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Abstract

We extend the notion of dissipative particle solutions [5] to the case of Hamiltonian flow in
the space of probability measures 1 € 2(R% x R?) in the sense of [4]. The Hamiltonian is of
the form

1) = [ Viapudadp) + 5 [ [ W, utdadpyutin' ap)

with at most quadratic growth, so that a conservative flow
G=V,V +/V,,Wu, p=—-ViV — /VQW/L

is uniquely defined.
The dissipative solution is defined by requiring that the equation of p is replaced by

p(t) =Py (p(O) +/Ot [f Vv,V — /vqu} ds).

where P; is the projection on the space of functions corresponding to the restriction map
Tiy = y1s>t.

Equivalently the particle merge preserving the average momentum p.

We obtain several results on the structure of dissipative solutions; among them, regularity,
dissipation of energy, approximations with finite particles solutions, density of conservative
solutions. The proofs require additional technical difficulties, not present in the analysis of [5]
where H(q,p) = p?/2.
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where V, W are smooth semiconvex functions with quadratic growth, W symmetric, and p €
P5(R? x RY) is a probability measure with finite quadratic moments. It is known [4] that for every
o € Pa(R? x R?) there is a unique solution ¢ +— y(t) to the Hamiltonian flow

Dupa(t) + div (IVH(u())u(H)) = 0, p(0) = po.

where J is the symplectic matrix

-I 0

J= ( 0 I > , I d x d-identity matrix,



and
VH(u)=VH(q,p; ) = VV(q,p) + /VW(q,p, ¢, p")p(dg'dp’).

At the level of trajectories (@, P) in the phase space, these are solutions to
t

Q(t,q,p; o) = q+/ Vo V(Q(s, 4, p; o), P(s, 4, p; o) )ds
0

t
+/ /VUW(Q(S,q,p;uo),P(s,q,p;uo),Q(s,q’,p';uo),P(S,q',p’;uo))uo(dq’dp’)ds,

0
(la)

t
P(t,q,p;po) =p— / Vo V(Q(s,q,p; ko), P(s,q, p; po))ds
0

t
—/ /VqW(Q(s,q,p;uo),P(s,q,p;ﬂo%Q(s,q',p';uo),P(s7q’,p’;uo))uo(dq’dp’)d&

0
(1b)

In this paper we study the existence and stability of solutions when the particles are ”sticky”,
i.e. they are allowed to merge (thus dissipating energy but preserving momentum) if they occupy
the same position ¢: this leads to the notion of dissipative solution.

The prototype example is the sticky particle system, where the Hamiltonian is simply

2
p
1) = [ % uidads). )
In this case the conservative solution is made of straight lines

q(t) = p(t) + q(0),  p(t) = p(0).

The condition for sticky particle solution is that the momentum p is conserved when particles merge,
i.e. in the case of finitely many particles with mass m; colliding at time £

in

in
qi(ﬂ:q, I ST S 4 ijpi(f—)zpi(f—i—)ij, T =11,...,0n-.

Jj=ti1 Jj=i1

In one space dimension, the above condition is suitable to single out a unique sticky particle solution,
see 8] 7,110, (L1} [14] and the references therein for an overview of the results.

In [9], it is shown that when the space dimension d is strictly greater than 1 the existence and
uniqueness of a sticky particle solution is in general false: the correct notion which preserves the
compactness of solutions is the notion of dissipative solutions introduced in [5|. The main results of
[5] is that dissipative solutions form a weakly compact sets w.r.t. the narrow convergence, and the
study of the genericity of dissipative solutions.

The fundamental difference between a sticky particle solution and a dissipative solution is that in
the first case, if particles occupy the same point in space-time, then they are forced to merge into a
single particle; for dissipative solutions, instead, particles do not need to merge, but if they do the
conservation of momentum is required. Figure [I] shows the different behavior to the three family of
solutions (conservative, sticky and dissipative) in the case of initial data made of 2 particles: observe



Figure 1: from left to right, examples of a conservative solution, a sticky solution and a dissipative
solution with the same initial data.

that dissipative solutions allows interactions of fraction of the initial particles.
A simple example of dissipative solutions in 1d is

de,1)(dgdp)+6(_¢, _1)(dgdp)
(t,1) 2( t,—1) t<0,

1526 1) (dgdp) + 4525 5o, 5o (dqdp) + 1526(,1)(dadp) ¢ >0,

Bfal BTa

p(t, dqdp) = {

with «, 8 € [0,1]. One can think that only a fraction « of the first particle decides to merge with a
fraction (8 of the second, resulting in a particle traveling with speed ffT(E the sticky particle solution
is obtained when o« = 8 = 1, and the conservative for a« = § = 0.

The main result of this paper is the extension of the results of [5] to a general semiconvex
Hamiltonian case with quadratic growth.

Theorem 1.1. Assume that V(q,p) is semiconcave and uniformly convez in p, W(q,p,q’,p') is
convex and symmetric, i.e. W(q,p,q',p") = W(d',p',q,p). Then the following holds.

1. The set of dissipative solutions is not empty, and contains all conservative solutions.

2. The set of dissipative solutions is weakly compact, and it coincides with the weak closure of the
set of sticky particle solutions made of finitely many particles (Theorem .

3. There is a Gs-set of initial data such that the unique dissipative solution is the conservative
one (Theorem[7.1)).

We remark that the first point follows immediately from the very definition of dissipative solutions,
Definition A1l

These results are the exact extension of the results for the sticky particle case. Nevertheless their
proof requires much more effort for the following reason.
For the Hamiltonian (and more in general for purely quadratic Hamiltonian, i.e. when the ODEs
are linear), the dissipative solution at time ¢ can be computed directly from the conservative
solution as follows: the position and momentum of merged particles can be obtained by taking
the average position and average momentum (i.e. applying the projection P; defined below at the
conservative flow, Proposition .
For the nonlinear case the above property is clearly false, and then one has to rely on the integral



formulation of the dissipative solutions (Definition [4.1)): the correct definition of dissipative solution
is actually the central point of the paper, and we give it here below.
Consider the space of W1 2-curves in R?, and define the family of projections

Wh2([0,T],RY) 5 v = Py (1) = v(t) Lyt + 7(7) Lr>e.

Let €; be the smallest o-algebra such that P, is measurable, and let P; be the projection acting on
L2. Then 1 € Py(T) is a dissipative solutions if there is a function v € Lf%’lxn((ov T) x I',R?) such

that for Z'-a.e. t

A(t) = Vo, V(y(t),v(t, 7)) +/VUW(V(t)w’(t),v(t,v)w(t,v'))n(dv’% (3a)

o(t,) = P, (vom -/ V() vls,)ds / t / quw(sw(s),v(s,w,v(s,v'))n(dv’)ds).

(3b)
The uniform convexity of V in p implies that the first equation, Equation , is the graph of
Lipschitz function, relating (¢) uniquely with v(¢,+). The evolution is then described by the second
equation, Equation , and the projection acts only on this one: it describes the conservation of
momentum.
We end this introduction by listing some additional technical results, which have an interest on
their own.

e The map t — v(¢,) belongs to B\/'2/2L727 (Lemma : note that the conservative solution
has t — p(t) in Wﬁ’27 i.e. the projection reduces the regularity but it still preserves some

regularity w.r.t. t. In particular, the incremental ratio M

(Lemma 4.7)).

converges to (t) in L2, <

e It is possible to approximate a dissipative solution by alternating the conservative flow and
the projection P, (Proposition of Section . This is in some sense the natural idea of
a dissipative solution: the particles travel by the conservative flow, and then some of them
interact and merge. This approximation collects the interaction at a finite number of times ¢;.
It is important to remark here that by just trowing in a family of projection, one is not going
to construct an approximation of a dissipative solution: indeed the limit is not in general
conservative, since the approximation we construct needs to project also the positions ~(t).
Another approximation we present below will actually construct dissipative solutions.

e In the sticky particle model (or in linear case i.e. H purely quadratic), the dissipation of energy
E(t) = H((v(t),v(t))4n) is immediate since the projection commutes with the conservative
flow. Here the same result holds, together with the fact that the distance of the conservative
solution and the dissipative solution is controlled by \/FE(s) — E(t); the analysis is however
more complicated and requires some preliminary estimates (Section and Proposition .

e As for the sticky particle systems, in the linear case requiring that the trajectories of the
conservative solution are disjoint is a necessary condition in order to have that the only
dissipative solution for a given initial data is the conservative one (Proposition . This is
however false for the general case, and in Appendix [C] an explicit example is worked out. We
observe here that the first example in [9] shows that the non crossing of trajectories is not
sufficient, if the number of particles is not finite (in the latter case the analysis become trivial).



e The compactness of dissipative solutions is exactly the same result as for the sticky particle
case [5]. Here (Section7 the proof is slightly simplified: it is based on the use of the BV,} / 2L3,
compactness of v(t) to prove the weak convergence of v, (t)yn,, where n,,v,(t) is a sequence
of solutions converging to n (Proposition .

e The construction of a backward dissipative approximation (made only of finitely many particles
and also being a sticky particle solution, not just a dissipative solution) to any given dissipative
solution is the same as in [5]: the only variation is that since the conservative flow is nonlinear,
some additional estimates are needed to assure that there is an arbitrarily small perturbation
such that the trajectories are now disjoint in some time interval. The proof of the main result
here, Proposition is indeed based on some elementary properties of the conservative flow,
which we present in Section [3.1

e The last result on the genericity of initial data such that the only dissipative solution is the
conservative one (Theorem [7.1]) is exactly as in [5], and follows easily from the analysis of the
previous sections.

Finally, it is not clear to us how much of this theory can be extended to convex Hamiltonian
with superquadratic growth: at least we would like to have that the conservative flow is unique
and conserves energy. A couterexample to the uniqueness of the dissipative flow is presented in
Appendix [B] but the Hamiltonian is not even semiconvex.

1.1 Plan of the paper

The paper is organized as follows.

In Section [2] we list the notation we will use throughout the paper: it is in general standard
notation in analysis. Section [2.1] collects the properties of the Hamiltonian function we require in
this paper, while Section lists some elementary properties of the space of curves used here.

The conservative flow is studied in Section [3} it is mainly a collection of known results, or results
which are fairly easy to prove, some of their proofs are collected in Appendix |A]l Less standard (but
still elementary) is the analysis of initial data for which the trajectories are not crossing: this is
done in Section where it is shown that we can perturb an initial data (in case splitting particles)
and get that for a fixed small interval the trajectories are not intersecting (Proposition

The key part of the paper begins in Section [d] Here the definition of dissipative solution is given,
Definition and it is shown that it enjoys some properties: it has finite energy (Lemma ,
it enjoys a concatenation property (Lemma , and v(t) belongs to Bth/ZL% (Lemma . The

. : s A(E+s) = (1)
latter property gives that the incremental ratio =——/—"=

Lipl wn (Lemma .

These estimates are necessary to construct a forward piecewise conservative approximation to a
given dissipative solution, Proposition There are two key estimates here: the choice of the time
interval where the dissipation is small (Lemma , and the comparison between the projection of
the conservative solution and the dissipative solution (Lemma and Corollary .

