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We consider the fractional powers of singular (point-like) perturbations of the Lapla-
cian and the singular perturbations of fractional powers of the Laplacian, and we
compare two such constructions focusing on their perturbative structure for resol-
vents and on the local singularity structure of their domains. In application to the
linear and non-linear Schrédinger equations for the corresponding operators, we out-
line a programme of relevant questions that deserve being investigated.

|. BACKGROUND: AT THE EDGE OF FRACTIONAL QUANTUM MECHANICS
AND ZERO-RANGE INTERACTIONS

At the edge of the theory of quantum Hamiltonians with zero-range interactions, the theory
of partial differential operators, and the recent mainstream of fractional quantum mechanics, there
are two constructions, each of which is classical in nature and the combination of which has been
receiving an increasing attention in the recent times.

The first is the construction of fractional powers of a differential operator with the non-negative
symbol and more generally the fractional power of a non-negative self-adjoint operator on L2(RY).
For concreteness, let us focus on the negative Laplacian

_Az_;@’ x=(x1,...,x7) €RY,
J=1 77

which we shall simply call the Laplacian. In this case, the definition of (=A)*’? for s € R is obvious
in terms of the corresponding power of the Fourier multiplier for —A,

(=M1 = (plHY ),

where (Ff)(p) E]?(p) = (277)_% Jra e YPf(x)dx is the present convention for the Fourier transform. In
fact, F(—A)JF" gives an explicit multiplication form and hence an explicit spectral decomposition for
—A as a non-negative self-adjoint operator on L2(R?), and thus (—A)*’? given by the identity above
coincides with the construction with functional calculus.

The second construction is that the kind of perturbation of a given pseudo-differential operator
that heuristically amounts to add to it a potential supported at one point only, whence the jargon
of singular perturbation.> This is a typical restriction-extension construction, where the first one
restricts the initial operator to sufficiently smooth functions vanishing in neighbourhoods of a given
point xo € R? and then one builds an operator extension of such restriction that is self-adjoint on
L2(R%). This procedure, when the initial operator is —A, is known to be equivalent to the somewhat
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more concrete scheme of taking the limit £ | 0 in Schrédinger operators of the form —A + V., where
V. is a regular potential essentially supported at a scale £=! around xo and magnitude diverging with
&, which shrink to a delta-like profile centred at xg.>3

Both constructions are well known and relevant in several contexts: Sobolev spaces, fractional
Sobolev norms, high and low regularity theory for non-linear partial differential equations, etc., con-
cerning the former, and solvable yet realistic models with computable spectral features (eigenvalues,
scattering matrix,. . .) in quantum mechanics, chemistry, biology, acoustics, concerning the latter.

Recently, especially for the solution theory of non-linear Schrédinger equations whose linear part
is governed by singular Hamiltonians of point interactions,®!? as well as for linear Schrodinger-like
equations with singular perturbations of fractional powers of the Laplacian,*!%:11:14-18.20 the interest
has increased around various ways of combining the two constructions above.

The goal of this work is to set up the problem in a systematic way for two operations that in a
sense do not commute, to make the rigorous constructions of the operators of interest and to make
qualitative and quantitative comparisons.

We shall consider, in the appropriate sense that we are going to specify, the class of singular
perturbations of the d-dimensional Laplacian, supported at a point xy € RY, in the homogeneous and
inhomogeneous case, namely (informally speaking),

h, = —A + singular perturbation at xo,

ey

b, + 1=—A+ 1 + singular perturbation at xy,

and then we shall combine this construction with that of fractional powers, thus considering on one
hand the operators

(/2 = (~A + singular perturbation at xo)*/2,

(b, + 1)*/? =(~A + 1 + singular perturbation at xg)*/? @
and on the other hand, the operators
k{*/2 = (~A)’/* + singular perturbation at x,
O(TS 2 = (-A+ ]l)s/ 24 singular perturbation at xg. ®

All operators in (1)—(3) above are meant to be self-adjoint.

Let us remark that hi/ 2 and (h,+1)*/? are going to be genuine fractional powers of a non-negative
self-adjoint operator on L2(R?) (to this aim, one has to consider non-restrictively only those singular
perturbations that produce non-negative operators), whereas the different notation for the superscript
s/2 in k(j/ ? and in D(TS /2 is to indicate that the latter operators are instead singular perturbations of
s/2-th powers (and not fractional powers of singular perturbations).

In all cases, e (R U {00})72, for some JeN, is going to be a parameter that qualifies one
element in the infinite family of self-adjoint realisations of the considered singular perturbation, with
the customary convention that “r = c0”” denotes the absence of perturbation.

As for the choice of the point xg, there is no loss of generality in choosing xo = 0, which we shall
do henceforth.

The knowledge of singular quantum Hamiltonians of the type (1) is well established in the
literature, and we review them in Sec. II. The study of their fractional powers, hence of the operators
of the type (2), has only started recently, and in the second part of Sec. II, we give an account of the
main known facts about them.

In comparison to (1) and (2), we shall then discuss the rigorous construction of operators of
the type (3) (Secs. III-VII). Our presentation will have two main focuses, which reflect into the
formulation of our following results:

1. to qualify the nature of the perturbation in the resolvent sense (finite rank vs infinite-rank
perturbations);

2. to qualify the natural decomposition of the domain of the considered operators into a regular
component and a singular component and to determine the boundary condition constraining
such two components.
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The first issue is central for deducing an amount of properties from the unperturbed to the per-
turbed operators. The second issue also arises naturally, as one can see heuristically that the
considered operators must act in an ordinary way on those functions supported away from the
perturbation centre, and therefore their domains must contain a subspace of H*-regular functions,
where s is the considered power, next to a more singular component, that is, the signature of the
perturbation.

In this respect, we are going to highlight profound differences between two constructions,
say,

(-A + 1 + singular perturbation at xp)*/?,

(-=A +1)*? + singular perturbation at xo,

which are therefore “non-commutative.”
We organized the material as follows:

o the analysis of operators of fractional power of point interaction Hamiltonians is presented in
Sec. II;

¢ on the other hand, the construction of singular perturbations of fractional Laplacians is presented
in Secs. III-VII, with the general setup in Sec. III, the detailed discussion of the paradigmatic
scenario of rank-one perturbations is presented in Secs. IV and V (homogeneous case) and
in Sec. VI (inhomogeneous case), and an outlook on high-rank perturbations is presented in
Sec. VII;

¢ finally, in Sec. VIII, we outline an amount of relevant questions that deserve being investigated
in application to the linear and non-linear Schrodinger equations governed by the operators
constructed in this work.

Il. SINGULAR PERTURBATIONS OF THE LAPLACIAN
AND THEIR FRACTIONAL POWERS

In this section, we qualify the operators b, i/ 2, and (b, + 1)*2 of (1) and (2). Whereas the
former is well known in all dimensions in which it is not trivial, namely, d = 1, 2, 3, the latter two
operators have been studied mainly in three dimensions, and thus in this section, we choose d = 3 for
our presentation.

For chosen A > 0, we set

Vx| 1 1
e v
Ga(x) = = , PER’, 4
= T = o () @ =p “)
whence
(-A+ )G, = 6(x) (%)
as a distributional identity on R?. We also set
b= -A P C R\ {0}) (6)

as an operator closure with respect to the Hilbert space L2(R%).
As well known,'? | is densely defined, closed, and symmetric on L2(R?), with

o) = {re’@)| [ Forap=o). b =-or. ™

Its Friedrichs extension is given by the self-adjoint Laplacian on L%(R?) with domain H2(R?), and
its adjoint is the operator

P+ pP+a
fteD®), n,éeC
= H*(R?) + span{G,},

N 2 n
(6 + D (P)= "+ D) (FAp) + W)'

PO n 3
D)= [geLz(R3)g(p) = ’ }

®)
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The structure in Eq. (8) is typical of a well-known decomposition [see, e.g., Eq. (2.5) and (2.10) in
Ref. 7]. We observe that D(fo)*) does not depend on 4, only the splitting of g € D(G*) into a H2-function
plus a less regular component does. The last identity in (8) may be re-interpreted distributionally
as

h'g = —Ag+(2mi¢se,
where neither —Ag nor (271) & 6(x)g belongs to L? (R3) but their sum does.

The fact that ker(h + A1) =span{G,} indicates that f) has deficiency index 1 and hence admits a
one-(real-)parameter family of self-adjoint extensions. They can be classified in terms of the standard
parameterization of the Krein-Visik-Birman self-adjoint extension theory (see, e.g., Ref. 7, Sec. 3),
identifying each of them as a restriction of b* by imposing in (8) Birman’s self-adjointness condition
n =7& for some T € R U {oo} (see, e.g., Ref. 13, Theorem 1, and Corollary 1), whence the following
theorem.

Theorem IL.1. Let A > 0.

