence

Worlf] < Wielf] <O forodd?. (3.10)
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Furthermore, by means of a change of variable and the Fourier transform
[5, Lemma 3.2], one can re-write

Wo[f] = _2712/ o™ (k)| f*k))>  forodd e, @3.11)
R
where q
i) = —f dx e *5 e £ () (3.12)
V27 Jr
and

sinh (k arcsin T)

oy L[
o, (k)= 3 dy Pe(y) (3.13)
-1 cos (arcsm ﬁ) sinh('ﬂ)

The map k — cre )(k) is smooth, strictly positive, even, vanishing as k — Fo00, and
monotone decreasing for k > 0. Moreover,

o™ k) > o"k) > ok) > - >0 (3.14)
and
o™ k) > o™ k) ifmy <m,. (3.15)

Let us conclude this Section by highlighting a useful consequence of the above
analysis.

Lemma 3.1 (Monotonicity of 7) in m) Let m > m* and A > 0. For each & €
1/2(R3) the map

H2 H 2
is continuous and strictly monotone increasing.

m—> (£, &)

Proof Owing to (3.4, 3.5) the statement to prove is equivalent to the continuity and
the strictly increasing monotonicity of the map

m = Ou[f1+ W e[ f]

for every £ € Ng and f € L2(R*, r2v/r2 4 1dr). Now, the statement for m >
@, [ f]is obvious from the first of (3.5), and the statement for m — W, ;[ f] follows
at once from the representation (3.9). ]

4 Reduction Lemmas

In this Section we connect the eigenvalue problem for H,, when o < 0, with the
eigenvalue problem for 7; or also, up to a re-scaling, for 77. Next, we show that the
charges of the eigenfunctions of H,, are of special angular symmetry.

The first main result is the following.

Lemmad4.1 Letm > m*, o <0, and

052 Ol2
s (v o) D
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The following conditions are equivalent.

(i) g is an eigenfunction of Hy with eigenvalue —A.
(ii) g= ué‘, where € € H? (R3) is an eigenfunction of Ty, with eigenvalue —a.

(iii) g= ug‘, where g(p) = ?(%) andg S H? (R3) is an eigenfunction of Ty with

. 9]
eigenvalue .
g NA

The idea behind Lemma 4.1 is an old one. That the eigenvalue problem for
the three-body Hamiltonian with contact interaction could be reformulated as the
eigenvalue problem for what we call now the charge operator is a property that
was noticed first by Minlos and Faddeev [25, 26]. By means of a self-adjoint
extension scheme a la Krein-ViSik-Birman they could reproduce the celebrated
Ter-Martirosyan—Skornyakov equation, that had been identified heuristically a
few years earlier by Ter-Martirosyan and Skornyakov in the study of the bound
states for the three-body system with zero-range interaction [31]. In the present
(2+1)-fermionic case, the Ter-Martirosyan—Skornyakov equation has precisely the
form

aé+TE=0 4.2)

in the unknown (&, A). This equation, even if not derived rigorously, has been the
object of intensive numerical investigation in the physical literature (see, e.g., [8]).
On the mathematical side, the equivalence (i)<>(ii) of Lemma 4.1 based upon the
characterisation of Hy as a quadratic form was shown in [7, Sec. 5] and more recently
in [18, Sec. III].

Proof of Lemma 4.1 Let g = F* + u¢ € D(H,). The range for possible eigenvalues
—A of Hy is precisely the one indicated in the statement, as follows from (2.16).
(1)<(ii). The identity H,g = —Ag is equivalent to F A =0, owing to (2.7), which

in turn is equivalent to 73§ = —a&, owing to the condition (TMS’) in (2.6).
(ii)<(iii). Let p := p/+/A. One has
T; +a = QrrJvp? + A+« —+ /
TE(p) +ad(p) = @nyvp ED + |

= VA@r2 v+ 1+ %)?@)

v g(f])
R PP+t +upoq+l1

= Vi (MBH@ +£ED) .

which completes the proof. O

The same scaling argument used in the proof above allows one to conclude the
following.



Page 13 of 42

Lemma 4. 2 Let m > m* and o < 0. For a constant % > 0 and for two functions

&, 5 S H? (R3) such that S(p) = E(p«/—) p € R3, the following conditions are
equivalent.

(i) (6 (Tu+a)g) y oy =0

.. lo|
i) & Tlé)m,y% snsan(w fore =1L

Next, we show that the charge £ of an eigenfunction for Hy, with @« < 0, must

have odd angular symmetry, i.e., £ € {1,3,5, ...}, with respect to the canonical
decomposition (3.1).

Lemma 4.3 Letm > m* and o < 0, and let g = ué‘ be an eigenfunction of Hy with
eigenvalue —A in the admissible spectral window (4.1), as prescribed by Lemma 4.1.

Then
®* = P H/*®).
odd ¢

£ c H

Proof Let us decompose E and hence also E, as in (3.3), and then let us express
the expectation (5 Tlé ) g 1 through the decomposition (3.4, 3.5). If & €

12 12
/ (R3) = @even/é H /

ETE) @y = Y (Pilfeml +Wielfoml) = D @il fom]

LM

(R3) then (3.5) and (3.8) imply

£ even Zéven
2 2 21512
> 277 Y W feml o o = 277 1E N 2@
oM
£ even

which prevents the equation T@ = eg to hold with eigenvalue ¢ < 272, Owing to
Lemma 4.1, such & cannot be the charge of an eigenfunction of Hy, so the alternative
is necessarily the one stated in the thesis. O

5 Essential Spectrum

In this Section we start the proof Theorem 2.3, which will be completed in the end
of Section 6. In particular, here we prove that all the real numbers above an explicit
a-dependent threshold belong to oess(Hy ), and in the end of Section 6 we show that
such threshold is precisely the bottom of gegs(Hy ).

For the latter step we need first to prove the finiteness of the discrete spec-
trum below the considered «-dependent threshold, a result that we shall establish in
Section 6. For the former, in order to show that a given real number u belongs to
Oess(Hy), we shall produce a singular sequence [30, Sec. 8.4] for H, at the value u.

In fact, the case o« > 0 is straightforward as compared to the case « < 0, let us
discuss it first.
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Proposition 5.1 Let m > m™ and a > 0. Then oess(Hy) = [0, +00).

Proof As well known, 0ess(Hiree) = [0, +00) and for an arbitrary o > 0 it is always
possible to find a sequence (F), in Hfz(]R3 x R3) that is a singular sequence for
Hfree at , ie.,

lim inf[| Fy[l3¢ > 0, F, =0, | (Hiree — n1) Fullp — 0,

and such that additionally fR3 fn( p,q)dp = 0. The “vanishing condition” for F},
at the coincidence hyperplanes is clearly non-restrictive for the construction of a
singular sequence for Hye, yet it guarantees that F,, € D(H,), owing to (2.6). Thus,
for arbitrary A > 0,

(Hy —p)F, = (Hy + A1) Fy — (u+ A Fy
= (Hfree + A1) Fyy — (0 + A) Fy = (Hiree — 1) Fyy

having used (2.7) in the second step. Therefore ||(Hy — pl)F,lly — O and
(Fy)n is also a singular sequence for Hy at u, i.e., & € 0ess(Hy). We proved
that [0, +00) C o0es(Hy); on the other hand we know from Theorem 2.1, for-
mula (2.11), that 0 (Hy) C [0, +00). The conclusion is then oess(Hy) = 0 (Hy) =
[0, +00). O

The case ¢ < 0 is more subtle. The counterpart to Proposition 5.1 that we shall
prove in this Section is the following.

oys 2
Proposition 5.2 Let m > m* and a < 0. Then ess(Ho) D [— =, +00).
For the proof of Proposition 5.2 we need to recall from the previous literature
a few extra technical facts concerning the operator H, which we did not include
in our outlook in Section 2, and in fact are at the basis of the very construction
of H, as a self-adjoint extension of H within the Krein-Visik-Birman extension
scheme.

