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Differential Equations,
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Finite Horizon Calculus of Variation Problem

Value function V(t, x) :=
minfe(() + [ L(5),y/(5)ds : (0) = x, y € WH(0,6RY)
where ¢ : R” — R U {400} is Isc and not identically +oo,

L:R"x R" — Ry is locally bounded, Isc, convex in the second
variable and L(x, u) > ©(u) with

Lemma (Dal Maso, HF 2000)

V' is lower semicontinuous on [0,00) x R" and locally Lipschitz on &S
(0,00) x R".
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© Infinite Horizon Problem
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Infinite Horizon Optimal Control Problem

Vi(to, xo) = inf [ L(t,x(£), u(t)) dt

to
over (viable) trajectory-control pairs (x, u) subject to the state
equation and state constraint

{xm:anqmmm,mnewn for a.e. t> to
x(tp) = xo, x(t) e K for all t > to

U: Ry ~» R™ is measurable with closed # () values,

L:Ry xR"XR™ =R, f:Ry xR” xR™— R”,

K = Q, where Q C R" is open, xp € K

L(t,x,u) > a(t) V(t,x,u) and an integrable a: Ry — R.

Controls u(t) € U(t) are Lebesgue measurable selections. %
Set V/(tp, x0) = +oo if there is no viable (feasible) trajectory.
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Classical Infinite Horizon Problem

A discounted infinite horizon optimal control problem

W (x0p) = minimize /OOO e MU(x(t), u(t)) dt

over all trajectory-control pairs (x, u) subject to

{ X'(t) = f(x(t),u(t)), u(t)e U forae t>0
x(0) = xo, x(t)e K forallt>0

Controls u(-) are Lebesgue measurable, A > 0.

The economic literature addressing this problem deals with

traditional questions of existence of optimal solutions, regularity

of W, necessary and sufficient optimality conditions.

A. Seierstad and K. Sydsaeter. Optimal control theory with %
economic applications, 1986.
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Stationary Hamilton-Jacobi Equation

Under some technical assumptions W is the unique bounded
lower semicontinuous solution of the Hamilton-Jacobi equation

AW(x) + H(x, ~VW(x)) = 0,
where H(x, p) = sup,cy ({p, f(x, u)) — £(x, u)) in the sense:
AW (x)+H(x,—p)=0 Vped W(x), xeclntK
AW(x) + H(x,—p) >0 Vped W), xecdK

AW (x)+ sup ((=p, f(x,u)) —€(x,u)) <0, x € OK
—f(x,u)€Int Ck(x),ucl

for all p € 9~ W(x), where 9~ W(x) denotes the subdifferential of

W at x and Ck(x) - Clarke tangent cone. HF and Plaskacz 1999.

Earlier results by Soner 1986, with smooth compact state

constraint and BUC solutions.
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Fréchet Subdifferential

Let W:R" - RU {400}, x € R", W(x) # +oc.
0~ W(x) - Fréchet subdifferential of W at x € dom(W).

pe o~ W(X) «— lim W(y) — W(X) — <p>y_X>
L y—x

>0

For K C R" and x € K the contingent (Peano) cone to K at x

Tk(x) = {u € X | lim ing distx teu K) 0}

e—0+ e

ped W(x) < (p,—1) € [Tepi(W)(Xv W(X))}
epi (W) — epigraph of W

If (p,q) € [ Tepiw)(x, W(x))|  and g # 0, then & € 9~ W/(x).
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Horizontal Subdifferentials

— (p,0) p is in the horizontal
subdifferential
\ (p,-1) p is in the subdifferential
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Infinite Horizon Optimal Control Problem

o
V(to, x0) = inf L(t,x(t), u(t)) dt
to
over (viable) trajectory-control pairs (x, u) subject to the state
equation and state constraint

x'(t) = f(t,x(t), u(t)), u(t)e U(t) forae. t>ty
x(tp) = xo, x(t) € K for all t > to

In general V is not locally Lipschitz and very strong assumptions
are needed to guarantee its local Lipschitz continuity.
The Hamilton-Jacobi equation is no longer stationary :

oVv ov
_E(tvx)+H(t7X7_87X(taX))_o %
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Uniqueness of Locally Lipschitz Solutions for HJ