() The self-adjoint extensions in L2(R>) of the operator b Sform the family (,)reRru{w), Where

Deo = h F» the Friedrichs extension, and all other (proper) extensions are given by b, = fo)* !
D(bH,), where

= T& £
D(h,) =L g LX(R?) sp) =1+ P+ e
£eC, fleD(h) ©)

={g=F1+ 3 £10) G, | F1 e H2®RY)}.

(i) Each extension is semi-bounded from below and

infoh,+11)>0 & 7120,
infoh,+11)>0 & 71>0, 10)
(b, + A1) is invertible < T+0.

(i) For each T € R, the quadratic form of the extension b, is given by
DIh,]=H'(R?) + span{G,}, (11)

belF*' + kaGal = IVF 1, ) = A + kaGall ) + ANFI

L2(R?) L2(R%)

+— ka2 (12)

8Va

for any F* e H'(R%) and «, €C.

Remark I1.2. The t-parameterization depends on the initial choice of the A-shift, and thus the
same extension is described by infinitely many different pairs (A, T)—of course with a unique T once
A is chosen. This is clear by inspecting the boundary condition at x = 0 between the regular and
singular component of a generic g € D(b,): for any two pairs (A, 7) and (', T), identifying the same
extension by, owing to (9), one has

— o ’
A—F/l+2i =FV+ ¢ ,
pr+A pr+ A

with ¢ =3mY4 (/ ﬁdp)’ FU = fly _£@=0
R3

Ty TR

/Rs Fldp= T(zn) e

v _T’(Zﬂ) ;TN ZW(\F V)
/RSF dp= Sm//? r'\f(1+ ),

and also
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whence necessarily 1 = %(1 + w) or equivalently
T-21 12X
i~ v
Thus, when referring to the extension b, we shall always implicitly declare the choice of A and any
other A’ and 1’ satisfying (13) actually identify the same extension.

In the literature, it is customary to find the second expression of (9) with the alternative extension
parameter « defined by

(13)

T-24
a — (14)
thus re-writing (h;)reRujoo) a8 (B )aeRuie) With b, = b* I D(b,,) [see Remark 3 in Ref. 13 and Eq.
(I.1.1.26) in Ref. 2. Of course, owing to Remark II.2, in particular, to formula (13), the parameter
« identifies unambiguously an extension irrespectively of the shift A chosen for the explicit domain
decomposition. From this and a bit of further spectral analysis (Ref. 2, Sec. I.1.1), one then deduces
the following.

Theorem I1.3.

() The self-adjoint extensions in L*(R>) of the operator 6 Sform the family (h,)qeRru{eo}, Where

b, =bh F» the Friedrichs extension, and all other (proper) extensions are given by b, = 6* !
D(b,,), where, for arbitrary A > 0,

Db,)={g=F'+(a+ 2y F10) G, | F e HARY)},
(he + D g=(-A+ ) FL
(ii) The spectrum of b, is given by
Tess(h) = 0ac(hy) = [0, +00), ose(hy) = 0,
0 ifa €0, +o0], (16)
o-p(ba/) = 2 .
{=(4ma)’} ifae(-,0).

(15)

The negative eigenvalue —(4na),” when it exists, is non-degenerate and the corresponding
eigenfunction is lxI" e *™1 V¥ Thys, o > 0 corresponds to a non-confining ‘repulsive’ contact
interaction.

(i) For each a € R, the quadratic form of the extension by, is given by
Dlhe]=H'(R) + span{Gy),

bolF* 4+ 12 Gal = =AF" + ka Gall} ) (17)

FIVFZ, g + AR, o)+ (@ + 32) Jia?

for arbitrary A > 0.
(iv) The resolvent of Y, is given by
(ho + A1) = (=A++21) " + (@ + )G, )Gl (18)
for arbitrary 1 > 0.

For the operators b, + A1 with A sufficiently large and the operators b, with @ > 0, the self-adjoint
functional calculus defines the powers (b, + 11)*/ or hfl/ 2 for seR.

A surely relevant regime is surely s € [0, 2]: the integer powers s = 2, 1, 0 correspond, respec-
tively, to the considered operator, its square root whose domain is then the form domain of the
considered operator, and the identity; the fractional powers in between are of interest when one
needs to discuss the corresponding linear or non-linear dynamics in spaces of convenient fractional
regularity.

From the thorough analysis of such fractional powers made in Ref. 8, one has the following.
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Theorem I1.4. Let « >0, A > 0, and s € [0, 2], and set
H}(RY) :=D(hy*) = D(h, + A1),

(19)
gz @) = 10a + A1) gl 2 g5
(i) One has
Hy(R?) = H'(R?) 0
1911775 sy = 1 g ey ifs €0, 3),
HS(R®) = HS(R?) + span{G,)
A A . 13 1)
IE™ + ka Gallgs sy = 1 Mg @3y + (1 + @)lkal ifse (5, 5),
Hy®Y = {g=F'+ (a+ 2) ' FA0) G| Fl e B ®?))
| | . 3 22)
IF™ + ka Gallgs w3y = 1F Mlgs s if's e(5,2),
where “x” denotes the equivalence of norms.
(i) For g D(hy/*),
(ho +AD)?g=(=A+21)"%g
4sin o oodl IS/Z <G/l+l" g>L2(R3) G/I (23)
- - - +t-
> Jo dra + VA +t
(iii) One has the resolvent identity
—s/2 _ —s/2 _ 0 4t_% sin %
(B + A1) = (~A+ A1) /; At 202 |G X Gl (24)

The transition cases s = % and s = % too can be qualified, however with less explicit formulas—see
Propositions 8.1 and 8.2 in Ref. 8. _

Thus, as described in Theorem I1.4, for s > %, H ;(R3) decomposes into a regular H*-component
and a singular component with local singularity lxI"!, precisely as the domain of b, itself, and for
s> %, regular and singular parts are constrained by a local boundary condition among them of the
same type as in (15); low powers s < %, instead, only produce domains where no leading singularity
can be singled out.

It is remarkable that one has such an explicit and clean knowledge of the fractional powers of
the singular perturbations of the Laplacian: the singular perturbation yields an operator fj,, that is
not a (pseudo-)differential operator any longer and its powers are not simply recovered as Fourier
multipliers, nor is it a priori obvious how the fractional power affects the local boundary condition
between regular and singular components of elements in D(f,,).

It is also worth remarking that whereas §,,, f,/z, and (b, + A1)Y/2 for se (%, 2) share the same
singular behavior lxI™! of the functions in their domain, one noticeable difference is given by Egs. (18)
and (24): indeed, (h, + A1)~! is a rank-one perturbation of (-A + A1)~!, while (b, + 21)~*/? is not
a finite rank perturbation of (—A + 4 1)=5/2,

lll. SINGULAR PERTURBATIONS OF THE FRACTIONAL LAPLACIAN: GENERAL
SETTING FOR THE HOMOGENEOUS CASE

In comparison to bi/ 2, the fractional power of a singular perturbation of the Laplacian, we start
discussing in this section the rigorous construction of operators of the type k(f /2 as introduced infor-
mally in (3), namely, the self-adjoint singular perturbations of the fractional power of the Laplacian.
Then, in Sec. IV, we shall consider the concrete cases of dimension d = 3, and in Sec. V, the case
d=1.
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For chosend e N, A > 0, and s € R, we set

1 1 v
G, = s s Rd, 25
a0 = (W+ o) @, xpe (25)
whence
(=AY + )G 1 = 6(x) (26)

as a distributional identity on R?. We also set

(O Ay T e @\ (0) 27

as an operator closure with respect to the Hilbert space L*(RY). Thus, in comparison to Sec. II, when
o(1) o
d =3, one has Gy , = G, and k( )=b.

. o (s/2) . . .
The domain of K~ , as a consequence of the operator closure in (27), is a space of functions
with H*-regularity and vanishing conditions at x = 0 for each function and its partial derivatives. The
amount of vanishing conditions depends on d and s; in order to classify such conditions we introduce

the intervals 4
©,%) n=0
0= , (28)
(7+I1—],5+I’L) n=1,2,...
For our purposes, it is convenient to use momentum coordinates to express the vanishing condi-

. . . o (s5/2) . .
tions that qualify the domain of k(S : thus, with the notation p = (p1,...,pq) € Rd, by means of an
approximation argument (see the Appendix), we find

o (s —— | llus
D) = B3R\ (0}) = CT R\ (0))
HS(RY) if sel\”
f € H*(R%)such that (29)

/ p)lll"'PZdJ?(p)dp:O ifse],(,d),nzl,Z,...
Rd

Vi, -,Yd € No, Z]‘-izlyj<n—l
Clearly, [pap]' - pZ"f(p) dp=0 is the same as (6‘2;/', e 51% f)(0)=0, with the notation x=
1 d

(xl, coXg) ERd.
o (5/2

The expression of D(k(S/ )) for the endpoint values s = %1 +n requires an amount of extra analysis
besides the arguments proof of (29): we do not discuss it here, an omission that does not affect the
conceptual structure of our presentation.

o (s/2

Being densely defined, closed, and positive, either the symmetric operator k(S/ : is already self-

adjoint on L2(RY) or it admits infinitely many self-adjoint extensions. As well known, the infinite
o (5/2
multiplicity of such extensions is quantified by the deficiency index of k(S/ ), which is the quantity
. °(s/2)
s, d) = dimker (K*7) + a1) (30)

o (s/2
for one and hence for all A > 0. The self-adjointness of k(Y/ ) is equivalent to J(s,d) = 0.
It is not difficult to compute J(s, d) for generic values of d and s and to identify a natural basis

o (s/2
of the J(s, d)-dimensional space ker ((k(s/ ))* + A1).