Proposition 5.3 (Space of charges HV;AI/ 2) Letm > Q0 and ) > 0.

(i)  The linear map W, : H*% (R3) — H% (R3) defined by

_— 212~ E(CI)
Wr&)(p) = ———=5p) -2 dg (5.1)
vp2 + A RS (P2 +q*+up-q+21)?
is bounded, positive, invertjble, and onto.
(ii)  For generic ug, u;\, € ker(H* + A1) one has
(i, ub)a = (E, Wan) 1 (5.2)

H 2, H2

1
and the above expression defines a scalar product in H~2(R®) which is
1
equivalent to the standard H ™2 -scalar product.
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(iii)  Denoting by HV;:/ 2 the space of the H -3 -functions equipped with the scalar
product (5.2), the map

-1/2

U, : ker(H* + A1) =, Hy,

R,  ufr— & (5.3)

is an isomorphism between Hilbert spaces, with ker(H* + A1) equipped with
the standard scalar product inherited from H.

The proof of Proposition 5.3 is presented in [21, Sec. 2], [15, Sec. 4.2], and [16,
Sec. 3].
Proposition 5.4 (Birman parametrisation of Hy) Let m > m* and X > 0.
(i)  The linear operator A, o defined by

1 1
D(Ava) = {§ € HXR) | (T + a1)§ € H2(R))
Ak = 2W, (T +al)é (5.4)
is self-adjoint on the Hilbert space HVT,:/ 2 introduced in Prop. 5.3(iii).

(ii)  One has

f € D(H)

—1. A A
D(Ha) = {g = f + (Hfree + )“]l) MAA,O(S + M%— S (S D(Ak,a)

} . (55)

The proof of Proposition 5.3 is presented in [15, Sec. 4.3] and [16, Sections 3-6]. In
the notation of formulas (2.6) and (5.5), the regular H 2—part of g is the function F* =
f 4+ (Hfree + Al)_lu;‘ with charge n = A &, and in fact the condition n = A &
is tantamount as the Ter-Martirosyan—Skornyakov condition (TMS’). Moreover, from

(2.10) and (5.5), and consistently with (2.7),

(Hy + A\1)g = (H + A1) f + uﬁw ) (5.6)

Proposition 5.5 (Additional regularity properties of 7)) Letm > 0 and A > 0. Then

1Tl S Nl se (=3.3) 5.7
and in addition
¢ 3 s € -1 §:|
161 gs—1 S 1N as V& € H)(R”) 202 (5.8)
£>1,
whereas T), fails to map continuously H; i %(]R}) into Hzli %(R3) or HZ;IO/Z(R3) into
=3/2 ™3
H,_y"(R°).

The proof of Proposition 5.5 is presented in [15, Prop. 3] and [16, Prop. 3].
When o < 0, a convenient strategy for the choice of a singular sequence for Hy
at some negative value —A is described by the following Lemma.
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Lemma 5.6 Let m > m* and o < 0. Assume that a sequence (&), in D(Aj o), the
domain of the operator (5.4), and a number ). > 0 are given such that
e < ¢y foralln,

(a) there exist constants c1, ca > 0 such that c; < ||&,||
1 —> 0asn,m — 4oowithn # m,

(b) @"’W)‘Em)f]’%,yz
(c) ||(Tx+d]l)§n||H%—>Oasn—>+oo.

Then the sequence (gn)n in D(Hy) defined by
gn = (Hiee + A7 Nuly, o +uf (5.9)

is a singular sequence for Hy at —\, and hence —\ € Oegs(Hy).

Proof That g, € D(H,,) is clear from (5.5).
From the assumption (a) and Proposition 5.3(ii)-(iii),

" liminf,, ||u2‘n||7.[ ~ liminf, ||gn||H_% > 0
i . .
limsup,, [lug,nlyy ~ limsup, “E"”H’% < 400
Moreover,
A 2 _
””Ax.aén 17 = (Aiakn, W,\Ax,ain)H_%‘H%

(W (@ + e, (T +aDE)
H 2 H2

U L I G TR

(i)

N

0

having used (5.2) in the first step, (5.4) in the second, Proposition 5.3(i) and the
Inverse Mapping Theorem in the third, and assumption (c) in the last. Since, by
continuity,

n—-+00

(iii) | (Hiwee + A1)~ "uy, |, —— 0,
then from the first of (i) and from (iii) we deduce that
@iv) liminf]| g,]l% > 0.

n

Next, from the second of (i), and from the property

i A . n,m——+o0o
<u$n’ u5m>’H = {&n, WA&m)Hf%,H% n#m 0

that follows from (5.2) and assumption (b), it is a standard exercise to deduce that
ugl — 0 inH asn— 400,

which, together with (iii), yields

V) gn—0 inH asn— +oo.

Last, from (5.6) and (ii),

(Vl) ||(Hot — (—)\)]l)gn“H = H”f‘lx,aén

n— 400

— 0.

I
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Owing to the properties (iv), (v), and (vi), the sequence (g,), is indeed a singular
sequence for Hy, at —X, and hence —A € gegs(Hy). ]

We can now come to the proof of the main result of this Section.

Proof of Proposition 5.2 In either case 1 € [0, +00) and € [—%, 0) we prove
that € oess(H,) by means of a suitable singular sequence for Hy at .

In the case € [0, +00) we proceed exactly as in the proof of Proposition 5.1,
thus considering a sequence (F), in H 2(R3 x R3), with fR3 Fn (p,q)dp = 0, that
is a singular sequence for Hfee at u, and which is therefore also a singular sequence
for H, at .

In the case u € [— 0) we set A := —u and we produce a sequence (§,), in

preg
H? (R3) with the properties prescribed by Lemma 5.6, thus deducing that 4 = —A €
Oess (Hy).

Let r9 > 0 be the unique root of

2n2,/vr§ + A = ||

for the considered A € (0, ye 4] Correspondingly, let &, € H,_ 12 (]R3) be defined in
polar coordinates p = |p|2, by

-~ Jn

E(P) = V(@) FuIPDfu () o= =1 1),
The charge &, is constructed in view of two crucial properties, the relevance of which
will be clear in a moment: the fact that &, has definite angular symmetry £ = 1 (any

other £ > 1 would do the job, yet not £ = 0) and the fact that the sequence (r> fnz)n
is an approximate Dirac distribution in L2(R+, dr) centred at rp:

D'(R)
r fn(}") —l/ll[ro+ ro+2 ] m 5(}"—}"0)

Let us check that (&), satisfies the properties (a)-(b)-(c) of Lemma 5.6. Since

2
Eall”
H

“ (},2 + Di%fn ”iz(]R*,rzdr)

400 .2 2
/ r fn(r)ldr n——+00 (784‘1)_%,
0 (241l

then property (a) of Lemma 5.6 is satisfied. Moreover, analogously to (3.4, 3.5),
_ o2 /+°° 2fn (r)fm(r)

2R3

dr
Jors 4+ A

on / / A’ P2 £ () 2 fn ()

(Env W)\Em>H,% H

Bl—

Pe—1(y)
X dy 2 12 ’
_1 re4r's+urr'y + A
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therefore, when n # m, using the property f, (r) f (r) = 0, one has

oti oty 1 rr'y
Jnm{&,, W, =—2mwnm dr dr’'| d
(én Aém)H_%,H% /;(H_’ll r0+$ /;1 yrz + 72 + urr’y + A
| ;2
ot oo f dy ——10
(n#m) -1 2r0+ﬂroy+)t

whence
n,m——+00

, W,
(Sn ASm)Hf% ,H% (nem)
Thus, property (b) of Lemma 5.6 is satisfied.
It remains to check that &, € D(A, ) and property (c) of Lemma 5.6. Owing to

(5.4) and to the fact that &, € H)_, (R3) for any s € R, to prove that &, € D(A, o) is

equivalent to prove that (7 + «1)§, € H 3 (R3), and thus it follows from the bound
(5.8) of Proposition 5.5.
Again in analogy to (3.4, 3.5),

“+00 1
1T + e D& :/ ar 202 + 1)
HI(R

5= @r*Vvr? + 5~ |al) fu(r)
“+o00 1 P
+or / dr' v £, / dy e=10) ’2
0 0 22 e’y + A

+00
2/ dr(r2+1)%|2n2\/vr2+)x— |a||2r2fn(r)2
0

+00
2 f dr'r”? f,(r'
0

N

400 |
+2/ drr?(r* + 1)2
0

1 y 2
x/ dy ‘
1 r2+r/2+urr/y+X
=: 2(I,) + 2 (II,).