Under some very restrictive technical assumptions V is the unique
locally Lipschitz solution of the Hamilton-Jacobi equation

ov ov
—E(t,x) + H(t,X, —a(t,x)) = O,

where H(t,X, p) = SUPycy(r) (<P, f(t,X, U)> - L(t’X7 U)),
satisfying the final condition

Jim_ jg’g!V(t,y)l =0

in the following sense: for a.e. t > 0 and for all x € Int K
—pt + H(t,x,—px) =0 V (pt,px) € 0~ V(t,x)

and for all x € OK (boundary of K) %
—pt + H(t,x,—px) >0 VY (pt,px) € 0 V(t,x)
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Infinite Horizon Problem Value Function
Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Finite Horizon Bolza Problem

Question: Can the infinite horizon problem be seen as limit of
finite horizon Bolza type optimal control problems when T — oo

inf/OT L(t, x(£), u(t)) dt

over all trajectory-control pairs (x, u) subject to the state equation
for a.e. t €0, T]

Vtel0,T]

x(0) = xo
If (x, ) is optimal for the infinite horizon problem with x(0) = xo,

then, in general, its restriction to the time interval [0, T]
is not optimal for the above Bolza problem.
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Maximum Principle for the Bolza Problem

Case without state constraints.
If (x, ) is optimal, then, under mild assumptions, the solution
p: [0, T] = R" of the adjoint system

—p'(t) = p(t)£(t, x(t), U(t)) — Li(t, X(t), 0(t)), p(T)=0

satisfies the maximality condition for a.e. t € [0, T]

{p(t), f(t,x(t), u(t))) — L(t, x(¢), u(t)) = H(t,x(t), p(t))

If restrictions of optimal pairs were optimal, then we could try to
pass to the limit when T — oo and get the maximum principle
also for the infinite horizon problem.
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Maximum Principle for the Infinite Horizon Problem

If (x, ) is optimal, then 3 po € {0,1} and a locally absolutely
continuous p : [0, 0c0[— R" with (pg, p) # 0,
solving the adjoint system

—p'(t) = p(t)f(t, x(t), u(t))—polx(t,x(t),u(t)) forae t>0
and satisfying the maximality condition

(p(t), f(t,x(t), u(t))) — poL(t,x(t),u(t)) =

max ey ({p(t), F(t,x(t), u)) — poL(t, x(t),u)) forae t=>0
If pp = 0 this maximum principle (MP) is called abnormal.

Transversality condition like lim¢_, p(t) = 0 is, in general, %
absent, cf. Halkin 1974 for a counterexample.
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Main Differences with the Finite Horizon Case

Even in the absence of state constraint

@ The maximum principle may be abnormal
@ Transversality conditions are absent :
some authors, under appropriate assumptions, obtain a
transversality condition at infinity in the form
li t) = li t),x(t)) =
Jim p(t) =0 or  lim (p(t),%(t)) =0

However they are a consequence of the growth assumptions
onf, L.

ks
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Reduction to the Bolza Problem with Finite Horizon

Introducing g7(y) := V(T,y) we get, using the dynamic
programming principle, the Bolza type problem

VB(to, x0) := inf (gT(X(T )+/ (£, x(t), u( ))dt>
over all trajectory-control pairs (x, u) subject to the state equation

{ x'(t) = f(t,x(t),u(t)), u(t)e U(t) forae. tel]ty, T]
x(tp) = xo, x(t) € K for all t € [to, T]

Under assumptions (H1) i) — iv) below, V5(s0, y0) = V(s0, y0) for

all sp € [0, T], yo € K. Furthermore, if (X, &) is optimal for the

infinite horizon problem at (tp, Xp) then the restriction of (x, &) to%
[to, T] is optimal for the above Bolza problem.
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Assumptions (H1)

i) 3 locally integrable ¢ : Ry — Ry such that for a.e. t >0
F(t,x,0)] < c(e)(Ix] +1), ¥ x€R, we U(t),

ii) VR >0, 3 a locally integrable cg : R;. — R, such that for
ae. t>0,Vx,ye€B(0,R), Vue U(t)

|f(t7X7 U)—f(t,y, U)|+|L(t,X, U)— L(t7y7 U)| < CR(t)|X_y|;

iii) Vx € R”, f(-,x,), L(-, x, ) are Lebesgue-Borel measurable ;
iv) 3 a locally integrable 5 : R; — R4 and a locally bounded
nondecreasing ¢ : Ry — R4 such that for a.e. t > 0,

L(t, x,u) < B(t)p(|x]), VxeR" uve U(t),
v) Fora.e. t>0,VxeR"the set F(t,x) is closed and convex %
F(t,x) = {(f(t,x,u),L(t,x,u) +r) :ue U(t) and r > 0}
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Absolute Continuity of Maps

Proposition

Assume (H1). Then V is lower semicontinuous and for every
(to,x0) € dom V, there exists a viable in K trajectory-control pair
(X, 0) satisfying V(to, x0) = [o L(t,X(t),u(t))dt.