Lemma lll.1. For givend e N and s > 0,

sel,(ld) =  J(s,d) = (d+n—1).

p 31)

In particular, when s € 1,3"’ for some n €N, then

d
5 (s/2)_,
ker (K~ )" +41) = span{uj/'l,___w‘yl,...,ydeNo, Zijn—l}, (32)
=1
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where
Y1 Yd
—~ _ pl .. .pd
WP = (33)
It is worth noticing, comparing (25) and (33), that
d
uy o = (@2m)2 Gy, (34)

.....

o (s/2
Proof of Lemma III.1. When sel'® we see from (29) that k(s/) is self-adjoint; then

0 b
o (s/2
ker ((k(S/ o A1) is trivial and J(s,d) =0, consistently with (31). When s€I”. n =1, 2, ...,

o (s/2 o (s/2
then u € ker ((k(S/ ))* + A1) = ran(k(S/ : + A1)™ is equivalent to

0= [ aeipt + 07y v D)

o (5/2
and one argues from (29) that ker ((k(S/ ))* + A1) is spanned by linearly independent functions of the

form u;ll ,,,,, 5,0 With Zj-i:] vj < n—1. Such functions are as many as the linearly independent monomials
. . . . d+n—-1
in d variables with degree at most equal to n — 1, and therefore their number equals ( d . O

o(s/2 o(s/2
The knowledge of ker ((k( ! ))* + A1) and of the inverse of the Friedrichs extension of k( 2 is

the two inputs for the Krei-Visik-Birman extension theory (see, e.g., Ref. 7, Sec. 3), by means of

o (s5/2
which we can produce the whole family of self-adjoint extensions of k( ! ).

Such a construction is particularly clean in the case, relevant in applications, of deficiency index
one: the comprehension of this case is instructive to understand the case of the higher deficiency index.

Moreover, as we shall see, in this case, the self-adjoint extensions of R(S/Z) turns out to be rank-one

perturbations, in the resolvent sense: we will use the jargon J=1 or “rank one” interchangeably.
Therefore, in this work, we make the presentational choice to discuss in detail the J(s,d) =1

scenario when s € I{d), deferring to Sec. VII an outlook on the high-7 scenario. This corresponds to

analyzing the regimes s € (%, %) whend=1,se€(1,2) whend =2, s€ (%, %), when d = 3, etc.

. .. . o (s/2) . . .
The construction of the self-adjoint extensions of k in any such regimes is technically the
very same, irrespectively of d, except for a noticeable peculiarity when d = 1, as opposite to d = 2,
3,...

Indeed, when se]id) and hence J(s,d)=1, we know from Lemma III.1 and (34) that

o(s/2) . . .
ker ((k(s ))" + A1) =span{G; .}, and the function Gy, may or may not have a local singularity

as x — 0. As follows from the d-dimensional distributional identity

s 1 d=s d— 1
2IT(3) o = 2 F(Tf)(m), s€(0,d),

G; 0 has a singularity ~xI?=*) when s < d, it has a logarithmic singularity when s = d, and it is
continuous at x = 0 when s > d, with asymptotics

=

d( 24) > s€(0,d),
(2m)?2 275 T(%) (35)

Goa() =5 Gua(0) = (24284 A ssin 24) 7! s> 4.

_ x—0 d
|77 Gpa(x) — ALY =

Now, all the considered regimes s € (1, 2) when d = 2, s € (%, %) when d = 3, etc. lie below the
transition value s = d between the local singular and the local regular behavior of G; ,, whereas the
regime § € (%, %) when d = 1 lies across the transition value s = 1.
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The same type of distinction clearly occurs for the spanning functions (32) and (33) of
o (5/2
ker ((k(S/ ))* + A1) for higher deficiency index J(s, d).
In the present context, the peculiarity described above when d = 1 results in certain different steps
o (5/2
of the construction of the self-adjoint extensions of k(S/ ) and ultimately in the type of parameterization
of such extensions, as we shall see.

. . . . o (s/2) . . .
Therefore, we articulate our discussion on the extensions of k when the deficiency index is
one discussing first the three-dimensional case (Sec. IV) and then the one-dimensional case (Sec. V).
As commented already, for generic d > 2, the discussion and the final results are completely analogous
tod=3.

IV. RANK-ONE SINGULAR PERTURBATIONS OF THE FRACTIONAL LAPLACIAN:
HOMOGENEOUS CASE IN DIMENSION THREE

. . . o (s/2
In terms of the general discussion of Sec. III, we consider here the operator k(S ) on L2(R?)

o (s/2) . . .
when s € (%, %). k acts as the fractional Laplacian (=A)*"? on the domain

DK™ = [fem@®)| /}R Fwdp=0}, (36)

and its deficiency index is 1.
One has the following construction.

Theorem IV.1. Let s e (%, %) and A > 0.

. .. . . o (s/2) .
(i) The self-adjoint extensions in L2(R?) of the operator K * form the family (kf/ 2))76RU{M},
where kﬁf/ 2 s its Friedrichs extension, namely, the self-adjoint fractional Laplacian (-A)*'?,
and all other extensions are given by

= 5 & &
2P =fAp) + o 4
DO =l ge12(R?) (Ip| +/1)2A Ipl* + 2
£eC, fle H'(RY), / fAp)dp=0 (37)
R3
:{ g:Fxl + % F/I(O) Gs. ‘F/l GHS(R3)}
and
(K 4 a1)g = F71 (ol + D+ —=—)). (38)

(pls + )2
(i) Each extension is semi-bounded from below and
inf o kP +A1) >0 & 7>0,
inf ck¥? +21) >0 o 1>0, (39)
(KY7? 4 A1) is invertible & 1 #0.

(iii)) For each T € R, the quadratic form of the extension k(TS 2 is given by

DIKY® 1= H3 (R?) + span{Gy.a}, (40)
KE2LF 4 kGl = NIV IEFUT, ) = AUF + k2Gisallf s,

7(s — 3) K,1|2

—_— 41
2752223 sin(3Z)

A2
FANF 2, o)+

for any F4 e H'2(R%) and «, € C.
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(iv) For T # 0, one has the resolvent identity
2752 sin(32) 223

K+ aD)7! = (AP + a7+
(s — 3)

1Gi X Gl (42)
Proof. The whole construction is based upon the Krei-ViSik-Birman self-adjoint extension

o (s/2 o(s/2
scheme. Since ker ((k( / ))* + A1) = span{G;,} and the Friedrichs extension of k( 2 + A1 is
the Fourier multiplier (Ipl* + A1), one has the following formula for the adjoint (see, e.g., Ref. 7,
Theorem 2.2):

n N £
(pl*+ )% Ipls+A

n,£€C, fle HS(R?), / fAp)dp=0
]R3

o P =)+
D(k ")) =1geL’(R?)

>

<(5/2)., s >
(K™ + a1)g=F((lpl +A)(f‘+w+m))-

o (5/2
Each element of the one-parameter family of self-adjoint extensions of k(s/ : is identified (see, e.g.,
Ref. 7, Theorem 3.4) by the Birman self-adjointness condition n = 7€ for some 7 € R U {co}. This

establishes the first line of (37). Setting F4 :=f1 + (|p|* + 1)"27¢, the boundary condition between
F% and ¢ in Fourier transform reads

/ Fl(p)dp = ¢ —=16=3)_ (43)
]R3

24275 sin(32)
Then, from F1(0) = (Zn)‘% Ir ﬁdp and using (25) with d = 3, the second line of (37) follows.

. . .. o (s/2 . .. .
Since k(TS/ 2 is a restriction of (k(s ))*, from the above action of the adjoint, one deduces (38). This
completes the proof of part (i).

Part (ii) lists standard facts of the Krei-Visik-Birman theory—see Ref. 7, Theorems 3.5, and 5.1.