Since r2 f,(r)? &~ 8(r — ro) and 272, /vrd + A = |/, then (I,) — O as n — +oc.
On the other hand,

+00 | ro-l—% 1 y 2
n-1l,) = / drr’(r* + 1)2 27m/ dr’ r’/ dy — 5
0 ro+1 -1 ettty +

and
2

rot+y , 1 y n——+o00
h,(r) ;= 2mn dr'r d hoo(r
) /r0+}, /4 Y 'y +a 0o(r)

! y
= 27'rr0/ dy 5
—1 " r24rg4prroy +

2 2
retry+i
N N ke
wr Mror r2+r§+k _
Wwror

1
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Applying the expansion

1
2—zlnz+l:—%(z—l)_2+o<(z—l)_2) as 7z —> +oo
7 —
P2 .
toz = Wgr yields
const. x r asr |0

hoo(r) {const. x r73 asr — 400,

whence, by dominated convergence,
2 [T 5 o 3 2
n-(Il,) - — drre(r“+ 12 |hoo(r)|© < 400,
w Jo

and also (II,;) — 0 as n — 4o00. Thus, ||(T), + a]l)é,,“H% — 0 asn — +o0o, which
completes the proof. O

With Proposition 5.2 we have thus established that oegs(Hy) D [ o +oo) for

T4
a < 0 and m > m*. That the latter inclusion is an actual identity will be con-
cluded in the next Section. Already at this stage it is instructive to make the following
observation.

Remark 5.7 The functions g, € D(H,) of the form (5.9) used as a singular sequence
to locate oess(H,) match a stringent physical intuition, as one can infer by going
back to the position coordinates, in the same spirit as the discussion made in [16].
The vanishing of the term (II,,) of the proof of Proposition 5.2 can be interpreted as
resulting from a configuration where one of the fermions is far apart from the other
two particles, whereas the vanishing of the term (I,;) corresponds to the other fermion
being bounded to the third particle.

6 Finiteness of the Discrete Spectrum

In this Section we prove Theorem 2.4 and we complete the proof of Theorem 2.3.

The proof of Theorem 2.4 is based on the following simple idea. We know that the
quadratic form of H,, is the sum of the quadratic form of the free Hamiltonian for the
regular part and the quadratic form of the charges, more precisely

(Hy 4 21)[g] = (Hiree + AD[F*] + 2(&, (Ty + a1)E)

H % JH™ 2

forevery g = F* +u§‘ € D[H,]. If one proves that for . = Ag := 4“724 the form of the
charges is positive except for a finite-dimensional subspace of the charge space, then
given the one-to-one correspondence & < u’ and the positivity of Hgee one deduces
that H, is bounded from below by —A(1 but for a residual, finite-dimensional sub-
space of its form domain in which the bottom may be even lower than —Ag; the
residual subspace can then only accommodate a finite number of linearly independent
eigenfunctions. When subsequently we shall prove that oess (Hy) = [—Ag, +00), this
would allow us to conclude that ogisc (Hy) is finite.
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The problem is then boiled down to the analysis of the form of the charges
and hence of T} as a bounded H2(R3) — H~2(R%) map. In fact, because of its
angular symmetry, 7) is also a continuous Hzl / 2(R3) — H[l/ 2(R3) map sepa-
rately for each sector £ € Ny of definite angular momentum (Proposition 5.5), and
since the only possible eigenfunction of H, for « < 0 have charges with odd-¢
symmetry (Lemma 4.3) it suffices to consider 7) acting on the Hilbert sub-space
H? (R*) = Boga He_l/z(R3)-

We shall make use of a convenient decomposition of 7}, in the same spirit of
similar decompositions that for a different purpose (the computation of the deficiency
indices of 7} as an operator on L2(R?)) were introduced by Minlos and Shermatov
[27] and Minlos [20, 21].

The precise decomposition we exploit here was introduced recently by Yoshitomi
[33], as a clever modification of Minlos’s decomposition [21, Eq. (2.18)-(2.20)] by
means of a suitable localisation in momentum space. In [33] too the goal is to prove
the finiteness of the discrete spectrum, but this is achieved only for sufficiently large
m: in our approach, instead, we are able to control the whole regime m > m™*.

ForA > 0andn € Nlet1, and 1,3 denote, respectively, the characteristic function
of the ball {p € R3||p| < n} and of its complement, let

G(p,q) ==p*+q*+up-q,

and let us introduce the maps § — R &,& — L) ,&,and & — Q) ,& defined on the
£’s in L2(R?) as follows:

RE)(p) = 6:(p)E(p) 6.1)
— 15(p)15(@q) ~
L, = d 6.2
TanB) () /R3 ot F) dg 62)
(QonB)(p) = /R Qun(p @)E)dg, 63)
where
6, (p) :=/Jvp2 + A — VA (6.4)
and
_ 15(p) 15(q) 15(p) 1,(q)
n(p,q) ==X -
0,.(p) G(p, g)(G(p,q) + 1) 0,.(q) O (p)G(p,qg)+1)0(q)
1,(p)15(q) 1,(p) 1,(¢)

_ — . (65
O,(P)(G(p,q) +A)0(q)  0,.(p)(G(p,q) + A)0i(q) ©2)

It is a straightforward check that in terms of the quantities above one has the
decomposition

Ty =27°VAl 4+ R2n%1 4 Lyy — Qs Ro. (6.6)

Let us collect relevant properties of the maps Ry, L;, ,, and Oy .

Lemma 6.1 For each A, > 0 and n € N, Q, , defines a Hilbert-Schmidt and self-
adjoint operator on L*(R3).
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Proof We start by proving that Q, , is Hilbert-Schmidt. Re-writing (6.5) self-
explanatorily as

Qun(p. ) =29 (. ) — Q2 (p. ) — Q0 () — Q1 (p. )

it suffices to show that Q)(\/ :l € LZ(R3 X R3) for j € {1, 2, 3, 4}. In the estimates that
follow we will systematically use the bounds

1-5P*+¢) < Gp.g9) < U+5HP*+¢D *)
and
1 Jvg?+a +\/_ (%)
02(q) vg?

For Q(l) one has

1951720 f/ o
L(R xR3) |pl>n G(p,q)Z(G(p,q)+)»)2FA2(P)V,\(6])

lg|>n
< / / s WrZ+ A+ VOV + x4+ V)
~ (r2—|—r’2)4
+00 s
< / / T S / dpp = = Feo,

where we used (*) and (**) and three-dimensional polar coordinates separately in
P, g in the second step, the bound SorZ 4+ 0+ A < r (valid for r > n when n
is sufficiently large) in the third step, and finally two-dimensional polar coordinates
(r,s) = (p, 9), the positivity of the integrand, and the inclusion

((r,rYeR?|r >n,r >n} C {(p,@)e[O,+oo)x[O,%]CR2|p>n}

in the last step. This proves that Q(l) belongs to L2(R3 x R3).
For the kernels Q;z’)n, Q(f,)n, and Q(4) it is convenient to observe that the function
K : R? — R defined by
Vo2 + 3+ VW2 +3+ V0

(r +r/2+ 1_%)2

K, r') =

is smooth for positive A, and by means of (*), (**) and polar coordinates in p and ¢
one has

199 sy / / drdr K(rr'y  jef2,3,4),
Q

J

where
Q = {(nr) eR*|r > n,r' <n}
Q3 = {(r,r) eR?|r <n, v’ =n)
Q4 = {(r,r) eR*|r <n,r' <n).
Now,

~+00
// drdr’' K@r, 1) = // drdr’' K(r,r") < / drr=3 < 400,
Q3 Q) n
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the first step following from the exchange symmetry r <> r’, the second step fol-
lowing from the bound K(r, ") < 3 on €, since r’ ranges on the compact set
[0, n]. This proves that Q;zzl and Q;g)n belong to L2(R3 x R3). Obviously the same
conclusion holds for Q;ﬁ, since €24 is compact.