A set-valued map P : R, ~» R is locally absolutely continuous

if it takes nonempty closed images and for any [S, T] C Ry, € > 0,

and any compact K ¢ R¥, 36 > 0 such that for any finite

partition S< 1 < 1 <t < < ... <ty < T < T of [S, T,

m m

S ri—t) <6 = Y max{dp(s,)(P(Ti)NK), dp,)(P(t:)NK)} <&,
i=1 i=1

where de(E') :=inf{r >0 : E' C E + rB} for any E, E' C R¥ %
(the infimum over an empty set is = +00).
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Infinite Horizon Problem Value Function

Relation with the Bolza Problem
Absolute Continuity of the Epigraph of Value

Absolute Continuity of the Epigraph of Value

If dom(V') # 0, (H1) holds and for a.e. t >0
—f(t,x,U(t))NecoTk(x) #0 V x € 0K,

then t ~» epi V(t,-) is locally absolutely continuous.

Define the abnormal Hamiltonian

H(t,x,p,q) = sup ((p,f(t,x,u)) —qlL(t,x, u))
ueU(t)

H. Frankowska Abnormal Hamilton-Jacobi Equations arising in Infinite Horizo



LSC solutions to HJ equation Outward Pointing Condition
Uniqueness of Solutions

Weak Solutions to HJ equation

A function W : Ry x K — RU {+o0} is called a weak solution of
HJ equation on (0,00) x K if t ~» epi W(t, ) is locally absolutely
continuous and there exists a set A C (0,00), with u(A) =0
such that for all (t,x) € dom(W) N ((0,00)x Int K), t ¢ A

_pt+H(t7X7 —Px; _q) =0 v(pt7pX7 q) € |:Tepi(W)(t7X7 W(t,X)):|

and V (t,x) € dom(W) N ((0,00) x OK), t ¢ A

—PeAH(t %, ~Pe, —9) = 0V (pe, s @) € | Tepiw (£, %, W(2, )]

ks
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LSC solutions to HJ equation Outward Pointing Condition
Uniqueness of Solutions

Outward Pointing Condition

If £, U are continuous and bounded, K is bounded and 0K € C!,
then (OPC): 3r>0Vte Ry, Vxe€ 0K, Juec U(t)

(ne, f(t,x,u)) >r

where ny is the unit outward normal to K at x.

In the general case (OPC) becomes: 37 >0, r >0, M > 0 such
that for a.e. t > 0 and any y € 0K + 1B, and any

v € f(t,y, U(t)), with min,e g ( v) <0, we can find

w e f(t,y, U(t))Nn B(v, M) satlsfylng

g}\;? {<n’ W>v <nv w— V>} >r

y.n
where N! = {n e Nik(x) : x € 90KN B(y,n)}, %
Ni(x) := Nk(x)n St
and Nk(x) denotes the Clarke normal cone to K at x.
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LSC solutions to HJ equation Outward Pointing Condition
Uniqueness of Solutions

Uniqueness of Weak Solutions to HJ Equation

Theorem (V. Basco, HF. 2019) Assume (OPC) and (H1) with
c(t), cr(t), independent from t, R and that for an uniformly
integrable v : Ry — R, and ae. t >0

sup (|f(t,x, u)| + |L(t, x, u)|) < ~(t) Vx e oK.
ueU(t)

Let W: Ry x K — RU {400} be Isc such that for all large t > 0,
domV/(t,-) C domW(t,-) # () and

lim sup  |W(t,y)|=0. (%)

E=0 ) edomW(t,)
Then the following statements are equivalent:
(i) W is a weak solution of (HJ) equation on (0, 00) x K; %
(i) W=V.
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First-Order Sensitivity Relations
Second-Order Subjets

Sensitivity Relations Second-Order Sensitivity Relations

Maximum Principle for LSC Value Function

Theorem (Cannarsa, HF, 2018)