The nice estimate showing that the distance between the dissipative solution and the conservative
one is proportional to the square root of the dissipation of energy is in Proposition Section
while the analysis of the case where H is purely quadratic (and then the ODEs are linear) is in
Section [4-3] where it is shown that the conservative evolution and the projection P; commute. In

converges as s \, 0 to ¥ uniformly in



the same section it is shown that, in this case, the fact that the unique dissipative solution is the
conservative one implies that the conservative trajectories are disjoint, Proposition

Section 5| uses standard arguments to deduce that if n,,v,(t,7) is a family of dissipative
solutions converging to n, v(t,y) weakly, then the measures (y(t),%, vn(t, 7))y, converges weakly
to (y(t),7,v(¢,v))sn, Proposition This gives a proof of the compactness of dissipative solution,
Theorem which is simpler w.r.t. the proof of the analogous result contained in [5].

Section [6] concerns the construction of approximations to a dissipative solution made of finitely
many sticky particles. The approach is standard, and follows the ideas of [5]. First, if we give
final data (position and speed of the particles) and finite set of times ¢; and functions Y;(y)
with Py, (T;) = 0, one can construct a backward dissipative solution by alternating the backward
conservative flow in [t;,¢;11) and requiring that at ¢; the projection Py, is acting as

v(tivfy) - U(ti_vfy) = Tz
In other words we are specifying the times and the action of the projection. Lemma shows that
this construction is coherent and the result is a dissipative solution.
In the rest of the section one finds suitable times ¢; and functions T;(y;) to obtain the desired
approximation to a dissipative solution: first requiring that P; acts only at the time ¢; (Proposition
6.4), then requiring that the approximating dissipative is made of finitely many particles (Proposition
6.6]), and finally that the backward trajectories of these particles are not intersecting (Proposition
53).
The result of this section, together with the weak closure of the family of dissipative solutions,
implies that the weak closure of the sticky particle solutions are the dissipative solutions, Theorem
[6-9 this shows that it is the natural set for studying this kind of problems.

The last section, Section [7] concerns the fact that the set of initial data for which the only
dissipative solution is the conservative one is a residual set, Theorem Its proof uses quite
standard argument, once it is known that g — H(p) is L.s.c. (in this section V, W are assumed to be
convex), the set of finite particles solutions such that the trajectories are not intersecting is dense
(Proposition , and that if the trajectories are non intersecting then the unique solution is the
dissipative one (Lemma [4.16)).

The appendix contains the proof of some elementary facts about the conservative solutions
(Appendix |A]), an example of non uniqueness for the conservative flow if the Hamiltonian does not
satisfy the assumptions of Section (Appendix , and an example where the trajectories of the
conservative solution are intersecting, but nevertheless the unique solution is the conservative one
(giving a counterexample to the converse of Proposition Appendix [C)).

2 Definitions, assumptions and notations

Some general notation.

e We will work in the space (t,z) € [0,T] x R? or (t,q,p) € [0,T] x R? x R%. The letter d will
always denote the space dimension.

e In a metric space (X, d) the ball or radius 7 about = € X is written as B;X(x). Sometimes
B, (z) if the space is clear from the context.

e The symplectic matrix J is
J= [ 0 } € R34, (4)



The norm in R? is | - |, and its scalar product by (-,-). More generally, || - || and (-,-) will
denote respectively the norm and scalar product on an Hilbert space (here most of the time
L2 for some measure v), and which space is under consideration will be usually clear from the
context.

The letters s,t, 7 are reserved for time variable, z,y, z for the space variable in R?, and for
the Hamiltonian variables we will use (g, p) € R% x R%. The capital letters X, Y, Z denotes the
coordinates of N-particles in R?, and (Q, P) the Hamiltonian coordinates for N-particles; we
will also use @, P in case of a countable or a continuum family of particles. The time interval
in which we consider the solution is [0,T]. To differentiate variable we will use ', Z, &, . . .,
and the same for y,z,q,p, X,Q, P, . ...

We write z; for the i-th component of © = (21, za,...).

A generic constant is C' (if supposedly large), or ¢ (if supposedly small). We use them if
their value depends only on some parameters of the problem, if we do not care about this
dependence we will use the symbol O(1),0(1).

The letter v = v(t,7) is reserved for the Hamiltonian coordinate P on the space of path
t = (t) € RY. The evaluation map ¢, — ~(¢) will be denoted with ~(t) (this slightly differs
from the standard notation e(t)).

Since we are in R%, we will not distinguish between gradient and differential, noting both with
V,0,. For Lipschitz curves t — ~(t) € R? we will use the special notation dv/dt = 4, and
more generally

So(t.A(0) = (6, 4(0)

We will use the Greek letter u for a measure on the phase space R? x R%, 5 for a measure
of the space of path I' = L2((0,T),R?), .Z for the Lebesgue measure. Sometimes we will
parameterize curves as t — z(a,t), Q(a,t), P(a,t),... with a € [0,1], and we will use the
measure w(da) on the space of parameters: in general, we can take w = & 1\_[0,1]. A generic
measure will be denoted by v, 7, the product of measures will be denoted by - x -.

The push-forward of a measure v according to a map T : X — Y is denoted with Tyv.

The disintegration of a measure v according to a Borel map T : A — B, A, B Polish space, is
written as

v= /Vym(db), m = Tyv.

We often interpret m as the restriction of v to the o-algebra T~1(B(Y)), where B(Y) is the
Borel o-algebra on Y, and we will also write

y:/w(a)y(d@ :/W(da).

We will use the notation L2(X,Y), Y Hilbert space, for the space of functions f : X — Y
such that

1@ vz < .



e P5(X), X Banach space, is the set of probability measures with finite quadratic moments in
X. The topology of H5(X) is either the narrow topology or the Wasserstein-2 distance Ws.

e The space BVl/Q([O,TLX), X Banach, is defined as the functions f : [0, 7] — X such that

N
sup { SO — F(t)3,0 < to <t < - <ty < T} o

i=1
We will often shorten the notation to BV;,/,?X or BV,?X, e.g. BV;”L%.

e A projection operator is denoted by IP, with some index in case of dependence from a parameter
or to denote the target space.

2.1 Hamiltonian

The assumptions in this sections are standard for existence of a solution the well posedness of the
conservative solution (see Section |3 and for more general Hamiltonians see [4} [12]).
We consider the family of Hamiltonians H : 2 (R¢ x RY) — R defined as

1) = [ Viaputdads) + 5 [ [ Wiapd ot d') x u(dadp),

where V : R4 x R? — R, W : (R? x R%)2 — R are functions such that with the assumptions:
1. V(0) = W(0) =0, VV(0) = 0 and VI¥(0) = 0;
2. Wig,p,q's0") = W(d', P, 4:p);
3. V,W and functions of class C?>! with first derivatives L-Lipschitz:
|VV(g,p) — VV(,p')| < Li(a.p) — (¢, 1), (5a)

‘VW(.Z‘,U,SL’/,U/> - VW(y,w,y’,u/)| < L‘(m,v,y,w) — (y,w,y’,w')[; (5b)

4. there exists A > 0 such that (z,v) — V(z,v) + A|z|?/2 is convex, and by it has at most
quadratic growth;

5. (z,v) = W(z,v,2',v") is convex;
6. for all (z,v) it holds
Al < V,,V(2,v) < LI, I identity matrix in R,
i.e. it is uniformly convex w.r.t. v.

Here above and in the following we will denote the differentials of VW w.r.t. the ¢,p,q¢,p
components as Vg, Vp, Vo, Vi, Vo, Vg, .o
For the measure w(da) and the map (o, t) — (Q(«, t), P(a,t)), we will use the notation

H(t,w) = H(u(t), wt) = (q(t), p(t))s,



i.e. more explicitly
H(t) = [ V(@lat). Plast)m(da) 5 [ [ W(@lat). Plat).a(t.a).pit.a")m(da) xsm(da).

A similar notation will be used for the gradient of H in Z5(R? x R?) w.r.t. the Wasserstein distance:

VH() = VVi(g.p) + / VW (g, pr s )u(dd'dp),

and VH(t,w) = VH(u(t)), p(t) = (¢(t),p(t))sw: we shorten the notation for VW (q,p,q’,p’) =
(VeW(a,p,d',0"), Vo W(a,p,q',1"))-

2.2 Probability space of curves
To shorten the notation we will write

I:=L*(0,T),RY),  T,:=L*(tT),R%),
and denote by T; : I' — I'; the restriction map

Ti(v) = i)

The measures n which we are going to consider will be supported on the set

a0y ={ne 2@ 5 [hoPu) <, // () < G .

for some constant C;, Co which will be estimated explicitly for the solutions (conservative or
dissipative) we consider below. It is standard to verify that .#(T") is a compact subset of P5(T")

w.r.t. the narrow convergence. Notice that the bound on [ fOT |5(t)|2dtn(d~y) implies that v is n-a.e.
absolutely continuous (a.c. in the following), so that the value «(0) is well defined n-a.e. giving
sense to the first condition in the definition of .#(I").

It is immediate to see that if n € .#(T"), T; is equivalent to the projection

v Py () = () X0,y (T) + Y(7) X 1y (7),

and that (B)yn € . ().
Let €; be the descending Borel fibration generated by T,

Q= (B(Ft))
i.e. the smallest o-algebra such that T; is Borel, and let P; : L?(n) — L?(n) be the corresponding

projection. The latter functional can be represented by means of the disintegration of n € 2(T")
according to the map T;: indeed if

n=/w§'(d’v)’ﬂ‘tw(d7’) =/w1rt n(dy'),

10



where I' 5 7' = wr, () € Z(I") can be taken to be Borel, then [6, Proposition 10.4.18]

Bof)(y / O Y (7). (6)

The following concatenation property holds: for s < t, let T,_,; : I's — I'y be the restriction map
such that Ts_,; o Ty = T;. Then by disintegrating according to T,_,+

(T)en(dy') = / WSy ) (To)gn(dy”).

Hence

0= [ = [ | [eremian|@ondmomia) = [ | [ @n] mma,

and from the uniqueness of disintegration

Wl (dy) = /wfyl (dy)wsi (dy") (Ty)gm-ae. v".

The above formula corresponds to the composition property

]P)s—)t o ]P)s = Pta s—)tf /fws_M (7)

Lemma 2.1 ([6, Theorem 10.2.1]). It holds

limPs_, =Ps
tN\s

strongly in Lf] .

3 Conservative solutions

Let H : Z5(R% x R?) — R be the Hamiltonian considered in Section Here we construct the
Hamiltonian flow: the results are classical, we adapt them to a suitable form which will be useful for
the study of dissipative solutions. Since this flow preserves the energy, we will call it conservative
flow/solution, opposed to the dissipative flow/solution of Section

The results in this section are pretty much standard: we give for simplicity the proofs in the
appendix.

Definition 3.1. The measure n € %5(T") is a conservative solution if there is an L?(n)-function
v:T — WH2((0,T),R%) such that for n-a.e. v it holds
¢
10 =100+ [ VO + [T 005007/, 0(s. 7 () s, s
¢
wlt.) = 0000) = [ [TV G0+ [ T 006,99, 005,56l s, 5

where vy € L7.

11



Let u(t) € 2(R? x RY) be the measure

The conservative solution 7 can be interpreted as the Lagrangian representation of the measure
valued solution u(t) to the PDE

Opu(t) + div(JVH (u(t))u(t)) = 0, (9)

where J is the 2d x 2d symplectic matrix . We thus are in the setting of [4] for existence and
actually uniqueness of a Hamiltonian flow ¢ — u; € Z5(R? x R?) solving @D and preserving H.
The existence and uniqueness of the solution pu(t) is strictly related to the existence and uniqueness
of the Lagrangian representation 7: in the linear transport case this is well established [2], while
in our case the fact that the measure 7 is a probability on trajectories v : [0, 7] — R instead of
7 : [0,d] — R? follows from the fact that the time derivative of (8al),

7@=VMM$MWM+/%WW®w®w#@w@V®Mm%

is a bijection between 4 and v(7).
We give a self-contained proof of these facts in Appendix [A]
Define

F(t) = L*(n) — L*(n)

v F(tvv)(v)=VUV(V(t),U(V))+/VUW(W(t),U(v)ﬁ’(t),v(v'))n(dv’)

(10)
Recalling that V' is uniformly convex in v and W is convex in v, it is easy to verify that F' is well
defined for all ¢, and moreover the next proposition holds.