Thus, Q; , is a Hilbert-Schmidt operator. In particular, Q, , is bounded, and it is
also symmetric because its kernel is real-valued and symmetric under the exchange
p < q.Then Q, , is self-adjoint. U

Lemma 6.2 For each A > 0 andn € N, L, , defines a bounded, positive definite,
self-adjoint operator on L*(R3). L is reduced with respect to L*>(R3) = L%_(R3) ®
L% (R3) and eventually

”L}‘s"”LE(R3)—>LE(R3) < 2772 6.7)

for n sufficiently large. In particular, for n sufficiently large the operator 2> 1+ L an
is invertible on L* (R3) with continuous inverse for n sufficiently large.

Proof Let us consider the operator L, obtained by setting A = 0 in the definition
1
of Ly », thatis, Lo, = v~215 L 15, where

= £(q)
O = | dq.
® VPl G(p, q)V/1q]
The map £ — L £ is well studied in the literature (see, e.g., [22, Sec. 4] or [5,
Sec. 3]): with respect to the canonical decomposition (3.1) the operator L is reduced
as

L= e,

£=0

namely in components acting non-trivially only on the radial part of L%(R3). In turn,
by means of the Mellin transform

w: LXRT, r2dr) —> L2(R, dp)
@) = A= r iy ar,

each L, is unitarily equivalent to wLgw ™', which is the multiplication operator by
the function

1 cosh (p arcsin(ﬁ))
2712/ Po(x)
0 cosh(%) cos (arcsin( X ))

m+1
2 Py(x)
0

dx foreven{

re(p) == (6.8)
sinh (,0 arcsin(mL_H)) b forodd ¢
or o .

sinh(“4) cos (arcsin(m’fH ))

Now, p — Xi¢(p) is a smooth, even function vanishing at infinity, and moreover
when £ is even (resp., when £ is odd), it is monotone decreasing (resp., monotone
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increasing) for p > 0. Thus, ||L¢|| = |1¢(0)]. A further simple analysis, exploiting
the definition of P,;(x) and the integration by parts in x (see, e.g., [5, Lemma 3.5]),
shows that 0 < L¢(p) < Ag—o(p) foreven £ and Ly—1(p) < A¢(p) < 0 for odd ¢, and
an explicit computation shows that —X,—1(0) < X;=0(0). Therefore,

IL0 23— 12y = [Le=0ll = Ae=0(0) = 2% (m + 1) aresin( ) -

This proves the boundedness of L on L?(R?), as well as its reduction with respect to
the sectors of even or of odd angular momenta. From the above-mentioned properties
of A¢(p) one also deduces
||L||L%(R3)—>LE(R3) = [[Le=1]l = [Ae=1(0)]

=4dn(m+1) (1 — /m(m +2) arcsin(m#ﬂ))

= 272 /v A(m).
Next, let us compare the above norm with that of L ,. Since

lim |p|~26,(p) = vi

[pl—+o00
then for arbitrary e, A > 0 it is possible to choose n large enough so as
N ) H <.
0.(p) 61(q) V) L@ xR dpdg)

1,(p)15(q) (
Therefore, eventually in 7,

”(L)»,n - LO,n)5||L2(R3,dp)

£(@q) . . (
= d 1 1 vt _
| fR N T N A D L XN

< ellLll2@sy—r2@y 16l 2@sy = € 1€l 2@y

L2(R3,dp)

ﬁﬂl)

for arbitrary € > 0.
For & € L% (R3) we can then conclude

ILxnéll 2 g3y < I(Lan — Lowéll2@sy + I1Lonéll 2 g3
EUEN 2 @)+ ILENL2 @)
E+ 27‘[21\(77’[)) & ”LZ_(R3)

eventually for n large: from the arbitrariness of € and the property that A(m) < 1 for
m > m®, the bound (6.7) follows.

Without symmetry restriction on &, obviously the last estimate above is still true
for every n, now with a constant that depends on n and is not smaller than 272
This proves the boundedness of L;_ , on L*(R?). Its self-adjointness and positive-
definiteness is then obvious from the fact that L, , has a real, positive, symmetric
kernel. O

<
<

Next, let us qualify a convenient Hilbert space in terms of the maps R and L ,.
To this aim, we observe that the map (£, n) — (£, n) 2 where
Ry

(&) 12 = (RLE Ram) p2g3) - (6.9)
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defines a positive definite inner product in H 2 (R3): indeed,
o yye = [ E @A 0
R;, R3

and 0, (p) > Ofor all p £ 0 and 6, (p) ~ (p)% for large |p|’s.
As a consequence, the space (H Ilii 2(R3), (-, ')H‘ ,2) defined as the completion of
R,

H : (R3?) with respect to (6.9) is a Hilbert space, and the Bounded Linear Transfor-
mation theorem ensures that the H'/?(R?) — L?(R?) isometry & > Ry& lifts to

an isomorphism H 11e< 2(R3) — L2(R?) between Hilbert spaces, which we shall keep
denoting by R,. Moreover, R) acting on H %(R3) as the Fourier multiplier by a

radial function, each component H Ilei ?4 (R3) of definite angular symmetry is naturally

defined, and with obvious meaning of symbols one has
HY(RY) = @ R = H? R @ HY?(RY). (6.10)

We have the f0110w1ng.

Lemma 6.3 Let 1 > 0.
(i) For sufficiently large n € N,
(€ M, = (RiE Qn21 + Ly ) Rim) 23 (6.11)
defines an equivalent scalar product in H / 2 —(R3).

(ii)  For sufficiently large n € N, let (Hj n, (-, )7.[A ,) be the Hilbert space coincid-

ing with Hpy / " (R3) as a vector space and equipped with the scalar product
(6.11). Then the map

12,033
Hon — H (R 1 (6.12)
E = QU4 Lin)IRE

is a Hilbert space isomorphism.

Proof As argued already, R, : HY 2(R3) — L%(R3) is an isomorphism between

Hilbert spaces. Let n be large enough so as to make the positive definite operator
2721 + L;,, invertible on L% (R?) with bounded inverse (Lemma 6.2). In this case

(6.11) defines a positive definite inner product in H 11e< 2(JR3). Moreover,

1
1815, , = €&, = 1Q7% + Lia)2 RiEIIT
N IREND, = ||s||§,[.€f,

which shows that the scalar products (-, -)3, , and (-, Yy 1/2 are equivalent. This

proves part (i). Part (ii) is an obvious consequence of (i) and of formula (6.11) in
particular. O
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We can now prove Theorem 2.4.

Proof of Theorem 2.4 We know from Lemmas 4. 1 and 43 that if Hyg = —E g for

some non-zero g € D(H,) and some —E < then necessarily g = u for

1/2

4 an®’
a suitable charge & € H_/“(R?), the sector with odd angular momenta. For generic
A > 0 one can decompose g = uSE = F* + ué‘, the charge £ being the same, with
the same angular symmetry. This will justify why it will suffice to consider, in due
time, only the elements F* + ué € D[H,] with £ € H'/*(R3). Let us denote such
subspace with Doqq[ Hy 1.

