FORWARD UNTANGLING AND APPLICATIONS TO THE UNIQUENESS
PROBLEM FOR THE CONTINUITY EQUATION

STEFANO BIANCHINI AND PAOLO BONICATTO

ABSTRACT. We introduce the notion of forward untangled Lagrangian representation of a measure-
divergence vector-measure p(1,b), where p € M1(R4t!) and b: R4t! — RY is a p-integrable vector
field with dive,z(p(1,b)) = 4 € M(R x R?): forward untangling formalizes the notion of forward
uniqueness in the language of Lagrangian representations. We identify local conditions for a Lagrangian
representation to be forward untangled, and we show how to derive global forward untangling from such
local assumptions. We then show how to reduce the PDE div . (p(1,b)) = p on a partition of Rt x R¢
obtained concatenating the curves seen by the Lagrangian representation. As an application, we recover
known well posedeness results for the flow of monotone vector fields and for the associated continuity
equation.
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INTRODUCTION

This paper is devoted to the study of a possible variation of the concept of untangling of trajectories. This
notion has been introduced in [BB19] within the framework of linear transportation theory and it has
been used to investigate the Lagrangian structure of 1-dimensional normal currents in R? and to establish
well-posedness results for the continuity/transport equation drifted by non-smooth vector fields.

The starting point of the present work is the continuity equation which we write in the form
dive 4 p(1,b) = p (PDE)
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where p € M*(R%H1) is a non-negative measure on R4 b: R¥1 — R? is a p-integrable vector field,
p € M(R¥1) is a measure on R%! and the divergence operator in (PDE) is understood in the sense of
distributions on R%*!. The dimension d > 1 is an integer number.

It is by now well-known that non-negative measure-valued solutions p to (PDE) admit a representation:
one can find a suitable set of continuous curves in R? such that the solution p can be thought of as their
superposition. In other words, the evolution of a non-negative measure p solving (PDE) can be described
following a set of continuous trajectories v, which can be chosen to be characteristic curves of the vector
field b, i.e.

~'(t) = b(t,y(t)), for a.e. t. (ODE)

The mathematical, precise formulation of this representability property passes through the introduction
of a measure 1 on the space of continuous curves I, telling which curves are selected to transport the
mass. We highlight that it is also possible to represent, by means of 7, the divergence measure u as
a superposition of Dirac masses (without cancellation) at the starting/ending points of the curves. A
measure like 7 is called Lagrangian representation of p(1,b). Its existence is ensured by general results
which go back to earlier works by Ambrosio (in the context of the continuity equation) and by Smirnov
(in the framework of normal currents).

From the Lagrangian viewpoint, it turns out that the lack of uniqueness of solutions to (PDE) is due to
the presence of intersections among the trajectories selected by a Lagrangian representation. Aiming at
establishing well-posedness results for continuity equation (PDE), one has thus to seek some conditions
which prevent the presence of crossings among the curves . This was, in a nutshell, what led us to
introduce the concept of (local) cylinders of approximate flow in | ]. Tt was proven that the existence
of such cylinders was enough to ensure that the trajectories were disjoint (or, in the language of | 1,
untangled). By means of a disintegration argument, it was then shown how to use this disjoint family of
trajectories to recover uniqueness of solutions to (PDE).

In this paper we follow a similar, parallel strategy, but with a major difference: we want the direction of
time to come into play. We are thus led to discuss the notion of forward untangling: the curves seen by
a Lagrangian representation have disjoint graphs only in one direction of time.

Definition 1 (Forward untangled Lagrangian representation). A Lagrangian representation 7 of p(1,b)
is said to be forward untangled if the following condition holds true: n is concentrated on a set A C I
made up of trajectories such that for every (v,7') € A x A the following implication holds:
if there exists t € (max{t;, to}s min{t7, t;}] such that ~(t) =+/(t) then
Graph’yL[t’min{ﬁ)tj/}] coincides with Graph 7/L[t’min{t’-¢7t’-‘t—/}],

where (t,;,tfyr) denotes the time interval where the curve v is defined and Graph~ is the graph of the

curve « (similarly for 7).

In other words, 7 is forward untangled when it is concentrated on a set of curves which may intersect
but, if they do, then they remain the same curve in the future: trajectories can thus bifurcate only in
the past. Having introduced the notion of forward untangled Lagrangian representation, we now want

to follow the path of | |: the first natural step is to identify some local conditions ensuring that a
“large amount” of trajectories seen by 7 satisfies the forward untangling condition. It is worth mentioning
that “local” means, for us, “inside a proper set”. These sets were studied in details in | ] and their

peculiar property is that they make possible the operation of restriction of a Lagrangian representation.
In other words, we can always localize, in a suitable sense, the measure 7 inside a proper set; in addition,
these sets can be suitably perturbed to adapt to the vector field under consideration. We refer the reader
to [ , Section 4] for the full treatment of this topic (in the class of a.c. solutions p) and to see Section
2.1 below (or [BS]) for the general case.

We thus formulate the following assumption, which replaces the existence of cylinders of approximate
flow of | |:
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Assumption 2. Let 7 be a Lagrangian representation of p(1,b) in a (perturbed) proper set Q C R4+,
Let @ > 0 and assume that for all R > 0 there exists = r(R) > 0 such that

| e @) < =

where:

e n'" is the restriction of 1 to the set of curves which are entering in €;

e X7(v) is the set of curves entering in Q at a point 2’ such that |z — 2| < r, being z the entering
point of v in §;

o A, r(7) is the subset of X" (7y) given by those curves which are not contained in the “tubular
neighbourhood” of radius R around Graph .

The measure 7™ is well defined thanks to the fact that  is proper. Secondly, tubular neighobourhood of
radius R > 0 around Graph~y means

Craphy + B%(0) := {t,z):te [t7,tF], x=~(t)+ 2z forsome z € B%(O)},

where B%(0) denotes the ball of radius R in around the origin in R?. The meaning of assumption is thus
the following: for a fixed entering trajectory 7, we consider the amount of curves which enter in 2 close
to v (at a distance less than r), but which do not remain uniformly close to v (i.e. at a distance R). We
then average this quantity with respect to the total measure of trajectories entering in 2 close to ~; we
ask this final quantity to be controlled (in an L!(n™") sense w.r.t. v) by .

It should be clear, from the informal explanation above, that Assumption 2 yields, in the limit as R — 0,
a control on the amount of trajectories which present bifurcation in the future, i.e. do not satisfy the
forward untangling condition. The link between Assumption 2 and forward untangling is mathematically
formalized in Proposition 3.2 and Proposition 3.7 of the present work. In the former, we show that a
forward untangled representation always fulfills the condition written in Assumption 2. In the latter,
instead, a quantitative version of the converse implication is proved. More precisely, postulating the
validity of Assumption 2, it is possible to select (locally) a relatively “large” set of trajectories which
satisfy the forward untangling condition and are all subset of some maximal curves; the measure of the
complement of this set can be controlled by @ and by the (mass of the negative part of the) divergence
measure y. Proposition 3.7 can thus be seen as a local “almost forward untangling” result starting from
Assumption 2. It is worth mentioning that, in the proof, we exploit some refined tools borrowed from
optimal transportation theory (in particular, Kellerer’s Duality Theorem).

Having settled the local theory, sticking to the plan of | ], we turn to show the global theory of
forward untangling. We suppose Assumption 2 holds in a family of small balls around every point and
we introduce the forward untangling functional: it measures the amount of curves to be removed from a
proper set in such a way the remaining ones satisfy the forward untangling condition. As in | ], we
show that this functional is subadditive w.r.t. union of proper sets; the subadditivity property suggests
to replace the constant w in Assumption 2 with w”(£2), where w” is a measure whose mass is 7 > 0.
By means of a covering argument, in Corollary 4.5, we can finally show how to obtain a globally forward
untangled Lagrangian representation.

The last step is to show how the forward untangling condition is related to (forward) uniqueness of
solutions to (PDE). Once a set of forward untangled trajectories is selected, we construct a partition of
the space-time made up of “one-dimensional” sets, obtained merging the trajectories whenever they meet.
We then implement a reduction argument on this partition, by means of the disintegration theorem. It
is possible to write the equation (PDE) as a one-dimensional balance on each element of the partition.
The one-dimensional equation obtained on each set can be written in Eulerian coordinates, i.e. without
resorting to the Lagrangian representation: this implies (see Theorem 5.5) that, if every representation
is forward untangled, then the partition obtained above is unique. We then exploit this universality
property of the partition to reduce also the equation div(up(1,b)) = v € M(R¥!) for u € L°°(p) and we
use this to give a formula for the measure div(uB(p)(1,d)), for a convex, Lipschitz function §: R — R.

Finally, being the notion of forward untangling clearly one-sided (in time), it is natural to apply it to
vector fields satisfying asymmetric bounds, e.g. monotone vector fields. As an application, in the last
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section of this paper, we are able to recover some well-posedness results for monotone vector fields (see

[BGLI)).

We conclude this introduction with a couple of remarks. We believe that this technical variation on the
theme of untangling could be of interest in the linear transportation theory. In particular, by imposing
a control on the intersection of the curves only forward in time many estimates and propositions of
the approach presented in | | simplify: Assumption 2 (in comparison with its analogue concerning
cylinders of approximate flow in | ]) has the advantage of making more transparent and easier some
of the proofs, although the tools we exploit are essentially the same. Furthermore, the language and the
formulation of forward untangling can be used to deduce, in a rather direct way, two-sided well-posedness
results for other classes of vector fields: as a single example, in [ , Chapter 9], it is shown that
Assumption 2 is fulfilled by a class of vector fields whose difference quotients can be estimated in terms of
particular weak-L! functions. In that case, the estimates are of the same form as the one in Assumption
2, but hold both backward and forward in time, thus yielding to full untangling of the representation
(and hence uniqueness to (PDE), following the analysis of | ]). Notice that such class contains vector
fields arising from convolutions of singular kernels with L! functions (and it is relevant in view of the
results of | , D.

Synopsis of the paper. The paper contains six sections organized in the following way.

Section 1 explains the notation adopted throughout the rest of the article and should be used as a
reference.