Proposition 3.2. The operator is uniformly monotone, namely
A”Ul — ’02”3 S (1)1 — V2, F(t,vl) — F(t,vg)) S 3LH’01 — ’UQH%.
In particular F(t) is a bi-Lipschitz map of L?(n) into itself. The proof is in Appendix [Al page
The next result gives the existence, uniqueness and continuous dependence. Let (0,1) 3 o —

Qo(a), Po(a) be given functions in L%(0,1).

Proposition 3.3. There exist unique functions Q(a,t), P(a,t) € Co([0,T], L?(0,1)) satisfying

Qla,t) = Qola) —I—/O {VPV(Q(a,s),P(a,S)) + /VPW(Q(a,s),P(a,s),Q(o/,s),P(o/,s)do/} ds,

P@ﬂ-%@—l[WW@%%H&W+/%W@@@f@$ﬂwwiwhw4®

Moreover

t— H(t, L' o1) = /V(Q(a,t),P(a,t))da—l—//W(Q(oz,t),P(a,t),Q(a',t),P(o/,t))dozdo/

12



is constant, (0,Q(t), P(t)) € L?((0,1),W2(0,T)) with

1
10:Q() | 220,15 |10: P () |2 (0,1 37||33Q(t)||L2(0,1) < 3Le*™)|(Qo, Po)ll12(0,1)-

Finally, if (Qo, Py), (Qp, P}) are two different initial data and (Q(¢), P(t)), (Q'(t), P'(t)) the corre-
sponding solutions, then it holds

H(Q(t),P(t)) - (Q/(t)aPl(t))Hlp(OJ) < GSLtH(QOaPO) - (Q67P6)||L2(0,1)'

Corollary 3.4. The measure n = Q(«a,t)3.Z"(da) is a conservative solution concentrated on .# (T)
with Cl, CQ = 3LT63LTH(.’L'O, ’U())H%z(o 1)
The measure

1
[ @ vnttdedo) = [ 6(Q(a.), Plast)da
0
is the unique solution to the transport equation (@ with initial data p(t = 0).

Proof. The first statement follows by the definition of conservative solution. The fact that p is unique
and solves the transport equation follows by observing that ¢ — (Q(«,t), P(a,t)) is a characteristic
for p-a.e. a, and the uniqueness result above. O

For the flow at the level of the ODE in the phase space R? x R?¢, we will use the following
notation: for a given initial data py € Po(RY x R?) let (Q(t, q, p; o), P(t, q, p; o)) be the unique
flow in L>((0,T), L2, (R x RY R? x R?)) such that

t
Q(t,q,p; o) = q+/ Vo V(Q(s, 4,15 110), P(s,q,p; o) )ds
0

t
+/ /VUW(Q(s,q7p;ﬂo),P(S,q,p;uo),Q(&q’,p’;uo),P(s,q’,p’;uo))uo(dq'dp’)ds,

0
(11a)

t
P(t,q,p;p0) =p — / Vo VI(Q(s, 4,5 o), P(s,q,p; o) )ds
0

t
- / /VqW(Q(s,q,p; 10), P(s,q,p; 110), Q(s, 4", 0"s o) P(s, 4", p's o) ) o (dg' dp' ) dss.
0
(11b)
These equations correspond to the projection on R? x R? of (8), as it can be easily seen because
(v(®);v()gm = pe = (Q(t), P(t))zht0-

Using the semigroup property and the fact that are time independent, we have also

Q(t - S, Q(sv(I?p; ;U'O)v P(S, q,D; ﬂ0)7/~1/s) = Q(t7Q7p; /140)7
P(t —5,Q(s,q,p; o), P(s,q,p; po); s) = P(t, q,p; pio)-
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Remark 3.5. The conservative flow (Q, P) can be defined to all R? x R?: indeed the solution iy is
uniquely defined, and the vector field

(¢,p) = IVH(q,p; ts) = J<VV(q,p) + /VW(q,p, q’,p’)ut(dq’dp’)>

is uniformly Lipschitz. We will use the same notation (Q, P)(t, g, p; po) as above for the flow extended
to the whole RY x R¢.

3.1 Non crossing of trajectories

In the following we will need to study how generic is the crossing of trajectories of N particles
satisfying the Hamiltonian ODE, i.e. solving with o finite sum of Dirac deltas. We will use
the notation

1
¢i(t, Qo, Po) = Q(t, ¢i, pi; o), pi(t, Qo, Po) = P(t, ¢, pis o), po = NZ&%@)'
i

Proposition 3.6. For conservative solutions made of N particles, the set of initial data such at
least two trajectories cross is of codimention (d — 1) in (R? x RH)N,
Proof. The condition of intersection of the particles w.l.o.g. labelled 1,2 is
{(Qo, Po) € RY x R? : 3t € R(q1(t, Qo, Po) = q2(t, Qo, P)) }.
By the implicit function theorem, the condition above defines a (d — 1)-codimensional surface if
rank(Vo,.p, (¢1 — ¢2)) = d.

This is implied by the divergence free property of Hamiltonian flows

[ VQO,PO (ql - q2) ] [ VQO,Poql ]
det Vaon —det | | YQorodn |y 0
on,Popl VQO,ngl
VQo.rPN L VQo.pPN

In the following we will need to perturb a finite particle conservative solution preserving the
initial position of the particles and the average speed: more precisely, the initial data are {¢; ;,pi ; }i

with
Gij =i, Y mi;Dij= <Zmi,j)pi7 (12)
J J

for some constants m; ; > 0. In other words, given {g;, p;}:, we are allowed to split each particle
i, D; into the particles {¢; j,p: ;};, assigning new initial speeds but preserving the average speed
of the particles starting in the same point. The goal of this splitting is again to avoid crossing of
trajectories, at least for an interval of time independent on the data {g;, P; }i, {¢.j, i j }i,j-

14



pira(0) Pi2(0)

Figure 2: two crossing particles are perturbed according Proposition in order to avoid the
intersection of the new trajectories.

Remark 3.7. A simple example with two distinct particles shows that at least we have to split one
trajectory.

Moreover, it is not possible to perturb the trajectories as in requiring them not to join
forever in the future (or in the past): this can be easily seen in the harmonic case V = p?/2,
W = (¢ — ¢')?/2. We observe that the situation is different in the case of free motion, i.e. V = v?%/2,
W = 0: indeed one can actually require that the particles do not meet for every ¢t # 0.

Consider now a conservative solution made of finitely many Dirac deltas po = Zf midg, p, -

Proposition 3.8. There exists a time interval (0,t), independent of po, such that for all e > 0
there is a finite particle solution

i i1+ Di _
:ué] = Z %(5@4’1‘,1 + 5@',171',2)7 % = Di,

7
such that the trajectories {q; ;j(t)} are not intersecting for t € (0,t) and
|pz‘,j —251'| <e.
Hence it is sufficient to split each particle (g;, ;) in half, see Figure

Proof. Being the conservative flow differentiable w.r.t. the initial data, we compute the derivative
of the flow Q(t), P(t) w.r.t. a perturbation of the form

0Q1(0) = (0¢4,1(0)); = 0, 6Q2(0) = (dgi2(0)); =0,
6P1(0) = (6pi,1(0)); = —(6pi,2(0)); = =6 P2(0).
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It is easy to see that the solution satisfies (0Q1,0P;) = (6Q2,F) and that the ODE reduces to

5@1 5@1

d| ep | I oP;

a | 60, |~ dlag(V‘IiupiJVQi-,PiH(ql (t), pi(t); ,Ut)) 5Qs |
5P2 5P2

VaorV VeV
Vo IV, vH_it,_it; = diPi bipi _it,_it
Va0 p 00 = | gt et ] @)
vquiW VP7P7W 7 D a: D ~da.dp.:
] et et | @O gt
so that the ODEs are decoupled: p(t) = 3=, mi0g,(1),:(t) is the solution of () with initial data

po = 32; Midg, p;-
To prove the same codimension estimate as in the proof of the previous proposition, it is sufficient
to study the ODE

Ai(t) = Vg, p, IV g, p H (@i (), i (1); 1) Ai(),  Ai(0) = I
The assumptions on V, W gives that
Vi IV g H (@i (1), Di(); )| < 3L,

so that one obtains

t
‘Bl(t)‘ = Al(t) ! _/ th‘,piquuPiH((ji(S)api(S);Ns)ds < (€3Lt -1- 3Lt> <3
0

for t < t, with ¢ depending only on L.
Hence

6qij(t) '\ _ ' 7 (8) B (8): 1w \ds + B 0
( 5pi,j(t) ) = [H+/ vqi,piqui,piH(‘h( ), Di(8); s )d +B1(t)] ( 5131,73,(0) )
— [f Di\Pi q >]§l(8) )ds} 5Pi,j (O) ) 0
<[(%WWMM%M)MMW%®>+&m<mA®>
Since from the uniform convexity of V'
| V2 H @6 (s)sma)ds = A

and |B;| < At/2 for t € [0,t), then

/O v1237,1?7 (qi(s)aﬁi(s);ﬂs)ds + (Bi)l,Q

is invertible for ¢ € (0, ).
We thus conclude that the crossing condition

qi,j(t) = qu j(t), for somet € (0,t),5 #k,

gives a (d — 1)-codimensional manifold in a neighborhood of ¢; ; = ¢;. Hence there are perturbations
pi,;(0) — p;(0) arbitrarily small so that the trajectories do not cross for ¢ € (0,¢).
O
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4 Dissipative solution

In this section we define the dissipative solutions for the Hamiltonian system , and we show some
basic properties.

Definition 4.1. We say that n € .#(T') is a dissipative solution with initial speed vy € L%(F, R?) if
there is a function v € L2, wn((0,T) x T, R?) such that for Z-a.e. t

A(t) = Vo, V(y(t),v(t, 7)) +/VUW(V(t)w’(t),v(t,v)w(m'))n(dv’% (13a)

o(t,) =P, (vow - YV (1(s). v(s,7))ds — / t / VqW(v(SL7’(8)7v(s,v),v(sm’))n(dv’)dé’),

(13b)
where P; is the projection @

@ Clearly a particular dissipative solution is the conservative solution. We observe also that
differently from the conservative case where the initial data is encoded into 7, here it is not: for
example, considering two particles starting at the same point but with different speed, we can just
merge them at ¢ = 0, so that their initial speed is different from the initial one. We will see later
(Lemma that, since one can take the dissipative solutions to be right continuous, we can specify
the initial vy as the limit of v(¢) as t \, 0, and that in some sense the solution is characterized by the
initial data and the family of projections P; (by constructing an approximating sequence depending
on the initial data and the projections, Section .

Remark 4.2. Equation is exactly the same as Equation . The second equation
expresses the requirement that when trajectories merge, the function v of the exiting trajectory will
be the average of the function v of the incoming trajectories. On the case V = v?/2, W = W (x,2'),
then ¥ = v, so that v coincides with the speed of the trajectory.