The quadratic form is characterised in the extension theory (Ref. 7, Theorem 3.6) by the formulas

o (5/2
D[kf/ D= D[kgf/ D]iker ((k(S/ ))* + A1) (where “F” stands for Friedrichs), whence (40), and (kf/ Dy

AD[F+ k3G 1] = (A2 + AD[F] + T|Kl|2||GS,A||zZ(R3), whence (41). The proof of part (iii) is
completed.
The Krein’s resolvent formula for deficiency index 1 (Ref. 7, Theorem 6.6) prescribes

SRS 4+ A1) = (=AY + A1) + Bar 1GuaXGial

for some scalar 8, ; to be determined, whenever (kf/ D4 A1) is invertible, hence for T # 0. Thus,
for a generic h e L%(R%), the element g:= (kfﬂ) + A lhe D(kf/z)) reads, in the view of (37) and
of the resolvent formula above,

- = &2
)=F(p) + ,

=P T
~ h(p) Bix h(g)
Flpy= P =2 [ 20

Ipl* + 4 Q2n)y Jr3 lgl* + 4
The boundary condition (43) for F A and &, then implies 1 = 5, ¢ — T'(S(;:)Mz_ +, which determines
JTS< S1n T s

B, and proves (42), thus completing also the proof of (iv). O

In analogy to what is argued in Remark II.2, the T-parameterization of the family (k(f/ ), €RU{oo}
depends on the initially chosen shift 4 > 0, meaning that with a different choice A’ > 0, the same
self-adjoint realisation previously identified by 7 with shift 1 is now selected by a different extension
parameter 7’. In certain contexts, it is more convenient to switch onto a natural parameterization that
identifies one extension irrespectively of the infinitely many different pairs (4, 7) attached to it by
the parameterization of Theorem IV.1. We shall do it in the next theorem: observe that indeed, as
compared to Theorem IV.1, here below, 4 > 0 is arbitrary.
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Theorem IV.2. Let s€ (3, 3).

. .. . . o (s/2) .
(i) The self-adjoint extensions in L*(R?) of the operator k ’ form the family (kﬁj/ 2))0,6RU{M},
where k(of,/ 2 s its Friedrichs extension, namely, the self-adjoint fractional Laplacian (—=A)*'?,
and all other extensions are given, for arbitrary A > 0, by

A
F (03) G [FLe H'(RY) L,
37! (44)

" s sin( 3T”)

kS + D) g= (=D + ) F™.

DKS/P)=1 g=F'+

(i1) For each a € R, the quadratic form of the extension kﬁj/ D s given by
DIKE/?] = H2(R?) + span{Gy.4}, (45)
K 2L + k2Gis ] = HIVIEFAIT, s, = UF + k2Gisall g
$AFR, g + (@ = 2 al? (46)

L2(RY) 2nssin(3Z)
for arbitrary A > 0.
(iii) The resolvent of k(rf/ 2 s given by
KE? + A1) = (A% + A1)

(47)
+ (@ - =2 ) GGl

27s sin(3ZX)
for arbitrary A > 0.
(iv) Each extension is semi-bounded from below, and
Tess(Ky) = rac(K3'?) = [0, 400),  oek(?) = 0,

0 ifaz0, 48
O-disc(kgys,ﬂ)) = @9
EQ) if <O,

where the eigenvalue E((f) is non-degenerate and is given by
EY = —(2xlals sin(-3£)) 5, (49)

with the (non-normalised) eigenfunction being G A=|EO |
Dt [e3

Proof. Reasoning as in Remark II.2, we seek for the relation 7 = 7(1) that ensures that all the
pairs (4, T(1)), with A > 0, preserve the decomposition (37) and (38) and thus label the same element
of the family of extensions.

For chosen A and 7, a function g € D(kf/ ) decomposes uniquely as

— A s (T3 —
g-Fie_t_  FIEHE) / Fldp = ¢ —42r0=3
pls+ 4 fe(c R3 s2A%75 sin(3E)

Letnow A’ > 0 and 7’ € R be such that for the same function g in the domain of the same self-adjoint
realisation kf/ 2), one also has

— ’ 74 s(TR3 — ,
g = F/l/ + | |.S-€:+ /l' ’ F g?EFI(C(R )9 / F/l,dp = é:, 47(213. (S_3)
P R3

S22 sin(32)
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The new splitting of g is equivalent to

N S
pF+ 24 |pls+a”’

é‘:/ — é\;’ F/l' — F/l
and the boundary condition for F*" and £’ is equivalent to

f 4Ar27(s-3) +/% ( é: é: )dp — é_.; An7 (s-3) (50)
R’

22273 sin(3%) pls+ 14 Ipls+ A/ 2073 sin(3x)’

Let us analyze the integral in (50). Both summands in the integrand diverge, with two identical
divergences that cancel out. Thus, by means of the identity r2(r* + 1)~' == = Ar>=*(r* + 1), one

has
1 1 R 2 R 2
/ (= = ———)dp = 4z lim (/ u dr—/ L dr)
R Cplf+a |pPF+ A Ro+oo \ Jo 1S+ A4 o M+
R ’ R
A’d Ad
=4 lim (/ —r_/ —r)
Ro+o N Jo P2+ A7) Jo 2+ Q)
B 4n? 4n?
Aissin(3E) A issin(E)
Plugging the result of the above computation into (50) yields
7T3-s5)—s1 T @B -s)-sl
/12—% a /1,2_%‘ ’
which shows, in complete analogy to (13) when s = 2, that all pairs (4, 7) such that
7(3—15)—sd

(S

2 gin(32)22-3
2ms* sin(=F)A

indeed label the same extension [the pre-factor —27s? sin(%”) having being added for convenience].
Thus, @ € R U {co} defined in (51) is the natural parameterization we were aiming for (and the
Friedrichs case 7 — +o0 corresponds to @ — +00).

2ms? sin(%")ﬂz’%

) =(a - %)_1 in the formulas of Theorem IV.1, we

2xssin(3Z)A1"5
deduce at once all formulas of parts (i), (ii), and (iAii), together of course with the certainty, proved
above, that the decompositions are now A-independent.

Since the deficiency index is 1 and hence all extensions are a rank-one perturbation, in the
resolvent sense, of the self-adjoint fractional Laplacian, then all extensions have the same essential
spectrum [0, +00) of the latter and additionally may have at most one negative non-degenerate eigen-
value, and in any case, all extensions are semi-bounded from below—all these being general facts
of the extension theory; see, e.g., Ref. 7, Theorem 5.9 and Corollary 5.10. This proves, in particular,
the first line in (48).

The occurrence of a negative eigenvalue E, = —A of an extension kff/ 2), for some A > 0, can be
read out from the resolvent formula (47) as the pole of (kﬁf/ Dy AD)~! that is, imposing

Upon replacing

1 =O,

3
2nssin(3Z)al-s

1.e.,
3-s . 3 -1
@ =-A5 (2rssin(==7)) .
The identity above can be only satisfied by some 4 > 0 when a < 0 because sin(—ST”) > 0, in which
case

A = (2xlals sin(=3%)) 7.
Alternatively, one can argue from (37) and (38) that the eigenvalue —1 must correspond to the
eigenfunction (m)v, that is, an element of the domain with only singular component, and to the

parameter 7 = 0, hence with f? = 0 in the notation therein. Then, setting 7 = 0 in (51) yields the same
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condition above on @ and A. This proves (49) and the second line in (48) when @ < 0, and it also
qualifies the eigenfunction.

When such a bound state is absent and therefore when a > 0, for what is argued before, one has
o-(kf,f/ 2)) = o-ess(kﬁj/ 2)) = [0, +o0). This proves the second line in (48) when @ > 0 and completes the
proof of part (iv). O

Mirroring the observations made in the conclusions of Sec. II, we see that the elements of the
domains of both the operators hi{z [the fractional power of the singular perturbation of (—A)] and
kg/ ? [the singular perturbation of the fractional power (—A)*?] split into a regular H*-component
plus a singular component; however, in the former case, the local singularity is lxI~! for all considered
powers s € (%, 2], whereas in the latter, it is the singularity of Gy_;, namely, IxI™3~*) for all powers
se(3,3).

In either case, a local boundary condition constrains regular and singular components: working
out the asymptotics as x — 0 in (15) and (44) by means of (35), we find

g) ~ (@+@nlx)™")  asx—0, geD®Y?), se(3.2],

. (52)
g ~ (@ + A7) asx—0, geDKY?), se3,3),

where A, is defined in (35). [Observe that Ay = (47)7!, consistently.]
Furthermore, whereas (,,+11)~*/2 is not a finite rank perturbation of (~A+11)™/2, (k*/?+ 1)
is indeed a rank-one perturbation of ((=A)*/% + A1)7!.

V. RANK-ONE SINGULAR PERTURBATIONS OF THE FRACTIONAL LAPLACIAN:
HOMOGENEOUS CASE IN DIMENSION ONE

o (s/2
In terms of the general discussion of Sec. III, we now consider here the operator k(Y/ : on L*(R)
when s € (3, $)\{1}.