Let now n € N be large enough as prescribed by Lemmas 6.2 and 6.3.
Q). 1s a compact operator on L? (R3) (Lemma 6.1), and so is

1 _1
Q%+ Lyn) 2 Qunr? + Ly )2

because (272 + L ,\,,,)_% is L2 (R%)-bounded (Lemma 6.2). The Hilbert space
isomorphism (6.12) then preserves the compactness property and the operator

Zyn =R Q% + Lyn) " Qrn Ry
is compact on H;, ,. Z; , is also self-adjoint, because
&, Zinm,,, = (RAE, QanRam) 2

and Q; , is self-adjoint on L2 (RY).
From the latter identity one also deduces

& L= Ziw) M, = (RuE, QuL+ Ly — Qun)Rim) 2

Specialising the identity above for A = g 24 , which will be assumed for the rest of
this proof, and combining it with the decomposition (6.6), yields

(€ (o), 1= (6= Zi) B,

(recall that @ < 0, thus 272/A = —q).
Now, since Z, , is compact and self-adjoint, the space

Xy =& € Hanl (€, (1 = Zyn) §)y,, <0}
has finite dimension. It is then convenient to decompose
Hin = Xir D1, Xn
and, correspondingly, from (2.14),
DoaalHe] = Df + Dy,
DF = H!R) + {u} |& € X N HIRY))
Dy = (u}|€ € X, N HRY)}.

By construction, for every F* + u’; € D;} one has

(Hy + ADIF* +ut] = (Hiee + ADIFA]+ (£, (T + @) ) )

2

= (Hgree + A DIF 14 (€, (1 = Zon) E),,, = 0
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and dimD,” < 4o00. Thus, H, is bounded from below by —4"‘724 (i.e., —A) on Djl‘,

whereas if D, # {0}, then on such finite-dimensional space the form of H, attains
. 2
values that are necessarily below the threshold — ;.
o o

.. . 2 2 . ..
This implies that E g, ((—o0, —4"‘7)) = EHa([—m, — 7)) is a finite

rank orthogonal projection, where dE p, is the spectral measure associated with Hy,

2 2
and then also o (Hy) N [—m, —4“7) C odisc(Hy).
In order to complete the proof, we need to use the latter information so as to

complete the identification of oess(Hy ), Which we are going to do now. ]

2

Proof of Theorems 2.3 and 2.4 — conclusion When o > 0, Theorem 2.3 is entirely
proved by Proposition 5.1. When o < 0, we know that

o o(Hy) C [—m, +00) (from Theorem 2.1),

®  Os(Hy) D [_40(724’ +00) (from Proposition 5.2),

®  Oess(Hy) N [—m, —%) = ) (from the first part of the proof of
Theorem 2.4).

Then necessarily
2
Oess(Hy) = [—75, +00)

T an®

2
odisc(Hy) C [—m, —07)

which proves Theorem 2.3 also for « < 0. From the first part of the proof of Theorem
2.4 we then conclude that the whole ogisc (Hy ) is finite, and this completes the proof
of Theorem 2.4. O

7 Regimes of Absence of Bound States

In this Section and in the following one we develop the proof of Theorem 2.5. In
this Section, in particular, we discuss the regimes of absence of bound states in the
discrete spectrum and the two main results are going to be the following.

Proposition 7.1 Let a < 0. There exists a mass M. > m*, with M}, < (2.617)7",
such that when m > M7 there are no bound states of Hy below inf oess(Hy) whose
eigenfunctions have the charge & with angular symmetry £ = 1.

Proposition 7.2 Let « < 0. The Hamiltonian H, has no bound states below
inf oegs (Hy) Whose eigenfunctions have the charge & with angular symmetry £ =
3,5,7,...

Let us present the strategy for proving Propositions 7.1 and 7.2.

Owing to the angular decompositions of Section 3 and the reduction Lemmas 4.1
and 4.2, in order to prove that for chosen @ < 0,m > m*, and £ € Ny the operator H,
does not admit eigenvalues below inf oess (H, ) Whose eigenfunctions have the charge



Page 27 of42

£ with angular symmetry ¢, it suffices to show that 7; > 2721 as an inequality
between symmetric operators on the Hilbert subspace L%(R3).

In a sense, it is precisely when investigating the positivity of 7y — 2721 that the
Minlos- Yoshitomi decomposition (6.6) emerges most naturally, since

(T1&)(p) — 27%E(p)

22 (Jop? + 1= DE(P) + fps ooty dg
= FRi2n%1 + S1)R&,

where @(p) =6 (|p|)§(p) and 01 (r) = vV~/vr2 +1 — 1 asin (6.1)/(6.4), and

£@q)
01(lpD (P> + 9% + up - g + Do1(lq))

therefore 7y — 2721 > O on L3(R3) if

@(p) :=/ dg,

IS “L%(R%%L%(H@) < 27[2.

As follows from the angular decomposition (3.3)/(3.7), the latter condition is
equivalent to

“’Cém) 2@+ r2dry— 2@+ r2ary < 1, (7.1)

where ICEm) is the integral operator with kernel

Pe(y)
/Cém)(r, r/) = / / Y 2 ” /
T O (o) Jo1 T rr 4T’y +1
= ! e (’2”’2,* ‘) (12)
T rr'01(r)6;(r') prr ’
where we set for convenience
1
P
Pr2) = / ay 2 1.3)
-1 y+z

. 2,12 .. . .
Since # > Z oS oy 1, ¢¢(2) is indeed well defined, and moreover it

satisfies the following properties.
Lemma 7.3

(i) Foreveryz > 1,

$1(2) < $3(2) < ¢5(z) --- < 0. (1.4)

(ii) For odd £’s the function (1,+00) > z +— ¢¢(2) is smooth and strictly
monotone increasing, with

270 dy (1= y»)t
¢e(2) = — f(‘z‘_yl)w " (o) asz— 400, (15)
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(iii)  For odd £’s one has the bounds

_ 1
2t f,1 dy (1 - y2)£

pe ()< DI z>1 (7.6)
Ce27t [ dy (1 = y))t
Ibe(2)|< / o 2> 1+m*, (1.7
where 1
2E (1 + m*)l+1 N dy 7—P(()’)*
Cp = f 1 y+14+m . (7.8)

1
f,1 dy (1 —y?)¢
In particular,
Cy ~ 2.74, Cy ~ 6.07, etc.

Proof Let £ € 2Ng 4 1 and z > 1. Then, following from (3.6) and integration by
parts,

1 ¢ 1 2 ¢
wo = [ ay—— (Z%K, et 1%) o [ &m0
which proves that all quantities in (7.4) are strictly negative. Moreover,
(2 — 1)t+2 =1t
W20y + )i T 2y 4 i
because this is equivalent to (y2 -2 < 4(y +2)2 and hence also to (y+ D242(z—

1) > O: this shows that ¢y4+2(z) > ¢¢(z) and completes the proof of (7.4). From the
representation

1 (1 _ yZ)Z
i (y + )ttt
the smoothness and the strictly increasing monotonicity of z > ¢,(z) are obvious,
and one also deduces

- 1 1 1=y 1 1 20
$e(2) = — 20— D)eH /71dy (1+é)”1 Zz = =) /,1dy 1=y

1
e (z) = 5t

whence (7.5) and (7.6). Last, we look for a multiple C; of the function

274 [ dy (1 =y
(1,+00) 3 z lzz+1 =: g(2)

such that Cy g¢(z) = |¢p¢(z)] in the restricted regime z € [1 + m™*, +00). Obviously
the optimal Cy is determined by the condition Cy g¢(1+m™) = |¢¢(1+m™)|, whence
(7.7) and (7.8). O

Corollary 7.4 One has
I > 1k > 1k > - (1.9)

We shall study the occurrence of condition (7.1) by means of Schur’s test.
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Proof of Proposition 7.1 First we show that there is a m-dependent constant C (m)
such that

+00 9 / 9
/ ar' I ) 2 < ey A *)
0 r r
which implies, by Schur’s test and owing to the symmetry of the kernel ICim)(r, r’,

that ||IC§m)|| < C(m). Since in the present context 7 = rzz# > 1+ m*, we can
apply formulas (7.7, 7.8) that yield, for £ = 1,

2
lp1(z)| < Cl'3—Z2 Vz>14+m*, Ci ~ 274.
Therefore,
“+o00 9 / l +o00 1 ,
/ dr’ r'? |IC§m)(r, ] 1(/;) = — dr’ — |61 <r2+r 2/+1) }
0 r T Jo rr’'6y(r) nrr
2uCy r +00 , r!
— dr' —————
3r 61(r) Jo (r? + 12+ 1)2
uCy r3 01(r)