It is interesting to note that Equation is compatible with the projection P, used in ([13D)):
indeed, define the measure n; = (Tf)4n, and by Proposition ﬁ find 9(¢) € L%{(Fg, R?) such that

Y(t) = Vo V(r(t),5(t, 7)) +/VUW(V(t),ff(t,v),7’(?5),17(7577’)))77;((17’)
for #-a.e. t > t. This function ¥ is defined on the o-algebra B(t,T) x €z, and writing
o(t,y) = o(t, Te(7)),
one deduces immediately that
Y(t) = Vo V(v(t),v(t, 7)) +/VUW(v(t),v(m%7’(t)av(t,7’)))n(d7'),

and Proposition [3.2] yields that this is the only solution for ¢ > ¢. In particular, by letting ¢ ¢, one
deduces that v(t,y(t)) is measurable in Q; for Z-a.e. t.

Since ([13a]) gives a one-to-one relation between 4 and v, we can state alternatively that
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Definition 4.3. We say that 1) € .#(I') is a dissipative solution with initial speed vy € L2(T, RY) if
the function v € L?zlxn(((), T) x T, R?) given by the relation

H(t) = VoV (o / VW (1) 7 (1), 0(t,7), 0(t 7 )n(d),

satisfies

o(t,) =P, (vom - V() wls,)ds / t / VqW(v(S)w’(S),v(s,v),v(s,v'))n(dv’)d5>,

where P; is the projection @
We begin with a rough energy estimate.

Lemma 4.4. For every dissipative solution

I(v(®), w2 < XN (1(0), vo)llzs £ -ace. t.

The energy E(t) = H((y(t),v(t)yn) is actually decreasing, see Proposition below. The above
lemma shows that the requirement of n € .Z(T") is compatible with the definition of dissipative
solution as in Corollary because of the relation between 7, v given by Proposition

Proof. This is a standard Gronwall estimate.
Being P; a contraction, we have by the Lipschitz estimates on VV, VW, Points , of Page

|§|, applied to (13

1(v(#); v @)z < [1(7(0), vo)lzz +3L/ 1y s))ll L2 dr,

for #'-a.e. t, which gives the statement. O

This next lemma is a concatenation property for dissipative solutions.

Lemma 4.5. It holds

o(t,7) = Pars (v(s,v)— / YV () v 1) / t [ 960700200 7’))n(dv’)dr>,

where Py_; is the projection @
Proof. Using Remark for Ll-ae. r>s

P, (W(v(r»v(n Wi+ [ W60, 0ol 7’))77(057’))

= VgV (y(r),v(r,y))dr + /VqW(v(T),v’(T),v(h V), v(r A )n(dy"),

so that
/tv V(3(r), o(r,))dr + / [T 00,0l Dy i
—r.( / Y V() o)) + / [ TG vt vl D i )

18



Hence, directly from the definition of v(t,~) and Py, P,_,,

| VLV )0l )i - / W00, w00 00 ' yar

=P (B (w0 = [ Vvt = [ [ VW60 0o Nt i) )
+ P - / Y,V (1), vl y))dr - / [ W07 00,0002, 2 te yr

:]P’t(vo / Y,V (), ol 'y))dr—/ /v W),y (r ),v(r,’y),v(r,w’))n(d'y')dr)
+E(m( - / VGt i = [ [ G000 i

=2 ()= [ Vv o) — [ [ SO0 0t 000 7 Wt )

where we have used in the third inequality. O
The next estimate plays a key role in the following.

Lemma 4.6. Let n € .# (') be a dissipative solution. Then the map t — v(t,~y) is right continuous
and belongs to BV%([O,T], L2(T,R%))) with norm

[0lgyerzgs < (14 6LT)* T (1(0), vo) |5 - (15)
Let us denote
VeH (1), v(t);n) = =VoV(y /V W (), 7' (1), v(), v (v )n(dy").
The proof stems from the fact that v(¢,v) is the integral of the L?-function V,H (y(t),v(t);n)

w.r.t. time (which would give the a.c. continuity), composed with projection P; (which is responsible
for energy dissipation and hence for the BV 2—norm).
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Proof. We compute by Lemma

St ot = 37 I8 + el =2 [ vt

%

-¥ (e + ot —2 [ 00t Pt
-¥ (1ol + ot I

—2/ (U(ti),Ptil_,ti (v(ti_1)+/tjilG(r,v(r))dr))n
[ o))
-¥ Ity = el +2 f (w60 B ([ G(ronyar ) )
— o2 — oD +2Z/( Voo ([ Glrotar) o

< w0} — (D)2 + 6LTsup [v(t)],
< (6LT + 1)sup [[u(t) |72 < (1 + 6LT)e* | (v(0), vo)I7:
t n n
where in the first inequality we have used the Lipschitz estimate
[V H (), 01(8)m) = Vo H (v(8), va(£)i)]| 15 < BL]vr = w22

analogous to the second inequality of Proposition
The BVt/ L2 regularity gives immediately that the function ¢ — v(¢) is strongly continuous in
L outside countably many times. Moreover, as ¢ N\, s, Lemma gives

}1\1}1 Pt( (s,7) / Vo V(v(r),v(r,y))dr — / /V W (y(r), ¥ (r),v(r,v),v(r, 7’))77(d7’)dr>
=v(s,7)
in L%, which is the right continuity property. O
In particular, by Proposition |3.2| we obtain 4 € BVI/ 2L2 and one can take as initial data
vo(y) = lim v(t, 7).

This will be our choice in the following.
The next results use the BVt/ L estimate on 4(t),v(t) to deduce some useful approximation

properties: these results are actually valid for generic BV!/2X functions, we state them in the
particular form we will use.
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Lemma 4.7. For all n dissipative, it holds

/OT-S / ’w CURETO NS

Proof. Write

/OTS/’v(Hs)v() 50
//TS/WH (8) Pr(dy)dedo

U L o o o sortan

Hy

Z /|’y ks+T1+0)— (ks+r)|2n(d7)]d7'da

//[T/S U'V +a) =30 (dy)}dtdo

The first integral is estimated as
NS
$Jo Jo

where we have used the estimate . Similarly for the last integral

Kt + o) — 4(0)] n(dﬂy}dtda< // illase -, dtdo
/ /[T/s —1)s |:/ ([T/s]—1)s BV (LD

< (1+6LT)e* T (4(0), vo)l[72 5.

2
n(d)dt < (2014 6LT)e T (4(0), vo) 32 ) s = O(1)s.

2

n(dy)dt

T—s

n(dy)dt =

/ (t+0) — 4(8))do

T/.s] 2
/|’y ks+71+0)—A(ks+ 1) n(d’y)} drdo < - / / H'y||Bvl/2(L2 drdo

< (1+6LT)e* [(4(0), vo) 172 5,

Adding the two estimates we obtain the statement. O

Lemma 4.8. For every € > 0 we can find finitely many times 0 =to < t1 < --- <ty =T such that

sup  [[v(s) — U(ti—1)\|L3 <e.
it 1 <s<t;

Proof. Since t — v(t) is right continuous, for every t there is §; such that

sup ot +7) —o(®)llzs < e ol +8) —v(®)z2 > e
0<7<d¢

Starting from ¢ = 0, define the sequence of times

tiv1 =ti—1+6,, to=0.
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The BV, / QL%-regularity gives that

ef{ti} < lev = o(timy)lI72 < (1+6LT)e* ]| (7(0), vo) 72,

so that there are at most O(e~!)-many times ;. O

The source of the discontinuities of the map ¢ — v(t) is due to the projection P;: in order to get
rid of it, define the function

o(t, s,7) = v(s, ) —/ Vo H(y(7),v(r,7v);n)dr

— (s, - / [quw<v>,v<7,v>>ds+ / VW (5(1), 0(r, 7). (7)ol A V() | di,

so that it holds for all s € [0, #]
v(t,7) = Pu(0(t,5))(7)-
Lemma 4.9. It holds for s <t
[T =Pe)o(t, s)llLz < [lv(t) —v(s)l[rz + Ct = s).
Proof. Indeed

I =Py)o(t, s)l| 2z < [lo(t) —v(s)l Lz +/ IVeH (y(7),v(T)) |2 d7
< lo(t) —v(s)llzz + C(t = s)ll(v(s),v(s)) L2 O

4.1 Piecewise conservative approximations to dissipative solutions

Aim of the next statements is to compare a dissipative solution and the conservative solution with
the same initial data, and to construct a piecewise conservative approximation. To shorten the
notation, we will write

Q(t,vis,m) = Q(t — 5,7(s),v(s,7), (v(s), v(5))4m)
P(t,y;s,m) = P(t —5,7(s),v(s,7), (’7(5)70(3))ﬁ77)

for the lifting of the conservative solution starting at time s with initial measure (y(s), v(s))sn.
The first result is that (Q(¢,v;s,n), P(t,v;s,n) well approximates (v(t), 0(t, s)).

Lemma 4.10. It holds
[Be(@Q(ts 3 5,m), P65 5,m) = (2(0), o(0)] .

< [[(@(t v ,m), P87 8,m) = (1(8), 8t 9))| 1 < 0/ [o(1) = (7) | L2 dT.
Note that instead
|(Q(t, 5 8,m), P(t,7,5,m)) — (V(t)av(t))HL% = O0)(lv(®) = v(s)llz2 +1), (16)

hence by comparing the projection P;(Q, P) we gain an estimate which is regular in time.
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Proof. Tt is enough to set s = 0. We can now compute for 0 <t < ¢

[P (Q(t,7;0,m), P(t,7;0,7m)) — (v(t),v(t))HL% < [[(Q(t,70,m), P(t,7;0,1)) — (V(t)vﬁ(t))HL%

< [ IVH (@0, P(s.0) = V), 05D

<3L / 1(Q(s,0). P(s,0)) = (3(5), v(9))]| s

ds

2

n

<3L/ 1(Q(s,0), P(5,0)) — (7(s), 5(s))]
+3L/O lo(s) = 5(s) | 2 ds.

Hence by Gronwall’s estimate we obtain

(@ 750.m). PUt.3:0.0) = (0,50 5 < [ 3L ols) = 0(5) g s

which is the second inequality in the statement. The first inequality is deduce from the fact that P,
is a contraction. U

In Section [6] we need a similar estimate as in the above lemma, but for the backward flow: the
trivial estimate one obtains from Lemmas would give

1(@Cs, 73 tm), P, v3t,m) = (v(s), v(s)[ 2 < C((t = 8) + o(t) = 3, 5) 1 12)-

The next corollary instead shows that we can get rid of the second term in the r.h.s. above by
considering the conservative solution starting from (y(t), o(¢,v)) instead of (y(t), v(t,~)).

Corollary 4.11. It holds

[ (s = (0.5t ): (0, 5(0)em) P (s = £ 7(8), 58 7): (8),3(0)sm) ) = (1(5).v(5))|
cof

s+ Q(s,7(), 0(t,7); (v(£),0(£))gn), P (s,7(t), 0(t, 7); (v(£), 0(t))4n)

is the solution to the conservative flow starting at time ¢ with measure (y(t), 0(t))sn.