Let K =R", (x,u) be optimal at (to, x0) and 0 V(to, x0) # <.
If f(t,-,u) and L(t,-, u) are differentiable, then
YV po € 0 V(to, xo) the solution p(-) of the adjoint system

=p/(t) = p(t)(t, X(1), (1)) — Li(t, %(1), U(t)), p(to) = —po

satisfies for a.e. t > ty the maximality condition

(p(t), f(t,x(t), u(t))) — L(t, x(¢), u(t)) = H(t,x(t), p(t))

and the sensitivity relation

—p(t) € O, V(t,x(t)) Yt>t.
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First-Order Sensitivity Relations
Second-Order Subjets

Sensitivity Relations Second-Order Sensitivity Relations

Second Order Subjets

S(n) - symmetric (n x n)—matrices.
Let ¢: R" — [—00,00] and x € dom().
A pair (g, Q) € R" x S(n) is a subjet of ¢ at x if

P0) + @y —x) + 5 (QUy = x),y = x) < oly) +olly — xP)

for some 6 > 0 and for all y € x 4+ dB.
The set of all subjets of ¢ at x is denoted by J%~(x).

We assume next that H(t,-,-) € C,ii that f, L are differentiable

with respect to x and consider an optimal trajectory-control pair

(x, o) starting at (o, x0)- %
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First-Order Sensitivity Relations
Second-Order Subjets

Sensitivity Relations Second-Order Sensitivity Relations

Riccati Equation, NO State Constraints

Let (po, Ro) € J2~ V(to, x0) and B(-) solve the adjoint system
—p(8) = p(OA(ER(E), 5(8)) — L(£,X(2), T()), p(to) = —po.

If for some T > tg, V/(t,-) is twice Fréchet differentiable at x(t)
for all t € [tp, T], then the Hessian t — — V., (t,X(t)) solves the
celebrated matrix Riccati equation:

R(t) 4+ Hux[t]R(t) + R(t)Hxp[t] + R(t)Hpp[t]R(t) + Hxx[t] = 0

where Hp,[t] abbreviates Hp,(t,X(t), p(t)), and similarly for

Hyp[t], Hpp[t], Hxx[t]- %
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First-Order Sensitivity Relations
Second-Order Subjets

Sensitivity Relations Second-Order Sensitivity Relations

Forward Propagation of Subjets

Theorem (corollary of Cannarsa, HF, Scarinci, SICON, 2015)

Assume (po, Ro) € J2~ V(to, x0). If the solution R of the matrix
Ricatti equation

R(t) + Hpx[t]R(t) + R(t)Hxp[t] + R(t)Hpp[t]R(t) + Hux[t] =0

with R(ty) = —Ro is defined on [to, T|, T > ty, then the following
second order sensitivity relation holds true:

(=B(t),—R(t)) € 2 V(£,X(t)), Vt € [to, T].

ks
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Lipschitz Continuity of the Value Function
Limiting Superdifferential

. P I N Maximum Principle and Sensitivity Relations
Maximum Principle and Sensitivity Relations P 2 y

Assumptions for Lipschitz Continuity of V/(t, ")

We denote by (H2) the following assumptions

- for some A > 0, L(t,x,u) = e /(t,x, v)

- f(-,x,+), £(-,x,) is Lebesgue-Borel measurable ¥V x € R"

- {(f(t,x,u),0(t,x,u)) : ue U(t)} is closed V (t,x) € Ry x R”
- sup{|f(t,x,u)| + [4(t,x,u)| v e U(t),(t,x) €e Ry x 0K} < o0

- for some uniformly integrable k : Ry — R and a.e. t € Ry,
(F(t,-, u),l(t,-,u)) is k(t)-Lipschitz ¥ u € U(t)

- for some locally integrable ¢ : Ry — Ry and all x € R”
sup{|f(t,x, u)| + [€(t, x,u)| - ve U(t)} < c(t)(1+ [x]) %

- limsup, 5 1 f5(c(s) + k(s)) ds < oo
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Lipschitz Continuity of the Value Function
Limiting Superdifferential

. P I N Maximum Principle and Sensitivity Relations
Maximum Principle and Sensitivity Relations P S y

Lipschitz Continuity of V/(t,")