Section 2 collects useful preliminary material, mostly taken from [ |: we recall the definitions of
Lagrangian representations, Ambrosio-Smirnov Theorem (see Subsection 2.1); then, in Subsection 2.2 we
present a possible generalization of the concept of proper set, which was studied in | ] only for a.c.
measures p. Finally, in Subsection 2.3, we recall the tools from optimal transportation theory we will
need and in particular Kellerer’s Duality Theorem.

Section 3 develops the local theory of the forward untangling: we define forward untangled Lagrangian
representation in Definition 3.1 and then we prove, in Proposition 3.2 and Proposition 3.7, the mutual
relationship of Assumption 2 with forward untangled representations.

We then face, in Section 4, the global theory: we introduce the forward untangling functional in
Definition 4.1 and we prove it is subadditive in Proposition 4.2. Corollary 4.5 shows how to pass to a
global untangling representation (starting from the local estimates like in Assumption 2).

In Section 5 we construct a partition of the space-time R x R¢ on which we reduce the equation
(PDE). Definition 5.1 introduces the concept of concatenated family of trajectories and, by means of
such notion, we then define the sets EY and F?, which make up the partitions, respectively, of A and of
R?+1. Proposition 5.4 illustrates how to reduce the equation (PDE) on each set F and, in Theorem 5.5,
it is shown that, if every Lagrangian representation of p(1,b) is forward untangled, then the partition
into sets F! is essentially unique. Finally, Theorem 5.12 deals with the composition measure: we consider
a function u € L>(p) and such that div(up(1,b)) = v € M(R%!) and we want to find a formula for
div(B(u)p(1,b)), being 5: R — R a Lipschitz, convex function. To do this, we first write the balances on
time stripes (see Lemma 5.7), and then on more general sets (see Lemma 5.8). By a covering argument,
we finally obtain in Theorem 5.12 a representation formula for the measure div(8(u)p(1,b)) in terms
of p,v and an error term, the measure jg,,, which takes into account the possible merging among the
trajectories.

Finally, Section 6 is devoted to the analysis of monotone vector fields: forward untangling is applied
to the study of the differential inclusion i (t) € —A(t), for a maximal monotone operator A(t) on R%.

Acknowledgements. The work of the second author was supported by ERC Starting Grant 676675
FLIRT.
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1. NOTATION
We collect in this section the notations we will be using throughout the paper.

Euclidean spaces. For an integer d > 1, the d-dimensional euclidean real vector space will be written
as R%. In the following we will often consider the space R¥t! or the space RT x R?, whose coordinates
will be denoted by t (time) and x (space), with t € R (or t € R*) and # € R%. The open ball in R?
centered at a point z € R? with radius r is

Bi(z)={yeR%:|y—a|<r}.

When 2 = 0 and there is no risk of confusion we will simply write B¢ to denote B4(0). If not otherwise
stated, © will stand for a generic open set in R?.

Metric spaces and topology. If (X,d) is a metric space, the ball centered in « € X with radius
r will denoted BX (z), and B, (x) when no confusion occurs about X. If £ C X then dist(E,z) is the
distance of x from the set E, defined as the infimum of d(z,y) as y varies in E. The closure of a set
A is denoted by clos A usually being clear the ambient topological space. The relative closure of A in
the topological space B is clos(A, B). Similarly, the interior will be written as IntA or Int(A, B). The
boundary will be written as Fr(A) or Fr(4, B) and, in some cases (mainly for Q C R%), we will use the
more conventional notation 0€). We will say that A has compact closure in B, writing A € B, if clos A
is a compact set contained in B. In a normed space X, given two sets A, B C X we denote their sum by
A+ B, which is the set defined by

A+B::{xeX:x:a—i—bforsomeaeA,beB}.

In most of the cases B will be taken as a ball. The power set of set X will be denoted by P(X). Given
a product space X X Y, we denote the projection on the space X by px: sometimes we will also write
p; : [[; Xi = X, to denote the projection on the j-component X;. In the product space X x Y, for a set
A C X xY we will denote its sections as

A) ={y: (z,y) € A}, A(y) = {z: (z,y) € A}.
We say that the family {Aq}aer (I some set of index) is a covering of A if

Ac|JAa,

and, if the elements of the family are disjoint, i.e. A, N Ag =0 for o # 5, we say it is a partition of A.

Functions, distributions and differential operators. If A is a set, we will denote by 14 the

characteristic function
1 z€A
Ta(x):= { ’

0 z¢A.

The identity function is denoted by id(z) = x. The graph of a function f is denoted as Graph f, and
the support by supp f. The restriction of a function f to a set A will be written as fL 4. In general,
given X, Y topological spaces, C(X,Y) will stand for the space of continuous functions f: X — Y. The
space of distributions over Q will be 2'(Q). The duality pairing between a distribution f € 2'(Q) and a
smooth test function ¢ € C2°(Q) will be written as (f, ). In the case of 1-dimensional BV functions f
(or, in general, whenever the limits exist), we will write

f(@+) = lim f(z) (1.1)

r—T+

for the right/left limit. The divergence of a vector field b will be denoted by divb. The same notation
will be used also for the distributional counterpart, while div; 5 p(1,b) := 9,p + div,(pb).

Measure theory. We will denote the Lebesgue measure in R? by £¢ and by H? the d-dimensional
Hausdorff measure in R4, k > 0. The Dirac mass at x will be written as 6. For a generic signed Radon
measure y on R? we will write || to denote the associated total variation measure and ||| := |u|(R?) for
its mass. The push-forward of a measure p on X with respect to a Borel function f: X — Y is defined
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as the measure on Y given by fyu(B) := u(f~1(B)) for all Borel set B C Y. Notice that for a Borel map
g: Y — R it holds

| 9w tantan) = [ g0 1)@ utao).

The restriction of a measure p to a set A will be written as pL4. The positive/negative part of p will
be denoted by u*: recall that it holds 4 = p* — = and |u| = u* + u~. The set of signed Radon
measures over X is denoted by M(X), the non-negative Radon measures with M*(X) and the bounded
Radon measures by My(X). Since all results in this paper are local in space-time, we will not distinguish
between weak and narrow convergence, and sometime we will just write weak (or weak*) convergence of
measures to denote both of them.

Integration theory. Usually the integral of a Borel function f w.r.t. a measure p will be written

(when it exists) as
[ t@tds) o [ 1

We will sometimes avoid to write the set of integration, being implicitly characterized by the measure
w.r.t. we are integrating. The disintegration of a measure p w.r.t. a partition {4, }, will be written as

u=/uafuu(oz),
where f is the partition function, i.e. f~(a) = A,.

2. PRELIMINARIES ON LAGRANGIAN REPRESENTATIONS, PROPER SETS AND OPTIMAL TRANSPORT

We present in this section some preliminary material we will use in the paper.

2.1. Lagrangian representations. Consider a vector field of the form

p(1,b) € M(R RITL) (2.1)
where
p € MT (R, b e L'(p;RY). (2.2)
We assume that p is compactly supported and that it holds
div(p(1,b)) = p € M(R) (2.3)

in the sense of distribution, i.e. p(1,b) is a measure-divergence vector(-valued measure) field. To avoid
dealing with sets of p-negligible measure, we will assume that b is defined pointwise everywhere as Borel
function.

An absolutely continuous curve v: I — R?, where I C R is an open time interval, is a characteristic
of the vector field b if it solves the ODE

L) = blt, (1),

the equality holding £'-a.e. in I. As done in | , Section 3.1], we will consider the metric space 1" of
curves v: more precisely, let

T={(ti,t2,7) it <ta, 7€ C((t1, 2] R) |
with the distance
d((t1,t2,7), (t1,15,7)) = [tr = 4] + [ta — to + max {|y(s) =7/ (s)], s € [tr. t2] N [t1, 5]},
and its subset made of characteristics
I= {(tl,tg,'y) € T : v characteristic in (tl,tg)}.

One can show that I" is a Borel subset of 7": indeed

Vel —  sw ’7(75)—7(8)— [ bimarar

t,s€[t1,t2]NQ

:0,

i.e. it is the 0-level set of a Borel function.
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Clearly, given t; < to, a function « which is continuous in the closed interval [t1,t2] can always be
extended to the real line, so that 7" can be seen as a quotient of the space R? x C(R, R?) with the quotient
topology. In what follows, to shorten the notation, instead of the triplet (¢1,%2,7) we will write only -,
and denote its interval of definition by [t7,t}]. We will sometimes consider y as defined only in the open
interval I, := (t,t1), i.e. v = (5 a4y this is for convenience, since our results concern the intersection
properties of families of curves in the open interval where they are characteristics.

We now recall the following important definition.

Definition 2.1 (Lagrangian representation of the vector field p(1,b)). We say that a bounded, positive
measure 7 € M;‘(T) is a Lagrangian representation of the vector-valued measure p(1,b) if the following
conditions hold:

(1) n is concentrated on the set I" of absolutely continuous solutions to the ODE
Y(t) = b(t,7(1)), (2.4)
which explicitly means for every s,t € I,
t
| =6 = [ sramar

(2) if (id,7): I, — I, x R? denotes the map defined by t ~ (¢,7(t)), then it holds in the sense of
Imeasures

n(dy) =0;

p(1,b) = /F (i, 1) (1, A) L1, ) n(dv):

(3) we can decompose the divergence p as local superposition of Dirac masses without cancellation,
ie.

o= /F {@M(t;)(dt,dx) — 5tm(t¢)(dt,dx)} (dv),

lul = / {5t;,w(t;)<dtvd$> + 6t$,v(t¢)(dt’dx)} n(dv),

where we recall that, for every «y, the interval in which it is a characteristic is denoted by I, =
(t5,tF).
The existence of such a measure 7 is ensured by the following
Theorem 2.2 (] D). Let p(1,b) be as in (2.1), i.e. satisfying (2.2) and (2.3). Then there ezists a
Lagrangian representation of p(1,b) in the sense of Definition 2.1.

For the proof (which reduces to a reparameterization of the curves), one can adapt the proof of | ,
Theorem 3.2] (see also the discussion in | , Chapter 3]). Observe that for all 7 the interval of defini-
tion is bounded (because we assume p(1, b) with compact support), so that if u* is the positive/negative
part of the divergence we can disintegrate n according to

n= /Rd+1 n. - (dz) = /R‘Hl e ,uJF(dz), ,Ui _ (tf,’y(tff))ﬁn, (2.5)

We remark finally that, by the first and second points of Definition 2.1, it follows that

L e = [ wesenawan= [ obl< o

so that the total variation of n-a.e. curve is finite, and thus the limits ’y(tff) € R? exist.