3r 01(r)2(1+r2) r2

The function (0, +00) > r = A(r) =

Fmax =V —142v+2VT— v+ v2 and
(2v/rmrinm1)”

(2= (o (/i) i-1)

Estimate (*) is thus proved with

3 . . _
OS] attains 1ts maximum at r =

A(rmax) =

C
C(m) = % A(rmay)

the dependence on m being present both in w and in A(rmax), Which are both
continuously and strictly decreasing in m. We calculate (see Fig. 1)

C(m) =1 & m =~ (2.617)7",

which shows that there exists a threshold M} < (2.617)~! such that when m >

M7 one has ||IC§m) || < 1 and then the sufficient condition (7.1) for the absence of
eigenvalues is satisfied. O

Proof of Proposition 7.2 1t is enough to prove that ||IC§m) | < 1forall m > m* and
then to apply Corollary 7.4. To this aim, let us first show that there is a m-dependent
constant C (m) such that

+00 /
/ a2 I ) D) <y B0 *

bl
0 r r
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mx 0.382

Fig.1 Numerical solution to the equation C (m) = 1 set up in the proof of Proposition 7.1: the intersection
of the function C(m) (blue curve) with the reference value (orange line) takes place at m ~ 0.382 =
(2.617)7!

which implies, by Schur’s test and owing to the symmetry of the kernel Kgm)(r, r’),
that KXY | < C(m). When ¢ = 3 formulas (7.7, 7.8) yield

4
p3(2)| < C3-=—— Vz>1+m", C; ~ 6.07,
35274
whence
“+o00 9 / 1 —+00 1 ,
/ dr' 2 1K (ry 1)) o) _ 1 dr’ |63 (r2+r 2/+1> |
0 r’ T Jo ro(r) Hrr
4,[L3C3 1’3 +00 , r/4
— dr' —————
357 01(r) Jo (r2+r2+ 14
13Cs rt 61(r)

280 91(}”)2(1’24— 1)% r

. 4 .. .
The function (0, +00) > r — A(r) := ORI attains its maximum at r =

-
B1(r)2(r

Fiax = \/3v/002 — 40+ 4 + 3v — 1 and

\/; (3M+9u—2)2
<m+3v>3/2(\/18u2+<6 9U2—4U+4—4)v+4—2).

Therefore, estimate (*) is proved with

A(rmax) =

C
C(m) = ﬁ 13 Armay) .

the dependence on m being present both in ¢ and in A (rmax), which are both continu-
ously and strictly decreasing in m. Thus, upon evaluating when m = m* the constants
w =~ 1.86, v ~ 0.13, rpax &~ 1.57, and A(rmax) =~ 6.22, we find C(m*) ~ 0.87 and
we conclude that

ICS” I < Cm) < Com*) < 1,
which completes the proof. O
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8 Existence of Eigenvalues

In this Section we discuss the existence of eigenvalues for H, and complete the proof
Theorem 2.5. Only the case o < 0 is relevant, for we know already from Theorem
2.3 that ogjsc (Hy) is empty when o > 0.

In this regime a variational argument provides a manageable condition on the
charge operator 71 which is sufficient for the existence of eigenvalues below the
bottom of the essential spectrum.

Lemma 8.1 (Variational Lemma) Let m > m™ and a < 0. Assume that there exists
~ 1
£, € H2(R3) such that

EonTiEs) 1 1
o, = B LY R RS [2712 1—A(m)2,2712). 8.1)
B2,

Then H, admits a negative eigenvalue E, with
2 2
o o
E, e |————, ——|. 8.2
[ 4t (1 — A(m)?) 83] (62

Proof Let A, := az/sg andgo(p) = ?o(p/x/)»o). Then ué: € D[Hy] and

Ao _ Ao 2
Hot[ugo] = —Ao ””SO ||L2(R3><R3) + 2(;;:05 (T)Lo + aﬂ)éo}H%(R3),H_%(R3) ,

as follows from (2.14). Moreover, owing to Lemma 4.2,

_ (£ = _ T2
0= (& Ti&) ),y —eollfollje = 6o (T +al)e) ) )
Thus,
Ao 2 2

Hy [uy” ] _ [ o o )

||u§: ||i2 A7l — A(m)?)" 4m*)’
implying that there exists a normalised element g, := “200 / ||u2_‘: l;2 in D[Hy] such
that Hy[g,] = —Ao < infoess(Hy). Then, by the min-max principle, there exists an
eigenvalue E, of H, below —X, and (8.2) follows. ]

For the proof of Theorem 2.5 we shall apply the above variational argument to
the angular sector £ = 1 for 7. Our choice of the trial function is inspired by the
discussion presented in [18] (see Fig. 7 therein).

We consider trial functions &, of the form

£(p) = fo(lp) Y1.4(2)) (8.3)
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for some f, € L>(R*, r>+/r2 4+ 1dr) and some a € {—1, 0, 1}, where we used polar

coordinates p = |p|€2, and Y7, is the corresponding spherical harmonic in the
£ = 1 sector. By means of (3.4, 3.5) we compute
G Ty oy = PoLAl+ Wolfi]

+00
- 271[ dr r2Vvr2 + 11 £.(0))?

Lo / / &' o) o)

x/ dy rirly . (8.4)
1 Py +1

We observe the following.

Lemma 8.2 [f the function f, chosen in (8.3) does not depend on m, then the map

(5*7 Tl §*> 77
||s*||L2

defined by (8.4) is continuous and strictly monotone increasing in m.

m — B@m) =

Proof Since &, is independent of m, it suffices to consider the map m
&, Th é*)H I in which case the statement follows at once from Lemma 3.1,

1/2

keeping into account that &, € (R%) O

We then make the following choice:

e—br2
fer) = The o)’ a=12, b=0.05. (8.5)
With this choice, the solution to the equation B(m) = 272 is unique, owing to
Lemma 8.2, and is given by m = m,, where
~ (8.587)7! (B(m,) =2x?) (8.6)

(see Fig. 2). Based again on Lemma 8.2, we conclude that B(m) < 272 form €
(m*, m,). Thus, in such a regime of masses, the quantity

(5. T1€) 1

Hz H™2
€125 g,
can be made strictly smaller than 272 for suitable &’s. Lemma 8.1 then allows us to

conclude that in the considered range of masses the operator H, admits eigenvalues
below the bottom of the essential spectrum.

Remark 8.3 The mass window (m*, m,) that we could cover with the reasoning
above is numerically the same, and in fact slightly larger, than the interval (m*, m**)
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1.00}-—
0.99

0.98

0.97

. : . : . : . : . . L ' m
m*  0.08 0.09 0.10 0.11 m, 0.125

Fig.2 Plot of the function m — % defined by (8.4) with the choice (8.5) (blue curve) and intersection
at m = m, with the threshold value 1 (orange line)

in which bound states of H, for « < 0 were already believed to exist, as indicated
by the numerical evidence of [18]. Here the threshold m** ~ (8.62)_1 is defined as
follows. One can see [6, Appendix A] that for m > 0 and s € [0, 1] the integral

equation
) 1 +00 I
. ——>5 + dyy/ dr —— =0 8.7)
+1)2 / 2
(m+1) -1 0 r2+1+ mri’y

defines a continuous and monotone increasing function s +— m(s) with m(0) =
m* =~ (13.607)~! given by A(m*) = 1in (2.5) and m(1) = m™* =~ (8.62)~!. The
exact implicit formula defining m** is therefore

- /m(mJIrZZ) —I—fldyyf_‘_oodr;zzo' (8.8)
(m=+1) 1 0 r2+1+m—+1”y

Proof of Theorem 2.5 The form of the eigenfunctions is proved in Lemma 4.1.

The absence of eigenstates with charge of definite angular symmetry is proved in
Lemma 4.3 for even £’s, and in Proposition 7.2 for £ = 3,5, 7, ... This establishes
part (i) of the Theorem.