I e Lo . o (s/2
We start with identifying the Friedrichs extension kgf/ D ofk”

). Unlike the three-dimensional

case, the structure of k;f/ 2 depends on whether s < 1 or s > 1.

Proposition V.I. Let s€(3,1)U(1,3).

. o (5/2
(i) The quadratic form of the Friedrichs extension k;‘/ 2 of k(S/ ) is
/2 ; 1
DIKY?] = {H3 ® yselz D
! HP®R\(0) if se(1,3), (53)

kY217, g1= (IVI3f, VI g).

(i) Whense (%, 1), one has

DKY?) = H'(R),

, (54)
KE2f = (=03
(ili) When s€(1,3), for every A > 0, one has
D(kY? :{ _p- 2O G, HSR},
&= =0~ 5 0 a|peH®) 55

KSP + A1) = ((-A)? + ).

In particular, D(kgm) C H*(R) + span{Gg 1 }. In this regime of s, (k(FS/Z) + A1) has an everywhere
defined and bounded inverse on L*(R) with
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K24+ = (~A)F +aD)7 - G AXGs - (56)

Gy.a(0)

Proof. Following the standard form construction of the Friedrichs extension (see, e.g., Ref. 7,

o 2 S
Theorem A.2), the Friedrichs form domain is the completion of D(k(S/ )) with respect to the H 2 -norm,
and therefore

_ HA(R) if se (3, 1),
DIK] = Hy®\{o) | " ={ ) N
HP(R\{0) if se(1,2),

the last identity being proved precisely as (29). Moreover, k;f/ 2)[f, gl :nile( IV|2f,, V|2 g,) for

all the sequences (f,), (gn)n of HZ-approximants of f and g, respectively, whence k;f/ 2)[f, gl=
(IV|2f,V|2g). This completes the proof of part (i).
The self-adjoint operator associated with the form (53) is qualified by the formulas

Juy € L*(R) such that
DK + 1) = {f e DIKSPI(IVIZF. VI ) + Alf . 8) = (uy. g,
Vge DK
K2 + A1) =uy
valid for any A > 0. [By the density of Hg/ 2(]R\ {0 in L2(R), the above uy is unique.] In particular,
D(k;f/ 2)) is independent of A, only its internal decomposition is. When s € (%, 1), the condition
identifying f and uy is clearly equivalent to f € H*(R) and uy = (=A)2f, which yields part (ii) of the

thesis.
When instead s € (1, %), the above condition reads

/|p|%f |p|%§dp+ﬁ/f§dp=/§§dp
R R R

Yg such that / |(|p|% +1)3()*dp < +o0 and /'gdpz:O,
R R

(57

that is,
[l a7 =) zap = 0
for all the g’s indicated in (57) and for some uy € L*(R). It is easy to see that this is the same as

ur(p)+c

Drel TO=0pl i) —c

fp) =
for some ¢ € C. Now, the condition for f to vanish at x = 0 and belong to H*/?(R) is equivalent to

up(p) +c / ur(p) +
o:/,—d and +oo> [ |Upiz+1)
g pP+a 7 [p1* ||*+A|

The finiteness of the second integral above is guaranteed by s > 1 and uy € L*(R), whereas the
vanishing of the first integral is the same as

up (p) / dp
k dp = — = 2mc G 1(0),
/Rlpvm = | oprea s GO

I S PPN S
Vare = Gs,/l(o)/lR(( A2 + ) g dx.

ie.,

Therefore, as a distributional identity,

Je(=0)2 + ) U G, )

up = (A2 + A)f - V27 cd = (=A)3 + ﬂ)(f
S/l(o)
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In turn, the condition uy € L*(R) is equivalent to ¢ := (-A)? + /l)‘luf € H*(R): in terms of such ¢,
the previous identity reads

Jr ¢ dx
= - GS 5
1=97 G0
i.e., the condition f(0) = 0 reads [ ¢ dx = ¢(0). We have thus found
#(0)

f =0 G O i = (DT 9,

which proves (55). The following inversion formula is then a straightforward consequence,

_ 6u0)
G,.1(0)

du =((-A)? + V) 'u e H'(R).

(k" + A1) =g, Gra,

On the other hand,
| ~
00 = 2= [ = G
whence (56) and the conclusion of the proof of part (iii). |
As a special case of (56) above,
hoa =V2r (k' + A1) Gy
) F"(m) if se(1,1), (58)
1 (|p|51+ - Sﬁ_sl = /l) if se(1,3).

Indeed, (Gus,,l,GS,,l):/12_15;17r and [as follows from (35)] GS,,l(O):(/l]’%s sin %)‘1, whence

552 sin £

”Gs,/l“zz(R)/Gs,/l(O) = %
We can now establish the following construction.

Theorem V.2. Let s€(3,1)U(1,3) and A > 0. Set

w(s) = ———, O = 59)
1 ifs>1.

5% sin (%) 0 ifs<l,
s—1

. . . . o (5/2 .

(i) The self-adjoint extensions in L>(R) of the operator k(s ) form the family (kf/ 2))TeRu{oo b
where kg,/ D is its Friedrichs extension, already qualified in Proposition V.1, and all other
extensions are given by

oo @) b 1 P
D(k! ).—{g—F + . GM(O))F (0)Gya | F eH(R)}, (60)
(KY7? 4 A1) g = ((-A)? + )FL, 61)

(i) Each extension is semi-bounded from below and
infok"?+21) >0 o 730,
infok¥?+21) >0 o 1>0, (62)
(k(TS/Z) + A1) is invertible < 1#0.
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(iii) For each T € R, the quadratic form of the extension kf/ 2 s given by

L HPP(R) + span{Gi 1) ifse(3, 1)
DkP1=1 : (63)
HYP(R\{0}) + span{Gya} ifse(l,3)
KPP + 1G] = NIVIEF D) = AF + kGl
+AIFY? lkcal* (64)

.
S
2N w(s)A2

forany Fle D[k;f/z)] and k€ C.

(iv) For T # 0, one has the resolvent identity

(w(s)/lz‘L 0,

(s/2) -1 _ _ANS/2 -1
K2 4 A1) = (AP + a1+ 5.0

)1GeaXGaal-  (65)

Proof. We proceed along the line of the Proof of Theorem IV.1, based upon the Krein-Visik-
Birman self-adjoint extension scheme and Proposition V.1.

.. o(s/2) , .
The adjoint of K~ is qualified by

o EP) =P +nhoa+

(k")) =g LA®) Pl

n.£€C, fLeH'(R), / FApydp=o| (66)
R
((R(S/Z))*+/U]-)g=(k§:§/2)+/”]-)(f/1+77hs,/l)’

o (5/2
where h;_, is the function (58), and the self-adjoint restrictions of (k(S/ ))* are qualified by the self-
adjointness condition 7 = 7 for some 7 € RU{co}. For clarity of presentation, let us split the discussion
into the two regimes s < 1 and s > 1.

A. First case: se(3,1)

Let F* := f1 + 7 ¢ hy ;. When £ and ¢ run over their possible domains, F* spans the whole
Friedrichs domain H*(RR). Moreover,

/ Flp)dp = ¢ (67)

42"- w(s)

Thus, the first line in (66) and (67) yields (60). Owing to (54) and to the fact that k%*/? s a restriction
o (5/2
of (k(S/ ))*, one deduces (61) from (66). Thus, part (i) is proved.
Parts (ii) and (iii) are proved as in Theorem IV.1: in particular, D[k(j/ 2 1= D[k(ﬁf/ 2)] +
o(s/2 .
ker ((k( ! )) + A1) and (53) implies (63), whereas (kS/z) + AD[F* + k1G] = (A2 + AD[FA +
7|k |2 IIGMIILZ(R) and (53) implies (64).
The Krein’s resolvent formula for deficiency index 1 and (54) prescribe

K+ A1) = (A2 + A1) + Bar IG NGl

for some scalar 5, ; to be determined, whenever (kf/ 24 A1) is invertible, hence for T # 0. Thus,
for a generic h € L>(R), the element g := (k(f/z) + A1) 'he D(k(j/z)) reads, in the view of (37) and of

the resolvent formula above,
— h h
S R B0 B [ T
R lgl*+ 4

= FA = =
8p) = Fl(p)+ Dl + EE o
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The boundary condition (66) for F’ 2 and £, then implies 1 = S,+ %, which determines (5, -
25

w(s)

and proves (65), thus completing also the Proof of (iv).

B. Second case: se(1, 3)

Let F1 = f* + 1 & hy 4. (This is for consistency with the first case, but such F*4 is not going to
be the same as the F* of the thesis: functions will be renamed later.) When £ and & run over their
possible domains, F 1 spans the whole Friedrichs domain (55). In particular, F' 1(0) = 0, which shows
that the boundary condition in g between F* and g — F* cannot have the form (67) any longer.