~

Remark 2.3. In the case ; = 0 the existence of a Lagrangian representation can also be inferred from
the so called Ambrosio’s Superposition Principle | ]

In the paper we will write, with a slight abuse of notation,

Graphy + B2(0) := {(t,2) : t € [t;,tT], 2 € y(t) + BX(0)}. (2.6)

e
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2.2. Proper sets. Proper sets were introduced in the paper | ], to whom we refer the reader for a
complete treatment. Here we limit ourselves to recall the definition and the main properties we will use
in the following sections. Since the measures we consider are not necessarily absolutely continuous w.r.t.
L4 we use the definition of | , Remark 4.3]; see also [BS5] for the full discussion.

Let f: R¥! — R be a bounded Lipschitz function with compact support.

Definition 2.4 (Inner Proper Sets). The open, bounded set Q = {f > h} is called p(1, b)-inner proper
if there exists a sequence d, \, 0 such that the measures

1
Vo= 57(13 b) -V fpii-1(nnis,)

satisfy

)

o v, ‘V&n

= [vl;
for some measure v € M(Rt1).

It is fairly easy to see that v is the distributional trace.

Definition 2.5 (Proper sets). The set Q5 = {f > h} is p(1, b)-proper if it is inner proper, {—f > h} is
inner proper, and the two traces coincides:

Tr (p(1,b),Q) = Tr (p(1,b), R*1\ Q).

In the following we will write proper instead of p(1,b)-proper when there is no ambiguity about the
vector field. Using | , Lemma 4.4] or the results in [BS], we have the following proposition.

Proposition 2.6. Let f : R4t — R is a Lipschitz function such that Ej, := {f > h} has compact closure
for every h € R. Then Ey, is proper for L'-a.e. h € R. In particular:

(1) for every (t,z) the balls {BI*1(t,x)},~0 are proper sets for L'-a.e. r > 0;

(2) for every fired (t,z) € R™1 and r, L > 0, define the cylinder of center (¢, x) and sizes r, L as

Cylyt = {(T,y) =t < L |y — 2 — b(t,2)(r — )| < 7’}.
Then the cylinders {Cyll:j}wo (with L > 0 fized) are proper sets for L'-a.e. r > 0.

Another useful property is expressed in the following proposition: under a transversality assumption
of the boundaries, proper sets are closed under finite unions.

Proposition 2.7 (| , Proposition 4.11]). If Qq,Qs are proper sets with
(B (991 000,00 L) ) = 0, (2.7)
then Q := Q4 U Qs is proper.

In | | a slightly different definition of proper sets is given, because in that paper it is assumed
that p(1,b) is absolutely continuous with respect to the Lebesgue measure £91: it is required that the
trace is a measure a.c. w.r.t. He pq, and that H%a.e. z € 99 is a Lebesgue point of p(1,b)LI+L. With
that definition one can prove that proper sets can be suitably perturbed in order to adapt to the special
time-space structure of the vector field p(1,b). The perturbation is made in such a way that almost all
the inflow and outflow of p(1,b) occurs on open sets which are contained in countably many time-flat
hyperplanes: due to the special space-time form of the vector field, many computations becomes simpler
thanks to this modification of proper sets.

Theorem 2.8 (] , Theorem 4.18]). Let Q C R¥*! be a proper set. For every e > 0 there exists a
proper set Q° such that

(1) Q C QF C Q+ BIY0);
(2) if
Sy = {(t,x) € 09° :n = (1,0) in a neigborhood of (t,x)},

then S5 is made of Lebesgue points of p(1,b) up to a H-negligible set and

/S o~ /B ol(1.) -l !

<g;

£
1



FORWARD UNTANGLING AND APPLICATIONS 9
(3) if
S5 = {(t,x) € 00 :n = (—1,0) in a neigborhood of (t,x)},
then S5 is made of Lebesque points of p(1,b) up to a He-negligible set and

‘/ pH? —/ pl(1,b) -n]” HY| <.
5 a0

As observed in [ , Section 7], or directly from the proof of the above theorem, we can assume that
the countably many sets {¢ > const} whose boundaries contain S%, S5, are proper. In [BS] it is used a

different approach, which does not need the above theorem. In this paper, however, we assume that the
above theorem holds also for measure-valued vector fields as follows. We denote by

T (p(1,6), )
the positive/negative part of the measure Tr(p(1,d), ).

Theorem 2.9. For every e > 0 there exists a proper set Q° such that
(1) Q C QF C Q+ BHL(0);

(2) if
S = {(t,x) € 90° : Q= {t' >t} in a neigborhood of (t,ac)}7
then
‘ Trt (p(1,b), Q) (S5) — Trt (p(l,b%Q)(@Q)‘ <&
(3) if
S5 = {(t,x) € 00° : Q= {t' <t} in a neigborhood of (t,x)},
then

‘Tr’ (p(1,b),0°)(S5) — Tr™ (p(l,b),Q)(@Q)‘ <e.

The proof of the above theorem can be obtained by repeating the proof of Theorem 2.8 contained in
[BB19].

2.2.1. Restriction of Lagrangian representations to proper sets. In addition to this perturbation, proper
sets play an important role in connection to Lagrangian representations, as it is possible to restrict a
Lagrangian representation to a proper set, in a suitable sense. Given p(1,b) as in (2.1) and a proper set
O, let {t;}ien C R be a dense sequence, and label each open component of

’Y_I(Q) _ U Ij, = (tj’_7tj’+),
JEN
as follows:
(1) if t9~ =t then denote t/F = t9F;
(2) if 9+ = ¢, then denote t9~ = t9~;
(3) for the remaining open intervals I7, relabel I’ as
Ify = (tf{’_,tfy"'r), where i =min{i:t; € IJ;},
i.e. the apex i of the interval If'y refers to the fact that it contains the time ¢; of the dense sequence
and eventually some of the t;, 7 > i.
Let Dy,Dg,D; C I' be the domains of tPY’*, t?fr, tfy’i respectively. This labeling is Borel (see | ,
Lemma 5.5]) and we can now give the following

Definition 2.10. The restriction operators R%’i, R, and Rgy are defined respectively as

0,4+, ._ 0,— . APV
Bo" 7= Mo a0ty Ba V=@ ady ROV IS Yooy
_ ; 2.8
Ry =Ry yURG YU R, (2:8)
ieEN

and the measures 7}, are defined as
16 = (Ro)g7- (2.9)
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Note that Rq is multivalued and it is clear that if

pl1,6) = [, 7)5(15) 1) mh(dn), (2.10)
then in ) ‘
p(1,6) = po(1,b).
Theorem 2.11 (| , Theorem 6.8], [BS]). If Q is a proper set, the restriction operator Rq maps a

Lagrangian representation of p(1,b) to a Lagrangian representation of p(1,b)Lq.
From the definition of Rg, one can deduce the following proposition.

Proposition 2.12 (] , Proposition 6.10], [35]). Let Q C R be a proper set and N C I' a Borel
set. It holds ‘
n({v:3i st Ryy € N}) < (Ro)gn(N).

2.3. Optimal transport and duality. In this section we recall some results contained in the paper
[ ]. They have already been exploited in the setting of Lagrangian representations in | | and we
recall here the main facts for the usefulness of the reader.

Given finitely many finite measures p; > 0 over Polish (i.e. metrizable, complete and separable) spaces
X;, we define the set of admissible transference plans Adm({u;}icr) as

Adm({jus}ier) = {7 > 0: (po)ym < s} € M (Hxi).

Given a positive Borel function A > 0, consider the following duality problem:

sup /h7r = inf { Z/hl i, h; Borel, Zhi > h} (2.11)

Adm({p:})
We recall the following deep duality result:
Theorem 2.13 (] , Theorems 2.14, 2.12]). The equality (2.11) holds if h is a Borel function, and

the infimum is actually a minimum.

Moreover, in the case of two factors X7, Xo and when h is a characteristic function, the infimum can
be restricted to (characteristic functions of) Borel sets.

Proposition 2.14 (] , Proposition 3.3.]). If n = 2 and h = 1p, then the r.h.s. of (2.11) can be
replaced by
inf{,ul(Bl) + p2(Bs) : By, By Borel such that 1, + 1p, > ]lB},

and the infimum is attained, i.e. it is a minimum.

3. THE LOCAL THEORY OF FORWARD UNTANGLING
Consider a vector field of the form p(1,b) as in (2.1), satisfying (2.2) and (2.3).

Definition 3.1. A Lagrangian representation 7 of p(1,b), with div(p(1,b)) = pu, is said to be forward
untangled if the following condition holds true: 7 is concentrated on a set A C I' made up of trajectories
such that for every (v,7’) € A x A the following implication holds:

7,},min{t+,t;}] such that (t) =+/(t) then

if there exists t € (max{t;, t, 5

Grapth[t,min{ti,t:/}] coincides with Graphv’L[t7min{t¢7tj/}].

This means that the trajectories can bifurcate only in the “past”.

Consider now a proper set Q C R4 and let Q° be the perturbed set constructed in Theorem 2.9.
For typographical convenience, in this section we will drop the index e and refer to Q° directly as €.
Recall that the sets Sy, Ss are defined in Theorem 2.9, so that essentially all inflow and outflow of p(1, b)
are occurring on open sets which are contained in finitely many time-flat hyperplanes {¢t = const} and
p:(S1) C {{t = const} is locally proper}. Define now

0™ = I (Grap o510} = /S 0™ Tr(p(L, ), 0)(d2),
1
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where the last formula is the disintegration of n'™ w.r.t. its evaluation on Sj.
We begin by pointing out a necessary condition for a Lagrangian representation to be forward untan-
gled. Let ¢ be the entering time in Q, i.e. y(t]) € Sy.

Proposition 3.2. Let n be a forward untangled Lagrangian representation and let € be a perturbed proper
set. Then, for every w, R > 0 there exists r > 0 such that

L ([ 7))+ BIO),
/ o(Bi(5))" ({7 © Graph v g o, & Graphy + B (0) }) i (dy) < @,
where
o(BI(v(£))) =™ ({7 : ¥ (£) € v(E5) + BE(0)}) = Tr(p(1,b), Q) (v(£;) + BL(0)).
See (2.6) for the notation.