The existence of eigenstates with charge of angular symmetry £ = 1 and suffi-
ciently small masses, more precisely m < M* for some threshold M* that at least
equals or possibly exceeds the quantity m, defined by (8.6), is covered by the vari-
ational argument of this Section. The absence of eigenstates with charge of angular
symmetry £ = 1 and sufficiently large masses, more precisely m > M7, including
the estimate of Mjr from above, is proved in Proposition 7.1.

Now, the monotonicity of the eigenvalues in the discrete spectrum, stated by The-
orem 2.6, allows us to let M* = M} =: M* for some threshold M* for which
the combined estimates above give (8.587)"1 < M* < (2.617)~!. We can indeed
anticipate at this stage the use of Theorem 2.6 because its proof is completely
independent.

This establishes also part (ii) and (iii) of the Theorem. O
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9 Monotonicity of Eigenvalues

In this Section we prove Theorem 2.6.

To this aim, let us slightly enrich our notation so as to include explicitly the mass
dependence. With self-explanatory meaning we shall then use the symbols HOE’"),
T(m) T/\(HZ)’ and uém.

Moreover, at any fixed m > m™ we shall enumerate in increasing order, counting
the multiplicity, the (finitely many, owing to Theorem 2.5) eigenvalues of Ho(lm) below
inf oess (H™) as

2

—M@m) < —ry(m) --- < —Apn,(m) < ——,
474

where N,, < 400 is their total number.
We first establish the following useful property.

Lemma 9.1 For given N € N, A,..., Ay > 0, &,...&x € H%(R3), andm > 0
(the Aj’s and the &;’s being not necessarily all distinct), assume that the functions

Al AN
Ug) oo Uy AT€ mutually orthogonal and hence

dim span {ug‘l‘,w - ,u;’\;’ym} =N.

Let m’ > 0 such that |r/"( "lel) < 1. Then

dim span {u;l,m,, e ”gf:,m’} =N.
Proof Clearly, dim span {ug‘ R ug‘}’v" m} = N by unitarity of the Fourier trans-
. 2 3 3 .. . . Tl\ /)L;\-/\ _
formin L (R” x R”), and the thesis is equivalent to dim span {uél ' We i }

N. Let the map

T ¥ O Ty
A : span{u&m,...,us]’;”m} — span{usllym,,_.. Ezjvvm}
be defined by

Ajoo A .
A”gj,m = “;,-,m’ jel{l,...,N}

and extended by linearity. Writing ' = ﬁ (and u = ﬁ) one has

ug (p,q) =1+
(P @) =14 (=) PO gl m(P4)
as follows directly from (2.4). Thus,

A‘.
A—Du’! = —u)
( ) §j.m (M M P2+q2+ﬂ/pq+)\ S]
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and obviously | = J:;‘z;’j; ) ;_ : - | < |’2‘:l’f,/ | whence also
J
kT I — |
H(A - ]l)uéj,mH’H < 2— ” SJ m”H

uniformly in p, g, j. It is straightforward to see that the latter inequality implies

=l _ Am —m']
2 —u m'm+1)"

A =1] <

Indeed, with the compact notation

—_—

eji=u e Wy G el N,

one sees that for a generic element Z?’:l cjej (cj € C) in the span of {ey, ..., e,}
one has
N
1A =D cjeilf = D Tal(A—Dej. (A — Dex)y
jk=1

< |m—m’| 2 N . < lm—n'| 2 N s
< (womn ) k=t leilled < (mrman ) =116l

whence the conclusion. Last, since by assumption ‘,( f':]) < 1, then the map A =
1+ (A — 1) is invertible, implying at once that dim span {ME T ugl’v\’ m,} =N,

which concludes the proof.

Proof of Theorem 2.6 Let us proceed inductively, fixing two masses m, my > m*,
withm| < m», and assuming non-restrictively that such masses are sufficiently close,

; ftats lmy—m|
in the quantitative sense miomTD < 1.

First, we prove that the lowest eigenvalue of HOE'") is strictly monotone increasing
with m in the sense that if both Hamiltonians HOE’"” and HOEmZ) have non-empty
discrete spectrum, then —A(m1) < —A1(m3).

Owing to Lemmas 4.1 and 4.3, an eigenfunction corresponding to the eigenvalue
—A1(m2) has necessarily the form (of a multiple of) usl M) for some & € HY? (RY),
and

A
(HE™ D [ | = (6. T +ebg) )y =0,
On the other hand, forming the function ug‘,;"?) € DIHI"], one has
A
(HI™ + 21 (mp)1) [“511%2)] (€, (T)\(lné;n)z) +al)§) HIH S
(m3) _
< (&, (Tkl(fnz) +al)§) 7 Hf% =0,
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where the first step follows from formula (2.14) for the evaluation of the quadratic
form of Hosml), and the inequality in the second step follows from the monotonicity
Lemma 3.1. Therefore,

H‘ym) [Mgl(lm)]

O

A1(m2)

3 < —Ai(m2),
”ué‘,ml ||7—L

whence the existence of an eigenvalue of Ho(,m‘) strictly below —A1(m3), and then the
conclusion —Aq(m1) < —A1(my).

Next, by induction, let us assume that for the first & eigenvalues (counting the
multiplicity) of HOEmZ) one has —A;(m1) < —A;(mp) forany j € {1,...,k} and
let us further assume that k < N, that is, Ho(,mZ) admits one further (k + 1)-th
eigenvalue —A41(m»). Let us denote the corresponding eigenfunctions with

A1(m2) u)»k(mz) Ak+1(0m2)
§my 2 vt e my 0 T myp
1/2 . . .
for some charges &1, ..., &, &+41 € H_/ (R3), assuming that such eigenfunctions

are chosen so as to be mutually orthogonal, which is always possible also in case

Zf glegenli:racl)lz. iince.in addition % < 1, then we can apply Lemma 9.1 and
educe that the functions

A1(m2) M1 (m2)

Ermy 0ttt BEp,my

are linearly independent too. On each such function one has
Aj(m2) _ (my)
£ my ] = (&), (T gy T aDEj) 4 et
. (m3) .
<§ja (T)\_/(mz) + al)s])H%,H77
— (Hong) Y (m2)1) I:M)»;-’(mz)] -0

je{l,. . k+1}

having used again (2.14) in the first step and third step, and Lemma 3.1 in the second

step. This shows that there exists a (k + 1)-dimensional subspace of D[HS""], the
A1(m2) Aey1(m2)
Ermy 2" TEgmy

expectations of Hogml) are strictly below —Aj41(m2), i.e., the largest among all the

(HI™ 4 2 ma) 1) [

A

space spanned by u , on the elements of which the normalised

—Aj(m2)’s. This implies that Ho(lm]) admits at least k + 1 eigenvalues strictly below
—Ak+1(m2), and in particular —XAgy1(m1) < —Ag41(m2).
By induction, the proof is then completed. O

Appendix A: Arbitrariness of the parameter A > 0

As announced in Section 2, let us show here that the definition (2.6, 2.7) of the oper-
ator Hy, as well as the definition (2.14) of the quadratic form of Hy, are independent
of A, and hence that Theorem2.1 and Proposition 2.2 that we recalled from the pre-
vious literature, as well as our new results, are all valid irrespective of the auxiliary
parameter A chosen in the definition.
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Our purpose here is to provide the proof, in the absence — to our knowledge — of
an explicit reference, of a property that is already tacitly well-known and that we use
crucially in our main discussion. In this respect, for completeness we present two
alternative arguments, one for the operator and one for the quadratic form.

Let us start with the operator’s definition.

Lemma A.1 Assume that the operator Hy is only defined by (2.6, 2.7) for a given
A > 0. Then Hy satisfies (2.6, 2.7) for any other ' > 0.