Owing to (55), we can re-write

¢1 . (0)
G,1(0)

with ¢’l running over the whole H*(R) when F* runs over the whole D(k(‘/ 2)) Using (58), this is
the same as

D(kg/z)) 5 FA :fﬂ +7éhgy = ¢_’:§ - Gs.a» (68)

Fie_Té PR S B o SN
. o ,
(IpF+2 7 As pF+a "% Gy ,0) P+

whence the identification
Té ¢f,§(0) s—1
, =7 .
(Ipl* + )2 V21 Gy 2(0) As

[In fact, a straightforward computation confirms that assuming the first of (69), the second follows.]
From (66) (with i = 7&), we then see that a generic g € D(k*/?) has the form

Ot =/t (69)

_ = ¢7 £(0)
g=Fl+V2rgGoa = ¢ .+ (V2mé - G”f(o)) G
’ 5,4
' (70)
_(;/‘l* <1 As l)qﬁ,.f(o)é
e\ s—1 Gi.a(0)
where we used (68) in the second step and the second identity of (69) in the third step. Since
As 1 21
= A 5 5
s—1 G0 YW
as follows from (35) and (59), then (70) becomes
1
2 w(s) %75 1 1
= - 0) G 1. 71
g =dre+(—— o (0)) ¢1 (0)Gya (71)
Moreover,
KD+ A1)g = (K2 + ADF = (-0)7 + D)o .. (72)

having used the second line of (66) in the first identity and (55) in the second identity.

Renaming ¢ 7 into F 1 now FA runs over the whole H*(R) when g runs over the whole D(k'*/?)):
this fact and (71) then yield (60), whereas (72) yields (61). Part (i) is proved.

The proof of parts (ii) and (iii) follows the same scheme as in the case s € (2 , 1): thus, D[k(TS/ 2)] =

o(s/2
DIKY/?] + ker ((k( ") £ A1) and (53) implies (63), whereas (K& + A1)[F + k1Gis 1] = (—A)2 +
A]l)[F’l] +7lka]? ”G“’”LZ(R) and (53) implies (64).
Concerning part (iv), The Krein’s resolvent formula and (56) prescribe for all 7 # 0,

K2+ A1) =K + A1) + Bar IG (Gl

s _ (73)
= (-0 + 1) +(,8M—G (O))|GM><GM|

for some scalar 8, ; to be determined. Owing to (73) and to (60) in order for

g:= K4+ A h = (-0 + A1)+ (Bar — 5 )(Gea 1) G

G (O)
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to belong to D(kf/ 2 ) for a generic & € L*(R), keeping into account that F4 := (=AM + A 'hisa
generic function in H*(R) and that (G, h) = (G; 1, ((—A)% + ADFYY = FA(0), one must necessarily
have B, = a)(s)/lz‘%/‘r. Then (73) yields (65). m|

Analogously to the change of parameterization from Theorem IV.1 to Theorem IV.2, we deduce
from Theorem V.2 the following version.

Theorem V.3. Let s€(3,1)U(1,3) and

0(s, ) = (A Fssin(2) 7', A>0. (74)

. - . . o (5/2) .
(i) The self-adjoint extensions in L>(R) of the operator K ’ form the family (kf,f/ 2))06RU{oo b
where for arbitrary 1 > 0,

F4(0)
,D(k((_i/Z)) — g= F/l + m Gs,/l i
Fle HS(R) (75)

kS + ) g=((-Ay? + ) FL.

The Friedrichs extension k;f/ 2, already qualified in Proposition V.1, corresponds to a = oo
when s € (%, 1) and to @ = 0 when s € (1, %). For generic s, the extension with @ = oo is the
ordinary self-adjoint fractional Laplacian (=A)*"> on L*(R).

(i) For each a € R, the quadratic form of the extension kS/2 s given b
q @ 8 Y

H**(R) + span{Gi,} ifse(3, D)
DkP1=1 (76)
H)P(R\{0}) + span{Gy .} ifse(l,3) and a £0,

kG2 IF + kaGs Al = VI F 17 ) = AF! + k4Gl

6 1 -1
012 s 2
+ AF g + ( oo 376G, ﬁ)) |l (77)

for arbitrary 1 > 0.

(iii)) The resolvent of kf‘;/ 2 s given by

kS + A1) = (A + A1)

+ (@~ 0(s. )" 1Gs.2)(Gial o
for arbitrary A > 0.
(iv) For each a € R, the extension kg/ D is semi-bounded from below, and
Tess(ky'?) = Tack?) = [0.400),  owekGP) = 0, (79)

52 0 ifs—1)a<0,
O'disc(ktj ) = ) (80)
{-E,’} if(s—1Da>0,
where the eigenvalue —Eg) is non-degenerate and is given by

EY = (assin(%)) ™, 81)

with the (non-normalised) eigenfunction being GS A=|EO |
= @
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Proof. For any two pairs (4, 7) and (1’, 77), identifying the same self-adjoint realisation kg/ 2,
a function g € D(k(TS / 2)) decomposes as
g=F'+ A4, T)FY(0)Gs 1 = F¥ + A, 7)FY (0)Gy v
1
w($)A*s 0,
A(/l9 T) = - 5
Gs,/l(o)

and the uniqueness of the decomposition implies

F¥ = FY 4+ A1, 1)FY0)Gy — A, T )FY (0)Gy . (82)

In order for F*' to belong to H*(R), the non-H* singularities at x = 0 of G;_; and G; ;- must cancel
out, that is,
A, T)FA0) = A, T/ )FY(0). (83)
Plugging (83) into (82) and evaluating (82) at x = 0 yields
AL, DFY0) 1 o 1 /
——— > =F*(0) = F*(0)+ A1, T)F*(0) —
) (0) = F1(0) + AL, DF(0) 5— R(

A straightforward analysis of the integral above [exploiting the compensation of singularities when
s € (3, 1)] shows that

1
pF+a P+

)dp.  (84)

1 1 1 1 I I=s
— - dp= A5 =S
27r/R(|p|S+/l |p|s+/1') P ssing( ) (85)
=0(s, 1) — O(s,1").
Combining (84) and (85) together implies that (4, 7) and (1’, 7’) are linked by the relation

1 1 n
m+®($,/l)— m+®($,l)—. a,

ie.,

(w(s)ﬁ—% 6 )—1

O(s, )/’
which gives the natural extension parameter «. It is immediate from (86) that the Friedrichs case 7
— +oo corresponds to @ — +oco when s € (%, 1)and to @ =0 whense (1, %).

Uponreplacing (86) in the formulas of Theorem IV.1, we deduce parts (i), (ii), and (iii). Moreover,
arguing as in the analogous point of the proof of Theorem IV.2, formulas (79) follow, and one also
concludes that each kff/ 2 may have at most one negative non-degenerate eigenvalue £, =—A4, 1 > 0.

The occurrence of E,, is read out from the resolvent formula (78) as the pole of (kg/ Dy A1),
that is, imposing a@ —O(s, 1) = 0 and hence

a-0(s, ) = (86)

@ = (25 s sin(%) " (87)
When s < 1, (87) can be only satisfied by some A > 0 when a < 0, in which case
A =(assin(®) ™ (s<1, a<0).
When instead s > 1, a solution 4 > 0 to (87) exists only when a > 0 and is given by
A =(assin(®)™  (s>1, a>0).
Hence we proved also (80), which completes the proof of part (iv). O

In the regime s € (1, %), Theorem V.3(ii) can be re-phrased in the following even more nat-

ural formulation, which shows that kﬁj/ 2

(_A)s/2.

can be equivalently qualified as a form perturbation of

o (s/2)
Proposition V4. Let se(1, %). The self-adjoint extensions in L>(R) of k X form the family

(kﬁj/ 2))QERU{OO}, where a = 0 labels the Friedrichs extension given by (60), a = oo labels the ordinary
self-adjoint fractional Laplacian (~A)*'?, and for a € R \ {0}, one has
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DIKS?] = HY2(R\(0)) + span{Gy 1} = HYA(R),

s 1 (88)
Ko g1 = I1VIEg Iy = — 18O

for every 4 > 0.