Proof. The assumption that ) is proper, and thus the inner and outer distributional traces coincide,
implies that n({y(t;) € 992}) = 0 so that n-a.e. y crosses dQ in an inner point ¢ € (¢, ).
By the forward untangling, it follows that writing the disintegration

n = [ TH(p(1, b)) (a2,
S1
then for Tr' (p(1,b),Q)-a.e. z € S there exists a curve ~, such that

n({: Graph~' C Graph~.}) =1,

i.e. only the curves which are restriction of v, enter in € from the point z. The map z — =, can be taken
Borel: indeed the crossing point z € S; is a continuous function of v, whose domain can be assumed to
be a o-compact subset A C I' by inner regularity, and then its inverse z — {Graph~,3t; (v(f;) = 2)} is
a multifunction with o-compact graph whose projection gives the graph of z — Graph-y,.

By Lusin’s Theorem, for every d > 0, we can find a compact set K5 C S; with

Tr(p(1,b),Q)(S1 \ K5) <6 and K53 z > 7, continuous w.r.t. C°-topology. (3.1)
By the uniform continuity on compact sets, for every R > 0 there exists rg > 0 such that
V2,2 € Ks: v () € 7:(8)) + B! (0) = Graph VLt mined ot N C Graph~y, + B%(0).  (3.2)
Since for Tr(p(1,b),Q)-a.e. z € K it holds

lim O] Tr(p(1,b),Q) (B(2) N (51 \ K5)) = 0

by definition of Lebesgue point, by Egorov’s Theorem, we can further consider a compact set K5 C K5
such that

Tr(p(L,b), ) (K5 \ ) < 6 (3.3)
the above convergence is uniform, i.e. for any z € K§, r < r’ then
1
——————Tr(p(1,b),Q) (B K 6. 4
By T B ) (B N (81 K9) < (3.4)

Set now
r = min{rg,r’}.

Observe that we can write
[ (fy. gzt (i
oBI6E)) T \ T Graphy g minger, ey & Graphy +Bg(0) [ )7

1
< /{U(B‘l(z)) / ]l{z/:\z’—z\<7", Graph’yzu_[t._ min(tt 4t }]QGraph'yz-i-Bf?'(O)} Tr(p(l,b),Q)(dz')} Tr(p(l,b),Q)(dz),
’ (3.5)
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because

{,. 7'(ty) € y(7) + BY(0), }
v

Graph*y L mm{t:/ﬁ}],@ Graph v + B%(0)

C {’y/ : Graphvy’ C Graph~./, |2/ — 2| <, Graph’yzm[ min{td, ¢4, }],Q_ Graph~y, + B%(O)}.

Now we split the integral in z of the r.h.s. of (3.5) in two terms, one on the compact set K5 and the
other in the complement. For simplicity, denote by

Ap = {(z, 2"y € Sy x 81 : Graph V2 fmax{is, i3, bomin{t], 43, }],@ Graph~y, + B?{(O)}

Then we have

!/
/ {O'(B ( )) /]l{z/ |z’ —z|<r, Graph'yz/L[E_ mm{tw it }],@Graphﬁ’z-i-BId%(O)} Tl’( ( b),Q)(dZ )} Tr(p(Lb),Q)(dz)

- [ nt(Z)MR(z)(z')Tr(p(l,b>,fz><dz’>}Tr(p(l,bm)(dz)
~ [ {1 ) o102 | T 0).2)(a2)
O’ Bd(z)
-/ {U(Bd()) L, L) ot )0 )} Tr(o(1.6), )02
1 ! !/
o A s [, T () THo11.81. 000} Tlp(1,8). (a2
< [ A s et BT | Tro(1,0), (a2
1 / /
o Ao Ly, T T8, 06 | Tlp(1,8), (a2

(3.3) and (3.1) 1 ’ ’
£ [ Lo ] o L) T, ), ) )} Trlo(1.8) )02),

For the second integral we notice that the contribution of z’ € B,.(z) N K is zero, in view of (3.2). Hence

1 / /
i Az [, ooy ot 000 10, 009

1 / /
- /g {J(B;z(z)) /Bgu)\K& Lag () (2') Tr(p(1, b), 2)(dz )} Tr(p(1,b),Q)(dz)

1
< / , {U(B‘Ti(z)) Tr(p(1,b), Q)(Bf,l(z) N (S1 \Kc;))} Tr(p(1,b),Q)(dz)

(3.4)
< 9.

The proof is concluded by taking § so that 30 < w. 0

Corollary 3.3. Under the assumptions of Proposition 3.2 for every R > 0 it holds

lim . /. 7(t /) €(ty ) + B(0), () = 0
r—=0 O—(Bg(’}/({;)))n T Graph/y Ly t ,mln{t+ t+,}}7¢~ Graph"y + B%(O) " =0

We would like now to prove a converse implication, which is more delicate and thus we will split the
proof in several lemmata. We will denote now by 1 a Lagrangian representation of div(p(1,b)) = p in Q
(which can be taken as the restriction of a Lagrangian representation in R%*!, in view of Theorem 2.11).
Here tN,; t,, and we will write for shortness

Graph 'Lz ;5= Grabh Yt e, 5 mine?, 47 1
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As in Proposition 3.2 above, the proper set €2 is assumed to be perturbed, in the sense of Theorem 2.9.

Proposition 3.4. Let ) be a Lagrangian representation in a perturbed proper set Q C R, Let w > 0
so that for all R > 0 there exists v = r(R) > 0 such that

1 ’ / Y(t) € y(t5) + BY(0), }) -
_ " el: (dy) < w. 3.6
/[‘ cr(Bff(’y(t;)))77 <{Py Graph*y Lo ] Q Graph~y + clos B%(0) n(dy) <@ (3.6)
Then there exists a Borel function
S192z—7, €l
such that if
U .= {'y € I' : Graphy C Graphﬁv(t;)},
then it holds

PNU) < inf {20w+“(9)}. (3.7)

Cc>3/2 C

We begin by proving the following lemma, which shows how the piece of information contained in the
hypothesis of Proposition 3.4 can be passed to the limit:

Lemma 3.5. In the setting of Proposition 3./, it holds

in g in N () =(t),
/Wz © ({(%7) ' Gra’{)hw ¢ Graph~', Graph~y’ ¢ Graph~y Tr(p(1,0), )(dz) <@ (3.8)

Proof. For fixed R > R, ~y we have
Uk ({7 7 (£5) € 4(t7) + BJ(0), Graph /e (- i(haphVA%cbsBRUD})
> nin({'y' () €q(ty) + B%(0), Graph~/ Lt t+]§Z Graph + clos B% (O)})
By keeping R fixed and sending R \, 0, we obtain a family of {r,},en such that

1 m (. ) enty)+ B (0), in
/ o(Bd (v (_)))77 <{FY ) Graphfyn_ tﬂ,@ Graph'y—i-closBd( ) }) " (dy) < @.

We now let 7,, — 0 and we make use of the following facts:
(1) the set
{7 Graph~/ Lie t*]g Graphy + clos B%(0 )}
is open in I
(2) by the properties of the disintegration, for Tr(p(1,d),2)-a.e. z € Sy it holds

][ N Tr(p(1,b), Q) (dz) — 1., as measures on I (3.9)
Bi(2)

At this point one uses Fatou’s Lemma and the l.s.c. of the weak convergence on open sets to obtain

@ > liminf [ty (L Y (ty) € v(t7) + Br,(0), )
(B¢ ( (*)))77 v Graph'yl_ wﬂr]g Graphy + clos B%(0) ey

(Fatou) > /lim inf {][ nij({fy' : Graph "}//L[t— t+]$l Graph vy + clos B%(O)}) Tr(p(1,b),Q)(d2") pn™ (dv)
. Bl (v(t5))) v

(3.9 in in AN
> [ on ({on:, max, oy, L5 () (1)} > R}) Tr(p(1,b), 2) (d2).

Finally, we send R — 0 and we use the Monotone Convergence Theorem, so that

/n;n ®n, (7,7") : Graphy € Graph«/, Tr(p(1,b),Q)(dz) < @
Graphv' ¢ Graph~y

which is what we wanted to prove. O
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We now state an elementary inequality which will be very useful to conclude the argument of the proof
of Proposition 3.4.

Lemma 3.6. If Dy > 3/2 it holds

B

lfozSDo(l—a)max{lfa,Q(afﬂ)}JrD—, forall 0<B<a<l.
o

The proof is omitted. We are eventually ready to prove Proposition 3.4.

Proof (of Proposition 3.4). To begin, let us define a partial order relation on the set I" (note that we are
just looking to curves contained in 2, not in the whole R4*1). We consider the set

R :={(7,7') € I'” : Graph~y C Graph~'}.

It is immediate to check the relation R is a partial order on I". We will write v < ' for (v,7’) € R, and
v <+ meaning (y,7") € R and v # /. Notice that, in this language, we can rephrase the conclusion of
Lemma 3.5, namely Formula (3.8), by saying that

- 7(t) =(t5),
w > /n‘z“ ®mn.' | (7,7"): Graphy ¢ Graphv/, Tr(p(1,b),2)(dz)
Graphy' ¢ Graph~y (3.10)
= [ enn({oo) 760 =28, (07 € I\ (RURT) ) Tr(o(1,), D)),

where we have used the notation R? to denote the set {(v,v') : (v/,v) € R}.
Consider the function

zye= (Y A <v)). (3.11)

in

" is weakly continuous: indeed, observe that if

This function is u.s.c. in every compact set where z — 7
Y — 7y then

{174 <y} converges in Hausdorff distance to {7 :+' < v},
so that for every € > 0 it holds, for n large enough,
{719 <9} € {7 : Graphy’ C Graph~y + clos BS1(0) }. (3.12)

Then using the Monotone Convergence Theorem, the u.s.c. of measures of closed sets w.r.t. weak
convergence and (3.12) we get for z,, — 2

n({y v <)) = lgr(l) n({~' : Graph+’ C Graph~y + clos B4T1(0)})

> li\% limsup 7 ({7’ : Graph+’ C Graph~y + clos B4*1(0)})
‘ S 3.13
> li{%hmsupnf;;({fy/ Y < m}) (3.13)

= limsup 2 ({7 : 7 < 7 })s
n
and the sought u.s.c. property is proven. For z € S; let us now define
a = supn ({7 17" < 7}).
Y