) L%
[o(7) = o(7)[| L2 dr

Recall that

Proof. The statement is a consequence of the backward stability estimate for the conservative flow
and Lemma [L.10t

| (@G0, 50t ): (1), 8, P, 7 (1), 508, 7): (1), v)em)) = (), 0(5))|

< CH(fy(t),f)(t)) — (Q(t,y: 5,m), P(t,; s,n))’ L%

2
LW

<C/ [lv( ||de7- 0
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We now define the piecewise conservative solutions Q(t, v;1n), P(t, ;1) by alternating the conser-
vative flow Q(t, g, p; o), P(t, q, p; o) with the projection operator Py: if 0 =tg <t < --- <ty =T,
define for ¢t € [0,11)

Q(t,’Y; 77) = Q(t>’7(0)’U0(7)§NO)a P(ta’W 77) = P(t77(0)a ’UO(’Y); MO)a Mo = (7(0)7UO<’7>)11777

46, (7) = P (Q(t,%im)s P (7) = Poy (P(t1, 73 m)),
and if ¢, (7), pt; () have been constructed, set for ¢ € [t;,ti+1)

te, = (qe; ()5 P (7)4m,

Qt,vim) = QUt — ti, qu, (V) pe, (Vs e, ), P(t,vim) = P(t— tiy e, (), 2, (V)5 1)
Qt; iy (’7) = Pti+l (Q(ti+1 » Vs 77))’ Pt (7) = I[Dti+l (P(ti+1a s n))a

Proposition 4.12. For every € > 0 there exists a piecewise conservative approximation (Q,I:’) of
the dissipative solution 1 such that

[(QCt,vsm), P(t,v;m)) — (v(#),v(#)]| o < CeT.

Proof. Let {t;}; be the partition of Lemma w.l.o.g. we can assume that

tis1 —ti| <e, i=0,...,N—1. (17)
Lemma applied to Lemma |4.10| gives that

IPs (Qtigr, Vi tism), P(tiva, viti,m)) — (’Y(tz‘+1)7”(tz‘+1))||L3 < Ce(tipr —ti).
In each interval [¢;,¢;+1) we thus estimate by the continuous dependence of the conservative flow
|(Q(t,vim), P(t,vim) — (Q(tav;ti,n),P(f,v;tz,n))HLg

(Q(ti, i), P(ti,vim)) — (Qts, 3 tim), Plts, it )| 2 (18)
(00,(1), () = (1), 0(8) 1

In particular we obtain

1€@ts2 ()5 Pras (1)) = (v (tign)s 0 (i) | 2

< 1 @a142 (1) e (1) = Pos QUi i tis ), Plti, vitssm) | 2
+ [[Peis (QUE i tim), P87t m) = (v(Eign), v(tinn))]| 2

< |[(@Q(tigr,vim), Pltivr,vim)) — (Q(ti+17’7;tu77)7P(ti+1,7;t¢,77))“Lg]
+ ||Prsy (Q(E, vi iy ), P(t, 5 ti,m)) — (’Y(tiJrl)vv(tiJrl))HL%

< 1) (g (7)., () = (8, 0(E) | + Celtin — ).
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From the explicit solution to the difference equation

a; = Nja;—1+b;, a;= (H )xj)ao + Z ( H /\k>bja (19)
j=1 j=1

k=j+1

with the convention [, A = 1, we conclude that

H (Qti+1 (V)a Ptipa (7)) - (V(ti-i-l)? U(ti-l‘l)) HL%

<Z(H

k=j+1

(20)
(tip1—ti )>C’e( it1 — i) < CTe.
By , and the choice of the intervals as in Lemma and , we obtain the statement. [

Remark 4.13. The proof above shows that a dissipative solution is uniquely characterized by
the initial data and the family of projections {P;};. However, these projections are such that
P4y(t) = ~(t): one must check that in the limit the trajectories ¢ +— «(t) are a.c., which is not the
case for t — Q(t,7).

4.2 Some useful estimates for dissipative solutions

We now show that the energy
t— E(t) = H((v(t),v(t))gn)

/V v(t,))n(dy) + //W (), 0t y"))n(dy)n(dy)

is decreasing, and relate its decrease with the distance of the dissipative solution to the conservative
one. The first step is the following estimate.

Lemma 4.14. It holds for s <t
AT =Pt s)||3 < C’/ (T —P.)o(r, s)||3ds + E(s) — E(t). (21)

Proof. We compute

E(t) = E(s) = H((+(t), Pro(t, s))yn ((() 0(s,8))gm)
< A= Pr)o(t, )||2+H(( 0, 8))gm) — H((v(s),0(s, 5))gm)

— AT~ 3 tﬂb(//VH 7 $)IVH (7). ol () dr
The latter integrand is for V,W € C%!
[ THOE), 50 9)IVHG (), o))

=/TVHWWLRMﬂ®%+WVHWﬁ%RﬂﬂQMMﬂ@—PJUJ»

+O((I = 1), ))2| I H(y(7), v(7) ()
< C|T- P53,
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where we used that for every g € L% by the very definition of projection

/ (17(7', s) —P,o(r, s)))PTgn =0.
This is the desired estimate. O

Proposition 4.15. The energy E(t) is decreasing in time and it holds

H(Q(t,’}’, Saﬂ)ap(ta’Y;S,’Y)) - (’Y(t)’ﬁ(tv’)/))HL% < C(t - S) E(S) - E(t)a

H(Q(t,V,S,U),P(t,’y,s,’y)) - (7(&7”@77))”[/% < C\/ E(S) - E(ﬂ:

Proof. From Lemma and the right continuity of ¢ — v(t) we deduce that

Et)-F
limsup ——+~ ®) (s) < hmsup—/ (I —P,)o(r, s)||2dT
[ANE] t—s tN\s

< limsup *||U(t) - U(S)H% =0.
N0 2

Hence t — E(t) is decreasing.
A Gronwall estimate for gives

(- Bi0I < - [ <) DB(s) < O(0) - BW),

0

where DF is the measure derivative of the decreasing function E(t), and then by Lemma

(@350, Pt,3:5,20) = (@) 20D < © [ o P
< C(t—s)VE(s) — E(b),
[(Q(t,%;0,m), P(t,7;0,7)) — ((t), v(t,7) Hm
< [[@(t7:0.0), P(£,7:0.9)) = (v(8), 5t )| 5 + [| (L= B)(e
< C(t—s)VE(s) — E(t) + || (T - By)i( HL2
< CVE(s) - E(1).

This concludes the proof. O

v T)HL%d’T

s

4.3 Some special cases for dissipative solutions

We conclude this section with some special cases, namely when the data are a finite number of Dirac
deltas and when the Hamiltonian is purely quadratic.
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Lemma 4.16. Assume that N
Ho = Z mné(qn,qn)
n=1

and let Q(t, qn, Pn; o), P(t, Gn, Dn; o) be the conservative solution with initial condition pg. If the
trajectories {Q(t, qn, Dn; o) }n do not intersect, then there is a unique dissipative solution with initial
data po: in particular it coincides with the conservative one.

Proof. The proof is immediate by observing that since the trajectories never meet then P; = I for
all ¢t > 0. O

In the case of

1 1
V(iL’,'U) = i(qap)TA(qap)v W(Z,U,l’/,’v/) = 5(%71'/,1)*’U/)TB((]*ql,p*p/), (22)

i.e. V,W are quadratic, with
AT = A, Ay >Al, BT =B>0,

then the trajectories of the dissipative solution can be computed by projecting the solution to the
conservative one, as in the standard pressurless dynamics. Indeed, the ODEs for the trajectories are

d (Qta,ppo) ) _ Q(t, ¢, p; 110) Qg s o) .
dt ( P(t, q,p; 1o) ) - J(A+B)( P(t, q,p; o) >+/JB< Pt,q'. '3 o) )Mo(dq dp’)

Hence assuming

Jamaldadn =0 = [ ((GErE Y o(dadp) =0

(i.e. it is preserved in time), we obtain

( Q(t, q,p; po) ) _ J(A+B) < q >
P(t,q,p: po) p)’
i.e. the conservative flow is independent from py.

Next, consider the piecewise conservative solution constructed in Proposition [{:12} being the
projection operator linear, it follows that

(Q(t7 ) 07 77)7 P(tv ) 0; 77)) = eJ(AJrB)t]Pt (’7(0)7 Vo (’Y))
Being the above formula independent of the approximation parameter €, we conclude that

Proposition 4.17. If VW are quadratic, and 7 is a dissipative solution with associated descending
fibration {4 }+ and projections Py, then

(1(8), v(t,7)) = " AP (7(0), v9).

For the quadratic case 7 a converse of Lemma holds: if there is only the conservative
solution, then the particle trajectories do not intersect. Note that the examples in [1] show that
the existence of a conservative solution with non intersecting trajectories does not implies that all
solutions are conservative (hence there is only one).

27



Proposition 4.18. If V.W are quadratic and the only solution is the conservative one, then 1 is
concentrated on a family of non-intersecting curves.

Proof. We need the following duality result [13|: if v € P (X), v € P(X’), X, X' Polish, Z C X x X’
Borel, and

s (v,v) = {7‘(‘ Borel measure,/¢(1:1)7r(dac1da?2) < /¢V7/¢(l‘2)ﬂ'<d$1d$2) < /¢V’},
then
sup {m(Z),m € I=(v,v/)} = min {v(A) +/(4'),Z C Ax X' UX x A", A, A’ Borel}. (23)
Let 7 be a dissipative solution such that (v(0),vo)sn = po. Consider the set

Z= {('y,'y') :I'xT:v#4" and 3t € [0,7] such that y(t) = ’y’(t)},

and assume that there is 7 € II=(n, n) such that 7(Z) > 0: we can require 7 to be symmetric, i.e.

/fb(%v’)ﬂ(dvdv’) = /¢(7/a7)77(d7d7/)7

because Z is symmetric. Let
= / Tyn(dy)

be the (not normalized) disintegration.
Define the map

(7:7") = Ty = argmin {y(t) = 7'(1) }.
and define
w(dydy') = 7+ (L1)(n — (Py)ym).

This does not correspond to a measure on I', and indeed the same curve v intersects many others 7:
however (Pq)yw is. Let

E;=7,,([0,4)),
i.e. the couples of curves which cross before t, let P; be the corresponding projection, and set
t = (7(1),7 (1)) = P’ TP (7(0),7/(0)).

It is fairly easy to see that ¢t — #(¢) is continuous, and then that (§)y4n is a dissipative solution
verifying Proposition Hence from the assumption that there are no dissipative solutions we
deduce that

sup {(Z),m € I=(n,n)} =0

The duality implies that there is an n-negligible set N = AU A’ such that Z C N x N, and
then the proposition is proved. O

In general, when the Hamiltonian is not purely quadratic, it may happen that
sup {m(Z), 7 € I=(n,n)} >0

even if the unique solution is the conservative one: we will give an explicit example in Appendix [C}
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5 Compactness of Dissipative solutions

It is well known that by Prokhorov’s theorem .# (I") is compact w.r.t. the Wasserstein distance
W, p < 2, being 7 concentrated on curves in W2 with uniformly bounded energy. Since the set
A (T) is tight w.r.t. the cost || -||7., the Wasserstein distance W, p < 2, is equivalent to the narrow
convergence.

Proposition 5.1. Let {1, }nen,n dissipative solutions in A4 (I') and suppose Wy(n,,n) — 0, p > 1.
For every continuous bounded function ¢ : (L?(0,T))® — R, it holds

/qﬁ(%%vn(’y))nn(dﬂ — /¢>(%%v(v))n(d’y)-

Recall that v(y) is computed by (13al).

Proof. The proof is divided into two steps.
Step 1. First of all, we show that there are a family of maps R,,, R : [0,1] — I" such that

Nn = (Rn)ﬁgl, n= Ruf17 liTan ||Rn — RHLZ(O,l) =0.