Proof. Inthe view of Theorem V.3(ii), we only need to prove the second line of (88) for a generic
g€ DIKY?]. We set X := (m - m)" for short and decompose g = F4 + kG, for some

Fre HY*(R\{0}) and «, = g(0)/G; 2(0). Applying (77), we find

ka2 181 = =18l 2, + 11V12 (8 = K2G )2y + Allg = KaGisall 2, + Elcal®

= NIVl 2, + k> (V12 Grallfaggy + ANIGsallfagg, +Z)

—2%Rek1({IVI2g, IVIZGy ) + A(g, Gs 1))

Since || IVl%GS,/l”ZZ(R) + /1||GS’/1||ZZ(R) =(Gs., (A7 + 1)G; 1) = Gy 1(0) = O(s, 1) and analogously

(IV]28,1V]2G; 1) + A(g, Gs 1) = g(0), then

s 0)[? HOE
K Lg] = 119138120 + 252 (@5, 1) +5)~ 2 .
22181 = VI8l + gz OG- D+ D) =2 ey
The coefficient of the Ig(0)I*-term above amounts to
1 2 1
— (0@, ) + )_ -,
2 ( 1 1

B(s, 1) 6D ~ 506D (s, 1) a

whence indeed k'?[g] = [[IVI2g 2, — @' [g(O)I*. O

L2R)

VI. RANK-ONE SINGULAR PERTURBATIONS OF THE FRACTIONAL LAPLACIAN:
INHOMOGENEOUS CASE

For completeness of presentation, in this section, we work out the inhomogeneous version of
the operator k(f /2 of Sec. 1V, for concreteness in dimension d = 3. That is, instead of constructing
a singular perturbation of (~A)*?, we consider the singular perturbation of the fractional power
(=A + 1)*/2. This is going to be the operator D(TS/ ? introduced informally in (3).

The conceptual scheme is the very same as in Secs. III and IV, and only certain explicit com-
putations are modified in an easy way. Thus, we content ourselves to state the main results without
proofs.

For chosen A > 0 and s € R, we set

_ | 1 v 3
Goa(x) = (Qﬂ)%((p2+ A)f/z)(")’ x,peR?, (89)

whence (—A + A1)*/? G, 4 = 6(x) distributionally. We also set

o (s/2
DE{/):

= (A + A1) [ CP R\ {0}) (90)

as an operator closure with respect to the Hilbert space L2(R?). Thus, in comparison to Sec. II,
o(1 o
Gr.a=G, and 0;) =h + A1. Moreover,

3-s
|x|3_S gs,/l(x) 0 As = E( 2 3) s AS] (0, 3),
2m)2 25722
(2n) ] 373(2) oD
gs,/l(x)ﬂ) Gs2(0) = () s> 3.

873 AT I(3)

. . . . . o (5/2
Reasoning as in (29) and in Lemma III.1, we see that when s € (%, %), the deficiency index of DEIS/ )

equals 1.
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One has the following construction.
Theorem VI.1. Let s € (%, %) and A > 0.

(i) The self-adjoint extensions in L*(R®) of the operator D;S/ ) form the family (0(“/ 2))TeRU oo}s

0(/)

where is its Friedrichs extension, namely, the self-adjoint fractional shifted Laplacian

(A + /1]1)3/2 and all other extensions are given by

: ¢
) =)+
DO} =g e L2®) Py A(” =
£€C, f1e H'®Y), / Fipydp=0 92)
R3

{g:F/l 87{21-/1 21"(s) F/l(o) gs,/l }F/l EHS(R?))},

where F1 =f7(p) + (P> + )1 & and
oPg = (-A+ A1)2F. (93)
(i) Each extension is semi-bounded from below and
infO'(DS{,/TZ)) >0 © 120,
infr@y) >0 o 7>0, (94)

0( /2 )lS invertible < 1#0.

(s/2)

A,7=0
Sunctionis G 3. When T <0, the operator DS{/T 2 admits one non-degenerate negative eigenvalue
E. <.

(iv) For each T € R, the quadratic form of the extension Dfls/T D is given by

(ii1) The eigenvalue zero of the extension 0 is non-degenerate and the (non-normalised) eigen-

D[0}P]=H3(R?) + span{Gs 1}, (95)
, T(s—3)
OVPIF + kaGeal = IA+ AL HFYE, oo + ———=—lial>  (96)
T 8z A7 2T(s)
for any F* eH (R*) and k, €C.
(v) For t #0, one has the resolvent identity
@) = A+ )+ —”“ 10 |GGl 7

s/2 or k(s/ 2 the shift A > 0 is inherent the very construction of the

/2) .

It is clear that, as opposite to by

operator D(S/ 2. in fact, the domain of D 21 isindependent of A > 0, but its action is not (the difference

o (5/2) (3/2) 2(s/2)

0,7 =0,/" is abounded, yet a non-trivial operator) thus also the adjoint (0, )" and its self-adjoint

restrictions are A-dependent [the adjoints (h ) and (k ) are A-independent, instead].
Let us also elaborate further on part (iii) of the theorem. As in Secs. -1V, both statements are
classical facts in the Krein-ViSik-Birman extension scheme. Chosen A > 0O and s € (%, %), the negative

eigenvalue E, of the extension DE{/T ? for t < 0 is obtained as follows. Let g be the corresponding

eigenfunction and decompose g = f/:l +PP+ )T+ (PP + /l)‘s/ 2 according to (92) (without loss of
generality, we re-absorbed ¢ in f%). Then the condition d ; /Tz g=E.g, owing to the property (93),

reads
P+ D+ PP+ D)7t = Ef 1+ + ) tE + (0 + ) 2 Ey,
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FIG. 1. Plot of the negative eigenvalue E of the extension o /T )vstford=1ands=18 (blue curve). The reference orange
curve gives the corresponding value of 7. Indeed, E+ < T and Er_0=0.

whence

fp) =

1 ( TET _ T—ET )
P+ —E PP+ (pr+ )3

The fact that f4 € H*(R?) is then obvious, whereas the condition Jr3 fAdp =0 selects the value of E-
in terms of 7 (and of A1)—a numerical example is provided in Fig. 1.
Let us conclude by remarking that two relevant features of the homogeneous case are present in
the inhomogeneous case too.
0(s/Tz)

First and most importantly, the operator 9, is a rank-one perturbation, in the resolvent sense,

of (-A + 1)*2, precisely as k(TS/ ? is a rank-one perturbation of (=A)*2.
Second, the elements of the domain of fo/r 2 decompose into a regular H*-part and a singular part,
constrained to the former by a local boundary condition, where the local singularity when s € (%, %)

is of the form x>~ as x — 0.

Vil. HIGH DEFICIENCY INDEX (HIGH FRACTIONAL POWER) SCENARIO

Let us outline in this section how the previous constructions of the self-adjoint extensions of the
o (s/2) 2 .
operators kK or D;S/ ) get modified when s > % + 1.

We recall from Lemma II1.1 that when s € I,(ld)(% +n-—1, 4y n), n € N, one has

d
°(s/2),
ker (K~ )"+ 41) = span{u(/'l,___w ‘yl, ...,¥a €No, Zyj <n-— 1}, (98)
j=1

and analogously

d
2(5/2)\
ker ((D )* +/l]l)—span{ ..... yd|y1,...,yd€Ng,Zyj<n—1}, (99)
Jj=1
having defined
! Yd
> Py Py
vl ) = ———. (100)
71 Vd(p (p2 + /1)7
The same extension scheme applied in Sec. IV provides an analogous classification of all the self-
2
adjoint extensions in the case of generic deficiency index J(s, d), where now each extension of k oy is

s s/2
an operator k( /2 labeled by a self-adjoint operator 7 in some subspace D(T') of ker ((k( ))* +A1) =

cJs, d), hence labeled by some N X N hermitian matrix, 1 <N < J(s, d).
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Explicitly (see, e.g., Theorem 3.4 in Ref. 7),

o(s/2
g=f+(k(F/ )+/l]1)“(Tu+w)+u

DKS/?) =1 g € L*(RY)| where f € HI(R*\{0}), ue D(T), .
weker (K7) + A1) n DT)* (101)
K + a1)g = (kY2 + ADF,

o (s5/2
Famfetky” 4 207 Qv w) € H®),

with k;f/ 2 denoting the Friedrichs extension.

Analogously, the self-adjoint extensions of 5§/2) form a family of operators DE{/TZ ) with
g=f+@) (Tv+w)+v
D) =1 g€ LARY)| where f € H}R*\{0}), v e D(T), .
weker@®)”y N D) (102)

2 2/
e =0, Fa

Fp=f+@5) (T +w) € H'R?).
The theory provides also a counterpart classification of the the quadratic forms of the extensions
(see Ref. 7, Theorem 3.6).
2(s/2)

The above formulas show that for high powers s, the operators R(X/Z) and 0,  havearicher variety
[a J(s, d)*-parameter family] of self-adjoint extensions. The parameterizing matrix T determines a
more complicated set of “boundary conditions” between the “Friedrichs” part of a generic element
of the extension domain and the remaining part: the resulting constraint involves the evaluation at x
= 0 of some number of partial derivatives of the former component.

This construction produces finite-rank perturbations in the resolvent sense; hence extensions are
all semi-bounded from below and may admit a (finite) number of negative eigenvalues, up to J(s, d),
counting the multiplicity.