Being 2,7 — n*({7/,7 < 7}) ws.c. by (3.13), it follows that for every a the set {z € Sy : a, > a} is a
Souslin set (or analytic) by observing that

{z:a.>a} =p{(z,7) ({7 7 <7}) = a},

i.e. a projection of a closed set | , Proposition 4.1.1]. In particular it is universally measurable.
Thus, for z € Si, for every € > 0, by definition of supremum, there exists v, such that, having set
A, :={y 9 <.}, it holds

it (Az) > a. —e. (3.14)
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By | , Theorem 5.2.1], we can take 7, to be Tr(p(1, b), Q)L g, -measurable (and hence also o-continuous,
i.e. its graph is a countable union of continuous graphs, by redefining 7, on a Tr(p(1, b), Q)-negligible
set). By prolonging the curve v, as

— 4+
vzctm{wl tel )
’yz(t,y) t>13,

and restricting it to the first exiting time, we can assume that its initial and final point belongs to S;
and 09, respectively: in particular (3.14) still holds and 7, cannot be prolonged in €.
Set B, := {7 :9' <.} and
b. = ™ (B.).
Clearly, b, < a, for z € Sy; furthermore, we emphasize that B, is the set of curves whose graph is

contained in the graph of the almost-maximizer v, but are different from it: in view of this, these curves
must have a final point inside the domain 2, so that the following bound holds:

/ Ot ety (Wn(dv)
o <man) = [{ [ 6 (@it | 01,0, 09(a)
by above observation > / { / Bt et (O (dy)}Tr(,o(l,b),Q)(dz) (3.15)
= [ (B TH(p(1.8), ) d2)
:/bz Tr(p(1,b), Q) (d2).

Next, we observe that for every -~y

({7 =7)) < e (3.16)
by the very definition of a,. From the fact that ., cannot be prolonged and from the following implication
vE AL, vy = A ¢EA, (3.17)

we obtain the inclusions
{7) v A, (7,7) ERURT} = {(7,7) i v € Assy <Y VY <7}
={(1,7) v ¢ Ay <Y IU{(1,Y) v ¢ Ay <)

S {(,) 7 ¢ Ay <Y TU{(n7) v ¢ Ay <)

Y)Y Ay <Y TU{(nY) v € Ay <)
Being the last set symmetric in 7,7’, we obtain by symmetrizing the first one
{(n7): (1Y) Ao x Ay, (1,7) ERURTF C{(1Y) 7 € Ay S Y U{(1Y) sy # Ay <7}

(3.18)
Integrating w.r.t. " x i

P x P ({() s (1) € As x Az, (1,7) e RURTY) < / (Y v v })n(dy)
(3.18) Jr\A,
< 2(1- WLH(AZ))ar
(3.16)
Hence, since
n x (AL x A,) = n(A.)?,
we get
2 x ({1 ) s (1,7) € RURTY) <2(1 = n(As))a. +n(Az)?

. (3.19)
=2a, —a’ + (a. —n(A.))".
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Hence
e ({(y): (1.9) e PN (RURNY) =1—n x i ({(,7) : (1,7') e RURT})

> 1-— <2az — az + (az — n(AZ))Q)

(3.19)

) (3.20)

= (1 - az)2 - (az - n(Az)>

> (1- az)2 — &2
(3.14)
On the other hand, since v, cannot be prolonged,
{(Y): () € PPN (RURT) YO [{1:) x (M A)] U [(T\ A2) x {7:}] (3.21)
so that
2 @0 ({(1,7): (v,7) € I\ (RURT)}) = 202 ({7:1) (1 = 2 (42))

=2(n(Az) = n(B.)) (1 - n(A.)) (3.22)

= 2(n(A.) — b.) (1 - ' (A.))

> 9a, —b. —e)(1—ay).
= (a e)(1—a)

Hence we can continue (3.10) as
w > /ni“ @2 ({(1.7) : (1,7) € TP\ (RURT)}) Tr(p(1,b), Q) (dz)

(3.20), (3.22) > /

(1 —a,)max{1l — a.,2(a, —b.,)} Tr(p(1,b),Q)(dz) — (2 + £?) / Tr(p(1,b),Q).
S1 S1

(3.23)
On the other hand by Lemma 3.6 with « = a, and 8 =b, and Dy > 3/2 we have
. b,
NI\ A) <1—a,+e < Dy(l—a)max{1l—a.,2(a —b.)}+ oo te
0

so that,
/ D\ A2) Tr(p(1,b), Q) (d2)

< / [Do(l —a.)max {1l —a;,2(a; —b.)} + %Zo Tr(p(1,b),Q)(dz) + & Tr(p(1,b),Q)(S1)

< Dyw + / — Tr(p(1,b),9Q)(dz) +e(1 + 2Dy + Doe) Tr(p(1,b), 2)(S1).
(3.23)
Since € can be chosen arbitrary small,
. —(Q
[N A T, 0)de) < Do+ Ep

+ (1 + 2Dy + Doe) Tr(p(1,b), Q)(S1)
(3.24)

and this yields the desired conclusions: indeed, setting U :=J,cg, A, from (3.24) we have that

~ . n ()
U < inf {2Cw+ ——
Ut c>3/2{ * C
and 7" is supported on a set of curves which are restrictions of the curve +, by construction. O

In order to pass from uniqueness of the curves starting from the same initial point (Proposition 3.4)
to almost forward untangling (i.e. forward untangling up to a set whose measure is controlled by w and
1~ (£2)), we assume that the condition (3.6) holds for every Lagrangian representation 7 of p(1,b)Lq

Proposition 3.7. Assume that (3.6) holds for every Lagrangian representation n of p(1,b) (in the
perturbed proper set Q). Then for every n there exists a set of forward untangled trajectories U such that
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(a) A pair of curves (v,7') € NF, respec- (b) The resulting curves 7,/ (green) and
tively in red and blue. 4., (orange).

Figure 1. Two curves v,v" with (v,7") € NF and visual depiction of the exchanging map 7.

e for Tr(p(1,b),Q)-a.e. z the measure n'"Ly is supported on a set of curves whose graphs are a

subset of a given curve v, € U;
e it holds

~ . (D)
(U < inf {18C .
00 < g, {150+
Proof. First, by Proposition 3.4 we know that for every n there exists a set U such that n_y has the
property that n'® is supported on the set of curves which are subset of a given curve v,. We restrict 7 to
U, removing a set of trajectories with n-measure bounded by (3.7).
Let us now define the set

NF = {(v,7) :7(t5) #(t5), 7,7 cross},
where we say that two trajectories cross if there exists ¢ € (t7,t3) N ( ;,,tﬂy',) such that v(t) = +'(¢), but
(7,7') ¢ A, i.e. they bifurcate at a time £ > ¢ (assuming this time to be the first time where the curves
meet).
Consider the set of positive transference plans Adm(nin, nin), which are concentrated on the set NF,
and let T € Adm(nin, ni“) be a plan of positive mass: being NF symmetric, we can assume that also 7
is. We write the disintegration of 7 w.r.t. the marginals

T = / To™ (). (3.25)

For every (v,7') € NF, if t, ., is the first time of intersection so that ,v" are certainly splitting for
some £ > t., .+ (see Figure 1a), define

~ V(t) t; S t S t’Yv’Y” =~/ (t)
! () ty <t <t

5 (t) ._ v (t) t;/ StES Ty,
’Y, - +
V() by <t <t 7
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In other words, the map 7,/ is defined on NF C I' x I', takes values in I" and encodes the operation
of exchanging the trajectories of 7,7" at the crossing time ¢, ./ (similar considerations hold for /). See
Figure 1b.

By the property @ € Adm(n™, ™), one deduces that

(py)sT < 7™, (3.26)
and thus the measure
~in in 1 — 1 . _
7= = S (P )eT + 5 (G )T (3.27)
is a non-negative measure. Moreover, since by construction
Oy(e) T 0y0) = 05,00 + O30 (3.28)
it follows that
/67(t)77/ill(d'7 /5 / (05, () = S5()) T ()™ (d)
1 _ 1 _
2y [ @+ g [ G = 0)atar) - § [ G - 60 rldray)

. 1 _ 1 _
exchange 1 7' = [ ™) + 5 [ G50~ 0)a(@rdy) = § [ (s - S0 7(ard)

7 symmetric = /57(t)ni“(d'y).

This means that 77" is a representation of (p;.)sn'™, where p; . (v) = (t,7(t)) is the evaluation map (in
time and space). In particular (the projections of) 7™ and (respectively of) 7'™ have the same trace on

0.
Write

in = /S T (1,B), )2

ACE LT

The above formula follows from (3.25), and the fact that 4, has the same initial point of v because of
its definition. By # € Adm(n™, n') one deduces that |7, || <1, and then

P (dy) + ;/(%)mn;n(dy)) Tr(p(1,b), Q)(dz).