Proof Let us decompose a generic g € D(H,) as g = F* + ué according to (2.6).
Now for another A’ > 0 let

Moo A X A
F* =F"+ ug —ug
where functions of the form u; are defined in (2.4). Since u’s\ — ug‘/ € Hf2 (R3 X R3),
F* too belongs to Hfz(]R3 x R3). Thus, the identity
g = Fx—i—ug‘ = F)‘,—i—ug‘/

shows that the decomposition of g into a regular part in Hf2 (R3 x R3) and a singular
part of the type ug is valid also for A’

It remains to show that for the new parameter A’ both the condition (T + «1)§ €

H 5 (R?) and the boundary condition (TMS’) of (2.6) are preserved. Concerning the
former, we observe from (2.3) that

(T = Tw)§ = Q8 + RE

where
@8 = 2 (42t +2) )
= (-1 2 B0
Vpr A+ Jop2 1 R
RE(p) = =) 5@ aq.

R (P2 +q>+up-q+1 (P2 +g*+pup-q+2)
Since Q is the Fourier multiplier by a bounded function, one has || Q& || o < &)l b
Moreover, using Holder’s inequality,

IRER, = |(p) 2 RE |3

R o 2// (p)
1813 O =2 | o @+ 2 g + 2 a7+ ipa T 1)

5 dgdp

and the latter integral is finite. This shows that (T, — T»)§ € H > (R3), whence also
(Ty +al)E € H2(R3).
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Last, concerning the boundary condition (TMS'), one has

/F”(pl,pz)dpz = / (F)”(Pl’pZ)‘f‘ué(Plypz)_”2/(171,172)) dp>
R3 R3

= @HPV +aEpy) + (Tud ) — TH P

@(m) +a&(p1)

where we applied (TMs’) to F* and the asymptotics (2.13) in the second identity.
Therefore, (TMS') is preserved.

The conclusion is that the overall decomposition (2.6) of D(H,,) is invariant under
the change of A, for arbitrary A > 0. O

Let us prove now, through an analogous, yet independent argument, that the
quadratic form too for H, is given by (2.14) for arbitrary shift parameter A.

Lemma A.2 Assume that the quadratic form Hy is only defined by (2.14) for a given
A > 0. Then the form Hy satisfies (2.14) for any other A" > 0.

Proof Let us decompose a generic g € D[Hy] as g = F* + ug according to (2.14).
For another 2" > 0 let

F¥ .= F* +u§‘ —ug/.
Since ug - ué‘/ € HE(R3 x R3), then F" € Hf1 (R? x R3). Thus, the identity
@
g = F’\—i—ué‘ = Fk/—i—ug‘/
shows that the decomposition of g into a regular part in Hf1 (R3 x R?) and a singular
part of the type ug is valid also for A". It remains to prove that the evaluation of

Hy,[g] is the same both with the A-decomposition and with the A’-decomposition of
g. Explicitly, from (2.14) one has

Ho[F¥ +u} | = Ho[F +u}]

MF 1 = MFY 4+ ul 13, + Hiree[F*]
+2(, (T +aD)g) 1y +Kalgl,

D=

H2 H

where
() Kalgl = MF3, = NUFY 13 = MF* +ub3, + 2 IFY +uf 1,
+Hiree[F*] — Hiree [F*' 1+ 2(8, (T3, — T3)§)

’

1
H2 H 2

and we need to prove that Cy[g] = 0.
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‘We re-write the first line in the r.h.s. above as
(iif) MEFM3, = VIFY 15, — MF* +ub 3, + M IF* +ul |13,
= (F* Nul g+ Wul , F* )+ M luf 13,
—(F* aul)p — (g, FRyp — Mlully, -
Moreover,
ooy
FY HZ F")y

, 1 1 1
Hiwee[F*] — Hiee [F* 1 = (H2, F*, HZ _F*)3 — (H?

free free free free
1 1
2 A by 2 A
= <Hf§ee(F - F )’Hﬁ%eeF M
1 1
2 A 2 A A
_<Hf$eeF ’Hfgee(F —F" )y
One has
3o piy g3 gk LRI U R Sy
<[{free(F - F )’HfreeF H = (Hfree(ué _u$)’HfreeF M
(I"Ifree(ugL - ué)’ Fk)?-[
= (H*(u} —u}), F*)y
= (g —Nup), F})y.,

having used (i) for the first identity, the fact that u} — ug’ € H?(R?xR?) = D(Hiree)

for the second identity, the inclusion HC Hpee C H* for the third identity, and the
property (2.10) for the last identity. Analogously,

1 1
2 ) 2
(HfreeF ’ Hfree

(F* = F*))g = (F*, Gui} — Mul)).
whence
(iv)
Heree[F*] — Hiree [F*' 1 = (i} — 21} ), F*) = (F*, Qi — Xul))py .
Now, plugging (iii) and (iv) into (ii) yields
Kalgl = 206, (B = T08) 1 0y
= ((F* — F),oa)gg + W uf L (FY = F))qg = Mug 3, + 2 lud 13,
= (@} — ), dudya + Wl @l — ) = Mug 3+ 2 g 1,
having used again (i) in the last identity above, whence
v)

Kalgl = 2(€, (T = Tu)é) — 0= A uf)y

L1
2, H 2
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Next, for the vanishing of (v), using the computations made in the proof of Lemma
A.1, we have

(vi)

(€ (= T8) )y

, = 272 (p)
= (A=A d
( )/R} pg(p)<\/vp2+k+\/vp2+k’

£()
— .49 —— SR) N
® - (pPHg +up-qg+(pT+q +up-q+2)
On the other hand, through analogous computations, one has

(vii)

Gy // Ep) —E@ Ep -t
A RIxR3 P2+ @2+ up-q+X p>+q*+up-q+xr

_, f / EEm - EEW@ ipdg
rIxr3 (P2 +q2+up - q+0)(p* +q*>+pup - g+1)

= 212 E(p)
=2 d -
A@ PE® (\/vpz—i-)»—i—\/vpz—i—k’

£(q)
ol B o 212 N
RS (pP+q +up-q+1)(p +q +up-q+21)
where we used the symmetry under exchange p <> ¢ in the second step and we
computed an explicit integration in dg in the last step. Plugging (vi) and (vii) into (v)
proves indeed that /Cy[g] = 0, which completes the proof. O

Appendix B: Improved lower bound for H,

In this Section we show how, based on the findings of [5], the lower bound deter-
mined therein for the operator H, when o < 0, that is, the estimate (2.12), can be
improved to the actual lower bound reported in Theorem 2.1(ii), estimate (2.11).

In either case the lower bound is far from optimal (and diverges when m | m™),
since it is obtained by merely requiring that in the expression (2.14) for the quadratic
form Hy[F* + ug] the auxiliary parameter A is chosen sufficiently large, say, A > Ay,
so as to guarantee the positivity of the form of the charges,

/R}?p) ((Tx/?)(p) +a§(p)) dp >0 A>x). (B

When this is the case, (2.14) and (B.1) imply at once the lower bound

Hy[F* +u}] > —x | F* +ull3, - (B.2)
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The detailed analysis made in [5] of T}, as an operator on L?(R3), shows that

(TE)(p)dp > 2721 — A / _m_p2 4 B (p)Ad
L En@owdp > 22— amn[ [ Rl
> 2n2f Vup A E(p)Pdp
R3

22 Am)v /R Pl EGIP dp (B3)

(the first inequality above comes from [5, Eq. (3.51)]). Considering only the first
inequality in (B.3), and requiring that 27%(1 — Am)HVA > |al, implies (B.1, B.2)
precisely in the form of the lower bound (2.12) available in the literature.

Instead, considering the second inequality in (B.3), one has

[ Fo (@8 +aEm) ap > [ rashEw)Pap
R3 R3

with
f(o) =27 vp2 + A — 212 p A(m)/v — |af .
It is easy to see that f(p) attains its minimum at p = pg := ,/ % % an
— m

fo) = fpo) =27°VAV1 — A(m)? — |af.

Thus, f(po) = Ofor A > Ay = % m This implies (B.1, B.2) for such Ay,

whence indeed the ameliorated lower bound (2.11).
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