The construction is standard, we repeat it for reader’s convenience.
Let B; = B,,(7:), ¢ € N, be a family of open balls generating the topology of I', and such that

n(0B;) = 0. (24)

Define the map S : ' — [0, 1] such that

Y a=S(y) = 23*%31@) € [0,1].

The map S is clearly injective.
Define the measures jt,, = Sy, 1= Syn, and let ¢ € C([0,1]). Then the function

v ¢(zz: 37"xa, (7))

is bounded and continuous outside the set U;0B;, so that by [3| Prop.1.62 b] and it follows

i [ o(c)Symn(da) = 1tim [ o(S(mld) = [ oS = [ o(@)Spn(da),

so that
Hn = Sﬁnn - Sﬁn = M,

i.e. the measures pu,, converges weakly to u.
Next, consider the unique monotone transport maps G™, G : [0,1] — [0, 1] such that

pn = (Gu)s L0, = (G): 2"
It is elementary to see that

hrILn ||Gn - GHLP(OJ) =0.
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Finally, if =1 :[0,1] — T is a left inverse of S, define the maps
R,=S8"1'0G, R=S'oG. (25)

If 2, = S(ym), x = S( ) and x,, — x, then every B, (7;) 7 contains definitely 7,, hence ~,, — .
This shows that S~'Lg (@) is continuous. Observing now that G, (o) — G(a) for Lt-a.e. a € [0,1],
we obtain that R, = S~' oG, : [0,1] — I converges £!-almost everywhere to R = S~! o G. Using
the estimates

1
| 1R (@) 2" (o) = / 157 @ mnti) = [ ol (@),

,1 )

/||S o)[[22 £ (do) = / I l2an(dy),
L2(0,T)

we deduce that || Ry ||1((0,1),r) converges to ||R|1e((0,1),r): this together with the #*-a.e. pointwise
convergence implies that R, — R in LP((0,1),T").

Step 2. The statement thus reduces to

lim /0 H(Ra(0), Bn(0), 0n(Rn()))dor = /0 6(R(a), (), v(R(a))) da

We claim that

By Lemma [£.7] we have

T—s 2
||l 2Rl ) dtda < O8I Ra0), 00 O) o
0 S ’
T—s 2
[l 2RO o) deda < s ROL O o)
0 S ’

Hence by triangle inequality and the convergence R,, — R
2

. T—s ) 5 \*"/
hmnsup/ (/0 |R(a,t) — Ry (o, t)| dt) do
T=s — R(«a s,a) — @
SC(p)limnsup/(/O R(t+s,a) — R(a,t)  Ru(t+s,a) = Ra(a,t)
+C(T,p)s||(R(0),v(0)) [ 720.1)
= 6C(T, p)sl|(R(0), v(0)) |72 (0,1)-

Letting s \, 0 we obtain the desired convergence R,, — R. Using again Proposition we deduce
that the function v, (¢, R,(a)) converges to v(t, R(«)) in L%(0,1) for £'-a.e. a.
Finally for a continuous bounded function ¢ : (L2(0,1))® — R

i [ 665 (0) =1 [ 0( o), 25 0, (1, ) )

ot

= [ (e 52 m@n o = [ ot svoaa@. o
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Theorem 5.2. Let {n,}nen be a sequence of dissipative solutions supported on .# such that
Wy(Mn,m) (0, p > 1. Then n is dissipative solution.

Proof. Since (13a)) is satisfied because of Proposition we have to prove that equation ((13b)
passes to the limit: if R,,, R: [0,1] — T" are the functions (25) in the proof of Proposition then

(13b) can be rewritten as
'Un(tv Rn(a; t)) = ]P)t;n (F(Rna Un(Rn)))

=P, <vo7n(Rn(a))/O VQV(Rn(a,s),vn(s,Rn(a)))
_/O VqW(Rn(a,s),vn(s,Rn(a)),Rn(s,o/),vn(s,Rn(a’)))da’>,

where P; ,, is the projection in L?(0, 1) corresponding to the descending fibration in (0, 1) obtained
through the map T; o R,,,

(0,1) > a Te(Rp(a))(1) = Rul(a, t)X ) + Rp(a, 7) I € T

If ¢ : T' — R is continuous, then
/wmrt o Rn(a))F(Rn(a), vn(Rn(a)))(t)do = /wm 0 R ()Pt n (F(Ry(), vn(Rn(a)))(t))da,

= /w('ﬂ‘t o Ry (a))vn(t, Ry (0))de,

so that, passing to the limit and by the pointwise convergence of R,,,v,, we obtain

/w(Tt ° R(a))F(R(),v(R()))(t)da = /zb(Tt o R(a))v(t, R(e))da,
which, due to the arbitrariness of ¢, reads as
Pi(F(R(e), v(R()))(t) = Pi(v(t, R())),
or in the original coordinates

Pi(F(v(t), v(t,7))) = Pe(v(t, 7).

By (13a) the functions v(t,~y) depends only on (¢, T¢(y)): this together with the right continuity
gives that Py (v(t,v)) = v(t, ), and therefore

Py(F(v(t),v(t,7))) = Pe(v(t, 7)) = v(t, 7).
which is the requirement to be a dissipative solution. O
The following statement is elementary, because of the quadratic growth of V, W.

Lemma 5.3. The energy n+— H((7y(t),v(t)sn) is continuous w.r.t. the Wasserstein-2 convergence.

31



Remark 5.4. Note that for the Hamiltonian

with the initial data ) )
Hn = 5(5(71,0) +6(—n0)) + (1 - n?>50’0’
the energy is not l.s.c., being
H(pp) = =2 < H(poo) = 0.

Clearly u,, is not converging to u w.r.t. Wasserstein-2, but it converges for all p < 2.

6 Discretization

Aim of this section is to prove that the set of dissipative solutions is the closure of the set of finite
particle dissipative solutions. We will first approximate a given dissipative solution with a dissipative
solution with dissipation only at finitely many times, then with a dissipative solution with finitely
many particles, and finally with a sticky particle solution.

Definition 6.1. A dissipative solution is a discrete in time dissipative solution if there exists a
partition 0 =ty < t; < --- < ty = T such that in every interval [t;,t; 1) the solution v(¢) coincides
with the conservative solution with initial measure (y(t;), v(t;))sn.

Recall that (Q(t, q,p; po), P(t,q,p; o)) is the conservative trajectory starting from ¢, p with
initial measure po. Thus the above definition can be rewritten as

V() = Q(t — ti,y(ta), v(ts, Vs ), vt y) = Pt = ti,y(ta), v(ts, 7)s e,
for t € [ti,tiy1), with
pe; = (y(ti), v(ts))gn-
We begin by introducing a general method of constructing discrete in time dissipative solutions.

Let n € &(T), and consider L7 functions (y(v),w(7)). Let 0 =to < t; < --- <ty =T be a
partition of [0,7] and for every ¢ = 1,..., N let T;(v) € L% be given functions such that

Define the functions X (t,7),Y (¢,7) recursively as follows: for t € [ty_1,tn] set
X(t,y) = Q(t — tn,y(7), w(v); ur),
Y(t,y) = P(t — tn, y(7), w(y); 1),
and for t € [t;_1,¢;),i=1,...,N —1,

In other words, the trajectories X, Y are constructed by alternating the conservative flow (Q, P)(¢, ¢, p; 1)
with the projection Py, i =1,..., N — 1 (Figure @: instead of assigning the initial data, we assign
the projections

pun = (y, w)n,

pi = (X (t:), Y (t:))gn.  (26)

Yi=Y(ti—) — Y(t:) = (1—Pp)Y (ti—).
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N

Figure 3: the discrete in time dissipative solution of Lemma [6.2

Lemma 6.2. The measure 7} = Xyn is a dissipative solution with initial velocity vo(y) = Y (0,7).
Moreover

E(0) < B(T) +C 3 T2

Proof. The function X (t,v) and Y (t,) satisfies Equation (13a]) by construction, and Equation
holds in each internal [¢;,¢; 1) with initial data v(¢;,y). We have thus only to verify that

v(ti,y) =P, (v(t;=)(y), i=1,...,N—1.
By construction, v(t,y) depends only on L, 77, so that
v(ts,y) = Py, (v(ti=))(7) = P, (v(t:) — v(ti—)) (7) = Pe, (=T3)(7) = 0.
The energy is jumping only at times ¢; of the amount
E(ti—) — E(t;) = O(1)[| 712,
so that the energy estimate holds. O

We next study the stability w.r.t. the data (y,w), {Y;};. Let (X,Y), (X', Y") be discrete in time
dissipative solution with the same time partition and constructed with initial data (y,w), (v, w’)
and Y;, Y/, i=1,...,N —1.

Lemma 6.3. It holds
N-1
1XW), Y (1) — (X', Y Oz < c(n(y,w) Wl + 3 T T;|L3).

In particular, by taking (y',w’) = 0, T} = 0 we obtain that the solution belongs to . (I"), with
o N-1
61,62 =0 (Il wlzs + X ITilzy )
i=1
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Proof. By stability, for ¢ € [t;,t;41) it holds
(X (), Y(8)) = (X'(£), Y (1))l 2
<SP (X (810 -), Y (Eip1 =) — (X (=), Y (ti1 =) 122
< PO (|10 = Tz + (X (fia), Y (fi1)) = (X (tig1), Y (850)) [ 22) -
The statement is thus a direct application of as in the proof of Proposition O

Proposition 6.4. If n is a dissipative solution, then for every e > 0 there is a discrete in time
dissipative solution n' = (X,Y)sn such that for all t € [0,T)

(X (@), V(1)) = (v(#), v(t)[[ 2 <€

Proof. The proof is analogous to the proof of Proposition [4.12] the only difference being that we will
follow the backward solution of Lemma above, so that we do not need to apply the projection to
the variable @. In particular the constructed function is a dissipative solution, as stated in Lemma

Consider the partition 0 =ty < t; < --- <ty = T of Lemma [.8] and define

T = 0(ti, tiz1,7y) — v(ti, ).

Let X,Y be the discrete in time dissipative solutions constructed in Lemma at each time step
[ti, t;+1) we obtain from Corollary

X2, Y () = (), v()
< H(X(t, Y (5,9))
— (QUt = tis Y (tir) Bltirns i )s (tia), 8t ) m).

Pt —tip1, y(tiv1), 0(tiv1, ti,7); (Y(tig1), 0(t z+1))n77))‘

+ H (Q(t —tip1,Y(tig1), 0, ti,); (V(tig1), 0(tig1))4m),
P(t = tign, Y(tig1), 0(tiss tiy7); (Y(tir), 0(t z+1))ﬂ77)>

- <v<t>,v<t>>\

L3
“NX (tigr =), Y (tig1—=57)) = (Y(tiga), Dtiga, ti,7) HL2
tit1
+0 [ (s) — o)y
tw
TN(X (tig1,7), Y (tig1,7)) — (V(fi+1),v(ti+1,7))||L%

+ Ce(tiﬂ — ti).
Hence, applying the solution formula to the above formula when t = ¢; as in (20)),
(X (), Y (7)) — (’Y(t)yv(t))HL% < Ce.

The measure (X, Y)yn satisfies the statement. O
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The next step is to discretize the number of particles.

Definition 6.5. A discrete in time dissipative solution is a discrete in time dissipative particle
solution if n is made of Dirac masses. If the number of deltas is finite, it is a dissipative finite particle
solution.