Unlike the case of deficiency index 1, depending on the extension parameter 7, the large-p
vanishing behavior in momentum space of the singular component may be milder than that of the
Green function, and therefore the local singularity of g in position space may be more severe than
the behavior of the Green function as x — O.

Let us comment on how the worst leading singularity at x = 0 of a generic function g € D(kgf/ 2))

(s/2)

depends on s and d—the discussion for g € D(0,

) is identical.

.....

D(T). When s € 1,2‘” , the worst local singularity occurs when such functions decrease at infinity in
momentum coordinates with the slowest possible vanishing rate compatible with s and d, that is,
wheny; +--- +ys=n-1.

Let u be any such most singular function, which then behaves as [u(p)| ~ |p| =+~ as Ipl = +co.
Then lu(x)l = [xI7¢71+7=9) a5 x — 0. Since the map

I,(ld)as»—>d—1+n—s

is monotone decreasing and takes values in (% -1, %), if the extension k;f/ 2 is such that D(T)>u,

then the functions in D(k(TS/ 2)) display a local singularity that ranges from le‘% to le‘d
)&
O

z aslong as
s increases in I,(,d), precisely as (52) when s increases in
Noticeably, at the transition values s € N+ %, the above picture undergoes a discontinuity in s due

e o (s/2)
to the further control of one more derivative in D(K ), as a consequence of Sobolev’s lemma and

. o (5/2) . . .
consequently to emergence in ker (K~ )* + A1) of elements that in momentum coordinates vanish

more slowly at infinity.
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VIIl. APPLICATIONS AND PERSPECTIVES

Besides the operator-theoretic and functional-analytic interest per se of the constructions of the
operators (3), our discussion is profoundly inspired to an amount of natural applications.

Singular perturbations model point-like impurities and more generally point-like interactions. In
the realm of the evolutive equations of relevance for quantum mechanics, they naturally govern the
evolution of systems subject to such “singular potentials.”

This includes the linear Schrodinger evolution

i0u = hu
as well as the class of semi-linear Schrodinger equations
i0u = hou+ Mu)

of the free Laplacian plus a point-like perturbation, with physically relevant non-linearities such
as the power-law local non-linearity A{u)=|u|""'u or the Hartree type non-local non-linearity
N) = (w # |u|*)u. The reconstruction of the linear propagator from the resolvent of b, is already
known in the literature, ' as well as the dispersive properties and space-time estimates of such a prop-
agator,>” and the existence, completeness, and LP-boundedness of the wave operators for the pairs
(ha’ _A)'6

In addition, for the study of the non-linear problem in a suitable space (the energy space in
the first place, as well as other spaces of lower or higher regularity), the knowledge is needed of
the corresponding singular norms, namely, the norms ||u||;15 ® = (b, + 1)52u|| 2R considered in
Theorem I1.4 above and Ref. 8. In this respect and with such tools, the study of certain non-linear
Schrodinger equations with singular potentials has already started.'?

An analogous systematic knowledge for k(j/ 2 and DE{/TZ) is by know lacking.

This is even more needed due to the relevance of various models of singular perturbations of
fractional differential operators. A relevant example is the powers of the quantum-mechanical semi-
relativistic energy operator V—A + m2, the singular perturbation of which yields precisely operators
of the type D% T) considered in Sec. VI or, in the case of zero rest energy, of the type kf/ 2 as in
Sec. IV. 7

What one finds in the literature is an increasing amount of recent studies where
the singular perturbation of the fractional Laplacian is approached through Green’s function methods
(together with Wick-like rotations to obtain the propagator from the resolvent) that have the virtue of
highlighting the singular structure carried over by what we denoted with G ; and G 1, however with
no specific concern to the multiplicity of self-adjoint realisations and the associated local boundary
conditions or to the increase of the deficiency index with the power s.

As above, for each extension, one would like to qualify the linear propagator, its space-
time estimates, and the fractional norms and to use these tools for the associated non-linear
problems.

We trust that the research programme emerging from the above considerations may be
successfully addressed over the next future!

4,10,11,14-16,18,20

APPENDIX: CHARACTERISATION OF Hg(Rd\{O})

We show in this Appendix how to prove the characterisation (29) of the space H(S)(Rd \ {O}).
It is not restrictive to fix d = 3 and to discuss and compare the first two regimes s € 183) and

sel §3). The argument for s € I,(,3), n=2,3,...,1s completely analogous.
Thus, let us prove the following property:

Lemma A.1.
H'(RY) if s€[0, ),
HyR\{0}) = _
0 {feHS(R3)|/R3f(p)dp=0} ifse(%,%).
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Proof. We consider first the case s € [0, %). The inclusion
Hy([R*\{0}) ¢ H'(R?)

is obvious. For the other inclusion, for any f € H*(R*) and for arbitrary & > 0, we want to find
fe €CY (R3 \{0}) such that ||fz — fllgs <&, and by means of a standard density argument, it is not

restrictive to assume further that f € S(R?) and f is compactly supported. Let ¢ € C*(RR?) be such
that

#(x)=0 for|x|<1,  ¢(x)=1 for|x|>2,

andlety =g — 1, ¢,(x) = p(nlxl), and ¥ ,(x) := Y (nlxl), forn € N. Thus, y € C°(R*) and ¢,,f € C*(R?),
with ¢,f vanishing in a neighbourhood of x = 0. Moreover,

I6nf = Flles = 1D Guf = Dllz2 = 1D Wahllzz = 02 1Y G * D2,

where D* := (1 — A)*? and (p) = /1 + |p|%. Clearly, d/”(p) = % (g) Therefore,

g = fllfs = 27)° / dp (p)* / quf(q)wn@ o
supp,

(27r)3|lf||Lz/ dp/ dq(p)2‘|zp(” 0)p
R suppf

> [ da [ i -oF

_ n—+oo
25-3

N

A

<n

The last step above follows from the continuity of g — fg3 dp (p)zslﬁ(p — ¢)|?. In particular, we can
choose n := n(¢e) sufficiently large such that

Ipaf — Fllas < f.

For such n, we can find a smooth function x — y(x) that produces a slow cutoff at infinity so that

X @nf = buf lls <

(STNC]

We have thus identified a function f. := y¢,f € C;’(R\{0}) satisfying

Wfe =flls < N x@nf = buf llas + 1@nf = fllas < &

Let us discuss now the case s € (%, %). Owing to Sobolev’s lemma, one has the continuous

embedding H* R} — C0s-3 (R?) and hence any limit in the H*-norm of elements in Cg (R3\{0})
must vanish at the origin. Therefore, we only need to prove the inclusion

HyR3\(0}) > {f e H'(R?)| / fp)dp=0},

that is, for any f € H*(R®) with £(0) = 0 and for arbitrary £ > 0, we want to find f,, € C3*(R*\{0}) such
that ||fs — f|lgs < €. Since the function fg defined by

—~ —~ 1 <
fe =1 Apiery = ( f(p)dp)l{ i<

_ R>0,
IpI<R Ipl <1}

has the obvious properties fr € S(R?), fR3ﬁg(p) dp=0, and ||f — frllgs =0 as R — +oo, it is not
restrictive to assume from the beginning that f € S(R®) with £(0) = 0 and with compactly supported
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]?. With the same notation as in the first part of the proof,

1gnf =l = (2m)* /]R dp (Y / _daf@inp -

upp f

@)’ /]R dp ()| / 44 D@~ D)~ Bap))|

upp f

N

CoRIFIR, s _ _
—GL(R)/ dp/ _dg ) (B - u (B
n R? suppf

n* / dp / _dg(py*

1
w2 [ da [ e [ anioie -
pl e 0

o n—+oo
n2s 5

A

1
/0 At (VO)p - 1q) -

A

S

s

where we used the condition [p3 ]?(q) dg =0 in the second step, the bound lgl < n™! for g € %pf in

the penultimate step, and the continuity of the function g fp3 dp Jodr (Y| (V’)\w(p — tg)|? in the
last step. In particular, we can choose n := n(e) sufficiently large such that

&

I6af =l < 5.

For such n, we can find a smooth function x — y(x) that produces a slow cutoff at infinity so that
&

L@ = of e < 3.
We have thus identified a function f. := y¢,f € C;*(R\{0}) satisfying
We = fllas < N xnf = Gnflls + 1 onf = fllws < &,

which concludes the proof. O

Whenn=2,3,...andsel,=(n+ %, n+ %), Sobolev’s lemma guarantees that the closure in the
H?-norm of C° (R3 \ {0}) comes with the vanishing at x = 0 of the the function and its first partial

derivatives up to order n. Then one can complete the characterisation of HS(R3 \ {0}) by a similar
argument as above, now replacing f with its partial derivatives. This yields the formula

f € H5(R?) such that
HS(R3\{0})= /R3p71’1p)2/2p73/3]?(p)dp=0 , sen+ %,n+ %)

Y1,v2, Y3 €Ny, yi+y2+y3<n-—1
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