7" ({ : Graph~ C Graph~.}) = [ — = / I ) > 5. (3.29)

We have used the fact that Graphd,, ¢ Graph+, for (v,7') € NF. The same argument implies that if
Graph¥ ¢ Graph~, then
ﬁizn({y : Graph~y C Graph"y}) = nizn({y : Graph~v C Graphy N Graph'yz})

1

2 /{’y:Graph ~yCGraph yNGraph v }
1 . _ — in
+3 /('77/)Wv({7/ : Graph~y’ C Graph#, Graphy’ ¢ Graph~, })n*(dv)

= 77;“({’7 : Graphy C Graph#¥ N Graph 72})
1

2 /{W:Graph ~yCGraph yNGraph -+, }

1 ~ _ ~ in
+ 3 /7_1',7({’}/ : Graph ¥,/ C Graph#, Graph ., ¢ Graph~. })n*(dv),
(3.30)

(17 || (dry)

17 [l (dy)

where we have used (3.27) and the very definition of push-forward of a measure. Observing that

Graph~y C Graph#y N Graphy, = Graph?d, ¢ Graph?, (3.31)
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we get for the last integral of (3.30)
/7?7({7’ : Graph 9,/ C Graph#¥, Graph¥,, ¢ Graph~. } )ni"(dv)

7 ({7 : Graph¥,, C Graph#¥, Graphy, € Graph’yz})r];n(d'y) (3.32)

(3.31) Av:Graph 'ngraph ¥NGraph~, }
</ I ™ ().
{~:Graph ’ngraph 4NGraph -~ }
Hence we can continue (3.30) as
”“({’y Graph~v C Graph'y}) =t ({7 Graph~ C Graphy N Graph’yz})
1

2 /{'y:Graph ~yCGraph yNGraph v, }
1 _ ~ _ ~ in
+3 /”7 ({7 : Graph4,, C Graph#, Graph¥,, ¢ Graph~. })n*(dv)

nin ({’y Graph~ C Graph 4 N Graph ’Yz})

(3.32) T

170 [ (dy)

1 o
-3/ I )
{~:Graph yCGraph yNGraph v, }

1

5/ I ).
{~:Graph 'ngraph ¥NGraph v, }

(3.33)
Adding and subtracting in the RHS the term %I{W:Graphngraph SGraphy. ) |7 |In (dv), we obtain

~1n({7 Graph~ C Graph'y}) < nizn({fy : Graphy C Graph#4 N Graph ’yz})

-5 [ 1mliz @) 530

/ I ),
{~v:Graph 'ngraph ¥NGraph v, }

and doing the same with the term niz“({'y : Graphy ¢ Graph v N Graph 'yz}) we finally reach

i ({~ : Graph~y C Graph#7}) < [[n| — */Ilmlln“‘
" / (Il = ()
{’y'Graph'ngraph”yﬂGraphwz} (335)
(7, has mass less than or equal to 1) < ||ni| / (170 17 (

(by the first equality in (3.29)) = f];n({*y : Graphy C Graph 72}).
All in all, we have thus shown that for Graph ¢ Graph-, it holds
({’y Graph~y C Graphv}) < 77 ({'y Graph~y C Graph’yz})
which means that 7, is a maximizer, i.e. a solution to the problem

sup i ({7 : Graph~’ C Graph~}).
v

We are thus in position to apply the arguments of Proposition 3.4 with n replaced by 7 and
A := {v: Graph~y C Graph~.}.

By formula (3.24)

Il =/H7’w||ni“(dv) :2/~m(r\A ) Tr(p(1,b), Q)(d2) 54D0w+2”1;7(9)7

0
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for all Dy > 3/2, where we have used the observation that for a.e. z, 7, is concentrated on {v C 7.}, and
then 4., € ~, for (v,7') € NF.

‘We now resort to Proposition 2.14 to deduce that there is a subset M = M; U My C U whose measure
is at most

T Do>3/2 0
and such that in U’ = U \ M the trajectories 7., z € U’, do not cross. Adding the measure of the set
I'\ U estimated in Proposition 3.4 and calling U’ with U, we obtain the statement. O

W™ (M) < _inf {4D0w+2ﬂl‘)(9)}

4. THE GLOBAL THEORY OF FORWARD UNTANGLING

4.1. Subadditivity of untangling functional. We now study how the local pieces of information
contained in Propositions 3.7 can be glued in a global one. Roughly speaking, we will consider here the
case in which the constant w is replaced by a measure: we will show that a suitable functional (the
forward untangling functional) is subadditive and thus it is natural to compare it with a measure.

We begin by giving the following

Definition 4.1. Let Q C R**! be a proper set. The forward untangling functional for a Lagrangian
representation 7 is defined as

For(Q) = inf {(Rg)ﬁnin(N) : D(Q)\ N C Afor}. (4.1)

In other words, the forward untangling functional computed on a proper set € gives the amount
of curves we have to remove (from the ones seen by (Rq)sn'™) so that the remaining ones are forward
untangled. We remark that f for depends on the representation 7.

We now show the following property of the forward untangling functional:

Proposition 4.2. The functional ffor defined in (4.1) is monotone w.r.t. inclusion and subadditive on
the class of proper sets. More precisely, if U,V C R are proper sets whose union Q := UUV is proper,
then

ffor(Q) < ffor(U) +ffor(v)-

Proof. The monotonicity follows by the elementary observation that a restriction of a forward untangled
representation is forward untangled. We will thus concentrate on the subadditivity. By definition, for
every € > 0 there exists a set N(U) C I'(U) such that

for in
F7(U) > Ru)gn™(N(U)) — ¢
and
I'(U)\ N(U) C A.
Let N(V) be an analogous set for V. Set
N:={yeI(Q):3i(RyeNU))u{ye(Q):3i@®RyyeNV))}L
By Proposition 2.12
7 (N) <0 ({y € I(Q) : Ji (R () € N(U))}) + 7™ ({7 € I'() : i (RY(7) € N(V))})
< RU)r" (V) + B (V(V)
<FU) + (V) + 22
Being ¢ arbitrary and ffor(Q) < n'"(N), we thus obtain that ffor(ﬂ) < ffor(U) —l—ffor(V) if we show that
I'(Q)\ N C A. To do this, observe that
Ro(I'(%)) € T(U),
and the same for V. Hence, if Graph yLc1os 0N Graph~y/Lees o7 @ then
(1) if
Graph YL clos 0N Graph v/ Leios oM clos U # 0,

and then they must coincide forward in time in clos U;
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(2) or
Graph YL cios N Graph v/ Leios N clos V # ),
and then they must coincide forward in time in clos V;

Hence, if v,7" € I'(UUV) and if v(£) = v/(f), then v = 7 in the interval of time such that £ € v~ *(clos U)
or t € yI(closV). When v exits one of the sets and enters in the other, a simple iterative argument
gives they the property of remaining together is preserved forward in time, i.e. must coincide forward in
time in clos U U clos V = clos (). 0

We are thus led to consider the following

Assumption 4.3. There exist 7 > 0 and a non-negative measure w” € M*(R*!) of mass 7 such that
for some C' > 1, for all (t,z) € Q there exists a family of proper balls {B*1(¢,x)}, such that it holds

B (t,2))

FR (B (1)) < 1807 (B 1,0)) + - Pr (4.2

For future reference let us define the measure

C,for T M
Hor = 18C —.
¢ o+ &
By means of a standard covering argument we have the following
Proposition 4.4. If Assumption (4.3) holds in a proper set  with compact closure, then
FNQ) < Cach™ (clos Q), (4.3)

where Cy is a dimensional constant.

Proof. By Besicovitch Covering Theorem | , Theorem 2.18], for any £ > 0, we can cover the compact
set clos Q with finitely many proper balls B; such that (4.2) holds and

D G (By) < CaE (clos Q) + e

Thanks to the subadditivity (and the monotonicity) of for (e can thus write
ffor(Q) S ff0r<UBi> S foor(Bi) S Cdcgfor(CIOS Q) +e

and sending € — 0 we obtain (4.3). O

We finally show that the validity of Assumption 4.3 is enough, thanks to the subadditivity proved in
Proposition 4.2, to have that 7 is forward untangled.

Corollary 4.5. Suppose there exist sequences T; N\, 0 and C; /400 such that Assumption 4.3 holds for
7i, C; and moreover

CiTi — 0.
Then n is forward untangled.
Proof. Observe that under the assumptions above ||Cgi’f°r|| — 0 which implies that 7 is concentrated on

a set of trajectories such that for all (perturbed) proper set € the measure (Ron)™ is forward untangled.
By countable additivity, we can assume that 7 is concentrated on a set U of trajectories such that for
countably many proper balls B,, generating the topology the entering trajectories are forward untangled.
It is elementary to deduce that U is forward untangled. g

Using now the proof of Proposition 3.7, we conclude that, if every representation 7 satisfies the as-
sumptions of the above corollary, then the set of forward untangled trajectories used by every Lagrangian
representation 7 is made of subcurves of the same family of forward untangled curves .. This observation
will be made precise in Theorem 5.5.
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(a) A concatenated family {v;}4_; of trajectories. (b) We depicted in green the set F!.

Figure 2. Concatenated families of trajectories and an example of set FL.

Remark 4.6. A more careful analysis of the proof of the above proposition would allow to prove that
the Lagrangian representation 7 is actually concentrated on a set of trajectories such that

~tmin{ed, ¢4} N {t > min{t], ¢, }} such that (¢) =~'(t) then

if there exists t € [max{t;, t Tty 5oty

. . . !
Graphm_[t,min{ti’t;}] coincides with Graph St min{ e 5, )]-
The difference is that no initial point of a trajectory belongs to the inner part of the graph of another tra-
jectory. The proof is obtained by considering transference plans which move mass also among trajectories
~" which start from an inner point of v C «y,, with the notation of the proof of Proposition 3.7.
5. UNIQUENESS BY FORWARD UNTANGLING

In this technical section, we show how the forward untangling is related to the uniqueness problem of
the continuity/transport equation.

5.1. Decomposition and disintegration. Let n be a forward untangled Lagrangian representation of
p(1,b) and let A C I' be a o-compact set of forward untangled trajectories on which 7 is concentrated.

Definition 5.1. We say that a finite set of curves {v;}}¥,, C A is concatenated if the terminal times ¢;
are increasing and v; (t]") = vi11(¢).

See Figure 2a. For every time t we define the following partition of A:

El = {7 € A:3N €N, {’yi}i]io({’yi}j,v:o concatenated A o =7 A yn(t) = x) } (5.1)

By the forward untangling property of A, it is fairly easy to see that the above sets are a partition of A
into o-compact sets of curves which can be concatenated to a point in {t} x R%.
Define the o-compact subsets of R4+!

F! = U Graph (m_(t;’t]). (5.2)
YEE]
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Lemma 5.2. The family of sets {Et}, and {FL}, are made of disjoint sets, and for every s < t it holds
(s,y) e F;, = E;CE,. (5.3)
Moreover, for every (s,y) € FY, there is a unique curve connecting (s,y) to (t,z) (with s <t), and this
curve is a characteristic. Finally,
vy {x:y€EL} (5.4)
is a map with o-compact graph.
Proof. The second property (5.3) holds by the definition of concatenation. Suppose now there is a curve
v € EL,NEL,: by forward untangling, if two curves v',v" intersect Graph y at #',¢” > ¢-, then they must

vey

v to {z'}, and {v/, }iv—o,... v~ is the sequence of curves for Ef, concatenating v to {z”}, one deduces by
an iterative process that

Graph~j, C U Graph ;.

il

Hence 2/ = x.

The same reasoning shows that there is a unique curve connecting (s,y) € F! to the point (t,z) with
s < t, and being the finite union of characteristics with the forward untangling property, it is fairly easy
to see that it is a characteristic.