Proposition 6.6. If n is a discrete in time dissipative solution and € > 0, then there exists a finite
particle solution ' = (X,Y)yn such that for allt € [0,T

(X (@), Y(2)) = (v(#), v(t))| 2 < e

Proof. The proof follows immediately from Lemma [6.3] if we can find simple functions (y', w’, {Y}};)
approximating

y(v) =2(1), wy) =v(T,7), Yi(y) =v(ti=7) —v(ti,7)

(in the last formula we have used that it is a discrete in time solution where the projection is applied
at times ¢;), with the property that

ly =/ lle2 + w —w/llzs + ST = Thllza < e.
7

The existence of such approximations is elementary.

It remains only to prove that the solution (X’,Y”) of constructed in Lemma by using
y',w', {Y'}; simple functions is a finite particle solution: this is immediate, since from the explicit
form of the solution the functions (X’,Y”) are measureable in the finite algebra generated by
(ylvwlv{T}i)' O

The last step is to prove that we can construct a sticky particle solution made of finitely many
particles.

Definition 6.7. A discrete finite particle solution is a finite sticky particle solution if for every
t € [0,T] the maps T; and e; induce the same equivalence relation.

Proposition 6.8. If n is a finite dissipative solution and € > 0, there exists ' = (X,Y )y finite
sticky particle solution such that

(X (@), V(1)) = (v(#), v(t)[[ 2 < e.

Proof. As in the previous proof, it is enough to find simple functions y’, w’, {Y};}; approximating

y(v) =v(T), w(y)=v(T,y), Yi(y)=vti—7)—v(ts,7),

with the property that

ly = o/llzs + o — w'llzz + SITs = Yillzz < e,
7

and moreover such that the dissipative solution constructed by Lemma [6.2] is actually a sticky
particle solution. W.l.o.g. we can assume that the time steps t; satisfies

ti —tic1 < Oy,
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being §; the time step for which Proposition holds.

We begin by considering the final data y, w, and let M be the number of particles. If the backward
trajectories are not intersecting, then no perturbation is needed. Otherwise, by Proposition [3.§]
there are arbitrarily small perturbations 3’ — y, w’ — y such that the trajectories are not intersecting
in [ty—1,tn). In particular we can assume that

ly = o'llzz + lw — w'|| g2 < e277/%.
The number of particles is increased of at most 2M.

Assume to have found perturbations up to time t;; such that in each time interval [t;,;11),
j > i+ 1, the trajectories are not intersecting, and the number of particles is 2V ="' M. The initial
data for the backward solution are

Y(tiv1), v(tig1,y) + Tiva(y)-

We can then again find perturbations Y7;, () such that the number of particles is at most oN=ipT
and
105 = Tl < €277/,

After a finite number of steps we arrive to ¢t = 0: the total perturbation is

T _
ly =9/ lle2 + lw —w'llz2 + > T = Tillz < 5762 T < e,

and the number of particles is at most 27/% M. O
The above result implies directly the following.

Theorem 6.9. The weak closure of the set of finite sticky particle solutions with bounded second
order moments for v(0),v(0) is the set of dissipative solutions.

7 A (G dense set of initial data

We have proved that for dissipative solutions the energy E(t) = H((y(t),v(t))sn) is decreasing in
time, and actually that the energy dissipation controls the distance from the conservative flow. In
this section we want to prove that the set of initial data for which there is only one dissipative
solution (which is then the conservative one) is of second category in the set of initial data.

In this section we assume that H is convex, so that pu +— H(p) is Ls.c. w.r.t. the narrow
convergence. Define for ;i € Py(R? x R?) the functional

D(p) = max {H(u) — H(((T), v(T)n), (v(0),v(0))sn = p}-

By compactness of .Z (") and Ls.c. of n+— H((y(t),v(t)sn), the maximum is assumed. Being the
supremum of u.s.c. functionals, D(p) is u.s.c., and when D(u) = 0 then every dissipative solution
with the initial data p has 0 dissipation, i.e. it coincides with the conservative one.

Using Proposition [3.6] we deduce the following

Theorem 7.1. The set Dy = {u : D(p) = 0} C Po(R? x R?) is a dense Gs set w.r.t. narrow
convergence.
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Proof. First of all, Dy is a Gg-set, being

Dy = ﬂ {w:D(p) <27"}, D(p) us.c.

Next, by Proposition [6.8] the finite sticky particle solutions are dense and by Proposition [3.6] the set
of initial data so that the trajectories are not intersecting is dense in the set of finite sticky particle
solutions. Finally, for the non intersecting trajectories, the unique solution is the conservative one
by Lemma |4.16 O

A Proofs of Section 3

Proposition 3.2, page The operator is uniformly monotone, namely
AH’Ul — ’UQH% S (’Ul — V2, F(t, Ul) — F(t,’l)g)) S 3LH’U1 - U2H%. (27)

Proof of Proposition[3.3, page[I4 The bound from above follows immediately by the Lipschitz
bounds on VV, VW, which gives that F'(t) is Lipschitz:

[F(t,v1) = F(t,v2)ll2 < 3L|[v1 — v2]| 2.
For the estimate from below, we observe that by symmetry
W(z,v,2",0") =W (' v,z,0) = V,W(xva )=V, W' v, zv),
so that
[ () = ). Pt o)) = Fet ) )
= [ (50) = w2, TV (0 010) = WV (0. w2l )
[ [ (460 = 22, W (20,010,700 (4)

= VW (3(),02(7), 7' (1), w2(7)) ) n(dy ()

> Ao~ wal
Jr%// (”1(’7) —va(7), Vo W (y(#),v1(7), Y (1), v1 (7))
— VW (5(0),02(7),7 (0), w21 e ()

+ % // (017) = 22(4), VoW (3 (8), 01 (2), 7' (1), 01 (7))

and then by uniform convexity

(( v1(7) = v2(7) ) ( VW (y(8), v1(7), 7 v ,v2(7),
() =v2(v) )7\ Ve WH(E),v1(7),7 (), 01(7) = VW (v(2), v2(7), 7 (£), v2(7)



and then we conclude

[ (#10) = v, Pt 00) () = Bt w2 ) ) = Ao = val .

This is the lower bound of . ]

Proposition page There exist unique functions Q(a,t), P(a,t) € Co([0,T], L?(0,1))
satisfying

Q(a;1) :Qo(a)+/0 {VpV(Q(Oé,S),P(Oé,S))+/VpW(Q(Oé,S),P(a,S),Q(a'as)ap(a',S)do/]ds,

P(a,t) = Py(a) 7/0 [qu(Q(OL, s), P(a, s)) + /VqW(Q(a,s),P(oz,s),Q(a',5),P(o/,s)do/} ds.

Moreover
0o H(t L' o) = [ VQUaut) Plavtda+ [ [ W(@la,0). Pla0). @' 1), P(e’ )dade
is constant, (0;Q(t), P(t)) € L?((0,1), W12(0,T)) with

1
10:Q() | L2(0,1): |10: P ()| 2 (0,1 37||33Q(t)||L2(0,1) < 3Le*|(Qo, Po)llr2(0,1)-

Finally, if (Qo, Po), (Qf, P}) are two different initial data and (Q(t), P(t)), (Q'(t), P'(t)) the corre-
sponding solutions, then it holds

H(Q(t),P(t)) - (Q ( ) Pl HLz 0,1) = eSLtH(QO’PO) - (QE))P(;)HLZ(OJ)'

Proof of Proposition page[IZ The existence, uniqueness and continuous dependence estimates
boil down to the same computation: study the Lipschitz constant of the map

(Qa ), Pa, 1)) ( / Vo H(Q(a, 5), P(a, 5))ds, vo(a / V,H(Q(a, s), Pla, s))ds)

We show the continuous dependence: using the Lipschitz estimates for V, W,

1MW) — QW] = HQO Qo+ [ (TLH(@). Pl)ds — TLH(Q (6), P (s)ds

2

< Qo - Q| + 3L / 1(Q(s). P'(s)) — (Q'(s), P'(5))| s,

1P(t) = P'(t)ll2 = ‘ Py—Fy - /0 (VoH(Q(s), P(s))ds — V H(Q'(s), P'(s)))ds

2

<||P0—P0||+3L/ 1(@(s), P'()) — (@'(5), P'(5))]| ds.

38



Hence the continuous dependence follows by a Gronwall-type estimate.

A similar estimate gives that for 3Lt < 1 the above map is a contraction when (Qo, Po) = (Qj, Fy),
so that one deduce uniqueness. The convergence to the initial data follows from .

The estimates on Z,0 follow by differentiating the ODE and Proposition and the
conservation of energy H(t, Ell_(ovl)) directly by differentiating w.r.t. ¢ (which is now allowed since
@, 0 are in L%(0,1). O

B An example of non-uniqueness

We present an example of non uniqueness for the ODE in dimension 1 with Hamiltonian
02
H(p) = /?M(dxdv) + [ W(z —2")p x p(drdvdx'dv'),

where the potential W is not semiconvex. The measure p will be purely atomic. It is not clear to us
whether this example can be adapted to W semiconvex, where a solution can be constructed [12].

Let
T z| <1, x2/2 z| <1,
oy =4 MSL gy
sign(z) |z| > 1, lz] —1/2 |z > 1.
and define

TLIGLU an.T
via)= 3w =y 2 (29)

neN n

Let po be the initial configuration
1
po(dz) = do(dz) + g ﬁéns (dx),

with speed 0 for all n =0,1,....

Define
—®(n'%(z —n?))/n* |z —n?| <1/3,
W(z) = { smooth ~ n~8 1/3 < |z —n3| < 1/2, n € Z\ {0},
0 otherwise.

which is explicitly

—n8(x —n3)%/2 |z —n3| <n—16,
16 —1/2 24 —16 < <1/3
Wiy = 4 I =12/t e el <173
smooth ~ n~ 1/3 < |z —n’| < 1/2,
0 otherwise.
Its derivative is
—¢(n'S(z —n?))/n® |z —nd| <1/3,
W'(x) = { smooth ~ n=8 1/3 < |z —n3| < 1/2,

0 otherwise.
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which is explicitly

—nB(x —n?) |z —n3| <n716,

W () = sign(z)/n® . n=10 < |z §31/37
smooth ~n™° 1/3 < |z —n’ <1/2,
0 otherwise.

Its second derivative is

_n8 |z —n?| < n-1S,
0 16 <z < 1/3,

) <y
smooth ~n=° n='% < |z —n? <1/2,
0 otherwise,

showing that it is not semiconvex.

We have )
2 _ 3\2
/CU pio(da) —Zﬁ(” )" < oo,

/W(ac — y)po(da)po(dy) = %%(20) o

We have observe that the only solutions to
n—mP=2 mneNzeZ
iswhenn=m,z2=00rm=0,n=zorn=0,z=m, so that if the positions z,(¢) are such that
|z, —n®| < 1/4
then
W(zy — ) #0 < 3k € Z(|zy — 2 — k°| < 1/2) & Tk € Z(In® —m® —k°| < 1)
and the last inequality implies
(n:m A k:0) \/(n:k A m:O) \Y (m:—k A n:0).

In particular, if the position remains inside n® + [—1,1]/4, then

Z mnmn'W(mn - mn’) =2 Z mnW(fEn — {170) ~ Zn—8—8 < 0.

n,n’ n>1 n

Let

n = Tn —nd.