If (H2) and (IPC)’ hold, then there exist b > 1, C > 0 such that
for all A\ > C and every t > 0 the function V/(t,-) is v(t)-Lipschitz

continuous on K with ~(t) = be~ (A~ €t

(IPC) 3n >0, r > 0 such that for a.e. t € Ry,
Vy € 0K +nB, Vv e f(t,y,U(t)) with MaX e n(n, v) >0,
there exists w € f(t,y, U(t)) such that

max {<na W>7 <n7 w — V>} S =r,
nEN}m

where N}m ={ne€ Nk(x) : x€dKNB(y,n)}.
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Lipschitz Continuity of the Value Function
Limiting Superdifferential

. P N Maxil Principle and itivity Relati
Maximum Principle and Sensitivity Relations XTI (PAETe e Semiiviy (Rebiens

Generalized Differentials and Limiting Normals

For K C R" and x € K, N&(x) - limiting normal cone to K at x.
N (x) = o Nk(x) - the Clarke normal cone to K at x.

Ni(x) :== Nk(x)nS" !

hyp(¢) - hypograph of ¢ : R” — RU {£o0}.
Limiting superdifferential at x € dom() :
05 o(x) = {p | (=P 1) € Ny (x: 0(x))}
For a locally Lipschitz ¢ : R" — R,
Op(x) == codbFp(x) — the generalized gradient of ¢ at x. %
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Lipschitz Continuity of the Value Function
Limiting Superdifferential

. P I N Maximum Principle and Sensitivity Relations
Maximum Principle and Sensitivity Relations P 2 y

Generalized Gradients of V on R, x K

If V is locally Lipschitz, then consider generalized gradients:
For (t,x) € Ry x K and the Peano-Kuratowski limits Limsup

AV(t,x) := Limsup 9, V(t,y)
y—x
Int K

V(t,x) = Limsup 9V(s,y).
(s.y)=(t,x)
(0,00)xInt K

Note A2V/(t, x) = 0y V(t, x) whenever x € Int K.
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Lipschitz Continuity of the Value Function
Limiting Superdifferential

. P I N Maximum Principle and Sensitivity Relations
Maximum Principle and Sensitivity Relations P 2 y

Inward Pointing Condition

If £, U are continuous and bounded, K is bounded and 0K € C!,
then (/PC) : 3r>0,VteR;, Vx € 0K, Jue U(t)

(ny, f(t,x,u)) < —r
where ny is the unit outward normal to K at x.

In the general case (/PC) becomes :
VteR,, VxedK,

V v € Limsup(s ) (.x) (s, ¥, U(s)) with maxneN}((X)<n, v) >0,
Jw € Liminf(s ) co f(s,y, U(s)) such that

max (n,w —v) <0
neNZ (x) %
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Lipschitz Continuity of the Value Function
Limiting Superdifferential

Maximum Principle and Sensitivity Relations RaxmuniineiplelandiS SRRt ons

Maximum Principle and Sensitivity Relations

Theorem. Assume (H1), (IPC), that V/(T,-) is locally Lipschitz
on K for all large T. Then V is locally Lipschitz on Ry x K.

If (x, ) is optimal at (o, xp) € R4 x K, then there exist a locally
absolutely continuous p : [ty, oco[— R" with

—p(to) € 95" V(ty,x0), a positive Borel measure i on [to, oo
and a Borel measurable v(t) € Nk(x(t)) N B a.e. t > tp such that
for q(t) = p(t) + n(t), where

n(t) = /[ )du(s) V>t & (i) =0
to,t
and for a.e. t > ty, we have

(=P (1), X(£)) € B pH(t X(2), 4(1))
—q(t) € RV(£X(L), (H(EX(2), q(t)). —q(£)) € 0° V(£ X(t))
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Lipschitz Continuity of the Value Function
Limiting Superdifferential

Maximum Principle and Sensitivity Relations RaxmuniineiplelandiS SRRt ons

Maximality Condition

The inclusion
(=P'(t), % (t)) € OxpH(t,%(t), q(t))
contains the maximality condition: for a.e. t > tg
(q(t), f(t,x(¢), u(t))) — L(t,x(t), u(t)) = H(t,X(¢), q(t))

If the Lipschitz constants of V/(t,-) at x(t) converge to zero when
t — 00, then lim;— g(t) = 0 (the transversality condition).
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Lipschitz Continuity of the Value Function
Limiting Superdifferential
Maximum Principle and Sensitivity Relations

Maximum Principle and Sensitivity Relations
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Maximum Principle and Sensitivity Relations

Maximum Principle and Sensitivity Relations
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