The last property follows as in the analysis of | , Proposition 9.1]. Indeed, the graph of the
function (5.4) is the set

{(W,x) : 3,5 =0,.. .,N({%}ij\;o concatenated A o =7 A yn(t) = ac)},
which is o-compact because
{(7,7’) € A x A: Graph~y N Graphvy' # (Z)}
is o-compact. ]

Corollary 5.3. The set F! is the union of characteristics {Jp }oems, being B a family of indezes. Each
Yo is defined in a time interval (t, ,t] with the forward untangling property, i.e.

Yo(s) =T (s) = Fo(7) =T (1) V7€ [s,1].
Moreover Ay (t) = z.

Proof. Starting from any point (s,y) € FL, there is a unique characteristic Y(s,y) connecting it to the
final point (¢, z), which is obtained by piecing together the finite set of concatenated characteristic in A
connecting (s,y) to (t,z). The set of indexes b can be taken as the set of starting points of 7. O

We will now write the evolution of the PDE along each set Ef;, with ¢ a fixed time. For this purpose,
we will restrict i to the curves which belong to some EY and consider only the part of these curves
contained in (—o0,#] x RY. Define the cutting map at time # as

r(v) = REICE
for those  such that ¢ <. Let
nt = (’I‘E)u(ﬁLEf), with B! := UE;,
and o o
ftrt(BEY) - R?  be the quotient Borel map, f{(E!) = x: (5.5)
this map has o-compact graph by (5.4). In other words, we are considering the PDE
div (p(la b)]]-(—oo,f)) = :u‘—(—ooi)*p(t: d.’ﬂ) =: Mfa

and for definiteness we will consider ¢ — p(t) continuous from the left w.r.t. the weak convergence of

measures. The existence of the measure p(t) follows from the standard trace computation on the set
(—00,t) x R%: for every test function ¢

[ or® = [ otr@mian.
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where we consider y defined in the semiopen interval (¢ ,#] (because p(t) is continuous from the left).
Define the image measure )
m' = (f*)n’". (5.6)
Since
p(t) = (Pe)sn;

where p; is the evaluation map pz(y) := (%), it follows that p(f) < m' and then
p(t, dz) = o(t, z)m! (dx).
By disintegration theorem we can write
"= [ m'(ao)

i) = Ot ey | (@)

[ / (5 A (t3) %,w(m)] né(dv)] m!(dz) =: / plm’ (dz),

and hence

\ﬁ\

where we have set

81

K /[6(t§,7(t) 5%@»] nk(dv). (5.7)

Now we consider the projection operator (id,7y) and the measure (id, 'y)ﬁnf;. Being 1 a Lagrangian
representation, if we define the density

(1036t = G2 ([ (042 k)

then by direct computation
t+

[ 108 Violobt.dyie = [ [ JACEICIR A RIE) El(dS)]n%(dv)

~

:/F {/tf Cigzﬁ(é’a7(8))!:1(ds)} nk(dvy) (5.8)

_ t
= /F (37 i) = Ot ey 8) (@),
hence it holds in the sense of distributions
div(ph(1,b)) = pb,  ph(f dx) = o(f, 7)ds, (5.9)

for mt-a.e. T € Rd.i
The measures p%(t) can be obviously computed directly from the disintegration of p(t) w.r.t. the
partition {FL(t)}z:

plt, ), ) = / oL (¢, dz)m (d7). (5.10)
In the same way, one can recover ;Lg by the disintegration
pies = [ o (o). (5.11)
The balance (5.9) becomes i )
o(7,7) = pL(t, R)(t, @) + pt ([t D) x RY). (5.12)

We collect these results in the following proposition.

Proposition 5.4. If
(1) Trf is the measure given by (5.6),
(2) pL(t) is the family of probability measures given by (5.10),
(8) pl is the disintegration of the measure p_g<py on Fy as in (5.7),
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then for mt-a.e. T

o(£,7) = pL(t, RY)(t,2) + p ([t F) x RY).
We now prove that the partition into the sets F; }; is essentially unique.

Theorem 5.5. Assume that every Lagrangian representation of p(1,b) is forward untangled. Then every
1’ is concentrated on a set of curves A’ such that if

ye A, v(t) € FL(t) for some t, <t<t, (5.13)

then )
GI‘aph’YL(t’ﬂC F; (5.14)

Proof. Let p(t) be the left continuous density, and p(t+) the trace of p(1,b) in the proper open set
{s > t}. Write the disintegration

M= e )y = / NPt dz).

By the forward untangling assumption, we have that for p(t+)-a.e. z € R? there exists a curve 7 .)(s)
starting in (¢, z) such that it holds

ni—f‘z ({7 : Graph YL [,00)C Graphw(t,z)}) =1.

If we assume that every Lagrangian representation 7’ is forward untangled, one concludes that for every
7’ the curve 7, .) is the same (up to a prolongation) for p(t)-a.e. z. In particular, if v .)(s) € FL(s) for
some s € [t, ], then the curve Y(f,2)L[s,7] can be assumed to satisfy (5.14).

Repeating the above observation for a dense sequence of times {t = ¢;};cn, so that we pick every
~v € A’ we can conclude that 7’ is concentrated on a set of trajectories A’ such that if

ye A, A(t) e FLt) for t <T, (5.15)

then )
Graph vy 5C FL, (5.16)

It remains to prove that the measure of trajectories which are outside Eg for an initial interval of
times has r’-measure 0. Call A this set; by a partition argument, it is enough to consider the set AcA
of trajectories ¥ € A intersecting the set {t = ¢} for some ¢, but such that the set {y(f),y € A} is
not a subset of U, F(f). The balance for 7’ as in (5.12) contains the additional terms 7/(A). Since the
quantities in (5.12) can be computed without resorting to the Lagrangian representation, it follows that
7' (A) = 0 and hence also n(A4) = 0. O

Remark 5.6 (Not strongly consistent disintegration). One can define an equivalence relation as follows.
Let {t;}; be a dense countable sequence of times. For each t;, let FY be the family of o-compact sets
constructed in (5.2). Define the equivalence relation E by

(t,)E(t',2") = 3JFi((tx),{t',2) € FL). (5.17)

Since each F! is o-compact, it follows that E is made of o-compact equivalence classes Fy, a € 2 for
some index set.

However, one can make an example such that the disintegration w.r.t. FE is not strongly consistent;
we recall that a disintegration {fiq}aca of a measure p on a space X is said to be strongly consistent
with a partition {X,}aeca of X if it holds p.(X \ Xo) = 0 for pyu-a.e. a, being p the quotient map
pXd>ax— [z]€ X/N =: A (quotient taken w.r.t. the equivalence relation induced by the partition).
Indeed, the problem is equivalent to ask if an equivalence relation whose graph is a countable union of
graphs of equivalence relations which have a strongly consistent disintegration has a strongly consistent
disintegration. This is easily seen to be false: for example, let us consider the equivalence relations on
[0, 1] whose graph is

E,:={(z,y) €[0,1? 12 —y=N2"" mod 1}, neN
and the equivalence relation ~ on [0, 1] whose graph is the countable union of E,, i.e.

E = {(x,y) :3dk,neNz—y=k2"" mod 1}.
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It is possible to show that the Lebesgue measure £!L[0,1] has not a strongly consistent disintegration
w.r.t. the partition induced by ~, as it is done in the standard construction of a Vitali set (see e.g.
[ , Theorem 17, Chapter 2]).

5.2. Composition rule. We assume now that every Lagrangian representation of pu(1,d) is forward
untangled for every u € L (p) such that

dive s (pu(1,b)) = v € MR, (5.18)

By Theorem 5.5 the trees used to decompose p(1, b) are suitable to decompose also pu(1, b), and thus we
obtain the formula

8l

o(t, 2)u(t, T) = /U(tx)/);(tdx) + g ([t, ) x RY), (5.19)
where pL is given by (5.10) and v/£ is obtained by the disintegration analogous to (5.11)
VL, gi= / vim!(dz). (5.20)

For a given function S we now compute

o(t, ) B(u(t, 7))

In the case at ¢ it holds pé = 0, the above formula is right by just removing the indetermined terms.
If B is convex, by Jensen’s inequality

1 7 1 :

and then we obtain

Assume now f has at most linear growth and 5(0) = 0, in particular it is Lipschitz. From the chain
rule for BV function we obtain that:

(1) being S Lipschitz,

of, ) [ﬁ(
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(2) again from the Lipschitz assunption on 3,

ot (o [ ko)) - @(t,x)ﬂ<m [ st
< Lin(9)| (1 - p@gjg)) [ ik

< Lip(/s)nunoo\g(t, 7) - pL(t, RY)

5.12) -
2 Lip(8) [l oo |k ([t ) x RY) |;

(3) in the same fashion as above, since we are assuming 5(0) = 0,

pE( t Rd /ﬂ /ﬁ t) < Lip(B)|ulloo |k ([, 1) x RY)].

We thus obtain the following lemma.

Lemma 5.7. For every Lipschitz convex function B it holds

08(u)(E, 2) / Bu(t))ph(t) + Cpa(@lik] + W) (1£,7) x RY), (5.22)
where Cg o, < Lip(B)(|lulloo + 1).

5.2.1. Construction of the composition measure. We restrict the computatlon of the composition measure
to the set FXN[—o0,t) x R?, because integrating the result w.r.t. m*(dz) gives the measure in Uz F, and
then repeating the computation for a dense countable sequence of times ¢; we obtain the composition
measure in the whole R4*1,

A preliminary step which simplifies the computation of the composition measure is that we can write
balances (5.19) and (5.22) on sets which are more general than time stripes.