When
T =04+ q, €n’+[—-1/4,1/4],
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the equation for this case can be rewritten as system of second order ODEs: using ¢,, = v, it is

immediate to see that

o= 302 mW (gn — o)
g1 = moW'(qo — q1)

G2 = moW'(qo — q2)

Gn = mOW/(Qn - QO)

which is explicitly (being ¢ antisymmetric)
do = ZJroo o(n'° qo an))

g1 = ¢(q1 — qo)
Go =278¢(2' (g2 — qo))

Gn = n_S(b(an(Qn - QO))

B.1 Non-uniqueness for the particle in the origin

Consider the ODE
i =(u), u(0)=u'(0)=0,

where 1) is given in . Multiplying by % and integrating

which has a solution not identically 0 iff

/ " du <

——du < o0.

0 VP(u)

We study the Holder exponent of the function ¥ when 0 < u < 1.
Using the explicit formulas for ¥ we have

= Y
(2 ) B ()

nlby<1 niby>1

:< > 1>U;+( > n_16>u—; > o

nl6y<1 nl6y>1
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We use now the estimates

nl6y<1
oo
E 71716 ~ / w*lde _ ul5/167
e w—1/16 15
& 1
Z =32 / w2 — —y31/16
niby>1 u=t/16 31

Hence for u < 1 it holds

1 1 11 956
\\J ~ | D | BY/16 27, 31/16
) (2 * 15 231)” 165"

since

5 1
1
——dw ~ / w32y ~ §1/32,
/0 V(W) 0

Thus there is not uniqueness, and the nonzero solution will behave like ¢32.

B.2 Non uniqueness - part 2

Before we assumed that the other particles remain in g, = 0 (i.e. z,, = n3). The idea of this section
is that they will approach g, so that the actual force in qq is larger.
Let O(t,u) be a continuous function such that

000w > W) ~u e (0,1/4)
and consider the ODE )
i=1,
i =0(tu) = U= w,
W= O(t,u).

The forward-in-time invariant region S C R? we consider is the region
S = {o <u<1/4, Va2 <t <20 (w), () <w < wa},

where ((¢) is the graph of the non-zero solution to

which we know to behave like

Ct) ~ 2, (T () ~ uP
by the computation at the end of the previous section. The other bound is obtained by solving

t=w, w=2 = u=t,w="=t
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The region is forward invariant because

w=2/u = ==

et W _ Ot W) W/ _
e A ) N B (VR
Vu t 1 1 1 Vu
-1 Ezl 1 2 _ ~1(y
e O R GO A,

In all formulas above we are comparing the vector field (1,w,O(¢,u)) with the tangent to the
boundary (whose slope is at the r.h.s. of the previous formulas).

The strict inequalities gives that the flow is entering the region S: in particular, every trajectory
entering in S at some point (¢, x,w) € 95 is exiting S in some point in the interior of the region

E={u=i<%1OMDSwSLiStSCWU®}

Lemma B.1. If V'(u) < O(t,u) < 3/2, there is a trajectory starting from (0,0) at t = 0 and
reaching u(t) = 1/4 inside S with 1/2 <t < (~1(1/4) ~ 21/16,

Proof. consider a sequence of points (¢, Zn,w,) € 0S converging to (0,0,0), let 7, be a trajectory
starting from (¢, x,,w,) inside S. Then, up to subsequences, the limit trajectory ~ satisfies the
statement. O

We will denote such a trajectory with §o(t), and we can assume that it is defined for ¢ € [0,1/2]
and go(t) > 0 for t > 0.
We next analyze the other components. The ODE for |g,| < 1/3 is

dn =n""0(n"%(gn — 90(1))),  4n(0) = 4u(0) = 0. (30)
We assume that the function go(t) is given, and it is > 0. Then the ODE above is rewritten as
Gn = Wy, Wy = n_8¢(n16(Qn —qo(t)),

and then the quarter plane {g,,w, < 0} is forward invariant for ¢ € [0,1/3]: indeed the vector field
is of order n~® and Lipschitz, and

=0 = ¢q,<0,

w, =0, = w, <0.
We have used that gg > 0 and the uniqueness of the solution: hence

Lemma B.2. For every qo(t) > 0 there is a unique solution q(t) to such that

—O0(n™%) < qn(t), ¢u(t) <0.
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q0 q1 q2 q3 q4

Figure 4: two different conservative solutions of the Hamiltonian system , i.e. the stationary
solution (red) and the solution @ of Proposition (green).

Finally, define the compact set

K= Llp([oa 1/3]7 [_]—7 1]) X (Llp([oa ]-/3]7 [_]-7 1]))N - (CO([Ov 1/3]7R))ND
with the product topology. Given Q = {¢,(t)}, € K, then construct Q' = {¢,,(t)}» € K as the

point whose coordinates are

¢, = a solution by Lemma [B.I] with O(¢t, u) 27”716(1) 6w — q, (1)),

¢, = the solution by Lemma [B:2]

n

Since ¢, < 0 for n > 1, then

() = > 0 0p(n'%u) < O(t,u) Zn‘l% (n'®(u = ga(1))) <

3
57 OSU,, _Q’Il(t) S

N | =

so that the assumptions of Lemma are satisfied for 0 < ¢ <
It is fairly easy to see that Q — Q" maps K into K.
Repeating the process countably many times, we obtain a family of point Q; = {gni}n € K:
assume by compactness that

1
3

in C° up to subsequences. Then

t,qo,i) Zn o(n'%(q = 0,i(t) = gni(1)) = Ot,q0) = > 0~ o (n'*(qo(t) — @ (1))

n

because the series is uniformly convergent and

$(n'®(qo(t) = an(t)) — &(n"*(Go(t) — G (t)).
In particular, since each qo; is a trajectory in S by Lemma [B.T] we deduce
Proposition B.3. The limit point Q = {G,(t)}n is a non constant solution to (29).

Figure [B.2] depicts the two different conservative solutions.

C An non trivial example of uniqueness

Consider the space (t,z) € Rt x R3, and assume

2 20 ,1\2 2 2 2
_ [P € ai(q) N iy
—/2M+2// 4 MXM—/2M+2(/2M>7
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with 0 < € < 1. The Hamiltonian has quartic growth, but since we will consider solutions for
t € [-1,2] such that

supp(p) C {|Q| < 12} x R?,

we can alter the function W(q,¢') = eq2(¢})%/4 outside BY, (0) arbitrarily.
The Hamiltonian ODE in the second and third coordinates is

Qz:pz» pz:(), 122733

whose solution is
¢i(t) = pi(0)t + ¢;(0), i=2,3,
while the first component satisfies the ODE

Gi=p1, p1= 6(/(%2)2N(dq/))Q1~ (31)

For o € [—1,1] consider the initial data for i = 2,3

(q2a (B)(Oz,O) = (a, _|a‘>7 (PQ,Ps)(aa 0) = (—sign(a), 1).

The solutions are then
(g2 a) (e, 1) = (o = sign(a)t,t — al),
and then the unique intersection points of the trajectories g(«), ¢(«’) occur only for

/

o =—-a, t= |Oé|, (qQaQ?))(aa |Oé|) = (070)
Claim 1: there are initial data at t = —1 such that the conservative solution (Q(t), P(t)) satisfies

@l laf) = q(=a,laf) =0, pi(a,a]) = —pi(=a,|a]) = —1.

Proof. 1t is a standard contraction argument for the map

(o), > { [ o —simto) e [ ([ PG 00 )as(oryr |

af
which is a contraction for e < 1 and ¢t € [—-1.2]. O

t

The values {Q(a, —1), P(a, —1)} are the initial data for the dissipative solutions we are going to
study.

When we consider a possible dissipative solution 7, the projection of the motion on the component
2,3 is exactly a sticky particles system, or more precisely it is a dissipative solution to the sticky
particle PDE. The third component gives

t
P, (pg(a,O) —/ VIH(Q3(5),p3(s))ds> =DP(1) =1,
0
so that the third component of the trajectories of the dissipative solution is again

as(t) =1 — |al.
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In particular, only the particles (Ja|, —|@|) can interact, and only at time |«|, and no additional
interactions can occur at a later time.

We can thus write the dissipative solution with the parametrization q(|«|, 8), p(|al, 58), 5 € [0,1],
with the measure £2(d|a|df3), and the projection P; as P, acting on L?(d3). The function o — P,
can be assumed Borel, in the sense that for every f € L?(d3) the function a +— P, (f) is Borel.

Let (Q, P)(|a, B) be a dissipative solution with initial data {Q(a, —1), P(a, —1)}, which in the
parametrization (|a|, 8) corresponds to

(va)(_|a|7_1) ﬂ € [071/2]a

(@, P)(jal, 8, -1) = {(Q,P)(a|7—1) B e (1/2,1].

Let to € [1,2] be the first time such that

vt > to(/t: U }(]IPa|)Q(|a|,ﬂ,7)|2da|dﬂ} dr > 0).

Here and in the following (@, P) is the conservative solution, while (Q, ]5) is the dissipative one
(both parametrized by |af, 5).
As an approximation for the dissipative solution, we define

(@Q, P)(|al, B) t <lal,

(meaﬁﬁ{mﬁ@Pmaﬁ)t>W’

i.e. the trajectories obtained by patching together the conservative solution before the merging time
||, and its projection after the the merging time. This is not a solution, since one has

o a3, g,
ql(‘a|7ﬂ)_ € 2 q1(|04|v5)7é € 2 q1(|0‘|’6)' (32)

In particular, for ¢ > ¢, it holds

ts. 112 2
[l ey,
b 2 2

The contradiction we arrive is exactly in the inequality above, which will imply that the particles
a1(Jal, 8 €10,1/2]), 1 (Joo|, B € (1/2,1]) with arrive late at the merging time ¢t = |«|.

Claim 2: The correction §q1,0p1 to §1,p1 satisfies

) . i 4 8qq)? 2 i1+ 0q1)?
d0qr = 0p1, Op1 = —e(/ (ql+2qI)£2)5Q1 +€[|q;||2 —/ (4 +2 @) 52} 1, (33)

with initial data (0,0).

Proof. Just substitute and use . O

We next use the following simple estimate: if

T =wv, 0 =a(t)r + bt), z(0),v(0) =0,
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then for every § > 0 there exists ¢ such that for ¢ € [0,

2(t)] < (1+9) / (t = P)(r)ldr, [o(t)] < (1+6) / 1b(r)\dr. (34)

Moreover t = ) suffices.

)
3(1+lalloo
t 2 5112
/|5q1(t)|£2 < 26/ <||‘11||2 _ ||‘11||2>d7'
to 2 2

Claim 3: It holds
Proof. The estimate applied to gives

13 _/ (41 +5(J1)2£2
2 2

t
1601 (Jal, B.6)] < (1+8)e / g1 (la, B, 7)ldr,

to

for
1)

— ——.
3(1+esupT€[t0’t] IMEQ)

It is an easy computation to show that the first equation gives the claim, if ¢ < 1 and in particular
the choice ¢ = 1/4 can be allowed. O

0<t—tg<t=

With the above claim, we obtain that

/tt <||q1(7')||§ - / (1 (7) +5q1(7))2£2)d7 _ (14 0et)) /t (llql(T)II% _ ||q1(7)||§>d7 =0

2 2 " 2 2

for 0 < t —tg < t, and then using again we conclude that §g; < 0 in a small positive time
interval (to,t1). This will implies that for tg < |a| < t; the particles solving the ODE (31)) (i.e. the
ones which have not yet interacted) will have

a1 (lal, 8 €[0,1/2],]a]) <0 < q(lal, 8 € (1/2,1], ]al),

contradicting the assumption that they are interacting, i.e. ¢i(|af,8 € [0,1/2],]a|) = q1(Ja|, B €

(1/2,1], |al).
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