Assume that the set A has compact closure, (f,%) € A and is such that for every (¢, x) € F}Lf_ the unique
characteristic in F! connecting (t, ) to (£, Z) has at most one intersection with dA. Then, if

’yHt%A

is the unique intersection time, one can define the measure

pha = (Pry a)iilh:
where
thA,m(’Y) = (tv,Av'Y(t%A))
is the evaluation map. The above measure is supported on 0A and independent of the representation,

because using the intersection property of A with F, for every (t,z) € A N FL the set F! satisfies
FI\{(t,z)} C Ff\ clos 4,

and by writing the balances on each of these sets as in (5.8) we recover p;A: if A/ ¢ dAN FL and
t < inf{t: (t,2) € A}, then
pa)=ai(t U r0)+i( U mn@oxe) (5:23)
(t,x)eA’ (t,x)e A’
Using now formula (5.12), we obtain
phA(0A) = ph(ERY) +pz( U Fin(t,t) x Rd)

(5-23) (t,x)edA

= o(t,z) — pL(clos A).
(5.12)
Using the analogous formula (5.19) for the representation of u € L* and the balance as above, one
obtains

o(t, 2)u(t,x) = /up;A + vl (clos A), (5.24)
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The function u(t, z) is the value computed on the top of each F!. Using the same computations to prove
Lemma 5.7, one can prove the following lemma.

Lemma 5.8. If A is a set with compact closure such that (t,T) € A and each trajectory in Fg has at
most a single intersection with OA, then for every convex Lipschitz function 8 and u € L* solving (5.18)
it holds

eB(u)(t, ) < /ﬁ(U(t))pfz,A(t) + O (20| + V) (AN [t,) x RY), (5.25)
As a corollary, we can apply it to proper sets, by means of the restriction operators RY,.

Corollary 5.9. IfQ is a p.(1,b)-proper set, (t, %) € closQ and F;Q is made by the connected components
of v € EL which can be concatenated to (t,Z) in Q, then (5.25) holds.
The proof is based on the observation that for proper sets almost all trajectories are crossing transver-

sally the boundary, and then one can patch the two estimates of Lemma 5.7 and Lemma 5.8 to move the
point (£, %) to the boundary and to replace the integrand in the r.h.s. (5.25) with the trace.

Proof. Since € is proper, for every ¢ > 0 there exists d > 0 with the folowing property: the n-measure of
the set of trajectories whose crossing times of 92 are closer than ¢ is less than e. It is thus enough to
restrict 7 to the trajectories whose crossing times of 92 have a distance greater than or equal to 6.

We can then apply Lemma 5.8 to these trajectories if the end point (¢, z) is inside  and the Lagrangian
representation is the restriction 75 = (R Bl (0))ﬁn of n: indeed the trajectories used by n§ do not reenter

Q after leaving it (by the very definition of 775 ). Being € proper the integral in the r.h.s. of (5.25) coincides
with the trace.

If instead (¢,Z) € 9 we can apply (5.12) or (5.22) to the time slice [t — 6/2,¢) (because again these
trajectories remain inside €2 in the interval [ — §,%)) in order to obtain the balance as in (5.25). O

If we integrate (5.24) and (5.25) w.r.t. the exiting part of the trace, Tr(pL(1,b),Q), and observe that
the entering trace Tr (pL(1,b),Q) is given by the projection of the measure (Rq)yn on the initial points
(t5,7(t5)), we obtain the following proposition.

Proposition 5.10. If Q is a pL(1,b)-proper and upk(1,b)-proper set and (5.18) holds, then

[uT 6w e,9) = [aTr k.09 + k@)
Moreover for every Lipschitz convex function [ it holds

iE(9) = Cpu (2]pk] + |VE]) ()
- / Bu) T~ (ph(1,5),2) + / B Tt (oL (1,5),2) > 0.

Proof. The only observation is that since (Ju| + |v])(0§2) = 0, we do not need the left continuity as in
Lemma 5.8. 0

We now extend the functional jf—c to a general set E by setting
]é(E) := inf {]2(9),E cQ proper}.

It is standard to verify that j is an outer measure, and it is additive on sets with positive distance. We
then deduce from the Carathéodory criterion [ , Theorem 1.49] that its restriction to the Borel sets
is a positive measure:

Proposition 5.11. For every Lipschitz, convex function B there exists a positive measure ch such that if
div (pé(Lb)) = /é, div (upf;(l,b)) = ;;,

then ) . . )
div (B(u)p5(1,b)) = i + Cpu(lvy] + 2lugl). (5.26)

Moreover B ) B
JERTTY) < Cau([IVE]+ 20| L)) (5.27)
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Proof. The last estimate (5.27) follows by letting Q  R?, and recalling that p(1, b) has compact support.
O

The fact that we have the uniform bound (5.27) allows to obtain the estimate not only on a single F};
but on the whole space: considering a dense sequence of times ¢; and using a standard covering argument,
we thus conclude that

Theorem 5.12. If 38 is a Lipschitz convex function and u solves (5.18), then there is a positive measure
j =1ig,u such that

dives (B(u)p(1,b)) = —jgu + Cpul|v] + 2|ul)
Moreover
iR < Cou (vl + 2|l

In order to get a representation of the measures p(1,b) for every function 8 which is the difference
of two convex functions (or equivalently whose second derivative is a bounded measure), it is enough to
consider the family of 1-Lipschitz functions (Kruzkhov entropies)

ﬂﬁ: \u—ﬂ|,

and assume that ||u||pe(,) = 1. The formula (5.26) yields a function
[~1,1]3a = jg,u € MT(RT)

which is weakly continuous by its very definition (5.26). Using the representation

1 1
B(u) :a+bu+§/ lu—a|lD?B(du),  a,beR,
-1

one obtains

Proposition 5.13. Ifjg, . are the composition measures for fz(u) = |u — @|, then for every Lipschitz
function whose second derivative is a bounded measure it holds
1
ipu = ap+ bv +/ i60,0 D B(d). (5.28)
-1
Remark 5.14. The measure jg , is related to the merging of curves due to (5.22), and if |5”| < C one
can verify by (5.22) that jg . < Cj(y2/2,,. We however are not able to take a measure j which does not
depend on u and such that j)2/2, <j: indeed, one can image a binary tree, where every branch divides
in half at time 27¢. Now, taking uL;~o= 0, the measures p are
2i
p(t e 2771 27%) = Z 2702, —tv;—c;» Tj,Vj,c; some suitable constants.
j=1
One can take a solution u; of div(pu(1,b)) = 0 which is 0 for ¢ > 277 and it bifurcates to —1,1 at the
branching at time 277, then remaining constant for each previous trees. It is immediate to see that

22
jf = —div (pu2<1a b)) = Z 2_j6xj—2‘2'u3-—cja
j=1

whose mass is 1. By varying the time ¢, a measure j such that j; <j for all 7 should have mass +oo, hence
it is not a locally bounded measure.

Example 5.15. The measure jg , does not seem to have any particular structure in more than one space
dimension, where the flow is monotone: here we show that it can be a.c. w.r.t. the Lebesgue measure even
in two space dimensions: for a related example see | ]. In | , Section 4] a Lipschitz function
H:[0,1]% = [0,1] is constructed with the following properties:

(1) for every x; € [0, 1] the function o — H(z1, 2z2) is increasing from H(z1,0) =0 to H(z1,1) = 1;

(2) for every h € [0, 1] the level set H1(h) is a curve xo = f5(21);

(3) the set N for which VH = 0 has positive Lebesgue measure and intersect H!(h) is a single

point z;, for Ll-a.e. h.
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If £ is the arc length on the rectifiable set
H=(h) = {w(e,h), €€ 0, L]}

let £, be the coordinate of this intersection point on the level set H~*(h), Z, = (¢}, k), and define the
vector field on this level set as
~V+H(x(6,h) €<
blaft,m) = 4 oy )L b
V-H(z(l,h) £> 0.

The vector field is Borel, since the set {z(¢, h)} n can be taken o-compact.

Now we follow the analysis of | ]. Using the disintegration
Hl\_H—l h
L2 012= / 7|VH|< Lo (dh) + /6ih£1(dh),

the reduction of the transport equation div(p(1,b)) = 0, p < L2, on the level set H~1(h) is | )
Lemma 3.7

at <|fo((;,(§7)h))|) — 3e(sign(£ — Eh)p(t’ﬁ)) + atp(t,fh)% (df) —0.

If the initial data is p = 1, the solution is

1 0 #1

p(L,h) = 7 b, (5.29)

1+2t L=1¢,.
Similarly another solution is given by
sign(f — Zh) {# Oy,
0 (=10
Thus for B(u) = u?, by comparing (5.29) with (5.30) it follows that

p(L,h)u(l,h) = { (5.30)

Iz = 2L% n= 2£2L{VH:O}.
6. MONOTONE VECTOR FIELDS
Let A(t), t € R be a maximal monotone operator on R?, i.e. assume
Yy € A(t,x1),y2 € A(t, x2) (y1 — Y2, 21 —22) >0
with
VR >0: / |A(t, z)| dt dx < +o0. (6.1)
B (0)

Since we will consider only locally defined solutions, the above integrability assumption can be clearly

relaxed to some local condition and as | , Section 2] we can also consider quasi-monotone operators.
Consider the ODE

i(t) € —A(t)  Ll-ae t>0. (6.2)
In | ] the following results are proved.
Proposition 6.1 (| , Proposition 3.3]). For any initial datum z(0) = 2o € R there exists a unique

solution x(t) to (6.2) with 1-Lipschitz dependence on the initial datum.

Theorem 6.2 (| , Theorem 1.2]). If A, (t) is a family of monotone operators converging in L*(RI+1)
to A, then the flow X, (t) constructed in Proposition 6.1 for the operators A, (t) converges to the corre-
sponding flow X (t) for A(t).

The flow of Proposition 6.1 is defined for every initial point and forward untangled, because of the
forward uniqueness. The last result we recall is that there is a universally measurable selection

a(t,z) € A(t,x)
such that it holds

X(t,z0) = a(t, X (t,z0)) L'-ae. t€R.
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Define the set p
N = {(t,xo) S Rd+1 : igth(t,Jio)}

In | , Lemma 5.3] it is proved that this set is negligible for all measures of the form £!x u, p € M(R?).
Hence one can define

Definition 6.3 (] , Definition 5.5]). For the time-dependent maximal monotone operator A(t),
define a single-valued, everywhere defined vector field b : R4 — R? by first setting

b(t, X(t,20)) = GX(ta). () ¢,

and then extending it arbitrarily on X (N).

Consider now
pi + div(pb) =0, p(t =0) = po. (6.3)
The following proposition holds.

Proposition 6.4. Let A(t) be a mazimal monotone operator, and py be a non-negative measure. Then
there is a unique non-negative measure-valued solution to the continuity equation (6.3) given by the
formula

p(t) = (X (t))spo-

The proof is a direct consequence of the forward uniqueness of the characteristics.
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